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Abstract
In this paper we introduce a new class of operators on Hilbert space. We

call the operators in this class, (n,m). powers operators. We study this class
of operators and give some of their basic properties.
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Introduction.
Throughout this paper, let B(H) denotes to the algebra of all bounded linear operates

acting on a complex Hilbert space H. In [1] the author introduce the class of » -normal
operators as a generalization of the class of normal operators and study some properties of
such class for different values of the parameter n. In this paper, we study the bounded operator
on the complex Hilbert space H that satisfy the following equation

r(en) =) 1
For some nonnegative integersn,m . Operator T satisfying above equation are said to be
(n,m)-powers operator.

Recall that a bounded operator 7 is n- normal operator if T"T" =T T" where n be a
nonnegative integer.

In [1] prove that a bounded operator T is n-normal operator iff 7" is normal operator where
n is nonnegative integar.
The outline of this paper is as follows: Introduction and terminologies are described in the

first section. In the first section we introduce the class of (n,m)-powers operators and we
develop some basic properties of this class. In the second section we discus the product, tenser
product and direct sum of finite numbers of (n,m)-powers oprators on a Hilbert space H. In
the tired section we will try to study the relation between the eigenvalues, the eigenvector
and the sufficient condition for (n,m)-powers oprators.

1. The basic properties of (n, m)-powers operators.

In this section, we will study some properties which are applied for (n,m) powers operator.
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Definition 1.1: Let T be a bounded operator. 7 is called (n,m)—powers operator iff

T"( '”) :(Tm) T" where n, m be two nonnegative integers.
Remark 1.2: It is easily seen that every bounded normal operator is (n,m)-powers operator

(where n =m =1). Moreover, one can see that every 7 -normal operator is (n,m)-powers
(wherem =1). But the converse is not necessary true in general. The following example
shows that 7' is (n,m)-powers but it is not #n -normal.

2 1
Example 1.3: Let T = .
0 -2

« |2 0 2 4 0 3 |8 4 >\ 4 0
Then, T = , T° = , T° = and(T):
1 -2 0 4 0 -8 0 4

32 16

This implies that, T3(T2) {0 -

}z (TZ)*TS. Therefore, T is (3,2)-powers operator

- _ 3.+ |20 -8 16 8 * 3
bt it is not 3-normal, since 7°T = # =T T7T".
-8 -16 8 20
In the following result, we give the sufficient and necessary condition for the 2x2 matrix to
e (2,2)-powers oprator.
a b . .
Example 1.4: Let T:( d].Then T is (2,2)-powers operator iff b=c.
C

Proof:

T is (2,2)-powers operator if and only if TZ(TZ)* =(T2)*T2. Note that,

2
72| “ +be bla+d) . Moreover,
cla+d) d®+bc

2
¢ € . then (TZ)*: a*+be  cla+d) . Note that,
b d bla+d) d*+bc

(r *TZ:( (@ +bef +c*(a+af (a+d)(b(a2+bc)+c(d2+bc))J .

(a+d)pla® +be)+dd? +bc) a+d) +(d? +bcf
2(p2Y _ (az +bc)2 +b2(a+c‘l)2 (a+d)(c(a +bc)+c(a?2 +bc))
i ((a+d)(c(a2 +be)+bld® +be)  cHa+d) +(d? +bef ]

This implies that 7 is (2,2)-powers operator if and only if b=c.

a b
Preposition 1.5: Let 7T = (O j where a,b,c are complex numbers and nm=>2.Then T
c

is (n,m)-powers operator iff bz(a"’l +a”’2c+---+c"’1Xa’”’1 +a" e+t 1) 0,

c¢"=a"and ¢" =a".

Proof:
Note that,
n n-1 n-2 n-1
| b(a +a"c+-+c ) and
o c"
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m

* a o
(T"’) = ) \ . . Hence,
b(a”’_ +a'”_c+---+c”'") c”
* [ n.m 2( n-1  n-2 n—lx m-1  m-2 m—l)] [ m( n-1 n-2 n—l)
Tn(Tm) _|la"a +b"\a” T+a “c+--+c a +a c+-tc bc\a” T +a Tc+--+c '

nl m-1  m-2 m-1 n.m
bc (a +a c+-tce cc

(Tm )*T,, ~ anam bam(an—l +an—20+'“+cn—l)
- n| _ m-1 m—2 m-1 n_m 2( n-1 n—2 n-1 m-1 m—2 m=1\| [
ba"la"" +a" c+--+c c"c"+b " +a" e+ " Na"T +ad" e+

Therefore, it is simple to see that T is (n,m)-powers operator iff
bz(a”"1 +a" et c”"1Xa’”"l +a" ¢ +~-+c’""1): 0, c"=a"and ¢" =a",
We start this section by the following result.

Preposition 1.6: Let T be a bounded operator. If T is (n,m)—powers operator, then 7" is

normal opretor.
Proof:

Assume that T is (1,m)-powers operator, then T"(T’”)* :(Tm)*T". Moreover, it is clear
that (Tk)* =(T*yc for each nonnegative integer & . Therefore,

()= ey ey |

= (T”T" ...T") (T’"T’" o )*

[

—T'T T (Tm)* . .(Tm)*
=T'T" (Y (Y

n—times

=) ) o)
n—times m—times
= (T’”T’” LT )*(T”T” .. ~T”)

n—times m—times

Hence, 7" is normal operator.

The next theorem study the nature of the class of (7,72)-powers operators on a Hilbert space
H.

Theorem 1.7: The class of all (7,71)-powers operators on H is a closed subset of B(H)

under scalar multiplication.
Proof:
Put,

NM(H)={ TeB(H):T is (12,m)-powers operator on H for some nonnegative integers n,m |

Let TeNHH), then T is (n,m)-powers and thus T"(Tm) =(T'") T". Let « be ascalar,
then
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(aT)" ((a]l)'" | —om@)y () =aa () =a'a" (") (r")=a"(r") (1)
~((e)") (et
Thus aTeNM(H), therefore the scalar multiplication operation is closed under NM(H).

Now, let 7, be a sequence in B(H)of (n,m)-powers operator converge to 7 , then after
simple computation, one can get that

(o] (e = || () ez -]
<\erler ] -m (o |+ 7 =)
This implies that, T"(T’”)* :( '")*T", therefore Te NM(H). Hence NM(H) is closed under

scalar multiplication
The following proposition discuss the relation between (1,m)-powers operators and

-0 as k> w.

(m,n)-powers operators.
Proposition 1.8: T is (n,m)-powers iff 7 is (m,n)—powers.
Proof:

Let T be (m,m)-powers, then I” (T'") :(Tm)*T”. Therefore,
(T”’ T’ ) (Y|

(Tm o) e
Thus T |s powers operator The converse is similar.

The foIIowmg results collects some of basic properties of (n,m)-powers operator.
Definition 1.9: If 4, B are bounded operator on Hilbert space H. Then 4, B are unitary

equivalent if there is an isomorphism U : H — H such that B=UAU*. In symbol this is
denoted by 4= B . [see 2]

Proposition 1.10: If TeB(H) is (n,m) powers , then

1) T is (n,m)-powers.

2) If T exist then T is (n,m)—powers.

3) If SeB(H) is unitary equivalent to 7', then § is (n,m)-powers.

4) If M is a closed subspace of H such that M reduces T, then (7| M )™ is normal.
Proof:

n

Since T is (n,m)-powers, then T"( '") =( m) T".
1) Note that, by proposition (1.8)

Yy ) =y =y
()Y

Thus T is (n,m)-powers.

2) Note that,

ey ey ) =y ey ) =y e ) - ) @)
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) ) (T
Thus T is (n,m)—powers operator.

3) Since S is unitary equivalent to 7, then S=UTU . Therefore, (UTU*)n =UT"'U"

(see[3]).
Now,

s"(sm) =(rvy ((UTU* )’ ) —uru(vruty
~urvulr v =ur (v =ulrr) o
_vrfuury =(rvfu Ty = furv
(or )Ty
(s
Hence S is (1,m)-powers operator.
4) Since T is (n,m)-powers, then by proposition (1.6) 7" is normal. But M reduces 7,

then 77" (s is normal (see[3]). Moreover, Tnm|M=(71M)nm, thus ( M)nm is normal.

In the following results we study some sufficient condition for (n,m)-powers operator for
all n,m.
Proposition 1.11: Let T be (k,m)-powers and (k +1,7)-powers operator where k , m are
nonnegative integers, then 7 is (k+2,m)—powers. Therefore by induction T is (nm)

powers operator for all n,m .
Proof:

since T is (k,m)-powers and T is (k +1,m)-powers, then Tk(T'")* (Tm)*Tk and

TM(T'")* =(Tm)*Tk+l respectively. Note that,
Tk+2 (Tm )* — TTJH—l (Tm )* — T(Tm )* Tk+l — T(Tm )* TkT
=1 (1) T=T"1"| T
_ (Tm )* e (Tm )* Tk
Hence by induction T is (k+2, m)—powers, this implies that 7 is (n,m)-powers for all
n,m.

The proof of the next result is similar to Proposition (1.11), thus we omitted.
Proposition 1.12: Let 7 be (n,k)-powers and (n,k+1)—powers operator where n, k are

nonnegative integers, then T is (n,k+ 2)-powers operator. Therefore by induction T is

(n,m)-powers operator for all n, m.
In what follows, we study the sufficient and necessary condition to the weighted shift
operator to be (n,m)-powers operator.

Example 1.13: Let T be a weighted shift operator with nonzero weights {ak}fzo- Then T

. p— 2 2_ —
is (n,m)-powers operator iff ak_l...|ak_m| O i1 X1 = O ...|ak+n_1 Qg Oy,

for k>m.
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Proof : Let {ek}go be an orthogonal basis of Hilbert space H. Then Te, = e,,, and

T'e, =a,,e, ,, hote that
* * \m — —
T"e, =a, ...a,,, e, and (T’”) e, :(T ) e, =qa,,...00,_,e, . . Hence,

n m ) = — n = —
T (T ) € =4Oy, (T ek—m)_ Apg--- Oy (ak—m "‘ak—m+n—l) €hsnm

_ 2
g |ak—m | A it Cponm—1Chvn—m

m\ n _ mY _
(T ) T ek - ak v ak+n—l(T ) ek+n - ak v ak+n—1<ak+n—l v cx/’chn—m) ek+n—m

2 __ —
ak+n72 . 'ak+nfmek+nfm

=G .. '|ak+n71

. . 2 — — 2
Thus T is (n,m)-powers iff ak---|0‘k+n—1| "'ak+n—m=ak—l"'|ak—m| Q.-

2.Some opration on (1,7)-powers operators.

In this section we discuss the product, tenser product and direct sum of finite number of
(n,m)-powers operators on a Hilbert space H.

Theorem 2.1: Assume that § commutes with 7 . If § and T are (n,m)—powers, then (ST)
is (n,m)-powers.

Proof:

Since s commute with 7, then it is clear that (ST)" = S"T" . Moreover, S commutes

with T~ and 7 commutes with S”. Note that,

sty =sr(ser] —sr(reT(se)
=S”T"(T'")*(S'")* =S"(T'”)*T”(Sm)* (Since T is (n,m)-powers)
:( '”)*S”( '”)*T” :(T'")*(Sm)*S”T” (Since S is (n,m)-powers)
= (st Jisy.

Thus ST is (n,m)—powers operator

Theorem 2.2: Let 7,7, T, be (n,m)-powers operators on B(H), then

(T1 @7, ®...® Tp) isa (n,m)—powers operator.

Proof :

1

Since each of 7,,7,,...,T, is (n,m)-normal operator, then T"( i'”) :(7;’") T" for all
i=1,2,..,p, then it is simple to see that
rene.or)(rene. .or)-(rere..er) (e e. or)

([ o1y @...@T;’I(Tl’")*@(TZ’”)*@...@(Tp’")*)
:Tln (Tlm )* @ T2n (TZm )* D... ®T[;1 (Tlsn )*
:(Tlm) Uy @(sz) Ty @“@(Tzsn) T,
(Y ey e. o)y ene. o)

Y @...@T;’) [y oy @...@T;)
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-(rene. or)|rene. o)
Thus (Tl e7,®...® Tp) is (n,m)-normal.
Theorem 2.3: Let 1,T,,....T, be (n,m)-powers operators on B(H), then

(T1 T, ®..® Tp) isa (n,m)-powers operator.
Proof :

Since each of 7,,7,,...,T, is (n,m)-normal operator, then 7;”(7;'") :(7;’") 7" for all

i=1,2,..,p. Let x,,x, .., x, e H , then it is simple to see that

nene.or)(rene. or))(ex®. ox)

(e e..or) (e e.. o) (xox,®..0x,)
—1 (), @1 (1) x, ®...0T! (1) x
— (V01 Tyx, ... Tx,

P

E ((Tl) o) e..® (Tp)) (rrere..or)(ner,®.®x,)
—(rrere..er (I en ®..0T") (v, ®x, ®..0x,)

~(rene. or)|rene. or)(exe. o)

Thus (Tl @7,®...® Tp) is (n,m)-powers operator.

In the following results we study some sufficient condition for (nm) powers operator.

Preposition 2.4: Let T € B(H),F =T" +(T'") ,and G=T" —(Tm) .Then T is (n,m)-
powers operator iff G commutes with F.
Proof :

ra —ar it (o + () ) [ = (0 )=(r" = (") ) (7 + ()

itt 7 -1'(1") +(r ) (02} =1 () (0 T (1)

w1l <o

it o] e

iff 7 is (n,m) powers operator.

Preposition 2.5: Let TeB(H),FzT" +(T'")*, G=T" —(T'")* and B=T"(Tm)*. If T is
(n,m)-powers operator, then B commutes with F and G .

Proof:
Since T is (n,m)-powers, then

BF = T(T’”)( " +(T))
=7 (1 () ()
=rr(r) +(r ()
—(r + (")) 1 (r") = FB.
Similarly one can show that BG = GB .
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3. The eigenspace of (n,m)—powers operator.

In this section, we discuss the eigenvalues and the eigenspaces of (n,m)—powers operators.
We will try to study the relation between the eigenvalues, the eigenspaces and the sufficient
condition for (n,m)—powers operators.

Lemma 3.1 [3]: Let P,Q be two projections on closed subspaces M, N respectively. Then
M L N iff PO=0.

Lemma 3.2 [3]: If T is normal operator, then Tx = Ax iff T x=Jx.
Lemma 3.3 [3]: If P is projection on closed subspace M of H, then M reduces of T iff
TP=PT.

Theorem 3.4: Let 7 be an operator on a finite dimensional Hilbert space Hand Ay,..., 4,

be corresponding eigenvalues of 7' such that A" = A" ,i#= j, i j=1,...s. If Mq,.... M be
the corresponding eigenspaces and F,..., P, be the projections on My,...,M respectively,

then M ;'s are pairwise orthogonal and they span A iff 7 is (n,m)-powers operator.
Proof:
Assume that M;'s are pairwise orthogonal and they span H. Then for x e H ,

X=X +Xp+...+x5, x; € M;, we get
T'x=T"xq +T"xp+.. +T"x, = A'x; +...+ Ax;.
Since P's are projections on eigenspaces M ;'s which are pairwise orthogonal, then we have
P.x = x;. Hence for every x e H ,
x=1x=x+x,+...+x =Plx+...+PSx=(P1 +...+P3)x.
A -
Thus I = ZHP[ . Since for all x e H# , we have
T'x =A%, +...+ Alx, == A Px +..+ A'Px =P +...+ AP Jx.So that
n _ s n W s - . , L.
T _Zizl/ll-P,- . Hence (T’”) :Zizl/‘timpi . In addition that since M;'s are pairwise
Poifi=]

orthogonal, then PP, =5 * ° = .

' 0 if i#j
Thus T”(Tm) = WP+t AAP, = P+ ..+ A AP, =(T’") T". Therefore T is
(nm) powers.

Conversely, suppose T is an (n,m)-powers operator, then by proposition (1.6) 7" is
normal operator. We claim that M;'s are pairwise orthogonal.
Let x;,x; be two vectors in M; M, respectively such that #j where i, j=1, ...,s. Note that,
T"x;, =A"x;,and T™x, = A"x,. Thus,

A" <xi’xj> = </17mxi1xj> = <T”mxi’xj>

= <xiv(T*)”m X;)

=(x;, A" x ;) = A7 (x,, %)
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So that (/1;’”’ —ﬂ’j’.”’)(xi,xj> =0. But 2" = A", then (x,,x;)=0 for all i, j=1I,....s. This
shows that A ;'s are pairwise orthogonal. Let M =M, +...+ M, then it is clear that A is
a closed subspace of H. Let P be an associated projection onto M , then P=F +...+ F,.

Since 7" is normal, then each M, reduces 7" (see[3]). It follows by lemma (3.3) that

T"P=PT". Consequently M= is invariant under 7"". Suppose that m* = {0}. Let
T,=T"™ |M". Then Tj is an operator on non-trivial finite dimension complex Hilbert space

M with empty point spectrum which is impossible. Therefore

Mt ={0). H=M®M" =H.
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