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Abstract  
     In this paper we introduce a new class of operators on Hilbert space. We 

call the operators in this class,  mn, - powers operators. We study this class 
of operators and give some of their basic properties. 
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  ل بعض تعميمات المؤثرات الاعتياديه المعرفه على فضاء هلبرتحو
  

  *مصطفى عادل اللوز ، ايمان حسن عبود
  قسم الرياضيات ، كليه العلوم ، جامعه بغداد ، بغداد ، العراق.

  الخلاصه
-قوىاسم مؤثر القدمنا في هذا البحث نوع جديد من المؤثرات على فضاء هلبرت واطلقنا عليه      

 mn,.لقد قمنا بدراسه هذا النوع من المؤثرات واعطينا بعض خواصها الرئيسيه .  
Introduction. 

     Throughout this paper, let  HB  denotes to the algebra of all bounded linear operates 

acting on a complex Hilbert space H . In [1] the author introduce the class of n -normal 
operators as a generalization of the class of normal operators and study some properties of 
such class for different values of the parameter n. In this paper, we study the bounded operator 
on the complex Hilbert space H that satisfy the following equation 

    nmmn TTTT
**

 .  
For some nonnegative integers mn, . Operator T  satisfying above equation are said to be 

 mn, -powers operator. 

Recall that a bounded operator T  is n- normal operator if 
nn TTTT **   where n be a 

nonnegative integer. 

In [1] prove that a bounded operator T  is n-normal operator iff nT  is normal operator where 
n is nonnegative integar. 
The outline of this paper is as follows: Introduction and terminologies are described in the 

first section. In the first section we introduce the class of  mn, -powers operators and we 
develop some basic properties of this class. In the second section we discus the product, tenser 

product and direct sum of finite numbers of  mn, -powers oprators on a Hilbert space H . In 
the tired section we will try to study the relation between the eigenvalues, the eigenvector 

and the sufficient condition for  mn, -powers oprators.  

1. The basic properties of (n, m)-powers operators. 

In this section, we will study some properties which are applied for  mn, - powers operator. 
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Definition 1.1: Let T  be a bounded operator. T  is called  mn, -powers operator iff 

    nmmn TTTT
**

  where n, m be two nonnegative integers.  

Remark 1.2: It is easily seen that every bounded normal operator is  mn, -powers operator 

(where 1 mn ). Moreover, one can see that every n -normal operator is  mn, -powers 

(where 1m ). But the converse is not necessary true in general. The following example 

shows that T  is  mn, -powers but it is not n -normal.  

Example 1.3: Let 










20

12
T .  

Then, 










21

02*T , 









40

042T , 










80

483T  and   









40

04*2T  

This implies that,      3*2*23

320

1632
TTTT 










 . Therefore, T  is  2,3 -powers operator 

bt it is not 3-normal, since 3**3

208

816

168

820
TTTT 




















 . 

 In the following result, we give the sufficient and necessary condition for the 2×2 matrix to 

be  2,2 -powers oprator. 

Example 1.4: Let  









dc

ba
T .Then T  is  2,2 -powers operator iff  b=c. 

Proof: 

T  is  2,2 -powers operator if and only if     2*2*22 TTTT  . Note that, 

  
 

  












bcddac

dabbca
T

2

2
2 . Moreover,  











db

ca
T * , then     

  












bcddab

dacbca
T

2

2
*2 . Note that, 

            
           












 222222

222222
2*2

bcddabbcdcbcabda

bcdcbcabdadacbca
TT  and 

            
           .222222

222222
*22















bcddacbcdbbcacda

bcdcbcacdadabbca
TT  

This implies that T  is  2,2 -powers operator if and only if  b=c. 

Preposition 1.5:  Let 









c

ba
T

0
 where  a,b,c are complex numbers and  2, mn . Then T  

is  mn, -powers operator iff    01211212   mmmnnn ccaaccaab  , 
mm ac   and 

nn ac  . 
Proof: 
Note that, 

       
 








 




n

nnnn
n

co

ccaaba
T

121 
 and  
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        .
121

*













 mmmm

m
m

cccaab

oa
T


 Hence, 

        
  .121

1211211212*











 mcncmccmamanbc

nccnanambcmccmamanccnanabmanamTnT




 

   
       .

1211212121

121
*


















mmmnnnmnmmmn

nnnmmn
nm

ccaaccaabccccaaba

ccaabaaa
TT





Therefore, it is simple to see that T  is  mn, -powers operator iff  

   01211212   mmmnnn ccaaccaab  , 
mm ac   and 

nn ac  . 
We start this section by the following result.  

Preposition 1.6: Let T  be a bounded operator. If T  is  mn, -powers operator, then nmT  is 
normal opretor. 
Proof: 

Assume that T  is  mn, -powers operator, then     nmmn TTTT
**

 . Moreover, it is clear 

that    kk TT **
  for each nonnegative integer k . Therefore,   

nmT  *nmT =     *nmmn TT  

   
  





timesn

mmm

timesm

nnn TTTTTT



*

 

   ** mmnnn TTTTT   

     *** mmnmnn TTTTTT                

  
       




  


timesm

nnn

timesn

mmm TTTTTT



***

 

   






timesm

nnn

timesn

mmm TTTTTT



*

 

    mnnm TT
*

    

    mnmn TT
*

  

=  *nmT nmT . 

Hence, nmT  is normal operator. 

The next theorem study the nature of the class of ),( mn -powers operators on a Hilbert space 
H . 

Theorem 1.7: The class of all ),( mn -powers operators on H  is a closed subset of  HB  
under scalar multiplication. 
Proof: 
Put, 

    THBTHNM : is  mn, -powers operator on H for some nonnegative integers mn,  

Let )(HNHT , then T is ),( mn -powers and thus     nmmn TTTT
**

 . Let   be a scalar, 
then 
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                  .***** nnmmnmmnmnmnmmnnmn TTTTTTTTTT    

    nm TT 
*

 . 

Thus  HNMT , therefore the scalar multiplication operation is closed under  HNM . 

Now, let kT  be a sequence in  HB of  mn, -powers operator converge to T , then after 

simple computation, one can get that 

            nmn
k

m
k

m
k

n
k

mnnmmn TTTTTTTTTTTT
******

  

                                       0
****

 nmn
k

m
k

m
k

n
k

mn TTTTTTTT    as    k . 

This implies that,     nmmn TTTT
**

 , therefore  HNMT . Hence  HNM  is closed under 
scalar multiplication 

The following proposition discuss the relation between ),( mn -powers operators and     

),( nm -powers operators. 

Proposition 1.8:  T  is  mn, -powers iff T  is  nm, -powers. 

Proof: 

Let T  be  mn, -powers, then     nmmn TTTT
**

 . Therefore, 

       **
**** mnnmnm TTTTTT 





  

                ** nm TT   mn TT
*

 . 

Thus T  is  nm, -powers operator. The converse is similar.  

The following results collects some of basic properties of  mn, -powers operator. 
Definition 1.9: If BA ,  are bounded operator on Hilbert space H . Then BA , are unitary 

equivalent if there is an isomorphism HHU : such that 1UAUB . In symbol this is 
denoted by BA  . [see 2]  

Proposition 1.10: If   HBT   is  mn, - powers , then  

 1) 
*T  is  mn, -powers. 

 2) If  
1T  exist then 

1T  is  mn, -powers. 

 3) If   HBS  is unitary equivalent to T , then S  is  mn, -powers. 

 4) If M  is a closed subspace of H  such that M  reduces T , then  nmMT |  is normal. 

Proof: 

Since T is ),( mn -powers, then     nmmn TTTT
**

 . 
1)  Note that,  by proposition (1.8) 

        nmmnmn
TTTTTT *****         

                        nm

TT ***  

Thus 
*T  is  mn, -powers. 

2)  Note that, 

          1
*1*11

 
mn

mn
TTTT           1*1

*


 mnnm
TTTT  
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                          1* 
 mn TT   =      11* 

nm TT    nm

TT 1*1  





 . 

Thus 
1T  is  mn, -powers operator. 

3) Since S  is unitary equivalent to T , then 
*UTUS  . Therefore,   ** UUTUTU nn

  

(see[3]). 
Now,  

        ***
*

***
UUTUUTUTUUTUSS mnmnmn   

                    ******* UTTUUTUTUTUUUT nmmnmn   

                      **********
UUTUTUUUTUUTUUTUTU nmnmnm   

                  nm
UTUUTU *

*
*  

                 nm SS
*

 . 

Hence  S  is  mn, -powers operator. 

4) Since T  is  mn, -powers, then by proposition (1.6) nmT  is normal. But M  reduces T , 

then MT nm  is normal (see[3]). Moreover,  nmnm MTMT  , thus  nmMT  is normal. 

   In the following results we study some sufficient condition for  mn, -powers operator  for 
all mn, . 
Proposition 1.11: Let T  be  mk, -powers and  mk ,1 -powers operator where k , m are 

nonnegative integers, then T  is  mk ,2 -powers. Therefore by induction T  is     mn, -
powers operator for all mn, . 
Proof:  

Since T  is  mk, -powers and T  is  mk ,1 -powers, then     kmmk TTTT
**

  and 

    1**1   kmmk TTTT  respectively. Note that, 

   *mk ΤΤ 2       ΤΤΤΤTTTΤΤΤ k*mkm*mk   1*1
 

                    TTTTTTT mkmk *1*   

                    2*1*   kmkm TTTTT  

Hence by induction T  is  mk ,2 -powers, this implies that T  is  mn, -powers for all 
mn, . 

    The proof of the next result is similar to Proposition (1.11), thus we omitted. 

Proposition 1.12: Let T  be  kn, -powers and  1, kn -powers operator where n, k are 

nonnegative integers, then T  is  2, kn -powers operator. Therefore by induction T  is 

 mn, -powers operator for all n, m. 
      In what follows, we study the sufficient and necessary condition to the weighted shift 

operator to be   mn, -powers operator. 

Example 1.13: Let T  be a weighted shift operator with nonzero weights  0kk . Then T  

is  mn, -powers operator iff   mnknknkkmnkmkmkk     2

2

111

2

1  

for mk  . 
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Proof : Let  0ke  be an orthogonal basis of Hilbert space H . Then 1 kkk eTe   and 

11
*

 kkk eeT  , note that 

nknkkk
n eeT  1    and      mkmkkk

m

k
m eeTeT   1

**
. Hence,  

      mnknmkmkmkkmk
n

mkkk
mn eeTeTT   111

*    

                                                  mnkmnkmkmkk e  11

2

1    

      mnkmnknknkknk
m

nkkk
nm eeTeTT     11

*

1

*
 

                                                  mnkmnknknkk e    2

2

1  

Thus T  is  mn, -powers  iff   1
2

1
2

1   mnkmkkmnknkk   . 

2.Some opration on ),( mn -powers operators. 
In this section we discuss the product, tenser product and direct sum of finite number of 

),( mn -powers operators on a Hilbert space H. 

Theorem 2.1: Assume that S  commutes with T  . If S  and T are  mn, -powers, then  ST  

is  mn, -powers. 

Proof:  

Since S  commute with T , then it is clear that   nnn TSST   . Moreover, S  commutes 

with 
*T  and T commutes with 

*S . Note that, 

          **** mmnnmmnnmn STTSTSTSSTST   

                         ** mmnn STTS    ** mnmn STTS      (Since T is  mn, -powers) 

                          nmnm TSST
**

     nnmm TSST
**

      (Since S is  mn, -powers) 

                          nm STST
*

 . 

Thus ST  is  mn, -powers operator 
Theorem 2.2: Let pTTT ,,, 21   be  mn, -powers operators on  HB , then 

 pTTT  21  is a  mn, -powers operator. 

Proof :  

Since each of pTTT ,,, 21   is  mn, -normal operator, then     n
i

m
i

m
i

n
i TTTT

**
  for all 

i=1,2,..,p, then it is simple to see that 

    *2121
m

p
n

p TTTTTT      *2121
m

p
mmn

p
nn TTTTTT    

                                                                      





 

**

2

*

121
m
p

mmn
p

nn TTTTTT   

                                                                   **

22

*

11
m
p

n
p

mnmn TTTTTT    

                                                                    n
p

m
p

nmnm TTTTTT
*

2

*

21

*

1    

                                                                     n
p

nnm
p

mm TTTTTT   21

**

2

*

1  

                                                                  n
p

nnm
p

mm TTTTTT   21

*

21  
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                                                                   np
m

p TTTTTT   21

*

21  

Thus   pTTT  21  is  mn, -normal. 

Theorem 2.3: Let pTTT ,,, 21   be  mn, -powers operators on  HB , then 

 pTTT  21  is a  mn, -powers operator. 

Proof :  

Since each of pTTT ,,, 21   is  mn, -normal operator, then     n
i

m
i

m
i

n
i TTTT

**
  for all 

i=1,2,..,p. Let Hxxx p ,...,, 21 , then it is simple to see that 

      p
m

p
n

p xxxTTTTTT  ...21

*

2121     

     p
m
p

mmn
p

nn xxxTTTTTT  ...21

*

2121   

      p
m
p

n
p

mnmn xTTxTTxTT
*

2

*

221

*

11    

      p
n
p

m
p

nmnm xTTxTTxTT
*

22

*

211

*

1    

          p
n
p

nnm
p

mm xxxTTTTTT  ...2121

**

2

*

1   

     p
n
p

nnm
p

mm xxxTTTTTT  ...2121

*

21   

      p
n

p
m

p xxxTTTTTT  ...2121

*

21   

Thus   pTTT  21  is  mn, -powers operator. 

In the following results we study some sufficient condition for  mn, - powers operator. 

Preposition 2.4: Let    *, mn TTFHBT  , and  *mn TTG  . Then T  is  mn, - 

powers operator iff G  commutes with F . 
Proof : 

GFFG   iff            **** mnmnmnmn TTTTTTTT    

iff              *2**2*2**2 mnmmnnmnmmnn TTTTTTTTTTTT   

iff       nmmn TTTT
**

2  

iff       nmmn TTTT
**

  

iff   T  is  mn, - powers operator. 

Preposition 2.5: Let    *, mn TTFHBT  ,   *mn TTG   and  *mn TTB  . If T  is 

 mn, -powers operator, then B  commutes with F  and G . 

Proof:  

Since T  is  mn, -powers, then 

BF     ** mnmn TTTT   

           *** mmnnmn TTTTTT   

           *** mnmmnn TTTTTT   

           FBTTTT mnmn 
**

.  

Similarly one can show that GBBG  .  
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3. The eigenspace of  mn, -powers operator. 

     In this section, we discuss the eigenvalues and the eigenspaces of  mn, -powers operators. 
We will try to study the relation between the eigenvalues, the eigenspaces and the sufficient 

condition for  mn, -powers operators. 

Lemma 3.1 [3]: Let QP,  be two projections on closed subspaces NM,  respectively. Then 

NM   iff 0PQ . 

Lemma 3.2 [3]: If T  is normal operator, then xTx   iff xxT * . 
Lemma 3.3 [3]: If P  is projection on closed subspace M  of H , then M reduces of T  iff 

PTTP  . 
Theorem 3.4: Let T  be an operator on a finite dimensional Hilbert space H and s ,,1   

be corresponding eigenvalues  of T  such that jinm
j

nm
i  , , i, j=1,…,s. If sMM ,,1   be 

the corresponding eigenspaces and sPP ,,1   be the projections on sMM ,,1   respectively, 

then iM 's are pairwise orthogonal and they span H  iff T  is  mn, -powers operator. 

Proof: 
Assume that iM 's are pairwise orthogonal and they span H . Then for Hx  , 

sxxxx  21 ; ii Mx  , we get 

 s
nnnn xTxTxTxT  21 s

n
s

n xx   11 . 

Since iP 's are projections on eigenspaces iM 's which are pairwise orthogonal, then we have 

ii xxP  . Hence for every Hx  , 

 xPPxPxPxxxxIx sss   1121 .  

 Thus   s

i iPI
1

. Since for all Hx  , we have 

 xPPxPxPxxxT s
n
s

n
s

n
s

n
s

n
s

nn    111111 . So  that 

 


s

i i
n
i

n PT
1
 . Hence    


s

i i
m
i

m PT
1

*
 . In addition that since iM 's  are pairwise 

orthogonal, then  





0

i
ji

P
PP   

if

if
 

ji

ji




. 

Thus     nm
ssssss

mn TTPPPPTT
*

111111
*

   . Therefore T  is 

 mn, - powers. 

     Conversely, suppose T  is an  mn, -powers operator, then by proposition (1.6) 
nmT  is 

normal operator. We claim that iM 's are pairwise orthogonal. 

Let ji xx , be two vectors in ji MM ,  respectively such that  ji  where i, j=1,…,s. Note that, 

i
nm
ii

nm xxT   and j
nm
jj

nm xxT  . Thus,   

 

.,,

,

,,,

*







ji
nm
jj

nm
ji

j

nm

i

ji
nm

ji
nm
iji

nm
i

xxxx

xTx

xxTxxxx





 



Abood & Al-loz                      Iraqi Journal of Science, 2015, Vol 56, No.2C, pp: 1786-1794 

1794 

So that     0,  ji
nm
j

nm
i xx . But nm

j
nm
i   , then 0,  ji xx  for all i, j=1,…,s. This 

shows that iM 's are pairwise orthogonal. Let sMMM  1 , then it is clear that M  is 

a closed subspace of H . Let P  be an associated projection onto M , then sPPP  1 . 

Since 
nmT  is normal, then each iM  reduces 

nmT (see[3]). It follows by lemma (3.3)  that  
nmnm PTPT  . Consequently M  is invariant under 

nmT . Suppose that  0M . Let 
 MTT nm |1 . Then 1T  is an operator on non-trivial finite dimension complex Hilbert space 

M  with empty point spectrum which is impossible. Therefore  

 0M . .HMMH  
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