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Abstract:

In this paper, the satellite in low Earth orbit (LEO) with atmospheric drag
perturbation have been studied, where Newton Raphson method to solve Kepler
equation for elliptical orbit (i=63°, e = 0.1and 0.5, Q =30°, w =100°) using a new
modified model. Equation of motion solved using 4™ order Rang Kutta method to
determine the position and velocity component which were used to calculate new
orbital elements after time step (At) for heights (100, 200, 500 km) with (A/m)
=0.00566 m?/kg. The results showed that all orbital elements are varies with time,
where (a, e, w, Q) are increased while (i and M) are decreased its values during 100
rotations. The satellite will fall to earth faster at the lower height and width using big
values for eccentricity (e) and (A/m) ratio. Were the results got lifetime at
height = 200, e = 0.1 equal 11 days for A/m =0.02 m2/kg, while satellite's lifetime at
height = 200, e = 0.1 for A/m = 0.09 m2/kg equal 6 days.
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Introduction:

A satellite is an artificial object, which has been placed into special orbit around the Earth. Such
objects are sometimes called artificial satellites to distinguish them from natural satellites such as the
Moon. [1]
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The total number of artificial satellites orbiting the Earth until 2013 is around 8300 of these, about
3000 are not operational having lived out their useful life and are part of the space debris.[2,3]

Satellites classification according to its properties as (Astronomical satellites, Biosatellites,
Navigational satellites, Communications satellites and Weather satellites[4, 5].

The orbits can be classified: according its altitude as (High, Medium and Low earth orbit) [6-8],
according its Inclination as (Inclined orbit, Polar orbit and Polar sun synchronous orbit) [9, 10], and
according its Eccentricity as (Circular orbit, Elliptic orbit, Hyperbolic orbit, Parabolic orbit, Escape
orbit and Capture orbit) [11,12].

The satellite orbits are affected by many perturbations like (oblateness, solar radiation pressure,
other body attraction and Earth atmospheric drag), in the LEO orbits the effect of the atmospheric drag
and oblateness of the earth is much more than other perturbations [11, 13]. Then in this research will
discuss the perturbations on low earth orbit include atmospheric drag only.

Theory:

In celestial mechanics, an elliptic orbit is a Kepler orbit with the eccentricity less than 1, this
includes the special case of a circular orbit with eccentricity equal to zero. There are six elements for
elliptical orbit, dimensional elements and other for rotation elements as a following. [9]

Semi major axis (a): which is define the size of the orbit. Eccentricity (e): Define the shape of the
orbit, describing how flattened it is compared with a circle. Inclination (i): measure in degree
(0°< i < 180°). Mean anomaly (M), argument of perigee () and the right ascension of ascending node
(Q): are expressed as an angle, (0°< Q < 360°) [13,14].

To obtain the position and velocity of the satellite at specified time t, must be that the semi major
axis and time of perigee passage were got it later to calculate the mean anomaly M and then find the
eccentric anomaly value E [13].

The mean motion n can be written as equation (1) [15],
2m 7

n= T =K E (1)

Where K= 0.07436616 (e.r) **/min for artificial satellite motion
At any time the mean anomaly used to describing the location of the satellite in an orbit:[16]
M = n(t—r1) (2)
Or, M = M + step 3
Where t is time of perigee passage. [15,17- 19]
The eccentric anomaly for the orbit calculated as [14, 15]
E=M+e,sin E 4)

Generally the equation (4) is Kepler's equation, where e, in degrees.

Where: eccentricity () and mean anomaly (M) are given at beginning to solve equation (4). There
are some methods for calculate E then the value of eccentric anomaly E using then to calculate true
anomaly (f), We adopted the Newton-Raphson method in solving a Kepler's equation :

If f(El) = Ei — € sin Ei -M (5)
Then f'(E)=1—e,cosE; (6)
Apply Newton-Raphson method base in approximately
AE = — f(Ep) %
' f(E)

Determine a new (E) from
_ _ _ Eii1 = E; + AE; B
Now to find the Cartesian coordinate (x., Yw, Zy) for the satellite in its orbit as the follow [20, 21]:

x,, = a(cos E —e)
Yw = ay1—e?sin
z, =0 (€))
Where: a = rp/(1—e);rp = h+ R,; R, =3678.270 km ; e value was input at begin and then it
measured by equation (22)
And the displacement radius r will be [22,23]
r=a(l—ecos E) (10)
By differentiation for (X, Yu, zw) for a satellite in its orbit we get: [16]
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. Jvua .
Xy = Y2 sinE
r

w = r E
2, =0 (11)
A velocity 7 can be writing as: [16]
=Y o sinE (12)

-
Then, by Gaussian vector (conversion matrix), convert the position and velocity of a satellite from
the orbital plane to the Earth equatorial plane as:
Which content Euler angles (w, i, Q) [9, 16].

X Xy X X’W
for a position [y] =R! [J/w] , for a velocity ly] =R1 )'IW] (13)
z Zy z Zyy
Where R™ is the inverse of Gauss matrix
Pe Qx Wi
R™'=|(P, Qy W, (14)
P, Q W,
Where:
P, = cos w cos Q — sinw sin Q cos i \
P, = coswsinQ + sinw cosQ cos i
P, = sinwsini
Q, = —sinwcosQ — cosw sinQ cos i
Qy = —sinwsinQ + cos w cos Q cos i +(15)
Q,=coswsini
W, = sinQsini
W), = —cosQsini
W, = cosi ),

Thus the position components in the equatorial plain
X = Pyxy + Qxyw + Wyzy,
y = Bxy + Qyyw + Wy 2y,
z = Pyxy, + QywtW, 2y, (16)
r=(x%+y2+z2) 2 17)

The elliptical orbit

The elliptical orbital elements in general are (a, e, i, 22, w, M) can be calculated from the components
of position, velocity and angular momentum as follows:
The inclination (i) of the orbit from the equatorial plane is given by [16]:

hi + hZ
tani = h—z (18)
The longitude of ascending node (€2) is calculated as [16, 17]:
tan () = _hx (19)
The argument of perigee (u) can be found as [1yG]’:l
Z
tanu = W (20)

The semi-major axis (a) of the orbit calculated as:
da= —((n* a®*9.87x 2.2 (3)  p))

a=a+ da (21)
The eccentricity (e) of the orbit is calculated as [16, 18]:

e= |1—— (22)
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The mean anomaly (M) is calculated as [18,19]:
XX +yy+zz
M=EFE-———
Vap
Or M =E — exsine (23)
The true anomaly (f) is calculated as [18- 21]:
f_|1+e E
tanz il Ep tani (24)

Where the eccentric anomaly (E) can calculate as [18, 19]:

r

1—=
tanE = ———2— |/ 25
an XX +yy+zz o (25)

Atmospheric drag acceleration

A satellite in low Earth orbit experiences some drag as it moves through the Earth's thin upper
atmosphere. In time, the action of drag on a satellite will cause it to spiral back into the atmosphere,
eventually to disintegrate or burn up. If a space vehicle comes within 120 to 160 km of the Earth's
surface, atmospheric drag will bring it down in a few days, with final disintegration occurring at an
altitude of about 80 km. [24]

The relation that describes the acceleration due to the atmospheric drag is: [25]

= 1 _CpA 2 Brel
Aprag= — =P — Vg ——— 26
Drag 2 p m rel 1B relll ( )

The equation of motion with perturbation is:

.. d -

r= “a_trz + Qprag

There are many techniques to solve it, but we mention classical Runge-Kutta algorithm 4™ order
and has 4 stages. The stage number indicates how often the right hand function f(x, t) has to be

evaluated [25]. Then using this coordinatesx,y,z,(x,y,z ) to recalculate the orbital elements by
equations (18-25)
The new state vector can be obtained by [25]

. hstep
xl‘+1—Xi+T*(k1+2*k2+2*k3+k4) (27)

Where: hgep is step width in time, the four derivatives k; through k, are computed as following:
ki = f(x) "
ky = f G+ =2 ky)

2
h
ks = fa+ =57 . ks)
ky = f(xi + hstep -k3) (28)

Lifetime of the a satellite

The lifetime is the time from the beginning to the destruction or escape to other type of orbit. It is
strongly dependent on satellite altitude. The lifetime of satellites is very large for MEO and HEO,
because the satellites become out of the largest force, the basic principle to know satellite's lifetime,
for elliptical orbit only depends upon two orbital elements, the semi-major axis (a) and the eccentricity
(e), because it indicates the size and shape of orbit [25]

Results and discussion:

Atmospheric drag acceleration was calculated by equation (26), the figures 1-6 showed that
Atmospheric drag effect on satellite's orbital element at different orbital heights, A/m = 0.0056 (m?/kg)
for 1000 steps, then according results for orbital elements that produced by Atmospheric drag
acceleration:

Semi major axis (@) is illustrated in figures 1.a, b, c, d, e, f showed clear linearly decreases in (a)
value, where a satellite's altitude decreased about 50 times at h,=100 km more than at h,=200 km for
(e = 0.1) during 100 rotations. The variation of (a) is very small at height value for r, = < 500 this
means the atmospheric drag is very small at is there.
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Figure 2a to figure 2f shown inverse relationship for Eccentricity (e) with time at (e=0.1, 0.5),
(hp= 100, 200, 500) km during 100 rotation which means the orbit closed after many orbit to circular
orbit. The variation is very small for small values of (e) and not much affected by change height.

Inclination (i) illustrated in figures 3 a, b, ¢, d showed that a curvature increases while in (4.11.e, )

figures was just increases in (i) value at (e =0.1, 0.5), heights (h,=100, 200, and 500 km), with time
after 100 rotations.

The results for mean anomaly at epoch time (M) is shown from figure 4a to 4f are linearly increasing
with time at (e = 0.1, 0.5), (h,=100, 200, 500 km).

Figures 5a to 5f display results Longitude of ascending node (€2) showed concave down curve
decreases in () values with time, after 100 rotations.

Argument of perigee (w) displayed in figures 6.a, b, c, d, e, f showed linearly increases for () value
with time, during 100 rotations.

The figures 7a and 7b show the variation r, with time under the effect of atmospheric drag, until the
satellite is unable to make another revolution if we are not going reforms (Corrections) on orbit, where
A/m ratio was studied and a result showed that lifetime for satellite = 11 days for A/m=0.02, while its
= 6 day for A/m = 0.09 then a satellite will fall to Earth at r, < 6380km.

In general the results get the fact that an orbit is more stable for less eccentricity and A/m ratio.
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Figure la-Variation of semi-major axis with time due

to Atmospheric drag at h,=100 km, e=0.1.

Figure 1b-Variation of semi-major axis with time due
to Atmospheric drag at hp=100 km, e=0.5.
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Figure 1c-Variation of semi-major axis with time due

to Atmospheric drag at hp=200 km, e=0.1.

Figure 1d-Variation of semi-major axis with time due
to Atmospheric drag at hp=200 km, e=0.5.
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Figure le-Variation of semi-major axis due to
Atmospheric drag at hp=500km, e=0.1.

Figure 1f-Variation of semi-major axis with time due
to Atmospheric drag at hp=500km, =0.5.
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Figure 2b-Variation of eccentricity with time due to
Atmospheric drag at hp=100km, e=0.5.

0.102

0.1

0.098

0.096

™N

0.094

™N

™.

0.092
0.09

™N

0.088

N

58

60 62 64
M JD(day)

66

0.502

0.5

0.498 \
o 0.496 \
0.494 \
0.492
N
0.49 T T T |
58 63 68 73 78

M JD(day)

Figure 4.10.c-Variation of eccentricity with time due
to Atmospheric drag at hp=200km, e=0.1

Figure 4.10.d-Variation of eccentricity with time due
to Atmospheric drag at hp=200km, e=0.5.
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Figure 2.f-Variation of eccentricity with time due to
Atmospheric drag at hp=500km, e=0.5.
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Figure 4.a-Variation of mean anomaly with time due
to Atmospheric drag at h,=100 km, e = 0.1.

Figure 4.b-Variation of mean anomaly with time due
to Atmospheric drag at h,=100 km, e = 0.5.
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Figure 4.c-Variation of mean anomaly with time due
to Atmospheric drag at h,=200 km, e = 0.1.

Figure 4.d-Variation of mean anomaly with time due
to Atmospheric drag at h,=200 km, e = 0.5.
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Figure 4.e-Variation of mean anomaly with time due
to Atmospheric drag at h,=500 km, e = 0.1.
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Figure 5.c-Variation of longitude of ascending node
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Figure 5.d-Variation of longitude of ascending node
with time due to Atmospheric drag at h,=200km, e =
0.5.
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Figure 5.f-Variation of longitude of ascending node
with time due to Atmospheric drag at h,=500km, e =
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Figure 6.a-Variation of argument of perigee with time
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Figure 6.b-Variation of argument of perigee with time
due to Atmospheric drag at h,=100 km, e = 0.5.
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Figure 6.c-Variation of argument of perigee with time
due to Atmospheric drag at h,=100 km, e = 0.5.

Figure 6d-Variation of argument of perigee with time
due to Atmospheric drag at h,=200 km, e = 0.5.
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Figure 6.f-Variation of argument of perigee with time

due to Atmospheric drag at h,=500 km, e = 0.5.
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Conclusion
1. The satellite low orbit was affected by many types of perturbations; the important one is the atmospheric
drag.
2. The semi major axis and eccentricity () are reduced very slowly with bigger values of ry,.
3. The lifetime of the orbit is directly proportional with r, and a, while it's inversely proportional with e.
4. The results for the modified model have good agreement with some references as (13, 23).
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