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Abstract

This paper proposes and studies an ecotoxicant system with Lotka-Volterra
functional response for predation including prey protective region. The equilibrium
points and the stability of this model have been investigated analytically both locally
and globally. Finally, numerical simulations and graphical representations have been
utilized to support our analytical findings.
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1. Introduction:

According to the biological theory of animal migration, living creatures migrate to
locations with better living conditions. Together with mammals, many birds, fish, and insects
move frequently to avoid unfavorable changes, whether in climate or food sources, as people
migrate, however, their migration is often political or social, and they may also migrate for
biological reasons.

Biologists use the term immigration to describe many movements. Biologists, especially
entomologist, consider leaving without return, as some animals leave from somewhere in
search of better living conditions which means they do not necessarily return with their
children to the places from which they migrated. Other biologists describe historical changes
as migrations, put, most of them know that migrations are regular circular movements that
animals perform between two regions, each of which provides a stage of life for those animals
better living conditions than others. These migrations are made on the ground or in water or
air. Some animals migrate for short distances only and others for long distances.
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Most migratory animals perform two types of migration daily. The zooplankton in the
oceans performs this type of migration, where they swim hundreds of meters under the water
during the day and return during the night to the surface, and seasonal migration, as these
migrations occur twice a year . They are related to seasonal changes such as temperature or
the level of rainfall. There are three types of seasonal migration:, namely migrations across
latitudes, migrations anchored to highlands and local migrations and animals migrate for
several reasons, including reproduction, hibernation, escape from the harsh weather and the
search for food.

Many researchers discussed the effect of migration on the stability of biological systems, for
more details see [1-8].

Toxins in biology are substances that cause disturbances to living organisms, that often
occur either through chemical reactions or others at the molecular level when ingested in
sufficient quantities.

In the field of medicine and animals, the word poison differs from toxin and creep.
Toxins are toxins that are produced by living organisms in nature, while rattles mean toxins
that are injected by a bite or sting. The difference between creep and other toxins is by the
way of conducting it inside the body.

Toxicology, then, is the branch of science that investigates the potentially detrimental
interactions between substances and biological systems. The categories of toxic chemicals
include phytotoxins, zootoxins, bacteria toxins and human-made substances. Toxicology can
be considered the oldest science, due to the ancient person who had to distinguish between
substances that could be eaten and harmful substances.

Many researchers have proposed articles that have been touched upon to study the effect of
toxins on biological systems, be they ecosystems or epidemiological systems, for example [9-
14].Also, others proposed the environmental to study the effect of different factors [ 15-17].

The aim of this study is to determine the effect of the transition from the protected area to
the schistosomal zone on the dynamics of an environmental model where it is assumed that
predation is carried out according to a function of Lotka - Volterra. In this study, we also
assume that the prey is in the traitors and predatory region, each of which secretes a toxic
substance on the other. The prey excretes the toxic substance as a defense against predation
and the predator sorts the toxic substance on the prey to facilitate its killing and predation.
This model have been studied analytically and numerically, Furthermore, some graphics are
shown to explain the effect of these factors on the behavior of the solution to the system.

2. Mathematical Model :
Consider the following ecotoxicant- model:-

dz, 7

ﬁ = 81Z1 (1 — L_1> - 5121 + 5222 - m1Z1,

dz, Z, ,

ﬁ = SZZZ (1 - L_) + 6121 - 6222 - mzzz - ]/1 ZzZ3 - bZZ Z3, (21)
2

dz ,
d_T == ﬁl Z2Z3 - CZ2Z3 - m3Z3.

The following table provides an illustration of the variables and parameters of the
aforementioned system:
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Table 1: System (2.1) variables and parameters

Parameter Representation
Z,(T) Prey density in the refuge area at time T
Z,(T) Prey density at time T in the area of the predator
Z5(T) Predator density at time T
5> 0,i=12 The rate at which a prey grows naturally in the predatory and sanctuary

regions respectively
Carrying capacity in the refuge region and the predatory region

Li>0i=12 respectively
6;>0,i=12 The migration and emigration rates of the prey population in the refuge
region respectively
Vi >0 Maximum attack rate for prey in the predatory region
1 0<p <1 The uptake rate of food from the prey in the predatory region

. Prey fatality rates in areas of sanctuary and predatory areas and predator
m; >0,i =123 . .
mortality rate when not being fed

H2 e >0 Rates of toxicity for the prey and the predator, respectively

The following dimensionless variables and constants are attained in order to lower the
number of parameters in system (2.1):

21 7 _Z3 6 62 my S
t—SlT Z1 = L ,Z2—L_ ,Z3—L_.k1—_,k2 k3—_ k4—_,
1 1 1 S1 S1 , S1 S1
Sz2L4q _m _rls bL1 _ Bil1 _cly _mg
ke = Jk ko =—k kg = Jkig =—,ki; =—.
5 — s1Lo 6 — 7 51 8 — 51 9 51 10 51 11 51

Then the non dimension system is:

dz,

P z1(1 = zy) — kyzy + kozy — k3zy,

dZZ k5 2

—_— = k4_ZZ (1 Zz) + k121 kzZz - k622 - k722 Z3 - kSZZ Z3, (22)
dt ky

dzs 5

dt = koZzp 23 — k192225 — k1123

with the next initial condition z; (0) >0, z,(0) > 0 and z;(0) > 0.
It is simple to verify that the solution to system (2.2) is both unique and existing.
Theorem (2.1): The system's (2.2) solutions that begin in R3 are uniformly bounded.

Proof.
Let (z,(t),z,(t),z3(t)) be any system's (2.2) solution with non-negative initial
condition (z,(0),z,(0),z5(0)). Now consider the following map,
Z(t) = z1(t) + z,(t) + z3(0).
Therefore,

dz ks
E < Zl(l - Zl) + k4Zz (1 - k_Zz) - (k7 k9)ZZ Z3 - k3Z1 - kGZZ - k11Z3.

Now, hence from the natural fact k, > kg , thus
2

1 ki
T <X —pZ, whereN—Z+m and p = min { k5, k¢, kq1}.

Now, by the theorem of comparison [10], we get:
N N

20 <3+ (20 - ) e
p p

Thus OSZ(t)SEaS t—> oo m
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3 The equilibrium points (E.Ps) :
System (2.2) has three (E.Ps.) that are listed below.
1) The (E.P.) Q, = (0,0,0) always present.

2) The (E.P.) Q, = (71, Z,,0) present by solving the next equations :

Zl(l - Zl) - k1Z1 + k2Z2 - k3Z1 =0
k
k4Z2 (1 - k_SZZ) + k1Z1 - k2Z2 - k6Z2 =0
4

From eq.(3.1a) we have:
_ 22+ (ky+k3—1)z,
2=,
By substitute equations (3.1c) in (3.1b), we get,
L1z} + Lyz? + Lyz; + Ly = 0.
Where:
Zl = —k5 < 0,
Ly, = —2kg(ky + k3 — 1),
93 = koky — ks(ky + k3 — 1) — kp(k, + ke),
Ly = ky(ky + ks — D[k, — (ky + kg)] + kq., and

(3.1a)
(3.1b)

(3.1¢c)

(3.1d)

Now, eqg. (3.1d) has unique positive root say z;, according to the discard rule, if and only if

k1 > 1 - k3,
ky > (ky + ke).

(3.1e)
3.1f)

So, The (E.P.) Q, = (Z1,7,,0) where z, = z,(Z;) present under condition’s (3.1e and 3.1f).

3) The (E.P.) Q, = (z1, 25, z3) exists by resolving the set of equations below:

z1(1 —zy) — (ky+k3)z; + kyz, = 0,
k4ZZ - k5ZZZ + k121 - kzZz - kGZZ - k722 Z3 - k7Z§ Z3 == O,
koz, 75 — k1OZZZ§ — k1123 = 0.

Equation (3.2¢) gives us,
7 = kozy—k14
3 ki0zz
Also, eq.(3.2a) gives,
_ z2+0y2q

2 ky

Replacing eg. (3.2¢) in eq. (3.2d) results:
7o — ko(zf + 01)z1 — kqy

’ kio(2f + 01)z;
By placing egs. (3.2e) and (3.2f) in eq. (3.2b) results:
Lz + Lyzi + Lyz3 + Liyz? + Lz, + L

=0

where:

Ly = —[kskqo + kgko] <O,

L, = =30y [kskyo + kgke] < 0,

Ly = kykqigo, — 301 (kskqg + kgko) — kykzkio + kgkyy,

Ly = 2ky01[k190y — kyko] — 013 (kskqo + kgko) + kik3kyo + 2kgkq, 04,
LE = k2k1001(k4 + kiky) — 012[k2(k2 + ks) - k8k11] + k2k7[k11 - k9012].

L*6 = k2k7k110-1 > O
where:
o= (ky+ks—1),0, =ky — (ky + k)
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So, eq. (3.2g) has a unique positive root, namely z; if in addition to conds.(3.1d) and
(3.1e) the following conditions hold:

30‘12(k5k10 + kgko) + kyk kg > kokigo, + k8k11’ (3.2h)
kkq )

oy > , (3.20)
k1o

2k,01 k100, — kyko] + kik3kyo + 2kgki107 > 013 (kskqo + kgko), (3.2))

ko(ky + ke) < kgkq, (3.2k)

k
koe . (3.20)

So, the (E.P.) Q, = (z],2;,2;) Where z;, =z,(z]) and z; = z3(z;) present if in
addition to the above conditions the following condition holds:

Z12 + 0171 > kk_191 (32‘m)

4 Local Stability Analysis (L.S.A.).
The stability of system (2.2) has been discussed in this subsection: -

The Jacobian matrix (J.M.) D(z,, z,, z3) of the system(2.2) can be written:
b= [dij]lsi,js3’ (4.1)
where
diy =1—2z; — (kg + k3),diz = Kp,di3 = 0,d51 = ky,,
dyy = kg — 2kszy — (ky + ke) — k723 — 2kgzy23 ,dy3 = —25(k7 + kgzy)
d3; = 0,d3; = z3(kg — kqo23) ,d33 = kozp, — 2k102223 — k11 .

4. 1 Local stability of Qg
At Q, the (J.M.) is:

Do = D(Qo) = [d:j]1si,js3 ) (4.1a)
where:
d;1 = 10— (ky + k3), dizoz Ky, diz = 0,dy; = kq,dyy = ky — (ky + k),
dy3 = d3; = d3; =0 ,d33 = —kq3.
Then the characteristic equation (Ch.E.) of D(Q,) is given by:
[22 —tr(A") A+ Det(A) ] [k — 2] =0,
where:
tT(AO) = /1021 + /10z2 =(1- (ky + k3)) + (ks — (ky + ks))
Det(A) = Aozy- Aoz, = (1 — (kg + k3)(k4 — (ky + ks)) — ki ky
So, either
[ 12 — tr(A)A + Det(A)] = 0,
which gives the two eigenvalues 4,,, and 4,,, are negative provided that:
ki +k;>1, (4.1b)
ky + ks > ky, (4.1¢)
(1 — (ky + k3)(kq — (kg + ks)) > ky ko (4.1d)

Or
_k11 - A = O, Wthh gIVES AOZ3 = _k11 <0.
Therefore, Q, is stable under conditions (4.1b)-(4.1d) . It is unstable otherwise.
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4.2 Local stability of Q4
At Q, the (J.M.) become

Dy =D(Q) = [Jij]lsi’js3 ) (4.2a)
where:
C£11 =1-27 — (ky + k3),dy; = kp,dy3 = 0,dp1 = ky,
C{zz = kg — 2kszy — (ky + ke) ,daz = —2(k7 + kgZy)
d3; = d3p =0 ,d33 = koZ, — k11 .
Then the (Ch.E.) of D(Q,) is given by:
[A2 —tr(A) 2 + Det(A) ] [koz, — ki1 —A] =0,
where:
tr(4) = Az, + Mgy, = (1 =221 — (kg + k3)) + (ky — 2ksz; — (ky + k¢))
Det(A) = Ay Ay = (1 — 22y — (kg + k3)). (kg — 2ksz, — (kg + k) — k1 ks
So, either
[ A2 — tr(A)A + Det(A)] = 0,
which gives the two eigenvalues 4,,, and A,,, are negative provided that:
221 + (ky + k3) > 1, (4.2b)
2kszy + (ky + ko) > ky, (4.2¢)
(1—27; — (kg + k3)). (kg — 2ksZy — (ko + kg)) > kq Ky (4.2d)

Or
k9Z_2 - k11 —A= 0, Wh'Ch gIVES
A1z, = koZ, — ky4, Therefore,
Q, is stable If the following condition holds in addition to conditions (4.2a) - (4.2d):

= ki1

Z; < " (426)

9
It is unstable otherwise.

4.3 Local stability of Q,

D, =D(Q2) = dij],_; .. (4.3a)
where:
di, =1-2z7 — (ky + k3),di, = ka,di3 =0,d3; = ky,
A5y = k4 — 2ksz; — (ky + k) — kyz3 — 2kgz;23 ,d33 = —25(k; + kgz3)
d3; =0,d3, = Z;(kt) - k102§) A3z = z3(kg — 2ky023) — k11 .
Then the (Ch.E.) of D(Q,) is given by:
/13 + (1)1 AZ + (1)2 A + (1)3 == O (4’3b)

Where:

w; = —(di; +d3; + d33),

w, = —[di,d3, + dysds, — dyadss — dis(dsp + d33)],

w3 = dy,d3,d33 — di;(daad3z — dazdsy).

The roots of equation (4.3b), according to the Routh-Hurwitz criterion, contain negative real
portions ifand only if w; > 0,i = 1,3 and A= (w;w, — w3)ws > 0.

Now,w; > 0,i = 1,3 , provided that

ZZi'< + (k1 + kg) > 1, (4‘3C)

75 (2ks + 2kgz3) + (ky + ko) + kyz3 > ky (4.3d)
k

zi > — (4.3e)
k1o

Further, it is easy to check that:
A= diq[dizd31 — dii(d3y + d33)] + d33[d33d5,) — d3pdss — dig(d3, + d3s)]
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d32[diad3y + d33d3, — dyadss — diy(dg;. dis)]

Hence, A> 0, if in addition to conditions (4.3c)and (4.3e), the following conditions
di;(d3; + d33) > max{di,d3;,d33d3, — d3,d33}, (4.31)
dizdyy + d33d3; > dj,dss(1+diy). (439)

So, Q, is (L.S.) under conditions (4.3c)-(4.3g) , it is unstable otherwise.

5 Global stability analysis (G.S.A.):

This section examines the (G.S.A.) of the system (2.2) for the nearby stable points.

Theorem (5.1):
The point Q, = (0,0,0) is globally asymptotically stable (G.A.S.) if the following
requirements are met by the Int. R3 Basin of attraction:

71 >1, (5.1a)
ky

Zy; > —. (5.1b)
ks

Proof: Consider the function

Go(21,22,23) = 21 + Zy + 2.

It is easy to see that G,(zy, 2y, 2z3)e C1(R3,R), and Go(Q,) = 0, and Gy (zq,2,,23) > 0;
V(z4,22,23) # Q, , By using the equations of the system's equations and differentiating
Gowith respect to time t, the following results are obtained:

dG, ke
—_— = Zl(l - Zl) - k3Zl + k4Zz (1 -

it k, Zz) + —kezy — (ky-ko)zy 23 — kgz5 23

~ki02z225 — kq12.
Now, rendering to the accepted fact, (k; > ko), we get:
dGO <z;(1—=2) +kyuz, (1 - —22) ki125.
So by conditions (5.1a) and (5.1b), — dGO < 0 . Hence Q, is (G.A.S.).

Theorem (5.2) :
The point Q; = (z;,2,,0) of system (2.2) is (G.A.S.) if the following requirements
are met by the Int. R3 Basin of attraction:

it efo gl 5D

ZyZy
/ k2 2<z1—z1>— /ks i 1<z2—z2) > kg 2, Zy 7, (5.2b)

Proof: Consider the function

Z Zy
G1(z4,2,,23) =(Zl—z_l—z_llnzfl)+(zz—zz—zzln )+z3
1 Zy
Itis clear that . G,(zy,z,,23)e C1(R3,R), and G,(Q,) = 0, and G,(z;,2,,25) > 0;
V(z4,2,,23) # Q1 , By using the equations of the system and differentiating G, with respect to

time t, the following results are obtained:

< (2D -+ () - 20 )

dt 121 Z1Zy

k,z
- (ks Zl 1) (25 — 22)* — (ky_ko)zy 23 — kgz5 23 — k192,25 — k123 + kg 2, Z,25.
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Now, rendering to the accepted fact, (k; > ko) and condition (5.2a), we get:

—Z1) — ’ks faZy

Then <2 < 0 under cond. (5.2b), and then Q; is (G.AS.).

2 2

—<— —Zy)| +kgz,7,2,.

Theorem (5.3):
The positive equilibrium point Q, = ( z;, z; , z3 ) of the system (2.2) is (G.A.S.) if the
following requirements are met by the Int. R3 Basin of attraction:

kqiz1+k k k

fnen < g \/ (1+ 222) (ks + kezs + Zl) (5.3a)
* kiz

ko — (ky + kgz3) < 2 J ko (ks + kozs + ) (22 + 23), (5.3b)

Proof: Consider the function

Zq Z3 Z3
Gy(z1,22,23) =\ z1—2z1 —ziln— |+ |z, — 25 —z; In—< |+ |23 — 25 —z3 In— ).

Z Zy Z3
It |S C|eal’ that Gz(zl, Zy, Z3)E Cl(R_?_, R) y and Gz(Qz) = 0, and Gz(zl, Zy, 23) >
0;V(z,2,,23) # Q, , By using the equations of the system and differentiating G, with
respect to time t, the following results are obtained:

daG, kyz5 . kizy + k37, . X
T R
1 k,z} 1 kyz{ )
- = k5 + ng3 + (ZZ - Zz) -3 k5 + k823 (ZZ - ZZ) + k9
2 222 2 ZZZ

— (k7 + kgz3) (2, — 73) (25 — 23) — kyo(22 + 23) (25 — Zék)z-
Now, by conditions (5.3a) and (5.3b) we get

aG koz 1 k,z*
2|1+ 22 2(zl—zl) \/5(1{5 + kgzs +lei> (zy — z3)

dt 212y 223

2

2

1 kiz] i - i
~1 I3 ks + kgzs + 72" (z3 — z3) =V k1o(22 + 23) (25 — 23)

242

Then G, is negative definite. Hence, Q, isa (G.A.S.) m

6 Numerical simulation:

To verify the aforementioned analytic results, the behavior of the system (2.2) is
numerically examined in this section. For the following set of parameters, the phase portrait
and graphic representation of the system's solutions (2.2) are drawn.

k; =0.25,k, =026 ,k; =0.1,k, =1,ks =0.2,kg =0.1,k; =0.5

kg =1,kg =04,k =1,ki; =0.1 }
and with the primary point (2,1,1).

(6)
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(b) Graphical representation of solution which close to the point @, = (0.99,1.29,0.32).

The suggested model is now numerically solved for the set given in Eq. (6) and various one
factor each time, and the results are reported in the following table:

Table 2: Numerical solutions of the system (2.2)

The parameter’s e The parameter's UL
P The stable point bifurcation P The stable point bifurcation
range : range :
point point
01<k <3 0, 05<k, <2 Q,.
01<k,<2 Q,. 01<kg<?2 0,
0.01 < ko < 0.039 0
01<k;<1 Q,. 1 B
0.039 < kg < 0.4 kg =0.039
Q2
01<k,<2 Q5. 0.1<ky<2 0
2
01<ks<2 Q5. 01<ky <1 0
2
01<ks<1 Q,.

Next, for the following parameters k; = 1,k; = 0.5,k, = 0.5, k;; = 0.78 with the rest of

parameters in eq.(6) which satisfied the

(6.2)(a,b).

2

conditions of Theorem (5.2) in addition of
conditions (3.1e),(3.1f),and (4.2b)-(4.2e) the solution close to the point Q,, see Figure

(b)

21

23

0 50

100

150 200
Time

250 300

Figure (6.2 ):- (a)The system's (2.2) solution with the parameters in eq.(6) with respect
to z,, z,, z3 which close to the point Q;=(0.51,1.95,0) (b)The Graphical representation of
solution with respectto z;, z,, z3.
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Figure (6.3 ):- (a)The solution of system(2.2) with the parameter data (6) with respect
to z;, z,, zz3 which close to the point Q,=(0,0,0) (b)The graphical representation of
system(2.2) with the parameter data (6) with respectto z;, z,, zs.

Finally, for the following parameters k; = 0.6,k; = 0.7 ,k, = 0.1,k, = 0.6 with the
remainder of parameters in eq.(6) which satisfied the conditions of theorem (5.1) in addition
to conditions (4.1be)-(4.1d), the solution close to Q, , see Figure (6.3)(a,b).

7. Conclusions:-

Three non-linear differential equations have been used to create a mathematical model
that examines how the protected region and the harmful area affect an environmental model in
the presence of toxic substances. When studying this model analytically and numerically, the
following results were reached within a hypothetical set of parameters given in eq.(6),and the
following results have been summarized as follows:

1-There is no periodic solution of system (2.2) in Int. R3

2-The parameters k; i = 1,3,4,6,11, played an important role on dynamics of system (2.2).
3-It is noticed that the behavior of the system (2.2) does not change if k;,i = 2,5,7,8 and 10
is varied and the solution still close to Q, .
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