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Abstract

The conformable Sumudu-Elzaki Transform Decomposition Method CSETDM is
used in this research to handle the approximate numerical solutions for the regular
and singular one-dimensional conformable Fractional Coupled Burger's Equation
CFCBsE and the Nonlinear Singular Conformable Pseudohyperbolic equation
NSCPE. This method is generalized in the sense of conformable derivatives.
Essential results and theorems concerning this method are discussed. Some
numerical examples are given to exhibit the proposed technique's viability,
applicability, and effortlessness.

Keywords: Adomin decomposition method, Burger’s Equation, Conformable
Fractional Derivatives, Conformable Sumudu—Elzaki transform, pseudohyperbolic
equation.
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1. Introduction

During the last years, many researchers found that the derivatives of non-integer order are
very suited for the description of various physical phenomena such as dumping laws,
diffusion processes, etc. Fractional calculus has been utilized as an excellent instrument to
discover the hidden aspects of various material and physical processes that deal with
derivatives and integrals of arbitrary orders [1-4]. Due to their significance in both the
mathematical and physical sciences, many mathematicians studied and discussed the linear
and nonlinear fractional differential equations (FDEs) that are encountered in a variety of

*Email: dr.mohammed.ghazi@esraa.edu.iq
4489


mailto:mohammed.ghazi@esraa.edu.iq

Al-Safi Iragi Journal of Science, 2024, Vol. 65, No. 8, pp: 4489-4512

engineering and physical research fields [5-7]. In 1915, Bateman [8] introduced Burger’s
equation which was later modified by Burger’s in 1948 [9]. Nonlinear wave motion combined
with linear diffusion is used to symbolize Burger's equation. These kinds of equations have
been used in a wide range of fields for more_details see [10-15]. One of the very few
nonlinear partial differential equations with an exact solution is Burger's equation [16—23].

A new definition of fractional derivatives was given by Khalil et al.[24,25] which is called
the Conformable Fractional Derivatives CFDs. It has interested many researchers_because it
includes several properties that correlate to the normal derivative, especially the Leibniz laws.
Its description is more precise and welcoming than other fractional definitions since it has
received extensive coverage. Many applications and phenomena may be represented using
CFDs and there are many exciting benefits, for example, a local derivative that replaces the
basic derivative since it is based on the limit of its formulation. The authors generalized the
standard calculus notions to solve numerous fractional partial differential equations FPDE’s
in every circumstance [26]. In addition, the conformable Laplace transform technique is used
by the authors in [27-30] to solve the fractional differential equations. The conformable
double Laplace transform approach was used by the researchers to solve the FPDEs for more
details, see [31]. The conformable double Laplace decomposition method [32] has been
presented in order to get exact and approximate answers to the regular and singular one-
dimensional CFCBSE. Moreover, conformable double Sumudu transform decomposition was
used in [33] to solve the CFCB’sE. Therefore, the objective of this research is to examine a
numerical analytic solution for the regular and singular one-dimensional conformable
fractionally coupled Burger's equation and the NSCPE using the Conformable Sumudu-Elzaki
transform decomposition method CSETDM. The entire build-up of the presented study
involves the following: definitions and theorems of the CFDs and conformable Sumudu-
Elzaki transform CSET are given in section 2. In section 3, the conformable Sumudu-Elzaki
transform Decomposition method CSETDM is presented. Then, in section 4, numerical
approximate solutions to the CFCB'sE with NSCPE are shown to be close to the exact
solutions. Section 5 discusses the numerical results. Finally, the study is round-up with
several conclusions.

2. Basic Definitions and Main Results Theorems of the Conformable Partial Derivatives
and integral transform:

In this section, the definitions and theorems of CFDs with Sumudu and Elzaki transform
that should be utilized in the current study are presented:

2.1 Basic Definitions
Definition 2.1.1 [33]
The conformable Sumudu transform of the real valued function f:[0,) — R of order
0 < a < 1 over the following set of functions:
x“ x@ x* ,
A={f(>):3M,6,§ > 0,Suchthat, |f(=) |[<M eITD/E ifx e (1) x [0,00)),

IS given by: .
s F ()] = R = 17 7 () e T eran, we (-¢,80. ®
Definition 2.1.2 [34]

The conformable Elzaki transform of the real valued function g:[0,00) - R of order
0 < B < 1 over the following set of functions:

—rqct th A% ie; . :
B = {g(?): 3N, py, p2 > 0,Such that, |g(;) |<Ne'5 Jif t € (—1)) x [0,00)},
IS given by:
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B9 (5)) = 6 =v1 9 (%) O, v e oo @

Definition 2.1.3 [32]
Given a function f: (0,00) — R is a real-valued function, then the conformable fractional
derivative of f of order v is defined by

B i, th
aB e f(ﬁ+£t )‘f“ﬁ’ th
ﬁf(g)zhm , F>O,O<ﬁ§1. 3)

-0 £

Definition 2.1.4 [32]
Given a function f(— ;) R x (0,00) - R, then the conformable space and time

fractional partial derivative for the function f (%’7) of order a and S respectively is given as
follows:

st (55) = lim oo iy ’*) C2s00<af<l (@)

dx% a’p £50 € a ﬁ
X% tB 1-8 X% tB
9B . (x B\ f(i:ﬁ?+5f ) FCag) xa (8
aﬂ%7§)—ﬁé ; = 5>00<aB<1 ()

We refer to the paper of H. Eltayeb et al. [32] for the conformable fractional derivative of the
functions listed there.

Definition 2.1.5[7]
a B
Let h(x— t—) be a function of two variables, then the CSET of the function

x® tP\ x® +
h (; ;) = ? € R™ is denoted by:

DO

s2Bf [0 D = Hapww) = 2[5 [0 (5.5 e ¢ Jessissanae, @

Where u,v € C,0 < a, < 1 are variables of the Sumudu and Elzaki, respectively and
S,@‘Ef represents the CSET. The inverse conformable Sumudu-Elzaki transform ICSET,

Segh - Hepv)] = (— —) is defined by:

- a B
S;CXEf [Ha,ﬁ(u’V)] = (x;,%) =

1) (x% i -G f
_fa+l°° o™ (E)(?) <L fbbjil:)o Le (v)(ﬁ) Hep(u, v)dv) du.

2miva—1o ¢ 2mi

The relation between the usual and the CSET is given below:
- a B
SeEL | (D] = SEEL I (0] = ¢ pedt®+2,

- s B
acB C(—)+d(%) _ cx+dt] — —TZ
Sx B fe e l_S Eele ]_(1 dr)(1-pc)’
u B x® th pu T3
SYE{ [sin (p( )) sin (T( ))] S E¢[sin(ux) sin(vt)] = 12D (1re20D)
1 s2

S,‘}Ef cos (p(?)) cos (T(E))] = S, E¢[cos(cx) cos(dt)] =

(1+c2p?) (1+d?s2)’
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Definition 2.1.6 (Existence conditions)

. a ¢By . . a B
A function h (%%) is an of exponential order for a > 0,b >00n0 < % <0,0< % <
. . a B
oo, if there exists K > 0, such that for all % > X,% >T,

2. 2) = e )45) 2

x& B

Where K is constant. We write h (%%) =0 (ea(7)+b<7>> as (%) — 00, (%) — o0, Of,
equivalently,

()2 f)) . x4 g
i AOTEE (), )| - am A 0 2y 2
b 4,
B B
() > b.
Where (% > a) and (i > b). The function h(%,%) is called an exponential order as

o B
(ﬂ) - 00, (%) — oo, Obviously, it doesn't grow faster than 1’(ea(7)+b(%> as (%) -

a
o, (%) > oo

2.2 Main Results Theorems
Theorem2.2.1

a ¢B
The function h(%%) where 0 < @, 8 < 1 is defined on (0,X) and (0,T) and of
a B
N\l
exponential order ea(")+ <B), then the CSET of h(
Re[-] > b.
Proof: From (7), we have

x® tB
<7

. 1
B) exists for all Re [;] > a and

N T

wdo Iy ) s

<K )
Kv? 1 1 1 1
= (1-ua)(1-vb)’ Re[:] > o Re 7] > 2. (8)
Then, from (8), we have:
lim |Ha‘ﬁ(u,v)| =0, )
0
Or
lim Hyp(u,v) =0, (10)
0,
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Now we will discuss the following result which deals with the multiplication of the function.
W55 e
a y a’ B’

Theorem 2.2.2
@ B
If conformable CSET of the function h (x— %) where 0 < a, 8 < 1 is given by

Hyp(u,v) = S“EB [h( )] then the CSET of the functions

(.20 02 2 (2 ME ) () 02 ),

are given by

SeEf [Sh (%%)] =2 P8 |y o(uv), (11)
S,?Ef :%h (%,%)] v? W — vHy g(u, V), (12)
S,?Ef (%)2 h (%,%)] =u* % + 4u3 w + 2u®Hy 5 (u,v), (13)
SeE! (%)2 h (%%)l = p PHas D) 43 Wab WD 4 2p3p, 4 (u,v), (14)

T e E)- .
uv —62122[;(11 V) 4 up? —aH“aB( M 42 —aH“aﬁ( ) 4 uvHg s (u, V)

Proof: By using the definition of the CSET for (11), we get

w auf f ge‘<(ﬁ)<§>+(5)<%>>h(xa“ t;) a-1¢B-1gxdt
[ L-66) ( fwile<_(%)<%)>h(%,%) x“‘ldx> tlar, (19)

0 duu

We may easily obtain the partial derivative by doing the calculation inside the brackets.
0 d 1 —(%)(%) x® th _ e 1x® 1 {%)(%) x® th
s me< >h(7 7= [ E)e< >h(7 )X

ez (O e 2 s fom;te<‘(5)(%)>h(§§) U

substituting (17) into (16), we obtain

OHap(uy) _ fmve<_(%)<%>>< miﬂe<‘(ﬁ)<%)> h<x"‘ tﬁ) a- 1dx) B-14t —

ou 0 0 ud a a’pB

N N/
Iy ve<_(;’)(F>> <f0m = e(_(a)(7)> h (% %) xa_ldx> tFdt, (18)
By applying (6), we get (11).
ses? [4((). (7)) = 22 whepun

For (13), by using a second partial derivative for H, g(u,v) with respect to u and the
definition of CSET, we have
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) h((g),(;f)) a10-1 gt

@)))h((%),(%))
a)e(-@)(%))

u

tB

AoEre

B
i
u

x“‘ldx> tF-1dt,

2e

+

) a=1gy | tF-1dt,

_2) e(-(%)(x—

us3

(19)
By applying (6), we get (13).

tB

). (5

seef | () n (5

)-

4 0%Hg p(uv)

0H, g(u,v)
4u3 —p
ou?

— 2u*Hy 5 (u,v),

In the same way, one can prove ((14)-(16)).

Theorem 2.2.3

For the CSET of the first and second partial derivatives,
if H(a, B) = SYEF [h(x, )], then

0%h,, 5(: tB)
ap\ g 1 1
SeEf —— | = = H  (w,v) — = Hp (1, 0), (20)
BT
aﬁhaﬁ(" ] 1
SEEL | ——5E| =~ Hop(w,v) — vHo (1, 0), (21)
] B a th
02%hg, (o) 9 haﬁ( 5>
SEEL | —t ] — Hep(w,v) — = Hp (0, v)——E"’( —— (22)
a B 623haﬁ(?€a tBB) L a’ aﬂha_g(ﬂ,o)
SYE; PYET; = Ha,ﬁ(u, v) — H,(u,0) — vS2 —F ) (23)
Proof: see [3].
a\ gb
The following theorem gives the CSET of the fractional partial derivatives (%)aahTZ'B and

azﬁha,[;
at2B -

()

Theorem 2.2.4

The CSET of the fractional partial derivatives (xa )

aPn DAL
9 hap,
528 d(a) aZB £ are given by:
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B |x L _ud d
SYE; [a atlfﬁ] =—— [uty g (u, v)] - uv — [utg (u, 0)],
(24)
g [x*0%Phep]l  w a d d 3maﬁ(—0)
SYE] [? atZBB] = [uHa,ﬁ(u, v)] —u_ [uHﬁ(u, 0)] —uv— [quf <T (25)

, respectively.

Proof: By using the definition CSET, we have

(S“Eﬁ [a h"‘BD fooo fowge_<(%)(%)+(%)<§>> 9Phap x* 1P~ 1dxdt,

otk TotB
tB) 1 (x4
B - -(3)(%
=["v ( ()< > 2 hgﬁ<f0 %(%e< (”)(“)>>x“‘1dx> tF=tdt (26)
The partial derivative inside the brackets is as follows:

fwi<le<—e>(%>)>xa_ldx et - (06 gy

0 dulu

= fooiﬁ e<_(%)(§)> x4 ldx — fomie<_(%)(%)> x% ldx (27)

0 u3 a u2

substituting (27) into (26), we obtain

(SaE[f [a hw]) iy ve(—(%)(%)) aﬁh_ﬁ<

atB

[ 1x e<_(%)(%)> x% dx —

0 ud a

o (szat 2] - g g OO o

du ath 0o Jo ua® at 3
1\(x%\ (1\(tP

uf” f0°°§e<_(ﬂ)(7)_(’7)<‘*)) a‘;"“ﬁ tA=1x @1y dt, (28)
applying (6), we have:
SeE! %"’Z’t‘;ﬁ_ = (S“Eﬁ [a h“ﬁ]) +usaEf [a a’;g"’], (29)
applying (21), we have
sagf _;a‘;’t‘gﬁ_ L (l He (s v) — vy (u, 0)) +u (1 He gt v) — vHo (1, 0)),
S,@‘Ef :%a[;hT;’B: = %u %Ha,ﬁ(u, V) — uzv;—uHa(u, 0) + %uHa,[;(u, v) — uvH, (u,0),
S,‘}Ef :%al;th'ﬁ: = E(ui Hyp(u,v) + Hy p(u, v)) —uv (u%H (u,0) + H,(u, O))
SegP :%al;th'ﬁ: = _E [uHa,ﬁ(u, v)| - uva [uHg (u, 0)], (30)

by the same way, one can prove (25):

< (secp [Zlta]) - £ - fowge—(&)(%»e)(f)) s s g,

ot2B
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= [ ve ( ()(tﬁ»"’ B“”( fmi<le<_(%)(%)>>x“‘1dx> tP-1dt, (31)

2p 0 dul\u

we calculate the partial derivative inside brackets as follows:

fmiGe(-e)(%)))xa_ldx s - (O e

0 dul\u

= fooiﬁe(_(%)(%)) x® ldx — fow%e<_(%)(%)> x*ldx, (32)

0 u3 a

substituting (32) into (31), we obtain

< (sepp [onea]) = g (o) _(

[ 1 e<_(%)(%)> x% ldx —

ot2B 0 ot2B 0 ul «

L) )

u

A syt [Ponl) _ o et (-ﬁ(%)—e)(f))azizgﬁtﬁ e
o fowge(—@(%)—@(%)) e st gt -

applying (6), we have:
SaEﬁ[ azﬁhaﬁ] 2 d (SaEﬁ[

a Ot2P
(34)
applying (22), we have:

2p
]) + uS¢EF [3 h“"*],

ot2B at2B

g [x*02Pngp] d| 1 aﬁha,p(%o)
S,(CZEt [; = u? Tu v—zHa,ﬁ(u, U) - Ha(u, 0) - 'US,CC( T 2iF

a
1 98 hg p(*-0)
u v—zHa,[;(u, v) — H,(u,0) — vSg <%> ’

x(l
x® azﬁha,ﬁ _ 1 2 d 2 d 2 d a aﬁh“!ﬁ(?'o)
]——Zu aHa,ﬁ(u,v)—u EHa(u,O)—vu ES’C — |+

v oth

104
1 9Py p(*-0)
v—zuHa,ﬁ (u,v) —uH,(u,0) — vuSg (%))

a d d
Segf [; — ] = l(uaHa_B(u, v) + Hy g (1, v)) —u (uaHa(u, 0) + H, (u, 0)) -

p2

3. Descriptions of the method
In this section, we will use the CSETDM to solve the regular and singular one-dimensional
CFCB’sE and the NSCPE.
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The first problem: One-dimensional CFCB’sE is given by:
6Bha,3 azahaﬁ x® tB
atB  oax2a +ph“ﬁa ah“ﬁ-l_ra a(h“,@ka’ﬁ) f( )

Bkep  0%%gp !
enl — TR b kg + B (ke ) = 9C, D)

Subject to . .
e (0) = (5): ap (5.0) =01 (5) @

Fort > 0. Here, f (;,%), (xa tﬁ) fl( ) and gl( ) are given functions where p,t, u

are arbitrary constants. Both sides of (36) can be treated using CSET, while (37) can be
treated using conformable Sumudu transformations.

(36)

azahaﬁ

x® ¢B
Hyp(u,v) = v*Hy(u, 0) +vS“EB [f( L )+ YT —phﬁh
a tﬁ azaka'
Tmc—a(ha,ﬁka,ﬁ)] (38) Ky p(u,v) = v?Kq(u,0) + vSEF [g (";,;) e
il 2
pkZkap —t52 (ha,ﬁka,ﬁ)] (39)
The solution to the one-dimensional CFCB’sE is given by the following infinite series:
a tﬁ o a tB
hap (505) = Zio (hapn ), (40)
a B X tﬁ
kap (5.5) = Zio (kapn ). (41)
Adomian's polynomlals describe the nonllnear operators A,,, B, and C,, in the following way:
= Y=o hnhnx
B, = Y=o knknx, (42)

Cn = Zn=o0 hnkn
In particular, the Adomian polynomials for the nonlinear terms h,h,,, k,k,, and h,v,, can
be computed by the following equations

Ay = hohgy,
Ay = hohyy + hihoy,
Ay = hohyy + hihyy + hyhgy,
Az = hohsy + hihyy + hyhyy + hzhgy,
Ay = hohyy + hihgy + hyhyy + h3hyy + hyhgy,
By = kokoy ,
By = kokyx + kikoy,
By = kokay + kyikix + kakox
B3 = koksyx + kikax + kakix + kskoy
By = kokax + kiksy + kokoy + kskiy + kakoy,

Co = hoky,
Cy = hoky + hiky,
And Cy = hok, + hiky + hy kg,
C; = hoks + hik, + hyky + hsk,
Cy = hoky + hiks + hyky + h3ky + huk, .

By applying the ICSET on both sides of (38) and (39), making use of (42), we have:
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Y=o hapn (%%) =v'h (ﬁ)

+5¢EL M [vF (%,f)]Jrngf ‘1l S“Eﬁ e ]l

8
—segf 1 [vS“EB [pA,] ] sapf 1 [vS“Eﬁ[TC ]

x® th x* ’ (43)
Sokapn (o) = v20n ()
B -1 x® tF B -1 B [0*ke,
+s¢EL 7 |ve (7,;)] + S2E Ivsggt [ axmﬁl
~seEl T |vseEL IoB,] ~ seE T [vseEL G|
for the case n = 0, we set:
hepo=v fl( )+S“Eﬁ _l[vF(u,v)] "
kapo =201 (5) +SSEL w6 v)]
Now, we can obtain the following general form:
_ aZaha‘
ha,ﬁ,n+1 = SJCC{EJE ! [vS;chtﬁ [ axmﬁ l
~seEl T vseE! lpay)| - s2EL 7 [vseELnC, | )

aZ(Z

— 6 ’
ka.ﬁ,n+1 = S,?Ef ! [USJ‘CXEB kaﬁ]l

~seEf T |vseEfpBal| - SEEE T [vSEEL W,
This provides that the ICSET with respect to u and v exists in the above equations.

The second problem: Now we consider the NSCPE in one dimension of the form:
62‘8’1(13 a 9% a ga a 8%tB /xa g« X L haB
TN Vet (v ) ~ e agazes (o e ) = @ (5) hap 2 + (ha)” =
x% t
&%) (46)
subject to the initial condition

a a a'ﬁha’ﬁ %,0 a
hog (£:0) =0, (). =) g, (), 2
Where the functions a ( ) are arbitrary. To find the answer to problem (46), multiply (46) by

; ~ and taking CSET, we have:

ﬁ x% 9 haﬁ ﬁ X 9o aa+,8 x@ 9@
SxEe [a atw] SSBL |5 (5 3mhas) + smeges (o aee has) | +

525 [0 () () b 2t (1 = sz [ (5. 2)|

g ) 6'Bhajg(%,0)

Where conformable Sumudu transform for the initial condition h, g (7,0 , P
given by

_ o [2Presl@0)] 2
H(X(ul O) - Gl(ul 0); Sx atB - Gz(u, 0) ( )

Applying (23) and (49) into (48), we get the following:
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u u? 6Fal;(uv)

= [uHaB(u v)] = u— [uG,(u,0)] + uv— [uG,(u,0)] + + uFgp(u,v) +
S¢EP (9], (50)
0= 2 (52 b)) + s (o2 by ) + (%) () B S 2 (g ).
~ oxae \q axa @B 0x%athP \ a 6x§ ap a a) "B gxa ap
By multiplying both sides of (50) by % we have:
2 6Fa_/3(u,v)

2
= [uHq,s (u, v)] = v? == [uGy (u, 0)] + v® == [uG, (u, 0)] + = SZEL [9] + uv? =L
v2F, p(u,v), (51)
by applying the integral for both sides of (51) from 0 to u with respect to u, we have

Hap(w) = 2 2 (v2 L [uGy (0, 0)] + v* - [uG, (u,0)] + 2 STEF [0] + up? el

V2o (0 v) ) du, (52)
Applying the ICSET, to both sides of (62) yields the following:

Hyp(u,v) = v?G;(u,0) + v3G,(u, O) + S“Eﬁ - Efou (uvz%iu'v)

V2o p(uv)) dul + STEE 721 SeB [ (5 e has) + e (5 e has) +
a (57) (5) hap =5y = (hap)’] du]'

(53)

a (p
The CSET proposes an infinite series solution for the functions h, g (x ’;3)

£ and (hgp)” can be

he g (%’7) = Y=o a,ﬁ,n( ) also, the nonlinear terms ha,;

defined by:
2 oo
(ha'ﬁ) =N, = 2” 04n, h’“ﬁ a a N; = 2n=0 B,. (54)
We have a few terms of the Adomian polynomials for A,, and B,, that are denoted by
An = 1 (dl" N1 2 O(Anun)]) 1=0 and By, = _(dgn [Nz Xn= O(Anun)]) =0’ (55)

where n = 0,1,2, .... We put ((54)-(55)) into (53), then we get

- a t/z -11 0Fq,p(uv)
Yo ha'ﬁ,n(%,?) = v2G,(u,0) + v3G,(u, 0)+SYEF ! [;f: (uv2 aﬁ—u

0{60{

sza,,;<u,v>>du]+ngf g (s [ (2 (5o b)) ] +
seEl [0 (550 [ (5 e (Bo hagn) )] ] +

seel [y (58! [o (T) (T) 2o Aua]) ] -

—-1[1 (ru (v? X% oo 2
SeEf T2 gy (5 S2EL |5 (B0 Bagan) |) du), (56)
the few components of the Adomian polynomials of ((54)-(55)) are given as follows:
a%h a%h a%h a%h

Aa,B,O = ha,ﬂ,o 6;;‘3’0 ) Aa,ﬁ.l = haﬁ 0 aBl + h 81 _a;f,o' Aa,ﬁ,z = ha,,B,O a;(f'Z +

a%h a%h aan, a%h a%h
ho:,ﬁ,l bl + ho:,ﬂ,z a;‘;ﬁ,o’ Aa,ﬁ,3 = ha,B,O #‘f,s + ha,ﬁ,l —p2 + ha,,B,Z a;(fll +

d%h
haps 2™, (57)
and

2 2

Ba,B,O = (ha,ﬂ,o) ' Ba,ﬁ,l = Zha,,B,Oha,B,lf Ba,ﬁ,z = Zha,ﬂ,oha,ﬂ,z + (ha,ﬁ,l) ) Ba,ﬁ,B =
Zha,ﬁ,oha,ﬁs + Zha,ﬁ,lha,ﬁ,Z» (58)

Hence, the zeroth component h, g o from (56) is given by
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a B - 0F g p(u,
haﬁ‘o(%,%) = 126G, (u, 0) + v3G,(w, 0)+S2EF 1 %fou <uv2 F ,;Euv)
vFy (u, V)> dul,

(59)

Now, we can obtain the following general form:
g = SEBE LI (sl [ (5 5] ] +
seul [ by (5 sef (s (5 aee)] ] +

sepf 7ol (o see! [a () (5) Aasn =5 Bapa®]) (60)
Where k = 0.

The third problem: Now consider the singular one dimensional CFCB’sE with Bessel

operator

0Ph,, 9% (x* 9% i
atﬁﬁ_;iamc_a(%m_ahaﬁ)'i'phaﬁa ahaﬁ+Ta a(h“ﬁk“ﬁ) f(xa tﬁ)

B a a a ¢ B
0 ka'ﬁ—ia—(x_a_ka,ﬁ)+pka,ﬁaxak B+O-a a(haﬁk(xﬁ) g(x t:g)

oth X% 9x% \ a 9x«
Subject to the initial condition

hap (5:0) = () Heas (50) = 01 () (€2

a 6“ x% 9%
where the linear terms _aax_a(?a_a) is known as Conformable Bessel operator where t, p,

and o are real constants. Now to obtain the solution of (61), First, we multiply both sides of
(61) by % and obtain:

x®0Phgp 9% (x* 9% % _ x® tP
= Tk —ax—a(zax—ahw)ﬂ’ haﬁaahaﬁ“—a—a(haﬁkaﬁ) (a'ﬁ)

‘ B
x®0Pkqp 0% (—aﬁkaﬁ) +p%ka,ﬁ;}%ka,ﬁ + O' (haﬁkaﬁ) - _g (xa t )

(61)

(63)

a otB ox\ a 9x«

Now apply CSET to both sides of (63) and a single conformable Sumudu transform for the
initial condition, we get

B
s %aa’;zﬁ]
B & 9@ PY: b
SPEL [ (S ohas) = P hapsahan = Ty v (hagkag) + 5 F (5. 5)] , (64)
a ﬁ X aﬁkaﬁ
seEf =2 ]_
(Z aa « B
S“Eﬁ [6x“(;ax_“k“ﬁ>+p k“ﬁa akaﬁ-l_o-_ax_a(haﬁkaﬁ)__ (x;'%)]

by applying (12) and (21), we have:
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[uHa s (U, v)] - uv— [uHB (u, O)]
uz aFaB(u V)

vdu

+ uFy (u,v)
0.' aa

B
+SYE; [axa(aaxahaﬁ)—P—haﬁax—ahaﬁ v (haphas))] (65)

- [uKaﬁ(u v)] - uv— [uKﬁ (u, 0)]
vzw + vGg p(u,v)
5 (X aa
2B [T (G kes) = P ke rakan = 0 5 gz (haphap)]
simplifying (65), we obtain:
ud
——[uHg 5w, v)]
_ d 2 6Fa‘ﬂ(u,v)
= uv— [uHg(u, 0)] +u —
a aa a a(x a
+UuFq 5(u,v) + STEF [axa (7@“1 8) =P hapahas — t 22 (h apkas)| )
;E [uKa,ﬁ (u, U)]
d 9Gg, p(u,v)
=uv— [uKp (u, 0)] + v? aﬁ—uuv
a aa a a(Z
G p(uv) + SPEL [7 (T akan) = g e ggakan = 075 e (haphag)]
When we integrate both sides of (66) from 0 to p with respect to p, we get.
aﬁ(u v)
0F ¢ p(UV)
= %fo [v — [uHp(w, 0)] + uZLu + uFaB(u V)] du
1 B x% 9% XN, X
+uf0 [SaEt [ax“(a ox* h“'ﬁ) 'D a Nl T a NZ ]du (67)
Ko p(u,v) ’

—lfu[vzi[uKﬁ(u,O)]+v2w+v6aﬁ(u V)] du
a aa
where
N, =haﬁa aha[;,Nz =_axa(haﬁkaﬁ) N, _kaﬁa akaﬁ,and

a B
N, = 7 9xC (h(x gka, 5) The CSET proposes a series solution of the functions h, g (x tﬁ)

and kg g (;Q,F) by infinite series

x® ¢B . x® th x® th . x® tB
he () = EimohapnCo ) kap (71 5) = ZicokapnCo ) (68)
Here, the nonlinear operators can be defined as follows
:ZSOAn:NZZZSOCnvN?;:ZSOBn- (69)

And applying the ICSET to both sides of (67)
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Yn=0hapn (%’%) =h (x_“)

+S,‘§‘Ef_1 E Jy [vz % [uHg (u, 0)] + u? w +uF, p(u, v)] du]

+segf " |2 seEf 5(7% (Z¢ h“ﬁ)) -z A - [ xs C"]” du]
oo x® th x% '(70)
Ym=okapn (7’?) 9 (;)
+S£‘Ef_1 E fy [vz % [uKp(u, 0)] + u? w +ulqp(u, V)] du]
rsepl " |2 seEf |2 (7;_ (Z¢ "“ﬁ)) a2 G C"]” du]

The first few components can be written as follows

haso (5 5) = £ (%)

+S,‘§‘Et[’)_1 [% fou [v2 % [uHg (u, 0)] + u? M + uFqp(u, v)] du]

oo (212) 0. (2) |
+S,?Ef_1 E fou [v2 % [uKp(u, 0)] + u? w +uGqp(u, V)] du]
and

ha ,Bn+1 (x“ t;) _ _
SaEtﬁ [ax"‘(a ox“% (ZO “B)> ['D%ZSOAn] - [T%ZSO Cn]l du
ka B+l (x; t;)

-1 [ a a ]
SEEL |4 )y et [axa (B C5 kap)) - [P 525 B - [ 35 ]] du
This provides the inverse of CSET with respect to p and s exist for (70)—(72). _

(71)

_1 [
SeEL |-

. =
5=
e

4. Illustrative examples
Example 1: The one-dimensional CFCB’sEs in the homogeneous form [33] are as follows:

63}1“”3 62“haﬁ
atB  oxza Zh_haﬁ *ox a(haﬁkaﬁ) =0

Pkep  0%%gp (73)
D 0 2 K+ e (k) = 0

Subject to
hap (S,0) =sin, ke (=,0) =sinZ, (74)

We can use the CSET for both sides of (73) and conformable single Sumudu transforms for
(74):

He,p(Ua,pVap) =

a B 2a a a
v2Hy (g p, 0) + vS,‘C"Ef [f (%,%) + aax’;z.ﬁ - ph:?ha,[;_r;?(haﬁkaﬁ)]

Kq B(ua.ﬁva.ﬁ) =

a +B 2a « a
v2K (uaB,O) +vS“Eﬁ [g (x ! )+aaxlza‘ﬁ—phﬁkaﬁ _ﬂi_a(ha,ﬁka,ﬁ)]

, (79)
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According to ((44) (45)), the flrst three terms are derived as follows:
hepo = sin™— kaﬁo = sm—

_ a, aa a(x
ha,ﬁ,l = S}?Ef 1 SCZEB [ dx z(fo + Zha B'O ax_aha’ﬁ’o - 6_“ (ha’ﬁ‘oka‘ﬁ‘o)]l
_capB -1 apB|_ ﬁ _capB -1 - _= ﬁ
=Sy E, [vaEt [ sin— ]—S Ey [ (1+u2)] sm
-1 a, a*
ka,[f,lzngf USaEﬁ[ — 2a50+2kaﬁoa akaﬁO Y a(haﬁokaﬁo)]l

— _ 3 B a
:S,‘?Ef 1[vS“Eﬁ[ sin— ] S“Eﬁ 1[ (llivuz)]:—%smx—

ha,ﬁ,z -

-1 %%y g, a* *
SYES [VSfEf [ axzaﬁl t 2(hapogahapt + hapisa ha,ﬁ,o)]l

—sagf 1 [vS,‘j‘Ef [—% (hapokaps + ha,ﬁ,lka,ﬁlo)]]

_capB 1| capB [t o x| _ capp —1[wt | _F . a®
heps = SZEF [va Ef | - sin’ ]l = SeEF [<1+uz)] = 2 sin
ka,ﬁ,z = ’
1 920k B P14 P
sapk [vs;z‘Ef |l + 2k 0 5s Kapr + K M—aka_ﬁ,o)]l

—SgEf -1 I:ngEtB I:(;x;'; (ha,ﬁ,oka,ﬁ,l + ha,ﬁ,lka,ﬁ,o)”

t
_ 4 )? a
Kap2 = S¢E; 7 [—uv ] =L sin —x

(1+u?) 2
ha,B,3 =
SeEf 7 [vs,‘fEf [082 4 2(he o o hap + Pt o Rt + a2 %ha,ﬁ,o)]]
—sgEl 7 [vS,‘j‘Ef [% (hapokapz + hapikaps + ha,B,Zka,B,O)”
kaps = ,(76)
seEf [vs,‘:Ef [k082 1 9 (e o o K + K o et + K e ka,ﬁ,o)]]

SJ?EJE _1[ SaEB [6 a(haBOkaBZ+ha,81ka,81+ha,82ka,80)”

B
(_)2 a 5 (t_)3 a
= -1 B H X —_ -1 uv _ B . X
haps = SYEL TV |vSSEL [L—sinZ|| = SEEL [(1+u2)] =~ sin
o : y ,
TR, 5 &7 a
= -1 B . X _ -1[ w _ B L x
ka,,B,3 = S,?Ef US,?ELF > sm; = S,?Ef [m] = — o Sln—a

The remaining compoﬁents are likewise bi/ using (40) and (41), the series solutions are
deduced as follows:
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hrx,ﬂ (E;;) = ha,ﬁ,o + ha,ﬁ,l + ha,ﬁ,z +

is
B . x%

+ e Sin—
a

£2
-(1-@)+ (%) (%
: (78)

th x@
ka,/i’ (F;;) = ka,ﬂ,o + ka,ﬂ,l + ka,ﬁ,z + -

is
B . x%

+ - Sin—
a

(. (®

- B 2 | | s

Therefore, the exact solution takes the following form

th x* -—= . x®

ha,B (;,?) =e BSln; (79)
th x@ —% , x“’

ka,ﬁ (;,;) =e Bsin—

by taking @ = 1 and g = 1, the fractional solution becomes:
h(t,x) = e~ tsinx

) 80
k(t,x) = e~ tsinx (80)

|a) Exact scltion

tB xo

- H B
Figure 1: The exact solutions h, g (%%) = kqp (?’

)for (50) whena = 8 = 1.

a

T
Exact 1

0.0l betal=0.85 I Exact
' beta2=0.9 ool \\ alpha1=0.85 ||
beta3=0.95 ' \\ alpha2=0.9
0.8k N alpha3=0.95
0.8F N B
0.7F
— 0.7F
o —_
~ [$]
0.6 2
0.6F
05r 05
0.4 k 0.4k
:
0 01 02 03 04 05 06 07 08 09 1 0o 01 02 03 04 05 06 07 08 09 1
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Exact
alphal=betal=0.85

alpha2=beta2=0.9 ||
alpha3=beta3=0.95

r r r r r r r r r
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: The answers h(t, x), k(t, x) for (73) for various values of « and § when t = 1 are
shown as: (a) Display solutions h(t,x), k(t,x) for (88) at « = 8 = 0.85,0.9,0.95. (b)
Display the solutions h(t, x), k(t, x) for (73) when @ = 0.99 and different values of 8. (c)

Display the solutions h(t, x), k(t, x) for (73) for various values of a at § = 0.99.

Example 2[32]: Now consider the singular one dimensional CFCB’sE with the Bessel

operator:

B B
0Pheg @ 8% (x% 9% 0% 9% x0\? = =
it = Gz (S amhap) — 2hahap + 5z (hapkap) = () €7 —4e?

B B

Pl FLA a2 T r
= kap) — 2k ko + o (hagk ap) = () eF —4e?

Subject to

hep (5.0) = () ke (50) = (5"

when we multiply (81) by the term % we get the following result:

X% aﬁha,ﬁ 9% [x% g« X% ga X% 9%
(__h(x,ﬁ) — Z?hax_ah“'ﬁ + __(ha,ﬁka,ﬁ)

a 0x< a 0x%
2%\ 2 ﬁi EE
= (—) eF —4eF
a
: x® 9% x® 9% x% 9% ’
i o U kan) — 2 kg ke + 5w (hapk ap)

2%\ 2 ﬁg EE
— (;) eF — 4eP

a otB dx«

By using the steps of the third problem , we get:
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o a B ax 2 i f
SiohapnCer ) = (5) eF —4e? +4

+SCEE TR (SseEf [ax(a (T ohaﬁn))])du]
+s¢Ef TR (SseEf [2—zn 0An|) du]
—sgEf TRy (GseEl S (i ocn))])du]

£\ 2 B B
Z?f:oka,ﬁn(x—,t—) = (—) ef —4ef +4

+SgEf - [%fo ( S“Eﬁ [ax“(a ox% (Zn Okaﬁn))])du]
+s¢EL TS (SseEf [2—2;’;’_03 ) au]
~seE! Tl (ReEl [ (B Co)]) ]

a 0x“*

a ax“

(84)

where Ay gny Bapn, and Cq g are given by (69).

In view of the recursive relation given in ((71)-(72)), we obtain other components as follows:
B B

a +B a2 T =
hapoCo ) = (5) e —4e7 +4
) (85)
x% tB x@\ 2 i f
ka'[))'O(;’F) = (;) e —4eB +4
Now, we can obtain the following general form:
x® th
hapa (G 5) =
_gapB —1[L (% (vgapB[2% (x%0%Ho X%y 0%Ho _ x% 0%
SxEx [u fO (u SxEq [ax“(a ax“) +27 HO axx a 9x% (HOKO)]) du]
a tﬁ ) (86)
hapa (o) =
1 id 4 id
—SeEF ‘1[ Jy < sagf [4—eﬁl>dul —s¢E] MR ] 4eF — 4
t
kapr ) =
_caphB -1[L (% (¥ capB [0% (x%0%Ko X% 0%Ko _ x% 0%
SxEx [u fO (u SxEy [ax“(a ax“) +2 Ko ox® a 0x% (HOKO)])
, (87)

ot
kapa(o ) =

B
~SZE! 1[if < S“Eﬁlél—eﬁl)dul:—saEﬁ ] = 4e7 -4,
By the same way, we get:
a +B _ L a ja a
hagat = =588 L3 st [ 5) + 2 (n )

0x® 0x® Ixx 1 5xa
X2 o7 (H0K1 + HlKO)D du] =0,

a 0x“%
(X
Ka,p,2 (7’?) =0
So the solution to the singular one-dimensional CFCB’sE in the series form is given by:
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a B - a B
hep (50 5) = ZieohapnCor D) =

?;
x® tﬁ x® tﬁ x% tB
hcx,ﬁ,o(;;;) + ha'ﬁ’l(;'E) + h“'ﬁ'Z(;’E) 4
x® tﬁ %) x% tB
ka,ﬁ (;)F) = ano ha’ﬁ’n (;,?) =

x® tP x% tB

x% tP
ha,B,O (;;?) + ha,ﬁ,1 (7,?) + ha,ﬁ,z (;,E) + .
Therefore, the exact solution is obtained as follows:
B

P (22,2) = () €7 and o (55,2) = ()7,

the exact solutionto (81) fora = =11s
h(x,t) = x2et, k(x,t) = x%et.

B ,a B .a
Figure 3: The exact solutions h, g (%%) = ko p (%%) for (81) whena = 8 = 1.

= 15F 2 151
1k ir
Exact 0.5~ E;:C;—o 85
0.5~ alphal=beta1=0.85 [] betaz;ore
alpha2=beta2=0.9 betag—0 95
alpha3=beta3=0.95 o r . . . .
o o 01 02 03 04 05 06 07 08 09 1

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Exact

alphal=0.85 [|

alpha2=0.9
alpha3=0.95

= c e e e e r
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4: The answers h(x,t), k(x, t) for (81) for various values of « and g whent = 1 are
shown as follows: (a) Display solutions h(x, t), k(x,t) for (81) at « = g = 0.85,0.9,0.95.
(b) Display solutions h(x,t), k(x, t) for (81) when @ = 0.99 and different values of 8. (c)
Display solutions h(x, t), k(x, t) for (81) for various values of @ at § = 0.99.
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Example 3[35]: Consider the NSCPE in one dimensional is governed by

0%Phyp a 8% [x% 9% a 9%tB  rxa pa 1 (x% 9%
il — S (S has) — Sz (amahas) =3 (5) hap sl + (hap)” =

(e "
Subject to a
hos (5:0) = 0 (5) = (5, ) = () = (5. ®

By using the second problem steps, we get:
aﬁ(u v) = v2G;(u,0) + v3G,(u,0) + %fou( + v?F,p(u, v)) du +

= SeEl [ (5 e has) + smeacs (?%haﬁ) +a () () hap 5 -
7(ha,ﬁ) | au,

Hyp(u,v) = 2u?v? — 2u*v® + — 2utvt + - fuv—Sff tﬁ axaa (x:%haﬁ) +
%(?%hgﬁ) ta (3 ) (xa) ha = aag‘iﬁa— z(hmﬁ)igu' o

Hep(u,v) = Zfﬁ: f SaEB [axa (xa (ic_ah“fﬁ) + aiaatﬁ (%367}1“’5) +

a (%) (5) has aaziﬁ s (ha.ﬁ) | au,

2 0Fq ﬁ(u V)

1

h“'ﬁ (%’%) - (%)2 6_% T S“EB - [l uv [ax“ (x; 6axa0‘ aﬁ) T
o () o () e 2y
The CSETDM leads to the foIIO\l/;ving scheme:

t

. x® th x@\2 L
Ln=ohapnC ) = (;) e F+

sl [ (seel [ (5 i o haga) )] ] +
B 2 B a a a
sepf -1 ;% ;‘(”ES,‘?E{” zaia;fﬁ(a = (T ohaﬁn))]) du| +
seEd TN (G seE _aﬁ) (%) S0 Aapn]) du] -
s¢ES LY ("75;}5,{” —(z;?zoBa,ﬁ,n)Z])du], (91)
Where k = 0.

a th

« 2 _tr
hmﬁ,O(%'?) = (%) e #,
a B _ 1 “O“ha_ : “6“+Bha_ '
ha'gl(x_ _) = S“Eﬁ ' [_f ( S’?Ef 6x“(a ax‘fo) +x; xaatgo])du]

B -1]1 B a% hago

seet o1 (578! [ oo 7o ——(hw ]) el
= sagf 1[11] ( S"‘Eﬁlél( e F -4 D l
aﬁ-11uv2aﬁx“5—£ x“s——
SxEx ;fo gstt (;) e B—(;) e B du _0
Continues the same procedure, we have

x® tF x® tB x® tB
hap2Cor ) =0, haps( ) =0, hapaCr ) =0,

+
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@ B
So that the solution hy (x;,%) is given by

a tﬁ o a tB a tﬁ a tﬁ a tB

hap () = Ziicohapn G ) = hapo(G ) + hapa (o) + hapa Con ) + 0+
a B a- 2 _f

hapCe, Dy = () 7. (©2

By substituting @« = 1 and g = 1 into (92), the solution becomes:
h(x,t) = x?e".

0.4

0.4
0.35
0.35
0.3
0.3
0.25 0.25 /
7
S 02 =
2 s 02 7
0.15 0.15
0.1 0.1
Exact Exact
betal=0.85 alphal=betal=0.85
0.05 i 8 O
beta2=0.9 0.05 = alpha2=beta2=0.9
beta3=0.95 — alpha3=beta3=0.95
0 r r r r r T T 0 = r r r r T T T
0o 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
0.4
0.35
0.3
0.25
— %
s 02
0.15
o1
Exact
Z alphal=0.85
0.05[ //// alpha2=0.9 ||
— alpha3=0.95

0 — : : : : 1 T r T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 6: The answers h(x, t) for (88) for various values of « and # whent = 1 are shown as
follows: (a) Display solutions h(x,t) for (88) at « = =0.8,0.90,0.95. (b) Display
solutions h(x,t) for (88) when a = 0.99 and different values of . (c) Display solutions
h(x,t) for (88) for various values of « at § = 0.99.
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5. Numerical Result

In this section, the numerical results of h(x, t) and k(x, t) will be used to demonstrate the
accuracy and effectiveness of the CSETDM. For the exact solution, we take a = 3 while for
the approximate solutions, different values of o and {3 are taken in (73), (81) and (88) which
are depicted in Figures 1-6, respectively.

In Figure 1, the three-dimensional surface displays the exact solution to the one-
dimensional CFCB’sEs (73) in the standard form at the value of « = = 1. Figure 2

contrasts the roughly approximate solutions to the (73) fort = g The numerical solution at

0 <a=p<1in Figure 2a, in this case h(x,t), k(x,t) converges gradually towards the
exact solution as the fractional derivative decreases. In Figure 2b, the solution at « = 0.99
and g = 0.95,0.90, 0.85 is shown, and the solution h(x, t), k(x, t) becomes close to the exact
solution as S decreases. In Figure 2c, the solution h(x, t), k(x, t) converges gradually towards
the exact solution at « = 0.8,0.90,0.95 and f = 0.99. In the similar way, Figures 3-4 show
the exact and approximate answer of the solution to equation (81) for t = 1. Figure 3
illustrates the situation « = 8 =1, we obtain the exact solution to the singular one
dimensional CFCB’sE with the Bessel operator. Figure 4 illustrates an approximation of the
answer to the equation (81) for various values of @ and . Figure 4a shows the behavior of
(81) at 0 < @ = B < 1, where the solution h(x,t), k(x,t) converges gradually towards the
exact solution. Figure 4b shows the solution for the case where @ = 0.99 and various values
of B =0.8,0.9,0.95 where the solution h(x,t), k(x,t) become close to the exact solution.
Figure 4c shows the behavior of (81) at § = 0.99 and various values of a, where the solution
h(x,t), k(x,t) converges gradually towards an exact solution. Figures 5-6 show the exact and
approximate answer of the solution to equation (88) for t = 1. Figure 5 illustrates the
situation « = B = 1, we obtain the exact solution to NSCPE in one dimensional. Figure 6
illustrates an approximation of the answer to the (88) for various values of @ and . Figure 6a
shows the behavior of (88) at 0 < a = 8 < 1, where the solution h(x, t) converges gradually
towards the exact solution. Figure 6b shows the solution for the case where « = 0.99 and
various values of § = 0.8,0.9,0.95, where the solution h(x,t) becomes close to the exact
solution. Figure 6¢ shows the behavior of (88) at § = 0.99 and various values of a, where
the solution h(x, t) converges gradually towards the exact solution. The answers of (73), (81)
and (88) demonstrate that the CESTDM and the exact answers to the issues have a good level
of agreement.

6. Conclusion

In the present work, we have studied the regular and singular one dimensional CFCB’sE
and the NSCPE by employing the conformable Sumudu and Elzaki transform decomposition
method CSETDM. In addition, we obtain the analytic solutions when ¢ = =1. The
numerical solutions for different fractional values are obtained as infinite series by using the
CSETDM. They are in good agreement with the exact solutions to the problems. We have
provided three different examples to demonstrate the efficiency, high accuracy, and simplicity
of the present method. Furthermore, we plot the exact solutions, as well as the numerical
solutions in Figures 1-6. We can easily see the efficiency of an agreement among the
solutions.
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