Chyad and Mehdi Iragi Journal of Science, 2024, Vol. 65, No. 7, pp: 3967-3974
DOI: 10.24996/ijs.2024.65.7.34

1 ragi
1

ISSN: 0067-2904
On SAS-Injective Rings

Heba Hadi Chyad, Akeel Ramadan Mehdi*
Mathematical Department/ Educational College/ University of Al-Qadisiyah/ Al-Diwaniya City/ Iraq

Received: 25/4/2023 Accepted: 5/7/2023 Published: 30/7/2024

Abstract

Let R be a ring. A right R-module M is called SAS-N-injective (where N is any
right R-module) if every right R-homomorphism from a semiartinian small right
submodule of N into M extends to N. A ring R is called right SAS-injective if Ry is
SAS-R-injective module. Right SAS-injective rings are studied in this paper. Many
characterizations and properties of this type of rings are obtained.
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1. Introduction

Throughout this paper, R is an associative ring with identity 1 and any module is unitary.
By a module (resp., homomorphism) we mean a right R-module (resp. right R -
homomorphism), if not otherwise specified. The class of right R-modules is denoted by Mod-
R. We write J(M) and soc(M) for the Jacobson radical and the socle of a right R-module M,
respectively. We write Z(Ry) for the right singular ideal of a ring R. A module M is called
semiartinian, if soc(M/K) # 0, for any proper submodule K of M [1]. For a right R-module
Mg, we use Sa(M) to denote the sum of all semiartinian submodules of M. A
proper submodule A of a module M is called small, if A + B = M where B is a submodule of M
implies B = M [1]. For any a € R, we use lz(a) (resp. rz(a)) to denote the left (resp., right)
annihilator of a in R.
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Injective modules play important role in module theory, and extensively many authors are
studied their generalizations (see, for example, [2-6]). If every R-homomorphism from a right
ideal of aring R into Ry can be extended to Ry, then R is called right self-injective ring [7].
Let N,M € Mod-R, then M is called an SAS-N-injective, if any right R-homomorphism from
a semiartinian small right submodule of N into M extends to N. If a module M is an SAS-R-
injective, then M is called an SAS-injective. Aring R is called a right SAS-injective if the right
R-module Ry is an SAS-injective [8]. The SAS-injective rings have been studied in this paper.
Many characterizations and properties of right SAS-injective rings have been obtained. For
examples, we prove that aring R is a right SAS-injective if and only if for any N € Mod-R and
a non-zero R-monomorphsim f from N to R with f(N) a semiartinian small right ideal of R,
then Homgz(R,N) = Rf. Also, we prove that if R is a right SAS-injective ring, then
[r(A; N Ay) = 1g(Ay) + [g(A,), for every semiartinian small right ideals A; and A,.
Moreover, we show that if Rb is a minimal left ideal of a right SAS-injective ring R, then
J(bR) Nsoc(bR) is zero or simple, for any b € R. Condition under which SAS-injectivity
implies injectivity is given. We get that if R is a semiperfect ring, then R is a right
SAS-injective ring if and only if any R-homomorphism from a semiartinian right ideal of R into
R extends to R. We prove that if Ris a right SAS-injective ring, and a,b € R with b €
Sa(Rg) NJ(Rg)and aR = bR, then Ra = Rb. Finally, we show that if R is a right SAS-

injective ring, thenthe set{a € R | rr(1 —sa) = 0 forall s € R} is contained in D(Rg), where
D(Rg) = {a € R|rz(a) N mR = 0 for each 0 = m € Sa(Rp) N J(RR)}.

2. SAS-Injective Rings

Let N,M € Mod-R. Then M is called SAS-N-injective, if any right R-homomorphism from
a semiartinian small right submodule of N into M extends to N. A right R-module M is called
SAS-injective if M is SAS-R-injective. A ring R is called right SAS-injective if the right R-
module Ry is SAS-injective [8]. In this section, right SAS-injective rings are studied
extensively. Many characterizations and properties of this type of rings are given.

If any submodule N of a module M takes the form M1, for some ideal I of R, then M is
called multiplication module [9].

A right R-module M is called projective if for any right R-epimorphism f:A — B
and for any right R-homomorphism h:M — B, there is a g € Homg(M,A) such that
hg = f [1, p. 117].

We begin this section with the following theorem, which gives some characterizations of
right SAS-injective rings.

Theorem 2.1. Consider the following statements for a ring R:

(1)R is a right SAS-injective ring.

(2)If P and D are finitely generated projective right R-modules with K is a semiartinian small
submodule of P, then any R-homomorphism f:K — D can be extended to an R-
homomorphism g: P — D.

(3)If N € Mod-R and f is a nonzero R-monomorphsim from N to R with f(N) is a semiartinian
small right ideal of R, then Homz (N, R) = Rf.

Then (2) = (1) and (1) < (3). Moreover, if a module RF* is multiplication for any m €
Z*, then (1) = (2).
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Proof. (2) = (1) Clear.

(1) = (2) Let R be aright SAS-injective ring with Rg* a multiplication module, for every m €
Z*. Let P and D be finitely generated projective modules and K a semiartinian small
submodule of P. Let f: K — D be any R-homomorphism. Since D is finitely generated, there
exists a right R-epimorphism a,: R™ — D for some n € Z*. Projectivity of D implies that there
is a right R-homomorphism a,: D — R™ with a;a, = I, where I,: D — D is the identity
homomorphism. Thus from right SAS-injectivity of ring R and [8] we get that R™ is a right
SAS-R™-injective R-module, for any m € Z*. Since P is finitely generated projective, P is a
direct summand of R¥, for some k € Z*. By [8], R™ is SAS-P-injective. Then hi = a,f, for
some h € Homg(P,R™). Put g = a;h: P — D. Then gi = (a1h)i = a,(hi) = a;(a,f) =
(yay)f = Ipf = f. Therefore, gi = f for some R-homomorphism g: P — D.

(1) = (3) Let R be a right SAS-injective ring. Let N be any right R-module and f: N — R be
anonzero R-monomorphism with £(N) is a semiartinian small right ideal of R. Define f: N —
f(N) by f(x) = f(x), forany x € N. Itisclear that £ is an isomorphism. Let g € Homg (N, R),
then we get gf ~': f(N) — R is an R-homomorphism. Since R is a right SAS-injective ring
(by hypothesis) and f(N) is a semiartinian small right ideal of R, there is ¢ € R with
(gf "D (k) = ck, forall k € f(N) (by [8, Proposition 2.7]). Let x € N, then f(x) € f(N) and
hence (gf 1) (f(x)) = cf(x). Since (gf ") (f(x)) = g(x), it follows that g(x) = cf (x), for
any x € N. Thus Homz (N, R) = Rf.

(3) = (1) Let K be a semiartinian small right ideal of R, f: K — R aright R-
homomorphism, and i: K — R the inclusion map. Then by hypothesis, we have Homy (K, R) =
Ri and hence f = ci for some ¢ € R. Thus there exists ¢ € R such that f(a) = ca for all a €
K. Then R is a right SAS-injective ring, by [8]. O

Theorem 2.2. Let R be a right SAS-injective ring. Then the following statements hold:
(1) lgrg(m) = Rm, forall m € Sa(Rg) NnJ(RR).

(2) If rg(m) € rx(n), where m € Sa(Rz) NJ(Rg) and n € R, then Rn € Rm.

3) lR(mR n rR(a)) = lp(m) + Ra, forall m,a € R with am € Sa(Rg) N J(Rg).

(4) If f:aR — R, a € Sa(Rg) N J(RR), is aright R-homomorphism, then f(a) € Ra.

Proof. (1) Let m € Sa(Rg) N J(Rg) and € lzrg(m). By [10, Proposition 2.15, p. 37],
rr(m) = rglrrr(m) € rg(n). Let f:mR — R is given by f(mr) = nr forany r € R. Then
f isawell-defined right R-homomorphism. By hypothesis, there is an endomorphism g of R
with g(x) = f(x), for any x € mR. Therefore, n=n.1=f(m.1) = f(m) = g(im) =
g(1)m € Rm. Hence lzrg(m) S Rm. Conversely, let rm € Rm, where r € R. Thus rmk =
0 forall k € rx(m) and hence rm € lprg(m). Therefore, lzxrr(m) = Rm.

(2) Letn € Rand m € Sa(Rg) N J(Rg) suchthat rx(m) € rgx(n). Thus n € [zrg(n). Since
rr(m) € rgr(n) (by hypothesis), l[xrr(n) S lgrz(m) (by [10, Proposition 2.15, p. 37]). So, €
lrrr(m). By (1), n € Rm and this implies that Rn € Rm.

(3) Leta,m € R suchthatam € Sa(Rg) N J(Rg). If x € [z(m) + Ra, then x = x; + x, such
that x;m = 0 and x, = sa for some s € R. For all b € mR nrgz(a), we have b = mr and
ab = 0 for some r € R. Since x;b = x;(mr) = (x;m)r = 0 and x,b = (sa)b = s(ab) =0,
it follows that x € Iz(mR N 1x(a)) and this implies that Iz (m) + Ra < lx(mR N rz(a)). Let
y € lR(mR n rR(a)). If r € rg(am), then (am)r = 0 and hence a(mr) = 0. Thus mr €
mRNrg(a) and hence (ym)r=y(mr)=0 and so ym € lz(rzg(am)). Thus
rrlg(rg(am)) € rgx(ym). By [10, Proposition 2.15, p. 37], rg(am) S rz(ym). By
hypothesis, am € Sa(Rg) N J(Rg). By (2), Rym € Ram. Thus ym = sam, for some s € R
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and hence (y — sa)m = 0 and this implies that y — sa € [zx(m). Thus y € [(m) + Ra and
hence Igx(mR N1z(a)) = lx(m) + Ra.

(4) Let a € Sa(Rg) NJ(Rg) and let f:aR — R be aright R-homomorphism. Putd = f(a),
then rz(a) € rzx(d). By (2), Rd < Ra and hence f(a) € Ra. o

Proposition 2.3. If R is a right SAS-injective ring, then [z (4; N 4,) = [g(4;) + [g(4,), for
any semiartinian small right ideals A, and A, of R.

Proof. Let A; and A, be any two semiartinian small right ideals of R. Let r € [3(A; N A,),
thus r. (4, N A;) = 0. Consider the mapping f:A; + A, — R is given by f(a; +a,) =
r.a,, forall a; € A, a, € A,. Thus fis a well-defined right R-homomorphism, since if
a; +a, = by +b,, where ay b; €Ay, a,b, €A, then a; —b; = b, —a, € A; N A,.
Since r(A;nA,)=0, we have that r(a;—b;)=0 and hence ra, = rb;, SO
f(ay + ay) = f(b; + by) and this implies that f is a well-defined. Also, for every a; + a,,
b, +b, € A, + A,,where a;, b, € A;, ay, b, € A, and t € R, we have f((a, +
ay) + (b, + bz)) = f((a1 + by) + (a, + bz)) = r(a; + b)) =ra; +rb; = f((a1 +by) +
(az + by)) and f((a; + ax)t) = fast + azt) = r(ast) = (ra)t = (f(a, + ax))t. Thus, f
is a well-defined right R-homomorphism. Since A; + A, is a semiartinian small right ideal
of Rg, we get from SAS-injectivity of Ry that there is a right R-homomorphism g:R — R
such that g(a; + a,) = f(ay + a,), for all a; € Ay, a, € A,. Thus g(a, + a,) = ray, SO
ra, — g(ay) = gla,) = g(0 + a,) =r.0 = 0 and hence (r — g(l))a1 =0, forall a; € A;.
So r—g(1) € lz(A,). Since g(1) € Izx(A,) (because g(1)A, = g(A4,) = 0), we have that
r € lx(A;) + lg(A;) and hence [z (A; N A,) € 1zx(A;) + Iz (A;). From [10, Proposition 2.16,
p. 38], the other inclusion is obtained . O

A submodule N of a right R-module M is called essential in M, denoted by N € M, if
for every submodule K of M with N n K = 0, then K = 0 [1, p. 106].

Proposition 2.4. If R is a right SAS-injective ring, then Sa(Rg) N J(Rg) S Z(RR).

Proof. Leta € Sa(Rg) N J(Rg) and mR N rz(a) = 0 forany m € R. Thus from Theorem
2.2(3), we have that [,(m) + Ra = lR(mR N rR(a)) = [z (0) = R. Since a € Sa(Rg) N
J(Rg), we have from [1, Corollary 9.1.3, p.214] that [z(m) = R and hence m = 0. So,
rr(a) €5 R and hence a € Z(RR). Therefore, Sa(Rg) NJ(RR) € Z(RR). O

A ring R is called reduced if R has no non-zero nilpotent elements [7, p.249], where an
element a € R is called nilpotent if a™ = 0 for some n € Z*.

Corollary 2.5. If R is an SAS-injective reduced ring, then every right R-module is SAS-
injective.

Proof. Let R be an SAS-injective reduced ring. By [7, Lemma 7.8, p. 249], Z(Rg) = 0. By
Proposition 2.4, Sa(Rg) N J(Rg) € Z(RR) and hence Sa(Rg) N J(Rg) = 0. By [8], every right
R-module is an SAS-injective. m

If for each sequence a4, a,,as, .. of elements of a subset K of a ring R, we have
a, ... aza, = 0, forsome n € N, then K is called a right t-nilpotent [11, p.239].

Proposition 2.6. Let R be a right SAS-injective ring. If the ascending chain rp(a;) S

rr(a,a,) € -+ € 1x(a, ...aya;) S --- terminates for any sequence a,,a,,... in Sa(Rg) N
Z(Rg), then Sa(Rg) N Z(RR) is aright t-nilpotent and Sa(Rz) N J(Rg) = Sa(Rg) N Z(RR).
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Proof. Let a4, a,, ... be any sequence in Sa(Rg) N Z(RR), then we have rz(a;) € rz(aa,) S

. By hypothesis, there exists m € N such that rz(a,, ..a,a,) = rz(am41am .- A207).
Assume that a,, ...a,a; # 0. Since rz(a,+1) S°° Ry, then (a,, ...a,a)R N 1x(am4q1) # 0
and hence 0 # a,, ...aya,7r € rg(a,4+1) for some r € R. Then a,, 410, -..aya,r = 0 and this
means that a,, ...a,a,r = 0 and this is a contradiction. Hence Sa(Rg) N Z(Rg) is a right t-
nilpotent and so Sa(Rg) N Z(Rg) S J(Rg). Since Sa(Rg) N J(Rg) € Z(RR) (by
Proposition 2.4), we have Sa(Rg) NJ(Rg) = Sa(Rg) N Z(RR). O

Proposition 2.7. If R is a right SAS-injective ring, then soc(bR) N J(bR) is zero or simple for
any b € R with Rb isa minimal left ideal of R.

Proof. Let b € R and suppose that soc(bR) N J(bR) is non-zero. Assume that soc(bR) N
J(bR) is not simple. Thus there exist simple submodules x;R and x,R of J(bR) with x; €
bR (i =1,2). Thusx;R N x,R = 0. By Proposition 2.3, [z(x;) + lg(x;) = R. Since x; €
bR, it follows that x; = br; forsome r; € R, i = 1,2 thatis lz(b) C lg(br;) = lg(x;), i =
1,2. Since Rb is minimal, [z (b) is a maximal left ideal in R, that is [z (x;) = [g(x;) = lg(b)
(because lz(x;) & R). Therefore, [z(b) = R and hence b = 0 and this a contradiction with
minimality of Rb. Hence soc(bR) N J(bR) is a simple right ideal of R.

Proposition 2.8. Let R be a right SAS-injective ring with Sa(Rg) N J(R) is a semisimple right
ideal of R. Then rglz(Sa(Rg) NJ(Rg)) = Sa(Rg) NJ(R) if and only if rzlzx(N) = N for
every semiartinian small right ideal N of R.

Proof. (=) Assume that rgzlg(Sa(Rg) NJ(RR)) =Sa(Rg)NJ(RR) and let N be a
semiartinian small right ideal of R. We obtain N € rzlz(N) (by [10, Proposition 2.15 (2), p.
37]). We will prove that N <°5 1zlz(N). If NnxR = 0 for some x € rzlz(N), then by
Proposition 2.3, [x(N N xR) = [z(N) + Ig(xR) = R, since x € rxlg(N) S rglz(Sa(Rgz) N
J(RR)) = Sa(Rg) N J(Rg). If y € [x(N), then yx = 0, and hence y(xr) =0, forall r €R
and so lzx(N) S [zg(xR). Thus lz(xR) = R and hence x = 0 and this means N S%5° rgzlz(N).
Since rglg (N) S 1rlg(Sa(Rg) N J(R)) = Sa(Rg) N J(Rg) and Sa(Rg) N J(Rg) is semisimple
(by hypothesis), we have that 1z Iz (N) is semisimple and hence N = rgxlz(N).

(&) Suppose that N = rglz(N) for all semiartinian small right ideal N of R. Since Sa(Rg) N
J(Rg) is a semiartinian small right ideal of R, rRlR(Sa(RR) n](RR)) = Sa(Rg) NJ(Rg)
(by hypothesis). o

Remark 2.9. If R is a right SAS-injective ring, then it is not necessary that J(Rg) S Sa(Rg),
for example, let R be the localization ring of Z at the prime p, thatis R = Z,y = {%: p does

not divide n}. By [8], we have Sa(Rg) = 0 and R is aright SAS-injective ring, but J(Rg) # 0
and hence J(Rg) € Sa(Rg).

If every R-homomorphism from a small right ideal of R into a module M can be extended
to Rg, then M is called small injective [4].

Proposition 2.10. Ifaring R is right SAS-injective with J(Rz) S Sa(Rg), then Ry is a small
injective module.

Proof. Let R be an SAS-injective ring with J(Rg) € Sa(Rg). Thus Sa(Rg) N J(Rg) = J(RR).

We will prove that Ry is a small-injective module. Let K be a small right ideal of R and f: K —
R aright R-homomorphism. By [1, Theorem 9.1.1(a), p.213], J(Rg) is the sum of all small right
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ideals in R and hence K < J(Rg). Thus K € Sa(R;) NnJ(Rg) and hence K is a semiartinian
small right ideal in R. By SAS-injectivity of R, the homomorphism f extends to R and hence
Ry is a small-injective module. o

Let W be arightideal of ring R. If Rz = K @ Lg with K isasubmodule of W and L n W
is a small right ideal of R, then W is called lies over a summand of Ry [12].
Proposition 2.11. If R is a right SAS-injective ring, then every R-homomorphism from W into
Ry can be extended to an endomorphism of Rg, where W is a semiartinian right ideal lies over
a summand of Rp.

Proof. Let f:W — R bea right R-homomorphism. Since W lies over a summand of Ry
(by hypothesis), it follows from [12] that there exists an idempotent e? = e € W such that W =
eR@®B for some right ideal B < J(R). Since W is semiartinian, B is a semiartinian small right
ideal of R. We need to prove that W = eR®(1 — e)B. Clearly, eR + (1 — e)B is direct sum,
sinceif xeeRN(1—e)B,thenx =erand x = (1 —e)b, forsome b € B and hence b =
er+eb€eeRNB=0.Thush =0andhencex =0,s0eR N (1 —e)B = 0. Letx € W, then
x =a+ b, for some a € eR, b € B, we can writt x =a+eb+ (1 —e)b and hence x €
eR®(1 — e)B. Conversely, let x € eR®(1 —e)B. Thus,x = a + (1 — e)b, forsome a € eR
and (1—e)be(1—e)B,wegetthat x=a+(1—e)b=a—eb+b€eRBB. Hence
W = eR®(1 — e)B. Itis obvious that (1 — e)B is a semiartinian small right ideal of R. Let f'
:(1—e)B— R be a right R-homomorphism defined by f'(x) = f(x), for all x €
(1 —e)B. Since R is aright SAS-injective ring, there exists an R-homomorphism g: Ry — Rp
with g((1—e)b) =f'((1—e)b) for all (1—e)b e (1—e)B.Define a:Rz — Ry by
a(x) = f(ex) + g((1 — e)x), foreachx € R. Then a isawell-defined  R-homomorphism.
If xeW, then x=a+b where a€eRand b€ (1—e)Band hence a(x) = f(ex)+

g((1—e)x)=f(a)+gb) =f(@)+fb) =fla+b) =f(x). 0

Aring R is called semiperfect if R/J(R) is semisimple and the idempotents of R/J(R) can
be lifted to R [7, p.363].

Corollary 2.12. If R is a semiperfect ring, then R is a right SAS-injective ring if and only if
any R-homomorphism from a semiartinian right ideal of R into R extends to R.

Proof. Let R be a semiperfect ring. By [13], every right ideal lies over a summand of R.
(=) Let I be a semiartinian right ideal of a right SAS-injective ring R and f:I — R a right
R-homomorphism. By hypothesis, I lies over a summand of R. By Proposition 2.11, there is an
R-homomorphism g: R — R such that g(a) = f(a), forall a € I.

(&) ltisclear. o

Theorem 2.13. Let R be a right SAS-injective ring, and let a, b € R with b €
Sa(Rg) N J(Rg).

(1) If bR embeds in aR, then Rb is an image of Ra.

(2) If aR is animage of bR, then Ra embeds in Rb.

(3) If bR = aR, then Ra = Rb.

Proof. Assume that f: bR — aR is a right R-homomorphism. Since b € Sa(Rg) N J(Rg) (by
hypothesis), it follows from SAS-injectivity of Ry that there is an R-homomorphism g: R —
R such that gi; = i,f, where i;:bR — R and i,:aR — R are the inclusion maps. Thus
f(b) = g(b) = g(1)b = vb, where v = g(1). Since f(b) € aR, it follows that vb € aR and
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hence there is u € R such that vb = au. Define 8:Ra — Rb by 06(ra) = (ra)u = r(vb),
forany r € R. Thus 6 is a well-defined left R-homomorphism.

(1) If f is a right monomorphism, we have rz(vb) € rx(b). By Theorem 2.2.(2), Rb <
Rvb. Thus b = r(vb) = 6(ra) (for somer € R). Hence 0 is a left R-epimorphism.

(2) If f isan epimorphism, then there is s € R such that f(bs) = a and hence a = f(b)s =
vbs. We will prove ker(8) = 0. Let x € ker(#), thus 8(x) = 0. Since x € Ra, we have
x = ra, for some r € R. Thus 68(ra) = 0 and hence r(vb) = 0. So, x = ra = r(bvs) =
(rvb)s = 0 and hence ker(6) = 0.By [1, Lemma 3.1.8, p.44], 6 is a left R-monomorphism.
(3) If f isanisomorphism, then by the proofs of (1) and (2), we have that 6 is a left R-
isomorphism. o

Lemma 2.14. Let R be ring, then D(Rg) ={a € R|rR(a) NmR # 0 for each 0 #m e
Sa(Rg) NJ(Rg)}is a left ideal of R.

Proof. Itis obviously that D(Ry) is a non-empty set, since 0 € D(Rg). If a € D(Rg) and 0 #
m € Sa(Rg) N J(Rg), thus mb € rz(a) N mR, for some b € R and so a(mb) = 0. Since
(—a)(mb) = —(amb) = 0, then mb € rgx(—a) and hence rz(—a) NmR # 0. Thus —a €
D(Rg). Now, let a;,a, € D(Rg) and 0 # m € Sa(Rg) NJ(R). We have that 0 # mb €
rz(a;) N mR for some b € R. Since a, € D(Rg), it follows that -a, € D(Rg) and hence 0 #
mbc € rg(—a,) NmR for some c¢ € R. Therefore, 0 # mbc € rz(a,) N1rg(—a,) N
mR. Since rz(ay) N1r(—a,) = rz(a; + (—ay)) = rr(a; — a) (by [10, Proposition 2.16, p.
38]), we have rz(a; —a,) N mR # 0 for all 0 # m € Sa(Rg) N J(Rg) and hence a; — a, €
D(Rg).Also, let x € Rand a € D(Rg). Since rz(a) S rz(xa), it follows that vy (xa) N mR #
0 forall 0 #m € Sa(Rg) NJ(RR), thatis xa € D(Rg). Thus D(Ry) is a left ideal of R. O
Proposition 2.15. Let R be a right SAS-injective ring. Then rz(a) < rz(a — axa), forall a &
D(Rg) and for some x € R.

Proof. For all a € D(Rg), we can find 0 = m € Sa(Rg) NJ(Rg) such that rz(a) N mR = 0.
Clearly, rg(am) = rg(m), so Rm = Ram by Theorem 2.2(2). Thus m = xam for some x €
R and this implies that m — xam = 0 and hence (1 — xa)(m) = 0. Thus a.(1 —xa)(m) =
a.0 and so (a — axa)m = 0. Therefore, m € rz(a — axa), but m & rz(a) because rz(a) N
mR = 0 and hence the inclusion is strictly. m

Proposition 2.16. If R is a right SAS-injective ring, then the set {a € R | 75(1 — sa) = 0 for
all s € R} iscontained in D(RR).

Proof. We will prove that by contradiction. Assume that there is an element a € R such that
rR(1 —sa) =0 forall s € R with a € D(RR). Then there exists 0 # m € Sa(Rg) NJ(RR)
with rx(a) N mR = 0. If r € rgx(am), then (am)r = 0 and hence a(mr) = 0 and so mr €
rz(a). Since rz(a) N mR = 0, it follows that mr = 0 and so r € rg(m). Hence rz(am) S
rg(m). By Theorem 2.2(2), Rm S Ram. Thus m = sam, for some s € R. Therefore,
(1—sa)ym =0 and hence m € r,(1 —sa) = 0 som = 0 and this is a contradiction. Thus
the statement is hold. o

3. Conclusions

The SAS-injective rings have been studied in this paper. Let N, M € Mod-R, then M is
called an SAS-N-injective, if any right R-homomorphism from a semiartinian small right
submodule of N into M extends to N. If a module M is an SAS-R-injective, then M is called an
SAS-injective. A ring R is called a right SAS-injective if the right R-module Ry is an SAS-
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injective [8]. Many characterizations and properties of right SAS-injective rings have been
obtained. For examples, we prove that a ring R is a right SAS-injective if and only if for any
N € Mod-R and a non-zero R-monomorphsim f from N to R with f(N) a semiartinian small
right ideal of R, then Homg (R, N) = Rf. Also, we prove that if R is aright SAS-injective ring,
then [z(A; N Ay) = lx(A;) + [z (A4,), for every semiartinian small right ideals A; and A,.
Condition under which SAS-injectivity implies injectivity is given. We prove that if R is a
semiperfect ring, then R is a right SAS-injective ring if and only if any R-homomorphism
from a semiartinian right ideal of R into R extends to R. Finally, we show that if R is a right

SAS-injective ring, then the set{a € R | rr(1 —sa) = 0 forall s € R} is contained in D(RR),
where D(Rg) = {a € R|rz(a) N mR = 0 foreach 0 = m € Sa(Rg) NJ(Rg)}.
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