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Abstract:

In this paper a two dimensional numerical simulation have been applied using
MATLAB program for generating Fraunhofer diffraction pattern from different
apertures. This pattern is applied for three types of apertures, including, circular,
square, and rectangular functions, and it's could be generated any wavelength in the
visible light. The studying demonstrated the capability and the efficiency of optical
imaging systems to observe a point source at very long distance. The circular
aperture shows better results across the shape of Fraunhofer pattern and optical
transfer function (otf). Also, the minimum values of the normalized irradiance of
different diffracted apertures have been computed at different dimensions of these
apertures, and found that the smallest value belongs to the circular aperture and
equal to (1.0x10") at radius (R=60 pixel).
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1. Introduction:

In order to obtain a high resolution image in different fields such as astronomy, optical physics, and
the high resolution object identification [1]. It should be taken in accounts several basic principles, but
the most important principle is the diffraction which is build upon the shape and size of the aperture of
imaging systems. There are many theories that explain diffraction phenomena; the simplest one is the
Huygens — Fresnel theory. This theory assumes that a wavefront may be considered to emit secondary
wavefronts as passing through the aperture. These secondary wavefronts were postulated by Christian
Huygens in 1678 in Holland. Many years later, in 1815 in France, Agoustin Arago Fresnel considered
that Huygens wavefronts must interfere with their corresponding phase when arriving at observing
screen [2]. Diffraction could be tackled by starting with Helmholtz equation and then converting it to
an integral equation using Green's theory [3].

Many other theories have been postulated to improve the diffraction. The best of them is the scalar
diffraction theory that could be utilized when the wavelength of the wave is larger than of the aperture
size for the optical imaging systems [4]. There are two approaches of the scalar diffraction theory
which is classified into near and far field approximations according to the distance between the source
and the observation plane. If this distance is infinitely large, so, the waves that arrive the aperture are
considered plane waves. This is called far field approximation; therefore, the Fraunhofer diffraction
pattern has been happened. The mathematical representation of far field approximation and Fraunhofer
diffraction integral are the same. In contrast, the distance is large but finite; the mathematical
equations of near approximation and Fresnel diffraction integral are the same [5]. Plenty of studies in
the literatures that interest of this problem, which are adopting of the Fraunhofer diffraction patterns
shape [6, 7].

In this paper, the mathematical equations that compute Fraunhofer diffraction integral have been
studied and simulated in order to demonstrate the essential features of this pattern due to used different
apertures. The minimum values of the normalized different diffracted apertures have been calculated
to illustrate the ability of these apertures to resolve the point source. The optical transfer function (o#f)
has been simulated that is associated with different diffracted apertures in order to determinate the
quality of the optical imaging system.

2. Theoretical Considerations:

Assuming distant quasi monochromatic waves of a point source of unity magnitude that is
presented by [8]:
Un,y) = A@n.y)e”"" (1)
where 4 is the amplitude of the wave, 77,y is the spatial variables, consider the point source generates
plane waves that pass in a homogenous medium without any perturbations, this means that the phase
of the wave ¢(n,7)= 0 and U(n,y)=1. When a plane wave passes through the aperture of imaging
system the diffraction phenomena occurs. The theory of the diffraction is built on the assumption, that
incidents the wave is transmitted without change at points within aperture. According to this
assumption U(7n,y) and f'(n, y)are complex wave and could be written as [9]:

f,y)=U@.7)p(.y) 2)
where

1 inside the aperture
p(n,y) = .

0 outside the aperture 3)
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p is called the aperture function, but here the phase forms associated with an optical imaging system

could be a function of transverse positions 77,y as given by [10]:
 k
8(n,7) = eXp[} S+ 72)} “)

2 D
where (k = 7”) is the wave number, A is the wavelength and z is the propagation direction.

All apertures of the optical imaging systems are shift-invariant because of the invariance of free
space to displacement of the coordinates system. A linear shift-invariant system is characterized by it's
impulse response function. Impulse response function is the response of the system to an impulse or a
point at the input plane. The impulse response function in far field approximation is given by [10]:

k koo
H(,y) = S0 eXp[j—(n Tty >} 5)
jAz 2z

The Fourier transform of above equation is called transfer function and could be written as [10]:
N DD ©)

H(x,y)=¢’ exp[]ﬂiz(x +y )]

the x & y are variables at the output plane. The transfer function is the factor by which an input

function is multiplied with it's to yield the out function.
Now, the result in the Fraunhofer diffraction expression is obtained as [10]:

g(x.y) = %jj‘”exp[é(nz + ﬁ)} <[ f(w)exp[jj—:(xn + W)}dndy )

This equation could be obtained by applied Fourier convolution theory as:

g(x,») =3I "I NI .} ®)

1. . . . .
where T is the inverse Fourier transform, 3 is the Fourier transform.
Therefore, one could be writing above equation as:

g(x,y)=H(x,y)®F(x,y) ©)
where ® is convolution operator, H(x,y) and F(x,y) are complex Fourier transform respectively
of impulse response function /4(77,y) and exit wave from the aperture f(77,7). Equations (8) and (9)

are equivalent and representing convolution equation. Equation (7) could be written in terms of Bessel
function as [10]:

wZT 4,2 (.7)) (10)

g(x,y)= (—
Az L ray)

where w is the dimension (length or radius) of square, rectangular, and circular apertures. J; is the

Bessel function of first order, equation (10) could be derived from Henkel transform.

3. Simulated Results:
The aperture function has been simulated in different shapes (circular, square, and rectangular) in
size of 256 by 256 pixels with phase form as given in equation (4). Firstly, the most basic shape
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aperture of the optical system is a circular function that has unity magnitude of radius (R) equal to (20)
pixels according to the following equation [11]:

Ui J@m-n) v (-7 <R
pc(n’y)_ . 11
0 otherwise (11)

(1., 7.) is the center of a two — dimensional array. Secondly, the square function of length (L) equal

to (20) pixels has unity magnitude that is given by [12]:

Lif p|<L&y|<L

p,(m.y)=
{0 otherwise (12)

Finally, the rectangular function has been taken in account in order to demonstrate the difference of
the diffraction pattern with these apertures. The rectangular function has unity magnitude of length (a)
that is equal to (20) pixels with wide equal to (a/2) according to the equation [13]:

() = Lif p[<a&ly|<al2
P = 0 otherwise (13)

A wave U (n,y) that given in equation (1) is transmitted through these apertures, that have

amplitude transmittance as given in equations (11, 12, and 13), generating a complex wave as equation
(2). Now, the Fraunhofer diffraction pattern that given in equation (7) have been computed in these
different apertures with the following parameters (A = 450 nm) the green light (or could be taken any
wavelength in the visible light), and & = 2/A. In our simulations, the normalized intensity distribution
of this pattern computed by taken the fast Fourier transform of these apertures then multiplied by
impulse response function according to equation (7). The impulse response function should be taken in
the same size of the aperture function. The results have been simulated that are demonstrated in
figures -(1, 2, and 3).

The minimum value of the normalized intensity distribution inside the aperture could be calculated via

| 8%, )
(%, ) min _Mm{—g(O,O)} (14)

where g(0,0) is the maximum value of the g(x,y)which is located at the center of the array. The

above equation has been applied for three different diffracted apertures at different dimensions (radius
or length 20, 40, and 60 pixels) of these apertures.
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Figure 1- (a) Circular aperture, b-Fraunhofer diffraction pattern for (a), c- Central cross —section through (b),
and d- Surface plot of (b).
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Figure 2- (a) Square aperture, b - Fraunhofer diffraction pattern for (a), ¢ — Central cross — section through (b),
and d - Surface plot of (b).
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Figure 3- (a) Rectangular aperture, b- Fraunhofer diffraction pattern for (a), c- Central cross — section through
(b), and d- Surface plot of (b).

1203



Jallod Iraqi Journal of Science, 2015, Vol 56, No.24, pp:1198-1207

In order to examine the efficiency of the optical imaging system, the optical transfer function (otf)
has been simulated. o#f'is a measure of the imaging quality and represents how each spatial frequency
components in object intensity that is transferred to the image. The normalize otfis given by [14]:

[[ p. )" = i,y = Afv)dndy

otf (u,v) = 5
[[lp@.)| dndy (15)

where fis the focal length of these lenses of the optical imaging system and the symbol + indicate to
the complex conjugate function. This equation is applied in the same three different diffracted
apertures using convolution equation between these apertures and their complex conjugate apertures.
Then normalized to their maximum values and absolute values are taken for off at the same dimension
which equal to 20 pixels. The results are illustrated in figure (4).

0.9+
08
w 07
o
o
I 0B
N
T 05
£
E
O 04
=
03
02
0.1 :
a0 100 150 200 250
No. of Pixels
a b
1
oo
o8t
"g 07
T
g o8
™
= 05f
E
o
= n4f
03t
02F
i H 1 i A
a0 100 150 200 250
No. of Pixels
c d

1204



Jallod Iraqi Journal of Science, 2015, Vol 56, No.24, pp:1198-1207

Normalized otf
o o o o o o
= m o ~l o o
T T T T T

o
i
T

o
[N
T

50 100 150 200 250
No. of Pixels

e f

Figure 4- (a) Normalized otf for diffracted circular aperture, b- Central line through (a),c- Normalized
otf for diffracted square aperture, d- Central line through (c), e -Normalized ot#f for diffracted
rectangular aperture, and f- Central line through (e).

It should be pointed out here that the central line through the normalized ot#f functions for different
diffracted apertures at the minimum and the best dimensions which equal to (20 and 60 pixels)
respectively are simulated, as illustrated in figures (5 & 6).
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Figure 5 - Central lines of the normalized otf for different diffracted apertures at the same dimension of (20
pixels)
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Figure 6 - Central lines of the normalized ot#f for different diffracted apertures at the same dimension of (60

pixels)

4. Conclusions:
Several important points could be concluded from the results of this studying:-

)]

The circular aperture makes the high frequency components vanish approximately to zero.
This means that all information that belongs to the point source entered the aperture, while the
others apertures (square & rectangular) truncated these frequency components as
demonstrated in figures (1, 2, and 3).

The minimum values of the normalized irradiance increases with increases the dimension of
these apertures, but the smallest values have been calculated refers to the circular aperture
(according to equation (14)) and equal to (3.1x107) at (R = 20 pixels) , while equal to
(1.0x10®) at (R = 60 pixels).

otf plays an important rule that control on the efficiency of the optical imaging systems where
the smoothness of the otf is directly proportional to increase the dimension of the apertures,
but otf for the circular aperture more smooth than the others. This means that the high
resolution of the circular aperture.

otf is sharply decline with increases the dimensions of these apertures, but off for the circular
aperture becomes lower than another apertures. This gives advantage for the circular aperture
in a high resolution image, as shown in figures (5 and 6).
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