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Abstract
The purpose of this paper is to discuss the centralizers and the double centralizers in
prime and semiprime I' —rings with fulfilling certain identities.
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1. Introduction
The definition of T'-ring was introduced by Barnes [1]. Let KandI' be two abelian

groups. If there is a mapping (a @ b) - (aa b) of K x I' X K — K, fulfilling the following,
forany a,b,c € Kand a,B €T.
I. @+b)ac=aac+bac,

a(fa+p)b=aab+aph,

aa(b+c)=aab+aac,
li.(laab)pc=aa(bpc),
then K is named a 7-ring.

Every ring K is a 7-ring with K= I". A T"-ring not necessary be a ring. The concept of Gamma
ring is a generalization of rings, where proposed by Nobuswa [2]. Barnes [1] diminished
slightly the requirements in the definition of I'-ring as in Nobuswa.

In [3], D. Ozden, M.A. Ozturk and Y. B. Jun, defined a I' —subring. A I'-subring of I~
ring K is an additive subgroup S of K such that S 'S € S. Let K be a 7-ring, then K is named
a commutative 7-ring if a a b = b a a, holds for any a, be K and a € I" [4]. A subset U of a
r'-ring K is called a right (resp. left) ideal of K if U is an additive subgroupof Kand U I' K =
faax:a e Ua € 'xe K} (resp. KFU={xaa:a € Ua € I',x€ K} ) is
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contained in U. If U is both a left and a right ideal, then U is called a two-sided ideal, or
simply is an ideal of K [5].

A I'-ring K is named prime I'-ring if a’ K I'b = 0, implies a=0 or b=0, where a,b € K.
A I'-ring K is named semiprime ring ifa I’ K I'a = 0, implies a=0, where a € K [6].

Let K be a I'-ring, then K is named n — torsion freeif na = 0, yields a = 0, for every
a € K, where n is positive integer [7].

Let K be a I'-semiring, an element 1 € K, is named unity if for any x € K there exists
a € I'suchthatxal= 1ax = x[8].

In [9], Ceven and Uzturk defined the derivation and Jordan derivation in I"-rings. Let K be
a I'-ring and d : K — K an additive map. Then d is named a derivation (resp. Jordan
derivation), if d(xay) =d®ay + xad(y) (resp. d(xax) =dx)ax +
xad (x)), forany X,y € K and a € I'. Every derivation of K is Jordan derivation but the
opposite in general is need not to be true ( see [9]).

Let K be ar-ring with center Z(K), a mapping d from K into itself is named I'-
centralizing on a subset S of K if [x,d (x)], € Z(K) for every x € S and a € I, in the
special case when [ x,d (x)], = 0 hold for any x € S and a € I', the mapping d is named I'"-
commuting on S [7]. Many researchers have studied centralizers and derivations in prime and
semiprime I'- rings, see [10-18]. The purpose of this paper is to discuss centralizers and
double centralizers in semiprime I' —rings with fulfilling certain identities.

2. Basic Concepts
We begin our discussion with the following definitions and lemmas which are useful for
the proof of our main results.

Definition 2.1[15]
Let K be a I'-ring, d be called inner derivation of K, if there exists a € K , such that d(x) =
[a,x],forall xeKanda €.
Definition 2.2 [16]

Let K be a I'-ring, for any x ,y € K and a € T, the symbol [x,y], =xay- yax, is
denoted to the commutator, and (x o y), =xay+ y ax.

Lemma 2.3 [16]

If K is a I'-ring, then the following are hold for any a,b,c € Kanda,B € I:
I. [a,b]lq + [b,a]le =0.
i. [
iii. [
iv. [a,blasp = [@,b]a + [a,b]g
V. [

Definition 2.4[17]

Let K be a I'-ring. An additive mapping is called a left (resp. right) centralizer T: K — K if
Txay) =Tx)ay (resp.T(xay) = xaT (y)) holds forany x,y e Kanda € I". A
centralizer is both a left and right centralizer.
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Example 2.5
Let F be a field, and D> (F) be a I'-ring of all diagonal matrices of degree 2, where

r={ [8 2] |n € F}.Define T: D, (F) > D, (F) by:

T([g 2 ) = [8 g] foranya,beF.
Then T is a centralizer.

Definition 2.6[17]
Let K be a I'-ring. An additive mapping T: K — K is called Jordan left (resp. right)
centralizer if T(xa x) =T(x)a x (resp. T(xax) =xaT (x), foranyx e Kand a € T.

Remark 2.7
Every centralizer is Jordan centralizer but the converse in general is need not to be true, as
the following example shows:

Example 2.8
Let F be a field, and K be a 7-ring of all matrices of the from:
0 acb
X = 8 8 8 _C , foranya,b,c €F,
000 0O
and
noo0o
I'={ 8 8 88‘ n is integer}
0000
Let T: K - K be an additive mapping defined as:
0 ac 0
T(X) = 8 8 8 Ca .foranya,ceF,xeK.
00000
Then T is a Jordan centralizer but not centralizer.

Theorem 2.9 [17]
Let K be a 2-torsion free semiprime I'-ring, then every left (resp. right) Jordan centralizer
is a left (resp. right) centralizer.

Definition 2.10
Let d and g be additive mappings on 7-ring K, a pair (d, g) is called a derivation pair if the
following equations hold:
dixaypx)=dX ayBx+xagly)Bx+xaypd(x)
foranyx,yeK, a,B €.

gxaypx)=gXaypBx+xadly)fx+xaypg(x
foranyx,y €K, a,p €T.

3. Main results
Lemma 3.1

Let K be a prime 7-ring, and U be a non-zero ideal of K. Let T: K — K, be a left
centralizer of K. If T=00n U, then T =0 on K.
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Proof: We have
T(x)=0 forallx € U. Q)
Replacing x by r a x in (1), where r € K
T(rax) =0 forallx € U,r € K,a €T.
Since T is left centralizer, we have

T(r)ax =0 forallr €eK,x €eU,a €. 2
Replace x with s g x in (2), we get
T(r)asBx=0 forallr,s EK,x € U,a,B €T, )

hence
T(r)aKfx=0 forallreK,x € U,a,p €T
by the primness of K, and U be a non-zero ideal of K, we have
T(r)=0 forallr €K.

Theorem 3.2
Let K be a non-commutative prime I'-ring, let U be a non-zero ideal of K, and T: K - K
be a left centralizer. If T(x) € Z(K), holds forany x € U, then T = 0.

Proof:
Since
[T(x),r],=0 forallr eK,xeUanda €T Q)
Putting x B z for x in (1), where z € K, and o, B € I, we get
[T(x),r]l,Bz +T(x)B [z,r],=0 forallr,z €eK,x € Uanda,B €T. 2
Hence,
T(x)pB |z r], =0,forallr,z € K,x € Uanda,p €. 3)
By replacing x with x o w, in (3), wherew € K, ¢ € I, give
T(x)owp|[z,r],=0 forallr,zzwe K,x e Uanda,B,0 € T. 4)

By the primness and non-commutative of K, follows T(x) = 0, for any x € U, using Lemma
3.1, wehave T = 0.

Theorem 3.3

Let K be a semiprime I"-ring, U be an ideal of K, and let T: K — K be a centralizer of K. If
T(x)aT(y) = 0, forany x,y € U, then T = 0 on U. In case K is a prime I'-ring, then T =
0.
Proof: We have

T(x)aT(y)=0 forallx,y eUanda € I'
Replace y by r B x in the above relation, since T is centralizer, we get
T(x)aKBT(x)=0 forallxe U, a,B € T.

By the semiprimness of K, we get
T(x)=0 forallxe U.
In case K is prime 7" -ring and using Lemma 3.1, which complete the proof.

Theorem 3.4
Let K be a 2-torsin free semiprime 7" -ring, and let T: K— K be a left centralizer of K, such
that T(x o y),=0 and yaxfz = yfxaz, forany x,y € K, a, 8 € I' then T(x)=0.

Proof:
We have

T(xoy)y=Txay+yax)=0 forallx,yeKa€e Tl )
Gives us

TxX)ay+TH)ax=0 forall x,y €eK,a € T. 2

Replaceybyypz+zpy in(2), we obtain
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TX)aWpz+zBy)+T (ypz+rzpy)ax=0 foranyx,y,zeK,a, €T
Now, from (1), we get

TxX)a(ypz+zPBy) =0 forallx,y,zeKa B €ET. 3)
Replace z withy y z+ z y y in (3), we get
2T(x)a (yyzBy)=0 forallx,y,z€ K a,B,y €T. (4)
Since K is a 2-torsion free, then (4) leads to
T(x)a(yyzBy)=0 forallx,y,z€K,a, B,y € T. (5)
Replace z by z ¢ T (x) in (5), we get
TxX)ayyz oT(x)ay=0 forallx,y,z€ K, and a,y,0 € I. (6)

By the semiprimness of K, we get T = 0.

Theorem 3.5

Let K be a prime 7" -ring, let U be a non-zero ideal of K, and T: K—= K, be an additive
mapping which satisfies T(ra x) = T(r)a x, foranyr e K, x e U, a € I. Then T is a left
centralizer of K.
Proof:

By the assumption, we have

Trax)=Tr)ax forallreKxe Ua€e Tl
Replace x by s S x in the above relation, we get
TrasBx)=Tras)Bx=Tr)asBx forallr,seK,x€ U,a,BET
ie.,
(Tras)—-T(r)as )Btyx=0 forallr,s,teK,x€ Ua,BET
By the primness of K and U is a non-zero, we get
T(ras)=T(r)as forallr,seK,a€ I.

Then T is a left centralizer of K.

Definition 3.6

Let K be I"-ring, let T, S: K— K, be additive mappings, then a pair (T, S ) is named a
double centralizer, if T is a left centralizer, S is a right centralizer, and satisfy a balanced
requirement X a T(y) = S(x) a y, forany x, y € K.

Example 3.7
Let F be a field, and K 2(F) be a I'-ring of all 2 by 2 matrices with usual addition and

multiplication, and T = { [g 8] , N is integer},
Define T, S: K2(F) = K2(F) by
a by _[0 O
T([ d)_[c d]’ foranya, b, c,d €F.

s([@ 5) =[O ®] foranya,b.c.aer

Itis clear that T is a left centralizer and S is a right centralizer satisfy the condition

xaT(y)=Skx)ay.
Therefore, (T, S) is a double centralizer.

Remark 3.8
Let K be a I'-ring, and let T: K— K a centralizer, then it is clear that (T, T) is a double
centralizer.

In the following proposition, we shall prove that the existence of additive mappings T, S: K—
K fulfilling x a T(x) = S(x) ax forany x € K a € T, yields that T- S is inner derivation.
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Proposition 3.9

Let K be a I'-ring, with identity and let T, S: K— K be additive mappings fulfilling
xaT(x) = S(x)axforanyx € K,a €. Then T — S is an inner derivation.
Proof:

We have

xaTx)=Sx)ax forallxeKaBET Q)
Replacing x by x + 1 in (1), we get

xaa+ T(x) =S(x)+aax foralxeKaeTl (2

where T(1) = S(1) = a.
Then from relation (2), we have
(T-s)(x)=aax—xaa= [a,x], forallxeKae Tl
Hence,
T— S is inner derivation.

Definition 3.10

Let K be a I"-ring, and let T,S: K - K, be additive mappings, then a pair (T,S) is
named a double Jordan centralizer, if T is a left Jordan centralizer, S is a right Jordan
centralizer, and they satisfy a balanced requirement x a T(x) = S(x) a X, forany x € K, a €
TI.

Example 3.11
Let F be a field, and K »(F) be a I'-ring of all 2 by 2 matrices with usual addition and

multiplication of matrices, and I' = { [’8 g] , N is integer}.
Define T, S: K2(F) = K2o(F) by
T([a b) =[O O], foranya,b,c,d €F.

c d c d
S([Z 2) =[8 2] forany a, b, c,d eF.

It is clear that T is a left Jordan centralizer and S is a right Jordan centralizer satisfy the
condition

xaT(y) =Sx)ay.
Therefore, (T, S) is a double Jordan centralizer.

Remark 3.12
Every double centralizer is a double Jordan centralizer, but the opposite in general is need
not to be true .

In the following example justifies this remark.

Example 3.13
Let K, 7"and T be as in the Example 2.7 and defined S: K— K by
0ac 0 0ac b
000 ¢ 000 ¢
S(x) = 00 0 —g , Where x= 000 —ql
0000 0000
It is clear that T and S are Jordan centralizers but not centralizer, and satisfy

XaT(X)=S(X) ax.
Hence (T, S ) is a double Jordan centralizer but it is not double centralizer.
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Theorem 3.14
Let K be a 2-torssion free semiprime [ -ring, then every double Jordan centralizer is a
double centralizer.
Proof: According to Theorem 2.9, we obtain T is a left centralizer and S is a right centralizer.
Let us verify that X a T(y) = S(x) ay, forany x,y e Kand a €T
That is, by hypothesis,
xa T(x) = Sx)ax foranyxeK, a €T (D)
Now replacing x by x + y in (1), we get
xaT () +yaTx)=Sx)ay+S(y)ax, foranyx,y € K,a € I'. (2)
Setting y = y B z in (2), we arrive at
xaT(WypPz)+yfzaTx) =SxX)ayBz+SHYLz)ax
xaT (y) =S x)ay)Bz=yB (S (z2)a x— zaT(x)), foranyx,yeK, a el 3
By replacing x with y in (3), we obtain

yB(S@ay-zaT(y)) =0 foranyy,zeK,a,f€eT. 4)
Putting z=z o x in (4), we get
yBzo(S(x)ay-xaT(y)) = 0 foranyx,y,z€K,a,p, c€I. 5)
Yields that,
Ty)Bzo(S(x)ay — xaT(y)) =0, foranyx,y €K, a,p o€ I. (6)
Left multiplication the relation (6) by x, give us
xaT(y)B zo(S(x)ay) —xaT(y)) =0 foranyx,yeK, a,B,0 €. (7
Also, left multiplication the relation (5) by S (x), we get
S ayp za( S(x)ay-xaT (y)) =0forany x,y,zeK, a, 8,0 €T. (8)

Subtracting (7) from (8), we have
Sx)ay-xaT(¥))Bzo (S(x)ay —xaT(y)) =0forany x,y,zeK, a,p, 0 €. (9)
By the semiprimness of K, we get S(x)ay = xa T (y) foranyx,yeK,a er.

Let us point out is case K has an identity element, Theorem 3.14 can be proved for an
arbitrary I"-ring as following:

Theorem 3.15
Let K be a 7" -ring with identity, then every double Jordan centralizer is a double
centralizer.

For the proof of the above theorem, we need the following lemma:

Lemma 3.16

Let K be a I'-ring with identity element. Then, (T, S) is a double Jordan centralizer if and
only if T and S are of the from T(x) = a a x and S(x) = x a a for some fixed element a €
K,a€e I.

Proof:
Let (T, S) be a double Jordan centralizer, then
Txax) =T (x)a x foranyxe K, a €. Q)
Sxax) =xaS(x) foranyxeK,a€elrl. (2)
xaT(x) =Sx)ax foranyxeK, a€el. 3

Replace x by x +1 in (1), we get
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T(x)=aax foranyxeK,a€eTl,wherea=T (1).

Also, replace x by x + 1 in (2), we get

S(x) =xab forany x € K, a € I, where b =S (1)
Now, setting x=1 in (3), we geta =b.
Therefore, we obtain

T(x)=aaxandS(x) = xaa foranyxeK, a€lr.

To show the opposite, assume that: T (x) = aaxand S(x) = xaa foranyx e K, a €I
Since xaT (x) = xaa a x = S(x)ax. Therefore, the pair (T, S) is a double Jordan centralizer.

Proof the Theorem 3.15
For Lemma 3.16, we get T (X)=aax and S (X) =xaa foranyx € K, a € I'. So,
T is a left centralizer, S is a right centralizer and
xaT(y) =xaaay =Sx)ay.
Therefore, (T, S) is a double centralizer.

Now, we shall prove the following result which involves every double centralizer (T, S) of
K induced a derivation d, defined by
dx)=T (x)-S (x).

Remark 3. 17

Let K be a I'-ring, then every double centralizer (T, S) of K induced a derivation d defined
by d(x) =T (x) — S (x) for any x € K.
Proof:

We have dx)=T(x)— S(x) foranyxeK.
Replace x with x a y in the above relations, we get
dxay) =TxX)ay — xaS(y)
= (T Xay—Sx@ay + xaT(y)— an(y))
=d(x)ay +xad(y), foranyxeK,a eT.

Proposition 3.18
Let K be a I'-ring, and let (T1, S1), (T2, S2) be double centralizers of K, define d, g: K - K
by
d(X) =T1(x) —S2(x) foranyx € K. 1)
g(x)=T2(x) —S1(x) forany x € K. (2)
Then (d, g) is a derivation pair.
Proof : We intend to prove the equations

dxayBxX)=dX)ayfx+xagly)Bx+xaypd(x)

forany x,ye K, a,B €I (3)
gxaypx)=gX ayBx+xady)Bx+xaypgx
foranyx,y €K, a,B €T. 4

To prove (3), putting x a y 8 x for x in (1), we get

dXayBxX)=TixayBx)—S2(xaypfX)
=(MX) —S2(X) ayBx+Sa(X)ayfx—S2(xay B X)
=dX)ay B x +xT2(y)ay B x -X a Si(y)Bx + xaSi(y) Bx

—S2(Xayp x)
=dX)ayBx+xagy)Bx+xaypB Ti(X) —xayp Si(x)
=dX)ayBx+xag ) x+xaypdX)
foranyx,y €K, a,B €.
Analogously, g (X ay S x) =g(X)ay B x +xa d(y) B X+ xay B g(x),
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forany x,y,e K, a,B €.
Thus, the pair (d, g) is a derivation pair.

4. Conclusions
In this work, we discussed centralizers and double centralizers in semiprime I' —rings
with fulfilling certain identities.
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