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Abstract

Let Y be a uniformly convex n-Banach space, M be a nonempty closed convex
subset of Y, and S:M—M be a nonexpansive mapping. The purpose of this paper is
to study some properties of uniform convex set that help us to develop iteration
techniques for approximation of fixed point of nonlinear mapping by using the
Mann iteration processes in n-Banach space.
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Introduction
Let Y be a real linear space of dimension greater than 1 and I.,....I 1 Y X Y—= R satisfying
the following conditions:
a) Ixq,....x,I=0ifand only if x;,x,,...,x,, are linearly dependent vectors;
b) Ixq,...,x,1 is invariant under permutations of x,...,x,;
C) 1Axq,%2,....xnl = 2|12, %5,....xp] fOr all 2 € Rand x;,...,x, €Y
d) Ixgtxg,xy,....x00 <lxg,x5,... x5 014+ 0x1  Xo,. .., x, 1 forall xg,%q,...,%, €Y
then I.,...,.I is called an n-norm on Y and (Y,I.,...,.1) is called a linear n-normed space [1],
In the following, we need the concept of n-Banach space. A treatment of 2-Banach space can be
found in [2]. The notion of n-Banach space and related concepts such as Cauchy sequence
and convergence sequencesas given below are discussed briefly in [1].
A sequence {x,} in n-normed space (Y,l.,...,.I) is said to be a converge to x€ X, if for all
71,225 -sZn—1 EY,
lim, e || Xp — X, Z1,22,-.-,Zn—1 1=0
Also, a sequence {x,} in n-normed space (Y.,l.,...,.I) is said to be a Cauchy sequence if for
all zy,2z5,...,2,_1 €Y,
limyy, o0 || X=X, 21,22, .,2n—41 = 0.
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Note that, every convergent sequence is Cauchy sequence. If the converse is true, then the
n-normed space is called n—Banach space.

In 1965, Browder [3] and Gahde [4] independently proved that every nonexpansive self-mapping of a
closed convex and bounded subset of a uniformly convex Banach
space has a fixed point.

In [5], Itis shown that a technique of Mann is fruitful in finding a fixed point on Banach space of
monotone nonexpansive mapping.

In this paper, we generalized the concept of the uniformly convex set on n-Banach space and
discuss some its properties that help us to study approximate fixed point by Mann iteration process,
under nonexpansive mapping:

Let M be a nonempty closed convex subset of a real uniformly convex n-Banach space Y, A self-
mapping S:M—M is said to be nonexpansive If

IS(X) — S(Y),21,225- - »Zn_1| < Ix =Y, 21,25,...,Z,_41| for all x, y € M
And z,,2,,...,Zz,_1 € Y, and S is said to be quasi-nonexpansive provided that if
S(p) =p then
IS(X) — P, 21,225 Zn-11 SIX—P, 21,22, .,Zp—1 |

This paper consists of two sections, In section 1 we study the uniform convex in
n-normed space, basic properties and some theorem on uniformly convex n-Banach space. In section
2, we give some result on Mann iteration on uniform convex n-Banach space.
$1 UNIFORM CONVEXITY

In this section, we introduce the definition of uniformly convex on n-normed space, and discuss
some its properties,

Definition 1.1

A linear n—normed space (Y,I.,...,.I) is said to be uniformly convex if for every € in (0,2] and a
nonzero z in Y, there exists a § >0 such that Ix, z;,2,,...,2,_11 < 1, ly, 21,25,...,2,_41 < 1 and
IX-Y, 21,22,...,Zn_1 | > € imply that

= (x4Y), 21,23 Zpg IS 16

The following theorem is the generalization of the theory found in [6, p.54] of uniformly convex

Banach space to uniformly convex n-Banach space.
Theorem 1.2

Let Y be a uniformly convex n—Banach space, then we have:
a) Theelements X, y, z1,25,...,2,_1 €Y With IX, z;,25,...,2,_1 | <7,
Iy, z24,29,...Zn—1 | < 1, IX-Y, 21,25,...,2,_11 >€ for any r and € with r > ¢ > 0 there exist a
&= 68(%/y, 21,25,...,2y_4) SuUch that

|~ (X+Y), 21, 25,020 | < T [1-6].
b) Theelements X, y, z1,25,...,2,_1 €Y with Ix, z;,2,,...,2z,_41 I <7,
ly, z1,22,...,Zn_1 | <1, IX-Y, 21,25,...,2,_11 > € for any r and € with r > € > 0 there exist a § such that
lox+(1-0)Y,2q,22,. .., Zp—1 I <1 [1-2min {a,1-a} 8(€/y, 21,22,...,2n—1)] fOr all a € (0,1)

Proof.
a) suppose that Ix, z1,25,...,2,_11 <1, ly, 21,25,...,Z,_11 <rand
IX-Y, 21,22,...,Zn_1 | > € > 0, thus

X y xX=y €
"T y Zl,Zz,...,Zn_]_" S 1, "T y Zl’ZZ”“’ZTl—l"S 1 and "T, Zl,Zz,...,Zn_lll ZT > 0

By the definition (1.1), there exists & = 8(¢/y, 21,23,...,2,_1) > 0 such that

X+y
"? ) Zl,Zz,...,Zn_lll S 1_6

Therefore,
122, 20,231 zp gl <1 [1-6]
b) when o =—; , We are done by part (a). If E(O,%], so by part (a) and ly, z1,2,,...,2,_11 <1 We
have
lox+(1-0)y, 21,23,...,Zp—11 =1 a(x + y)+(1-2a)y, Z1,25,...,Zp_1]

X+
<2l > Y 20,29z + (120) 1y, 21,25,....254]
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<2ar [1— &]+(1-2a)r
<r[1-2ad].
Now by the choice of o € [%,1), so by part (a) and Ix, z;1,25,...,2,_11 <1 We have
lox+(1-0)y, 21,22, .-,Zn—11 =1 2a-1) X + (1-a0) (X +Y) , 21,25,...,Zpn_1]
< (2a-1) Ix, z1,25,...,Zp_1 1+ 2(1-0) IIXWLTy v Z11Z9 e e rZp—1l
<r[1-2(1-a) 6]
then,
lox+(1-0)y, Z1,22,...,Zp_11 <1 [1-2min {o,1-a} 5] =
Using theorem (1.2), we obtain the following, which has important applications in approximation
of fixed point of nonlinear mapping in n-Banach space.
Proposition 1.3
Let Y be a uniformly convex n—Banach space and let {a,,} be a sequence of real numbers in (0,1)
bounded away from 0 and 1. Let {x,,} and {y,,} be two sequences in Y such that
lim,,_, e suplxy, z1,25,...,2p_11 <&, limy,_,o supl y,, 21,22,...,Zp_11 < a
and lim,,_,, supla, x, + (1-ay,) ¥n, Z21.22,...,Z2n—11 =a , for some a > 0. Then

limn_,oo ”xn = Ynr 21,2y, ""Zn—lll =0
Proof.

If a=0istrivial. So, Let a > 0. Assume for contradiction, that {x,, — y,,} does not converge to 0.
Then  there exists a  subsequence  { Xn; = Yn; } of  {x,— y,} such that

inf; IIxn]. - yanzlizZ:-”:Zn—l" > 0. Note {a,} is bounded away from 0 and 1, and there exists two

positive number y and S such that O<y<a,<f <1 for all neN. Since
lim,, e suplx,, z1,2,,...,Z2y—11 < a and lim,_, . suply,, z1,2,,...,Zz,_11 < a we may suppose an
re (a,a + 1) for a subsequence {n;} suchthat IIxn]., 21,29, Zp—1) <1, IIyn],, 21,22y Zp-1l <1, < T,

Choose r> € > 0 such that
2y(1 = B)Y6(¢/r, 21,25,...,2q_1) < 1 and 1%, = Ynjs 21,225, Zn-11 Z € >0
From Theorem (1.2) part (b), we have

lan; xn; + (1-tty)) Y 21,22, Zn-1) S 1[1= 20 (1 = anj)S(E/r, 21,2, Zp—1)]
< r[1-2y(1 = B)S(%/r, 21,225 Zn-1)] < @
for all je N which contradicts the hypothesis. m
Next, we give some characterizations of uniform convexity in n—-Banach space
Proposition 1.4
Let Y be a n—Banach space and r > e > 0, Then the following are equivalent:
a) Y is uniformly convex
b ) For two sequences {x,,} and {y,} in Y for all ne N, if
X, Z1, ZoseeosZn_q | <1, Iy, 21,25, ., Zn 1] <1 and
lim, o || Xn + Vi » 21,22, sZn_1 || = 2, then limy, 00 ||Xn — Vi, 21, Z2, <o) Zn_1]| = 0 (1)
Proof
(@ = (b). assume Y is uniformly convex. Let {x,} and {y,} be two sequenece Y and

{an} = {5} € (0.1) Since
lim,,_, o supl %xn + % Vi Z11Z25- - s Zp—1l = % lim,, e supl x, + ¥y, 21,22,...,2p_11 =1 and
lim,, o suplx,, z1,25,...,2p_11 =1, lim, o supl yn, 21,25,...,2p_11 =1
Thus by proposition (1.3) we have
imy e (X0 = Y, 21,22, s Zp—1]| = 0
(b) = (a). assume condition (1) is satisfied. If Y is not uniformly convex for € > 0, and the two
sequences {x,} and {y,} in Y such that
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(1) Iy, 21,2950 esZn V<1, Iy, 24,25, 241 <1

(li) "xn'yn, Zl,Zz,...,Zn_lu >€
iil) "xn + Yn 1211Z2,'~'5Z‘n—1” > 2 (1_ 6(6’ Z1’Z23“'5Z‘)‘L—1))
Let 6(e, 21,22, ,Zn_1) = % , then

By + Y 21,230 Zna |l > 2 (1-—5)
Therefore
lirnn—mo ”xn + Yn 21,22, ---'Zn—lll > 2
But, limy,_,e || X + Vi 21,225+ Zn_1]| = 2
This is a contradiction, then, must be Y uniformly convex m
$2 Mann lteration Processes on n-Banach Space.
In this section, we introduce the Mann iteration on n-Banach space, basic properties and some
theorems on Mann iteration on uniformly convex n-Banach space
First, we introduce the Mann iteration in n-normed space.
Definition 2.1
Let M be a nonempty convex subset of a convex n-normed space Y and S:M—M a mapping. Let
{a,} be a sequence satisfying 0 <a,, < 1 for all ne N and},;_; a, = c. Define a sequence {x,}
in M by
X, EM,
Xns1=(1—)x, + @, Sx,, NEN
Then {x,} is called the Mann iteration.
The following results are very useful for approximation of the fixed point of nonexpansive
type mapping.
proposition .2.2
Let M be a closed convex subset of n-Banach space Y and S:M—M be aNonexpansive mapping, p
be a fixed point of S, where {x,,,} is a Mann iteration define by (2.1) then,
a){l xps1—P 21,22,...,Zn—1 1} is a decreasing sequence.
Moreover, lim,, o ||[Xn — P, 21,22, -, Zn_1]| EXIStS
b) {Ix,41 - SxXp41, Z1,22,...,Zn—11} is a decreasing sequence.
Moreover, lim,, o || Xps1 — SXns1, 21,22, ) Zn—1 || EXIStS
Proof
(a) Letpisa fixed point of S, and by using definition (2.1) we have for all ne N.
IXpne1 = Ps 21,225+ sZpn_1l = I(1- <)) (X P)+ <, (SXp- P)s 21,225+ -,Z0—1]
<(A- < )xn-P s 21,22, sZn_q It Xp1Sxp- P 121,22, . Zp 4]
<|xXn- P, 21,22, Zn-ll
Therefore, the sequence {||x,- P, 21.Z2,...,.Zn—1]|} iS a decreasing and hence it follows that
lim, o |Xn — P, 21,22, -, Zn_1 ]| EXIStS
(b). By using (2.1) we have.
IXp41 — SXps1 s 2122, sZn—11 = 1(1- X )(x0-Sx, )H(Sxp- SXpt1 ), 21,22, 025 -1
<(1- < )xp,-Sxy, \ 21,22, .,Z0n—1 |
Hxp- X1 s Z1,Z25- 5 Zp—1
= (1- <)lxy-Sxp, 21,22, Zp—1 |
- (1- )Xy + XSy, 21,22, s Zpn_q |
=lx, - Sxp , 21,225 sZn—1 |
Therefore, the sequence {lx,, - Sx, , z1,Z3,...,Zz,_1I} IS a decreasing and hence it follows that
lim, e |Xne1 — SXne1, 21,22, o) Zn_q|| EXISLS =

The next results will be used in proof proposition (2.4)
proposition 2.3
Let {x,,} and {y, } be two sequences in a uniformly convex n—Banach space Y such that,
Xne1= (1 - ap)xprapy, and lyy, 21,25,...,.2n_1 < ||xpn, 21,22, ..,Zn_1 ||, for allne N
Where{x, } is a sequence of nonnegative number in [0,1] with Y, min{a,,1-a,} = o,
then 0 € {x,, — yn}.
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Proof
Assume for contradiction that, ||x,-Vn, Z1,22,...,2n_11 =€ >0 for all ne N, by using Mann
iteration then,
IXp41s 211225 sZn—1 | <lxp, 21,22,...,2p_1 | <...< x4, 21,23,...,Zp—1 | for all n€ N.
By using theorem (1.2) part (b), then there exist a § = 6(€/y, 21,23,...,2,—1) SUch that.
IXni1s Z1:Z25- - sZn_1l = W(1-ap) X0t Vny Z1:22,- - Zn_ql < X0, 21, Z25- - Zn_1||

[1 - 2min{a,,1— an}6(€/”x1'zl'zz' 71,2250 Zn—1)]

s Zn-1l|”
Therefore,
xn, 21,22, . Zn—1 || < H?:Hl |1, 21, 23, ..., Zn—1 || [1 —2min {d;, 1 — d;} 5]
for all n>1, Since
oy min{ay, 1t} = oo and [T, (1-a;) <exp(-Tiy a;) > 0
Thus
1Xpt1s 211225 - s Zn1l < |1X1, 21,225 . ., Zn—1 ]| €XP (-2 8 ¥ min {@;, 1 — ;}) > 0 as n— oo,
and hence lim,, o || X5, 21,22, < Zn—1 |l = iMyso0 |1V 21, 22, o) Zn_1]| = 0
this is a contradiction m
Proposition 2.4
Let M a nonempty convex subset in a uniformly convex n-Banach space Y and S:M-M a
mapping, with satisfies the condition,
ISX) =P, 21.22,---,Zn_11 < IX—=p, 21,29,...,2p 4l forall x, z;,z,,....z,_1 EM
and p is a fixed point of S, Define a sequence {x,,} in M by using (2.1) and Y51 min{a,,1-a,} = «.
Then lim inf Ix,, —Sx,, , z1,25,...,Z,_11=0
Proof.
By using Proposition (2.2) we obtain That lim,,_, ||x, — P, 21,22, -, Zn_1]| €Xists, for p is a fixed
point of S. Therefore,
ISx,, — P, 21,22, sZn_1l < x5, — P, 21,23,...,Zn_¢| for all N€ N
And
Xns1 — P =(1-ay) xpta,(Sx, —p) foralln e N
From proposition (2.3), we obtain that lim inf Ix,, —Sx,, , z1,25,...,Z,_11=0 =
The following proposition we will demonstrate using the characteristic (2.2) and (1.3)
Proposition 2.5
Let M be a nonempty closed convex subset of a uniformly convex n-Banah space Y and
S:M—-M be a quasi—nonexpansive mapping that has at least one fixed point p. Let {x,,} be the mann
iteration defined by (2.1), where {a,} is a sequence of nonnegative numbers that is
bounded away from 0 and 1. Then
lim, e || Xy — SXn, 21,22, .,Zn—1 1=0.
Proof
By using Proposition (2.2), we obtain That lim,,_, ||X, — P, 21, 22, -.-, Zn—1 || €XiSts, Suppose that
im0 (X0 = P, 21,22, s Zp—a || =T Since Xn+1 —P = (1_an)(xn - p) + an(an —p) and
ISx,, — P, z1,22,...,Zn_1l < Ix, — P ,21,23,...,24—1 |, It follows from Proposition (1.3) that
lim, o |[|X, — Sxpn, 21,22, -Zn_11 =0. =
From the theorem found in paper [7, p.370] which states (Let S be a nonexpansive of a convex
subset of uniform convex Banach space Y into itself with at least one fixed point, assume ), o« (1-c<,,)
diverges, then the sequence{(I-S) x,, } converge to 0 for each initial point x; € Y ), we generalized this
theorem to n-Banach space
Theorem 2.6
Let S be a nonexpansive of a convex subset of uniform convex n-Banach space Y Into itself with
at least one fixed point, assume ), «,(1-c,) diverges, then the sequence{(I-S) x,,} converge to O for
each initial point x; € Y, where {x,,,,} is defined by (2.1)
Proof
If p is a fixed point of S, by using proposition (2.2) part (a),
IXps1 =Py 21,225 sZn—1l < ||Xn- P\ 21,22,---,Zn_1| for all n€E N (1)
Since S is nonexpansive,
Iy, - Sxp, 21,22, s Zn1 | < || (Xn- P) - (Sxp-P), 21,225 - -, Zp—1|
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<2|[xp- Py 21,225 - s Zpn_1ll
We may assume there is an a> 0 such that ||x,- p, 21,23,...,Z,_41 > afor all n. and by
using proposition (2.2) part (b),
IXp41 — SXni1r 21,22, sZn—1 | < Ixy - Sxp, 21,25, .,Zp—1 |
If {(I-S) x,,} dose not converge to 0, then there is an e > 0 such that
Iy - Sxp, 21,22, .,2n—1 | = € for all n.

letd =2 6( E/”x1 | ,Z1,Z2,---,Zn—1)- By Using theorem (1.2) part (b) and (1) we get

IXp41 = PiZ1:2Z2,- . s Zpn—1l <||Xn- Py 21,22, ., Zn 1 1-¢, (1 o¢)) d |- P, 21,225+ s Zp—1 |
< |1 Xn-1- Py 21,2250 sZn—q | - g (1- ¢ _4)
d||%p-1- PsZ1.22,. . -»Zn—11-% (1 =) d]||Xn- P.21,225- - s Zn—1]
S |xp—1-P 121,225+ Zn—1 1 = [|Xn- Py 21,22, -»Zn—1 |
d(ocn—l(l' ocn—1)+°<n(1' ocn))
By induction we have,
IXpe1 — PiZ1:225- s Zn—1l | Xn1-Ps Z1:225- - »Zn—11-11X1- P» Z1,Z2,+ . -»Zp 1]
'”xn' Py 21,22,....Zn1 Id Z;(l=1 Xk (1 - OCk).
Therefore,
a (1+d Yoy o (1 — o) < [|x1- P, 21,22, Zp—1]
This gives a contradiction since the series on the left diverges. m
Definition 2.7
Let Y be an n-Banach space and let M a subset of Y. A mapping S:M-Y is called demicompact if
it has the property that whenever {x,, }is a bounded sequence in Y and { Sx,, — x,, } is convergent, then
there exists a subsequence {x,, }of {x,} which is convergent.
Corollary 2.8
Suppose M is a closed bounded convex subset of Y, S and{a,, }satisfy the hypothesis of theorem
(2.6). Suppose I-S maps closed bounded subset of M into closed subset of M ( in particular, if S
is demi compact (2.7) ). Then for each x; €M, the iteration process defined by (2.1) converges to a
fixed point of S.
Proof
Let V denote the closure of the set of iteration x,,. By Theorem (1.14), 0 is a cluster point of (I-
S) V. But (I-S) V is closed so 0 € (I-S) V. Then there exists a subsequence x,, converging to a

fixed point p. By equation (1) in theorem (2.6) and x,,, — p imply that x,, — p
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