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Abstract

The main goal of this work is to obtain new geometric properties for
meromorphic multivalent functions in the punctured disk (UD)* = UD\{0} =
{z:zeCand 0 < |z| <1}, so we presented a new class Jf_’,‘,‘(ﬁ, 6,6) by using
Hadamard product. In this paper we obtained many important properties such as
coefficient estimates, radius of convexity, distortion theorem, convex combination
and closure theorem. In addition, we derived the integral transforms and Hadamard

product for functions belonging to the class ijf(ﬁ, 6,6).
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1. Introduction
Let ).(p, ) be the class of all meromorphic functions of the form:

x(2) =z7P + X7, agzc_p (p,i €N =1{1,23,..}), (D
which are analytic and p —valent in the punctured disk (UD)* = UD\{0} ={z:z €
Cand 0 < |z| < 1}

A function y(z) € Y.(p,4) is said to be the meromorphic p —valent starlike function of order

w if
zx'(z) }
Re{— > w 0<w<p),
{ x(2) ( P)
forall z € (UD)". This class is represented by the symbol MS;(w) [1-4].

A function y(z) € Y.(p, ) is said to be the meromorphic p —valent convex function of order

w if
zx"(z) >}
Re{—{1+ > w, 0<w<
(5 (O=w<p)
forall z € (UD)". This class is represented by the symbol MC, (w), [1, 2], [5].

In this work we will use the Struve function that was presented and used in many previous
works see [6] which is defined as follows

p oy bL —r—1 C){(\/_/Z)2{+T+1

Urpe(2) =2 vl (r T 2 ) 25 0r(<+3/z)r(r+z+(b+z)/z) o
Ce/nt o

2820 G retar; - (z € UD)

and

£ A _ 0 (—(,‘/4-)< {+1 _

Ua,C(Z) - ZUT,b,C(Z) =z+ 2(:1 (3/2)((&){ z ’ [7 9]

where 7,b,c€ CCa=r+(b+2)/2 #0,—1,-2,.. and (a), is the Pochhammer symbol
(or shifted factorial) expressed terms of the gamma function, by
(@) =M={ L (¢=0)
7 T(a) ala+D@+2)..(a+{—-1) (( eN={1,23..)).
The Struve functions has undergone many complexities and investigation see [10]. Struve
functions have application in surface-wave and water-wave issues, unstable aerodynamics
resistive MHD instability theory and optical direction. Struve functions have lately appeared
in a number of particle systems [11]. By setting
(=c/9)° ._
acp(Z) z P+ Z (3/2)5(0,)( FARS

By using the convolutlon (or Hadamard product), we defined a new operator

350 0D - ) (0.

which is defined as follows

«,a _ R w  (—c/8)¢ I-p
SC,pX(Z) - Sa,c,p(z) * X(Z) = Zz + Z{:i (3/2)((&)( a(Z (Z € UD) (2)

Definition 1.1: A function y € Y.(p,4) is said to be in the class Jg'{,‘(ﬁ, 6, 6) if it satisfies the
following condition

Zp+1(S€ aX(Z))

(3p-DzP4(35x(2)) +(3p6-p)
where 0<6<1, :<B<10<8 <p.

<6 (ze€ (UD)Y, (3)
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2. Coefficiente estimates
Theorem 2.1: A function y(z) defined by in Eq.(1) is in the class Jg’;}(ﬁ, 6,6) ifand only if

S5 €= P) il (14366 = 6) a¢ <368(p —9), )

for0<6<1,;<B<1,0<8 <pp€eN.
Proof: Suppose Eq (4) verified. We get

|27+ (858x@) +p| - 6|38 - D2 (352x(2)) + (388~ p)

Provided

[} _ (_C/4)< 4 | _ | _ _ %) _ _ (_0/4)5 ¢
|Z<=¢ € =P G, w2 | ~03F0p —0) — XemBF — DU —P) 5o, @z | <
0. (5)

For |z| < r = 1, the left side of the inequality (5) bounded from above by

o (7 o\ e/t ¢ _ _ o (o e/ ¢
2i= C =P Grpnm, &7 308 —6) + 2= 603 —- DU - Pl gy, & <

o0 (—c/4)¢
2= ((—p) Gy (1+368—6) a; —36F(p —6) < 0.

Hence, x(z) € Jgﬁ(ﬁ, 5,6).
Conversely, assume

Zp+1(s( X(Z))

(3-DzP1 (585 +(p5-p)

00 IO
Z{—¢ ({ p)m a<Z(
- i el <6, (z€(UD)".

38(p-8)- £2,(38-1 G- p)(g/;)/‘*()a) agz¢

The fact that |Re(z)| < |z| for all z allows us to arrive at
o (=c/98
2( =i C-Pomr a Zz
Re /2@ <6, (z€ (UD)). (6)

3B(p-8)-X2,3B-1(¢~ p)(a(/zc)/(f)g agz¢

Choose z values on the real axis now such that zP*! (§('“)((z)) is real. Upon clearing the
denominator in Eq (6) and allowing z — 17 to take on positive values, we get
(=c/4)°
1+ 368 —6) a; <36 —0).
Z(é D) G, (308~ ) ar <3680 - 9)

We may simply establlsh the following coefficient estimates from Theorem 2.1.

Corollary 2.2: If the function y(z) defined by Eq. (1) belongs to the class J (ﬁ 6,6) then
36B8(p — 6)(3/2)¢(a)¢ .
“E T paraep-g oo oPieN
The conclusions are sharpe for the function
1., 368 (p — 6)(3/2)¢(a)¢
( /DG —p) (1+368-6)

and f§ = 6 = 1in Theorem 2.1, we have

Z$-p

x(z) =

Putting c = —4 and (a); = (3/12)
g

Corollary 2.3: A function y(z) defined by Eq. (1) is in the class 35(6)(0 < <p)ifand
only if
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Z((—m a; < (p - o).

Remark 2.4: If y(2) era(l S, 1) then
. (3/2)5(005 (p—96)
CF TG

and equality holds for
1 3/2)(@); (- )
1=t - -

((=i,pieN)

3. Distortion Theorem
Theorem 3.1: If the function y(z) is defined by Eq. (1) which is in the class ijg(ﬁ, 6,6),
thenfor 0 < |z| =1 < 1,

1 36B(p—95) 1 < 17(2)| < 1 368(p—96) 1 o
r? p(1+36—-6)r P = rp p(1+36ﬁ 6)rP
and
P _36p-9 1 _ .. _ P  38G-0) 1 ®
rp*1 (14368 —6) rr+1 = - P+1 (1+ 368 —6) rr*+t’
The function x(z) given in the following form
x(@) =5+
36B(p—8) 1
p(1+36B—6) zP’ )
is satisfied by the bounds in Eq. (7) and Eq. (8).
Proof: From Theorem 2.1, We have
(—c/4)°
1+36 62 a Z 1+368 —6) a; <368(p — 6
p(1+368-6) ) ag< ) (- (3/2)()( B ~6) a; <368(p — 8)
this means that
o 3668 (p—9)
Yemiag < p(1+368-6)"
Therefore, for 0 < lz| =r <1,
< t—p < 1 1
(@) —+Za¢r §+ﬁZa¢ (10)
{=i
1 36/3(;9 6) 1
“r? p(1+368—06)r?
and
1 1 1%
|X(z)|z§—za¢r Pz g (11)
{=i {=i

1 36B(p—6) 1
—r? p(1+368—6)r?
Eq.(10) and Eq. (11), yield Eq. (7). From Theorem 2.1, it also follows that

368 (p — 95)
Z({ p) a % =T +368—0)

Hence,
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' p —p—
X @I S+ ) G —p) agréet
{=i

= r5+1 r1o+1z (€ —p) ag (12)

p 365(29 5) 1
~rptl (14368 —6)rrt!
and

: p —p—
K@l == ) € =p) agrér
(=i

>rf+1 rp+1z(< p) ag (13)

P 36ﬁ(p 6 1
~rptl (14368 —6) rrtt’
The function y(z) defined in Eg. (9) can be observed as extremal for Theorem 3.1.

4. Radius of convexity
Theorem 4.1: If the function y(z) defined by Eq. (1) belongs to the class Jf,’z‘,’(ﬁ, 6,6), then

x(z) is meromorphically p —valent convex of order w(0<w<p) in 0<|z|<
r(a,{,c,p,B,0,6), where

[ p(p — ) (—c/49)*(1 +368—6) |
368(p —6)(3/2);(a)¢;({ +p —w)

r(a,{,c,p,pB,6,6) = (14)

(=i,pi €EN).
The concluded product is sharp.
Proof: To prove theorem we need to show that

(ZX’(Z)))(;W,(Z) <p-—w for0<|z| <r(a/]cppB, 35, 0).
(zx' (@) +px' @ | _ ‘ S8 0@ —pagztP | R Q- pagrt
x'(2) C|mpz P+ 32— p)agzs P T p — 22, — plagrt
Hence,
(@) eor@| _ o CPGHD-0) ) o
T <p-ow ifYz: ow) KT <1 (15)

from Theorem 2.1, it follows that
o (= p)(—c/H°(1 +36p —6)
. 3B - 06/ @; %= (16)
Given Eq.(16) it follows that Eq. (15), is correct if
(—-p)((+p—w) < (( —p)(=c/4)°(1 + 368 —6)
p(p — w) ~ 368 —6)(3B/2)¢(a)

((=i,ieN)

or
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_ =) (—¢/H°1+368 - 6)
= 3680 — 0)(3/2)(@;C +p— )

1

p(p —w) (—c/4)°(1+366 - 6) [

in other words

r< (=i,p,i€eN).
36800 — )3/ @G +p—w)| =17
5.Extreme points
Theorem 5.1: Let y;,_4(2) = Zip and
_ 1 368(p-8)3/2)¢()¢ 7y , .
Xe-p @ = 5t T g 2 0 (2 LPIEN).

Then y(z) belongs to the class Jg’g(ﬁ, 6,6) if and only if it can be written in the form

XD = ) e 2p(@)
{=i-1
Where pz_p, = 0and X2, ng—p = 1.

Proof: Let

x(2) = Z?:i—l M¢-p Xf—p(z); where M¢—p 20 and Z?:i—l Mg—p = 1.
Then,

x(z) = XeZi1 Mg—p Xg—p(2)

= ni—1Xi-1(2) + Z?):i Me—p X¢—p(2)
_ o 1 o 1 368(p—8)(3/2)¢(a); -
- (1_2(=l ”(—p)z_p'i'Zg‘:l n(—p (Z_p-l_ (—c/4)<({—p)(1+36ﬁ—6)z p )
368(p—-6)(3/2)¢(a); -,
—c/4)%({-p)(1+36B-6)

= Zip + 2?;1- M¢—p (

since

FO e 36B(p—5)(3/2)¢(a)¢ _(—c/4)<(<—p)(1+36/;_6)
{=iT=P (—c/0)%(¢-p)(1+368-6) " 368 (p—56)(3/2)¢(a);
=Yeifg—p =1—p-1 <1

This shows that x(2) € J¢5 (B, 8, 6).

Conversely: suppose that y(z) € Jgﬁ (B,6,6) and consider

_ woo (=¢/9(-p)(1+36B-6) , ,

- = Lii Ses0p-0)G/0a; % =P IEN)

and I"li_l = 1 - Zgozl rl(_p

Then,

Zgo=i—1 Mo—p X—p(2) = Ri—1Xi-1(2) + Z?ﬂ Me—p X¢—p(2)

_ (1 _ v 1, cw (o/S@-p)+36=6) [1 36Bw-8)3/D¢@; .

= (1= E&ine-p) 55+ X 368(0-8)(3/27 (@7 S [zp Y i (4365-5) > ]
o (—c/9)°(-p)(1+36B-6)ag 1

= i —_ @ i . - @ ¢{-p
zP Xg=iftg-p pr X=i 368(p—-6)(3/2)¢(a);  zP *2miagz

1 o) —
= Z_p + Z{=i azzz p
= x(2).

6. Convex combination
Theorem 6.1: The class Jf,’g(ﬁ, &, 6) is closed under convex linear combination.
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Proof: Let
1 - ,
xj(2) = -7 + z agjz*P (ag’j >0;j = 1,2) 17)

belongs to the class Jf;,‘}(ﬁ, §,6). We need to show that the function 4 is defined as follows
h(Z)=A-x1(2) +ty,(z) (0<t<1)
also, it belongs to the class ij’;‘(ﬁ, 8,6). Since

1
A2) =+ Z[(l —t)agy +taz,]z8 P (0<t<1)
=i
and by Theorem 2.1, we have

w -p)(=c/9)¢ _ _ _ 1 w (§=p)(=c/9)°
Z{=4L W(l + 36ﬁ 6) [(1 t)am + ta(’z] = (1 t) Z(:/L —(3/2)<(a)< (1 +

—)(— ¢
368 —6) + Y2, —“(3’2;(0({)‘? (1+ 368 —6)

<(1-1t)36B(p—96)+t36B(p —5) =368(p —6).
so A(z) € Jé’,f(ﬁ, 8, 6). Hence, the proof has been completed.

7. Closure Theorem
Theorem 7.1: Let y; € Jgg(ﬁ, 5,6),k=1,2,..,tthen
t

() = ) e xl@) € I55,6,6)
k=1

For yx(z) = ziv + X0mi agjkzi‘p where Yt _ e, = 1.
Proof: We will rewrite
~ 1 0 _ 1 0 _ 1
3(2) = Th=1x (z—p + X agkz’ p) = Yk=1 € p T Yh=1 Xiiex agpzt™P = i
Y7ei Dk=1€k agzs7P.
Furthermore, since y,(z)(k = 1,2, ...,t) belongs to the class ij}(ﬁ, §,6), then by Theorem
2.1, we get

] (—C/‘l')(
=i ((—p) /D)@ (1+36 —6) agx <366 — 4).

So, it is sufficing to prove that

oo _ _ 4 J
(€ —p)(=c/4) (14368 — 6)( E ek ac,k>
{=i

(3/2)¢(a); )

_ i LN €=/
k (3/2)5((1)(

t

(14368 —6) agx < Z e, [368(p — 8)] = 36B(p — 6).

k=1

k=1 (=i
As required.

8.Integral transforms
Theorem 8.1: If y(z) is in the class ijg(ﬁ, 8, 6), then the integral transforms
1

Frapa @) =1 [0 @), 0 <t < o0

0
are in the class Jf,(@), 0 < 6 < p, where
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B _ p*(1+36B —6) —36p(p — &)t
6=00hF367) = pr(1+ 368 — 6) '

the result above is the best possible for the function y(z) given by Eq. (7).

Proof: Suppose x(z) = Zip + 2oz azzf‘p € ijf (B, 8,6). Then we get
1

Frap-1(2) =71 f VP y (vz)dv

0
oo

—1+E i ¢
= arzZ .
LT+ d

=i

In view of Corollary 2.3, it is sufficient to show that
z (-p) =
a; < 1.
(p—98) t+¢

Since y(z) € J (ﬁ 6,6), we have

c { +
2( g (Zsé),l)?ip—{;)(;/lz)j(ﬁrgqﬁ) =1
Thus,
(-pr  _(- p)(—c/4)¢(1 + 36 — 6)
T+D@-0) " 368 —6)(3/2)(a);
for each ¢,
)

P(( p)(—c/4)°(1 + 368 — 6) — 36B(p — §)(3/2);(a)(§ — P)T (18)
(=PI (=c/N(1+368 —6)(T+ ()

Since the function that appears on the right side of Eq. (18) is increasing for each ¢, we will
set { = 0in Eq. (18), we have
p 2(1+368 —6)—36B8p(p — 8)1
pt(1+ 368 — 6) '

9.Hadamard product properties
Definition9.1: For the functions

xj(@)=zP+EZ,a.z°7 (i EN={123,.1})=
1,2), (19)
the Hadamard Product or (convolution) of the functions y; and y, denoted by y; * x, , thatis

O x2)(2) =z"P + Zama(,z AR
(=i
Theorem 9.2: Let the functions y; (j = 1,2) defined by Eq. (19) be in the class

Jés(B,8,6). Then (x1 * x2) € Jey (B, 5,6), where

3 36B(p — 6)*
§= p(1+ 368 —6)
The result is sharp for the function xj(2) (j = 1,2) given by
36p(p—96) 1 .
xi(z) = (1+36ﬁ 5770 = 1,2,p € N).

Proof: In order to prove this theorem we will use the schild and Silverman technique that was
used recently in [12], to find largest & such that

1183



Hamaad et al. Iragi Journal of Science, 2025, Vol. 66, No. 3, pp: 1176-1185

- (= p)(—c/4)°(1+ 368 — 6)

— 368 (p — §)(3/2)¢(a);
for y; € Jg’;,l(ﬁ, §,6),(j =1,2).Since x; € Jgﬁ(ﬁ, 5,6),(j = 1,2), we will easy get that
- (= p)(—c/4)°(1+ 368 - 6)

— 368 (p — 6)(3/2);(a);

So, by applying the Cauchy-Schwarz inequality, we have
o ({—p)(—c/4)°(1+368 —6

e 6))((3/2)4(5( a1 (20)

This means that we need to show that
ag1ag2 < v @g,19,2 >

-5 = s CZLPEN).
More simplify, that

a(,la(,z < 1,

a(‘j <1 (] = 1,2)

NAZETEF IS Eg : 2 ({ =4,p EN).

Then and by the inequality (20) it suffices to show that
368 (p — 6)(3/2);(a)g -9 .
C-D/D+368 -0 -0 "= @D.
From Eq. (21) it follows that
36B(p — 6)*(3/2)¢(a);

€ < p— — — F¢ —
(¢ —p)(—c/4)*(1+ 36 —6)
Now, if we define the function Q as follows
00 =p - 365 (p — 6)*(3/2)¢(a)¢

({ —p)(=c/4)%(1+36p —6)

But
_ _ _36B(@=8)2(3/2)¢(@)g_[(c/N+(3/2+0)(a+{)(E~p)

0C+D -2 = (¢-p)(=c/4)%(1+36B-6) (+1-p)(c/®) ] >0,
for 0<6<1, és B <1, 0<4§ <p. Therefore, the function Q(¢) is an increasing for
each ¢. Hence, we conclude that

§<9(0)=p+
this finishes the proof of Theorem.

= 4).

({ =4).

36B(p — 6)?
p(1+ 368 —6)
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