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Abstract

The aim of this paper to presented a class of interesting fuzzy integral nonlinear
equations involving nonlinear fuzzy function of other multi fuzzy nonlinear functions
that presented in fist time, the formula under study is an interesting type of a fuzzy
nonlinear Volterra integral equation which defined on fuzzy numbers that has lower
and upper functions. The Housdorf fuzzy metric space on fuzzy numbers and a fuzzy
metric space on a fuzzy continuous functions and the space of all uniform modulus
of absolutely fuzzy continuous functions have been given in details. Also the observer
results investigated on parameter cases of fuzzy problem formulation, some necessary
and sufficient conditions of boundedness and locally Lipschitz for different fuzzy
functions and differential of them and also using Leibnitz rule for presented fuzzy
problem formulation. The locally existence and uniqueness solutions in the space of
all uniform modulus of absolutely fuzzy continuous functions which is generalized
of fuzzy number space and established on contraction condition which proved by
using the properties of fuzzy metric space this certain space. Also used concept of
fuzzy Riemann integral and normed function to prove interesting results and
illustrated in some examples to clear the proposal fuzzy integral nonlinear equations
has a solution in certain fuzzy space that in firstly explained with different metrics
spaces and normed properties and satisfied all the hypothesis for the component of
the equation and obtain the estimations of the suggested conditions on certain fuzzy
metrics as a stuffiest condition for grantee the assuming equations has a fuzzy
solution with their lower and upper parameters.

Keywords:  fuzzy number, nonlinear voltera integral, uniform
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1. Introduction

The fuzzy differential equations are considered as one of the basic equations in the field of
engineering modeling, medical and physical applications, as most of their models are defined
in fuzzy sets, and therefore the solutions are fuzzy, so they are confined between an upper value
and a lower value, and these equations may consist of Volterra and Fredholm integral
formulations. Sometime these fuzzy integral equations need some initial conditions or
boundary conditions.

The interesting issue in analytic of fuzzy integral equations is the constriction of
boundedness as well as necessary and sufficient conditions of convergent, so we presented the
following researchers such as some of them studied the sufficient conditions for the solution to
be of fuzzy integral equations is bounded in [1].The approximate solution of nonlinear
Hammerstein fuzzy integral equations that is nonlinear, moreover the convergent of
successive approximations method have been presented in [2]. The second kind of linear
Fredholm fuzzy integral equations instructed their analytic solution by using parametric form
of fuzzy numbers, see [3]. In [4], the fuzzy Volterra integral equations with time lag, also the
efficient iterative and equivalent of uniqueness and convergence of the method had been given
in details. Sometime studied together analytic and approximate solution and presented reliable
numerical algorithm. The convert of linear fuzzy Fredholm integral equation to linear system
of second kind integral equation is studied with fuzzy number parametric form, [5].as well as
the new interesting results of common fixed-point used in applications on stochastic volterra
integral equations achieved contraction prosperity, [6]. In [7], the ordinary approximation
technique is used to solve fuzzy Fredholm integral equations with respect fuzzy valued
functions is introduced by classical approximation.

The hybrid method for computation solutions of equations with degenerate kernel devoted
in [8]. The optimal values of solution appeared by using homotopy analytic method in [9]. The
existence and uniqueness are interested in many articles which is established the analytically
and approximate solutions in different approaches for different methods where their targets are
integrals have types Volterra and Fredholm. [10], [11],[12],

The fuzzy differentiability and integrability studied with a new notion correlated fuzzy
processes on time scales was happened in [13], fuzzy Volterra and Fredholm integral equations
with the convolution type kernel forced the integral fuzzy problem under Hukuhara
differentiability used fuzzy Laplace transform method , [14]. In [6], the mixed of two technical
of methods such as fuzzy Lagrange interpolation and the fuzzy Gauss-Legendre quadrature
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formula for establish collocation method based are interesting to solve linear and nonlinear
fuzzy integral equations of two-dimensional and some main results for convergent

There are many numerical methods such as embedding method, Adomian method, Adomian
decomposition method, variational iteration method and homotopy analysis method was used
to compute a numerical solution for fuzzy differential and integral equations which investigated
with different types of kernels functions and some of them used weakly singular kernels where
in the domain of integration may change sign, or some time approximated the fuzzy delay
integral equations by piecewise fuzzy polynomial interpolation see [15], [16]. Also the
numerical algorithm for solving Fredholm and Volterra Riemann integral second kind and
two-dimensional nonlinear fuzzy integrals, all have been presented to convert to a nonlinear
system in a crisp case, see [17], [18], [19] and analytic of solution for second kind fuzzy
Fredholm integral equations, [20]. The optimal homotopy asymptotic method which is efficient
algorithm for solution of system of fuzzy Fredholm integral equations with two dimensional,
[21].

The existence and uniqueness of solution for the Volterra-Fredholm nonlinear integral
equation with fuzzy parameters have been presented in [22].In [23], Sharif et al. solved the
one-dimensional fuzzy integral equations studded with fuzzy Laplace transform method.
Double fuzzy sumudu transform used for solving Volterra fuzzy integral equations were carried
by Alidema and Georgieva in [24]. The existence and uniqueness of nonlinear VVolterra Fuzzy
Integral Equations solutions have been investigated in[11]. Fuzzy integral equation with
nonlinear fuzzy kernels has been studied with analysis of convergence which introduced in
[25]. In[26],fuzzy integral equations of product type have been studied their existence and
uniqueness solution. Additionally, in[8], the Integro-differential equations are nonlinear fuzzy.
An Application for fuzzy Integral Equations by new Contraction studied in[12].

The aim of this paper to study the existence and uniqueness solutions of some fuzzy integral
equations in uniform modulus of absolutely continuous functions space and explained in details
by some illustrative examples simulated the formulation of fuzzy integral equations.

fi(t, o) = f(t, @)+ (FR) fatl’5 (t, s, F1(ts,u(s, @), Fy(ts,uls, a))) ds (1)
where F:[a,b] x [a,b] X Rg X Rg = Rp , f(t,a):[a,b] X [0,1] = Rg
, F1, Fy: [a,b] X [a,b] X Rg = Rg and {i(s,a): [a,b] X [0,1] — Rg.

This paper contains four sections: In section 2, some basic preliminaries, namely definitions
such as Hausdorff metric on fuzzy number set, the fuzzy space of continuous functions and the
first study in this paper is the space of all uniform modulus of absolutely fuzzy continuous as
well as the fuzzy matrices defined on theses spaces to satisfy the purpose of the Remain fuzzy
integrals. In section 3, studied and presented necessary and sufficient hypotheses to achieve
existence and uniqueness for classes of fuzzy integral equations with suitable matrices and
norms defined on related fuzzy differentials and integrals. In section 4. We give an illustrative
example to prove the conditions proposed for existence and uniqueness of some fuzzy integral
equations. Lastly, conclusions are shown in section 5.

2. Preliminaries

In this section interesting definitions and results used as a basic concept of existence and
uniqueness for presented fuzzy integral equations.
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Definition 1, [26].
If the following properties are satisfied for the function u: R — [0,1], R is a real number
such that
(1) there exist a, € Rsuch that u(ay) = 1. Then u is normal.
(2) u(Aa+ (1 —2)b) = min {u(a),u(b)},vab€e R,0<A<1.Thenu is convex fuzzy
set.
(3) u is the upper semi-continuous on R.
(4) The support [u], = cl{a € R:u(a) > 0} is a compact set .
Then u is a fuzzy number and the set of all fuzzy numbers is denoted by R.

Remark 1 [27].
1. Any real number a € R which can described as @ = x,; and therefore R c Rg.
2. The r-level set [u], = {a € R:u(a) > r} that is a closed interval [u], = [u,, U]
forall0 <r<1.
3. (g(r),ﬁ(r)) is a fuzzy number defined as the following u(r) is increasing and u(r) is
decreasing functions u,u: [0,1] = R.

Definition 2 [27].

For uve Rg and A € R, the sum u+pv defined by [u+v]. = [u], + [v]. which
represented the addition of two intervals (as sub sets of R) and the product Au defined by
[Au], = AJu],,forall0<r<1,.

Definition 3 [28].

The algebraic prosperities on Ry defined as follows:

for any u,v,w € Rg, we have that

1. u+F(V+F W) = (u+F V)+F w and U+gV=V+gu

2. u+g 0 =045 ufor 0 = x

3. (a+gb).pu=a.pu+gb.gu, forall a,b € R with ab > 0.
4. a.p (u+gv) =apu+gagpvforall aeR

5. ap(b.pv) = (agb).gu,foralla,be Rand 1lpu =u.

Definition 4 [29].
The distance between fuzzy numbers defined by:
D(u,v) = sup {max (|u, — v;|, [u; = V;|} for all u,v € Rg which is called Housdorff
refo,1]

metric.

Lemma 1 [29].

The Hausdorff metric has the following properties for all u,v,w, e € Rg

1. (Rg, D) is a complete metric space

2. D(u+gw, v+gw) = D(u,v)

3. D(u+pv,w+ge) < D(u,w)+gD(v, e)

4. D(kgu,kgv) = |Kk|D(u,v), forall k € R.

5. (ky.pu ky .pu) = [k; —k;|D(u,0), forall ky, k, € R withk;k, > 0.

The property (4) gives the usual norm which is defined by the function |[|.]|: Rg = R such that
llul]| = D(u, 0) and we have to use it in throughout the article.
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Lemma 2 [30].

If £ 8: [a,b] < R — Ry are fuzzy functions which is continuous, then the function F: [a,b] —
R* defined by F(t) = D(f(¢), &(t)) is continuous on [a,b]. Also D(f(t),0) = ||f®)|| < M for
all x € [a,b], M > 0 that is fis Globally bounded.

Definition 5 [30].

Let @ : [a,b] — [0,1] be areal valued function, for every partition p=[yo, 1, ..., ym] Of [a,b]
and every n;e[yi—1,yil, 1< j < m, we define sq = 20 0(m) (yi — yi-1)
Now let A;= max|y; — yi_4|, i=1,2,...,m then for B(y), over [a, b] the defined integral can be

written as Alin% Sq = fab @(y)dy and the parametric form may be represented as fab B(y)dy =
=
b b—
(12 00 0dy, [0 B(3, kdy)

Lemma 3 [30].
If (FR) Remain integrable fuzzy functions, and real numbers defined by f 8:[a,b] —
R, then

(FR)J, (ot (O +£B.r B(OYD) = o (FR) [, F(©)dt +5B.5 (FR) [} B(0)dlt

The following definition included the different fuzzy metrics on different fuzzy spaces related
among them are interesting to prove the existence of solution for proposal fuzzy nonlinear
equation (1), and also achieved interested condition is a completeness.

Definition 6.

1. The fuzzy space of continuous functions over [a,b] denoted by Cr([a,b]). The metric
defined on Cg([a,b]) is D*(f,g) = supa<t<p D(f(1), g(t)), for all f g € Cp([a,b]) and
complete fuzzy metric space. [13]

2. The function w, ) (f, §): R* U {0} — R* defined by
W[ab] (f, 8) = SUp{Z?zl D(f(tl),f(fl)) ; ti'fi € [a, b], ?=1|ti — tlll < 8} is called
uniform modulus of absolutely fuzzy continuous of f € Cg([a,b]),a<t, <t;<b.

3. Letf e Vg([a,b]) be the space of all uniform modulus of absolutely fuzzy continuous of f

on [a,b] and fat (D (% f(v), 6)) dt is a fuzzy Riemann integral.
4. The fuzzy metric defined on Vg([a, b]) as follows:
. Y )
DH(Iy, Tz) = D* (11 (1), To(6)+¢ [, D" (5= 11 (%), 3= T2 () dx,

for any I',, T, € Vg([a,b]) and Vr([a,b]) is a complete metric space corresponding to a
complete fuzzy metric space (Cg([a, b], D*).

The main results of this paper is to prove the existence and uniqueness of Fuzzy integral
equations in (1) on Vg([a, b]) be the space of all uniform modulus of absolutely fuzzy
continuous of f on [a, b] by using metric space D¥(.,.) defined in definition(6) (4).

3. Main Results

In this section the fuzzy problem formulation has been presented with Remain fuzzy integral
and fuzzy operations and take a class of Volterra fuzzy nonlinear integral formulation which
given to study their existence solution.
Consider the following Fuzzy integral nonlinear equation
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{i(t, ) = f(t, @)+ (FR) fat F (t, s, F1(ts,u(s, @), Fy(t, s, uls, oc))) ds
Where F:[a,b] x [a,b] X Rg X Rg = Rp , f(t,a):[a,b] X [0,1] = Rg
, F1, Fy:[a,b] X [a,b] X Rg = R and (s, a): [a,b] X [0,1] = Rg.
And their parameter cases are

{g(t, a) = f(t,a) + (FR) fatF(t, s, Fi(t,s,u(s,a)), F,(t,s,u(s,a)))ds
i(x, a) = f(x,a) + (FR) f:F(t, s, F1(t,s,u(s, ), Fo(t, s, u(s, a))ds
f(t, @) = (f(t, a), f(t, @), (s, @) = (uls, ), u(s, ).

and

Fi(ts,u(s,a)) = {

()

Gy (t,9)U(s, @), Gy(ts) > 0
G1(t,)u(s, @), Gy(t,s) <0
G, (t,9)U(s, @), Ga(h,s) > 0
G2 (t,)u(s, @), Gy(h,s) <0
G1(t s)uls, @), Gy(h,s) = 0
Fi(tsu(s, ) = {G1 (t,s)u(s, ), Gy(h,s) <0
Ga(t,)u(s, @), Gz(h,s) = 0

Fo(ts uls @) :{GZ (t, )T(s, @), Go(h,s) < 0

F(t, s, F1(t, s, u(s,a)),F,(t,s,u(s,a))) =

Gs(t,$)F; (L, s,u(s, @) Fo(ts,u(s, @), Gz(ts) = 0
G3(t, s)F(t,s,u(s, ) Fo(t,s,u(s,a)), Gs(ts) < 0
F(t, s, F1(t, s, u(s,a)),F,(t,s,u(s,a))) =

Gs(t, s)F,(t, s, u(s, o)) Fz(t, s,u(s, a)) ,G3(t,s) = 0

G5 (t, s)F(t,s,u(s, ) Fa(t,s,u(s,a)), Gs(t,s) < 0

F,(t,s,u(s, a) :{

Tt) = fat F(t,s,F,(t,s,u(s,a))), F,(t, s, u(s, a))ds

L(t) = fat F(t,s,F1(t,s,u(s,a)), F,(t,s, u(s, a)ds
Let T(.) € Cg([a,b]), such that

T(t) = (FR) fatf? (t, s, F1(ts,u(s, @), F5(t s, uls, a))) ds
Consider the following hypothesis:

Hypotheses 1.
1. |G3(t,s)| < M;

2. |%Gt)| <M

3. =Gt s)| <M,

4. |26, 5)| < My

5. ||Fi(ts,uls, )| < My lltcs, ol

6. ||F2(t s, us, )| < M. llcs, )|l

7. B(ﬁ(t, oc)) = {l(s,): ||u(s, )| <1}

oo

. D (Fl(t, s,uy(s, @), F1(t s, uy(s, 0()) < L, D(fiy (s, @), U5 (s, )
. (l:"z(t, s,u(s, @), Fa(t s, uy(s, oc)) < L,D(iiy (s, ), fiz (s, @)
10.  (F(ts, Fi(hs,ui(s, @), Fo(h,s,ui(s,00)), F(t s, Fi(h s, up(s, @), Fy(h, s, uy(s,)),)

o
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< LolGa 691 (D (s (65,13 (5, ), Fy (65,5 (5,0
+ D (FZ (tr S, Uq (SI a))l F‘2 (tl S, Uy (SI a)))
11, |IGs(t;,s) — Ga (&, )l < Lslt; — ]

Lemma 4.
Consider the fuzzy integral equation holds the hypotheses (1) as follows:

t
it a) = f(t, ) + f F (t, s, F1(ts,u(s, o)), F2(t s, us, oc))) ds

a
with parameter cases are

Ig(t, o) = f(t, ) +f F (t, s, F1(ts,u(s, oc))),Fz(t, s,u(s, ))ds

t
l (%, a) = f(x, o) +f F(t s, F1(t,s,u(s, ), Fo(t s, u(s, a)ds
a
Then the following statements are satisfied:
1. D (F(t, s, F1(ts,u(s, @), F5(t s, u(s, oc))) < M3;M; M, 72

2. D(F(t, s, Fi(h s, ui(s, @), Fa(h, s, ui(s, 0))), F(t s, Fi(h, s, uy(s, @), Fy(h, s, u,(s, @)
< LoM;(Ly + Ly)D(fiy (s, @), T, (s, @)

3. D (% F(t,s, Fi(ts,u(s,a), Fa(t s, uls, @), f)) < #2(MMM, + M5 (M,M, +
MsM;))
4. D (% F(t s, Fi(ts,u(s,0)), Fa(t s, ui(s, ) —
%F(t, s, F1(t,5,u,(s5, @), Fo (65, u5(s,0))), 6) < (MM,fL; + MMM + MM, #M;L, +
MM, fL; + M3M;fL; )D(i1 (s, ), Tz (s, @)
Proof
1. D(F(t, s, F1(t s us, @), Fa(ts,us,@)),0) <
1G5 (6 )||F1(t s, uls, )| [|F2(t s, uls, )| < MgM;M,£2
2. D(F(t s, F1(h s, uy(s,0)), Fa(h,s,uy(s,0)))
F(ts, Fi(h s, uy(s,0)), Fa(h,s,u5(s,@)),0) < LolGs(t, )|
(D (Fl(t, s,uy (s, @), F1(t s, uy(s, a)) +D (Fz(t, s,uy(s, @), Fo(t s, uy(s, a))) <
LoMs(L; + L)D(uy (s, ), uy (s, @)
3. D (% F(t, s, Fi(t,s,u(s, ), Fo(t, s, us, ), ﬁ) =
”% F(t s, Fi(t s us, ), Fo(t s, uls, o)) ”
< |%G3(t, s)| |F1(t s, u(s, @))F,(h, s, uls, )|
+|G4(t,9)] ||%(if1(t, s, u(s, ) F,(h,s, u(s, a)))||
< M||Fy(h,s,u(s,))F;(h,s,uls, )| + 1Gs(t )| ”% G1(t s)u(s, )F,(h,s,uls, ) +
Fi(h,s,u(s, @) = Gy(t, s)u(s, a)|| < (MM;M, + M3 (MyM, + MgM,))  [li(s, @)1 <

#2(MM; M, + M; (M M, + MsM,))
fort,s € [a,b] and My > 0.
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4,
D (% F(t, s, F1(ts,ui(s, ), Fa(ts,uy(s,00)) (= 1).p % F(t,s, Fy(ts,uy(s,0)), Fa(t s, u3(s, @), f)) -
D (% Gs(t $)F1(t s, us(s,@))F,(t,5,us(s, @) ) (—1).¢ % G3 (6, $)F1(t s, us(s, )
Fao(ts,uy(s, )+ % G3 (6, $)F1(t,s,uy(s,0))F2(t 5, uz(s,0)) —
% G3(t, $)F1(t,5,u,(s,0))F5(t, 5, u5(s, ), ﬁ)
=D (% Gs(t,s) (Fl (ts,uy(s, (x))) (Fz(t, s, up(s, @) (—1).p Fo(t s, u,(s, a)))
+g % G3(t,s) (Fz (ts,u,(s, a))) (Fl(t, s,uy (s, @))—F(t s, uy(s, a))) ,0)=
D (% Gs(t,s) (F‘l (ts,uy(s, oc))) (ﬁz(t, s,u;(s, @) (—1).p Fo(t 5, u,(s, oc)))
+£G3(t,s) % ((F‘l(t, s, uy (s, oc))) (Fz (ts,us(s,0)) — Fo(t,5,u,(s, a))))z
(6 Gs(t,s) (Fl(t s, uy (s, oc))) (Fz (ts,uy(s,0)) — F(t,5,u,(s, O())) +g
Gs(t, s)( (Fl(t s, uy (s, a))) (ﬁz(t s,u;(s,0))(=1).p Fo(t 5, u,(s, cx))))

+rGs(t, s) ((Fl(t s, uy (s, a))) (Fz(t s,uy (s, oc)) Fz(t S, U, (s, cx))))
+5G5(t,s) ((Fz(t s,u; (s, oc))) (Fl(t s, u; (s, O())( 1). FFl(t S, U, (s, a))))

iG3 (t,s) (F‘z(t s, Uy (s, oc))) (Fl (t.s,uy(s,00)(=1).p F1(t 5, u5(s, cx))) +g

Gs(t, s)( (Fz(t s, uy (s, oc))) (Fl(t, s,u;(s, @) (—1).p F1(t s, uy(s, cx)))) ,5):
||—G3(t $)(F1(t s, us(s, ) )(ﬁz(t, s, u1(s, @) (—1).5 Fo(t, 5, u,(s, O()))
+£Gs(t, s)< (Fl(t s, u (s, a))) (F‘z(t s, u1(s,0)) (= 1).p F(t, s, u3(s, a))))
+5G5(t,s) <(F1(t s,u (s, a))) (Fz(t s,u; (s, a))( 1). FFz(t S, Uy, (s, a))))
+F6t +£G3(t, s) ( (Fz(t s, uy (s, a))) (Fl(t, s, u;(s, @) (—1).p F1(t s, uy(s, a))))
+5Gs(t, ) ((Fz (ts,uy(s, a))) e (F1 (ts,uy(s,00)(=1).p F1(t 5, u5(s, oc)))) ”

< |2 Gt 9) || s (t 5 us s, @) [IF2 (65,11 (5, 00) (= Dop Fa (5, u2(5, 00) |+
16t ) || (Fy(t s, us (s, @) ) || || (Ft 5,115, 00) (— D Fat 5,055, 00) ) || +
16t NIFs (65,035 )| |3 (F(t 5, u1(s, @) (=D Fa(t 5,055, 0) ) | +
||%G3(t, s)” |IF2(t s, uy (s, ))||[|F1(t s, ui(s, @) (=) Fi(t s, uz(s, ) ||+
163t ) || (F(t s, us (s, 00) ) || || (Fa(t s i (s, ) (=D Fa (b 5,065, 0)) |+

IG5 (6, ) II||F2(t s, us (s, )| ”%(Fl(t, s,u;(s,@)) (1) F1(t s, uy(s, oc)))” <

MM, fL, D(@i; (s, @), G, (s, @) +

M3M;fL, D(ii; (s, ), fiz (s, @) )+M3M, fL, D(ii; (5, ), Gz (s, @)

+ MM, L, D(ii; (5, ), fiz (s, @) ) +M3MsFL; D(Ti1 (s, ), Tz (s, @) )+

M3M,#M; Ly D(Ti; (s, @), §,(s, ) < (MM, FL, + M3M;£M + MM, #M;sL, + MM,FL; +
M;M;fL )D (i (s, @), @i, (s, «)) and for any i (t, s, ), 0, (t, s, ) are fuzzy valued continuous
functions.
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Theorem 1.
If T(t) € Cg([a,b]) such that

T(t) = (RF) fat F (t, s, F1(h,s,u(s, @), Fo(h, s, u(s, oc))) ds.

Then T(t) is a uniform modulus of absolutely continuous on [a, b].
Proof

i1 D(T(t), T(£;), 0)
=Y. D ((RF) fat' F(t,s,Fi(h,s,u(s,a)),F,(h,s,u(s,a))ds

(RF) fat' F (t, s, F1(ts,u(s, @), F,(t, s, us, oc))) ds, (~))
By lemma (2.7), we get that

o || RE) [ F (5, Fy (t5,u(s, 00), Fy (65, u(s,@)) ) ds (—1).
(RF) fat‘ F (1’:1, s, F1(ts,u(s, @), Fy(t s, uls, a))) ds ”
=1 ” (RF) fat‘ F (ti, s, F1(ts,u(s, @), F,(t, s, uls, oc))) ds
(—1).r (RF) fat‘ F (‘Ei, s, F1(ts,u(s, @), Fy(t, s, uls, oc))) ds ”

n ” (RF) fat‘ G (t;, s)F1(t s, u(s, @) )F,(t, s, uls, a))ds
(—1).r (RF) fat‘ Gs (£, s)F1(t s, u(s, @))F,(t, s, uls, a))ds ”
<>, ”(RF) fat‘ Gs(t;, $)F1 (t s, uls, @) F,(t s, us, ))ds
+5(RF) fttll Gs(t;, $)F1 (t s, u(s, @) F,(t s, us, «))ds
(—1).r (RF) fat‘ Gs (£, s)F1(t s, u(s, @))F,(t, s, uls, a))ds ”
<yn, ” (RF) fat‘ G (t;, $)F1(t, s, uls, a))F,(t s, u(s, @))ds
(—1).r (RF) fat‘ Gs (£, s)F1(t s, u(s, @))F,(t s, uls, a))ds ”
+yn ” (RF) fftii Gs(t;, s)F1(h,s,u(s, @) F,(h, s, u(s, a))ds”
<X f;i”GS(ti: s) — Gz (&, )I[|F1(t s, uls, o) [[||F2 (6. s, us, @) || ds+2iL fftii”G:?)(til s) —

Gz (€, I||F1(t s, us, )||||F2(t s, uls, @)||ds
< Ls XLt —allt; — t| M; My lacs, )l + Ls XL, It — £1% MM, |[is, )] <
Ls XiL1|b — al|t; — t;] MM, >

-~ 2 ~2 €
< 2Ls|b — a|*M; M, ¥ (2E5|b_a|2M1M21~"2) =€

Hence T(t) a uniform modulus of absolutely continuous on [a, b].

Theorem 2.
Let T € Cg([a,b]) such that

d ~ 9 tw - -
ET(t) = Efat F (t, S, Fl(t, s, u(s, a)), Fz(t, s,u(s, a))) ds 3
Then fab (D (%T(t), ())) dt is fuzzy Riemann integrable .

Proof
We have that % T =F (t, s, F1(ts,u(s, @), Fy(t, s, uls, oc)))

+ f:% F (t, s, F1(ts,u(s, @), F5(t, s, u(s, a))) ds then for a fuzzy number A, we have that
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(f:<D(% (0, 6)) at &) -
F(ts Fi(t,s,uls,a),Fu(t,s,u(s, F 'O F t,s, Fi(t,s,u(s, ), F,(t, s, u(s, a s|[dt, A

(L ||F (b5 Pt s us @), Fa(ts,uls,0)) +5 f; o F (65, Fy (6 5 uls, @), B2 (65, u(s, @) ) ds|| de, &)
D

< (J.t”F (t, s, F1(h,s,u(s, @), Fy(h, s, u(s, 0()))” dt,K)
dt,FA)

+D<f:

Where A is a fuzzy Number .
By condition (1) and (2) , we get

D(J; (D (= T, 6)) dt ,A) < MsM, M2 [P de+

i[53 5 (6 Ba (s uGs, @), Pl s, uGs, ) s

Hence,

I\ (D (2T, 6)) dt < MyM; M,#2(b — a) + (b — a)f2(MM; M, + M, (MM, +

MsM;)) < o

Hence, fat (D (%T(t), 6)) dt is fuzzy Riemann integrable.

Let a sub-intervals a < xq < x; ... < x, < b 0Of [a, b] into N, such that Ax = x; — xj_4,j =

D
D

t
0 . - -
L T F (t, S, Fl(h, s,u(s, oc)), F, (h, s, u(s, oc))) ds

1,..,N, and Ax = bN;a , this partition are needed in following result.

Theorem 3.
Let T' € Ve([x;, Xj+ax]) Such that

(@i, (s, @) = f(t, @)+ (FR) fatf?(t, s, F1(ts,uy(s, @), Fy(t,s,u;(s,a)))ds

(@i, (s, ) = f(t, @) +r(FR) fatf?(t, s, Fy(t,5,u,(s, ), Fy(t,5,u,(s, )))ds
Then D¥(I'(%i;),I(fi,)) < D*(di, Giy) for all @iy, T, € Cg([a,b]), and «a € [0,1], and T has
locally existence and unique solution.

Proof
We have that

D#(F(ﬁl)! F(ﬁZ)) = D*(Fl (t, (X), FZ (t' a))-l_F L:HM D*(% 1—‘1 (t, (X), FZ (t, (X))dt
= SUPa<t<b D(F(ﬁl (S! (X))(t), F(GZ (S, (X))(t))
+r(FR) ft?“t SUPast<b D(% (@i (s, ) (v, % I'(i,(s, ) (1))dt
=(FR) J7"" supqeer DG T (81 (5, 00) (0, I(8 (5, ) (©)dt
=(FR) ft?-'-At(supaStSbD(F(tf S, lEl(t’ S, ul (S’ (X)) ’ F‘2 (t' S, u1 (S’ 0())))
JE(ts, Fi(ts,u5(s, ), Fa(t, s, u,(s, ) ds+r(FR)Supacesy
ft: D(% F(t,s, Fi(ts,ui (s, ), Fy(t,s,u; (s, )))
, % F (t, s, F1(t s, uy(s, @), Fy(t s, uy(s, a))) ) ) ds) dt < ft?JrAt (L0M3(L1 +
Ly)D* (111 (t, ), Ty (¢, ) )dt + ft:(MleL2 + M3M; M + M;M,; ML, + MM,fL, +

MsMsPLy )D* (g (t, @), Ty (t o)) ds) dt
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< At(L0M3(L1 + Ly) + (AtLg(MM; L, + MMM + M3M,; £M;L, + MM,fL, +
MgMsfLy) ) D* (8 (6, o), 8z (t, @)
Set At<1 ,o(t) = (LOMg(Ll + L,) + (AtLg(MM,fL; + M3M, #M + M5M;fM;L, +
MM,fL,; + M;MsfL, ) and (L0M3(L1 + Lp) + (AtLy (MM, FL, + MM, M +
MM, ML, + MM,fL, + Mngle))) < (L0M3(L1 + Lg) + (Ls(MM,FL, + M3M, 71 +
MM, ML, + MM,fL, + Mngle)))

1

Take At < , therefore

L3(MM;fLy+M3MqfM+M3M; fM5Ly+ MM, fLq+M3MsfLg )
D¥(I'(fiy), T'({i,)) < Ato (D)D" (i (4, @), T, (6 o)) < At (L0M3(L1 +L,) + (Ls(MM,fL, +
MM, M + MMy ML, + MMPLy + MyMsPLy ) ) D* (uy (t @), u5 (t ) <
D* (i, (t, ), §(t, @), hence
D*(T(Tiy), (1)) < D*(fy, Uy).
Hence I' € Vi([xj, X;+ay]) for arbitrary Ax is a contractive mapping and since Vg([x;, Xj1ax]) is
a complete fuzzy metric space m so by Banach fixed point theorem T has locally existence and
unique solution in Ve ([x;, Xj+ax])-

The following illustrative examples are presented to show the role of necessary and sufficient
conditions to grantee the existence and uniqueness of solution.

4. lllustrative Examples:
Example 1.

Consider the following fuzzy integral nonlinear equation
it a) = f(t, @) + fatF (t, s, F1(t s, us, a))) ,Fy(ts,u(s, a))ds
Has the following upper and lower parts such as

u(t,a) = f(t,a) + ftF (t, S, Fl(t, s,u(s, a))),Fz(t, s, u(s, a))ds

t
(%, a) = f(x, a) +f F(t,s,F1(ts,u(s, ), F2(t, s, u(s, a)ds
a

Where
37 a?t10
f(x’ ) = 224 '
- 37 (5-2)2t1°
@) = 22 and Gy (t,s) = st

Fl(t, s, u(s, a)) = G1(t, s)u(t,)=(t + s)u(t, a)
F2(t s, u(s, @))=G,(t, s)u(t, a) = (t2 — s?)u(t, ) , also

F (t, s, F1(t,s,u(s, a))) ,Fa(ts,u(s, @) = st(t+ s)u(t, o) (t? — s?)u(t, «)
and we have the following upper deceptions of functions
Fi(ts,u(s,a) = (t+s)u(t, o)
F,(t,s,u(s,a) = (t? — s®)u(t, ), also
F(ts,F1(t s, u(s, ), F2(t s, u(s, o) = st(t+ s)u(t, o) (t? — s>)u(t, o)
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Which satisfies the following conditions:
1) |G3(t,5)| = |St| < b2 = M3

2) |Z6Gsts)| =1IsI<b=M

3 |=Gits)|<1=M,

4) |26t s)| <2b=Ms

5 |[Fi(t s us, )| < 2blltcs, @)l = My |ltcs, o)l
6) [[Falt s u(s )| < b2lEGs, 0l = M, iCs,

7) B(u(t @) = {u(t &): [lu(t, )|l < £}, £ is a radius fuzzy number.
8) D (Fl(t, s,uy(s, @), Fi(t s, uy(s, a)) < 2bD(uy (s, @), uy(s, ) =
LlD(ﬁl (s, ), iy (s, oc))

9) (F‘z(t, s,u(s, @), Fa(t s, uy(s, 0()) < b2D(uy (s, ), uz(s, ) =

L,D (i1 (s, ), Tz (s, @)
10)

D(F(t,s, F1(t,s,uy(s,0)), F2(t,5,u4(s,0))), F(t, s, F1(h, 5,u5(s, @),
Fa(h,s,u,(s,@)),0) < 2b? (D (Fl (ts,uy(s,0)), F1(t s, uy(s, oc)) +
D(Fz (ts,uy(s, @), Fa(t s, uy(s, oc))

= LolG3 (6, )| (D (Fy(t5,u1 (5, @), Fy (5, u5(s,) ) +
D(Fz (ts,uy(s, @), Fa(t s, uy(s, oc))

11)  NlGs(t, s) — Gs(E, Il < blt; — t5] = Lslt; — .
The fuzzy integral equation has a locally existence and unique solution.

Example 2.

Consider the details components of other fuzzy integral nonlinear equation
f(x, @) = 41 a?t1?

= ) - 143 ’

- 41 (z-2)?t12

@) = 22 and Gy (6,s) = st

Fi(t s u(s, o) = Gy (t, s)u(t, @)=t + s)?u(t, @)
F2(t s, u(s, @))=G,(t, s)u(t, a) = (t2 — s?)u(t, ) , also

F (6, Fy(tsu(s o)), Fa(t s u(s, o)) = st(t + s)2u(t, a)(t2 — st o)
and we have the following upper deceptions of functions
F,(t,s,u(s, a) = (t+s)u(t, o)
F,(t,s,u(s, o) = (t? — s®)u(t, ), also
F(ts,F1(t s, u(s, ), F2(t s, uls, ) = st?(t + s)u(t, o) (t? — s?)u(t, )
Which satisfies the following conditions:
1) 1G3(ts)| = [st?] < b® = M;
2) |Z6Gsts)| =l2ts| <202 =M

3) |=Gi(ts)|<4b=m,
4) |%G2(t, S)l S 2b == M5
5 ||F1(t, s,u(s, 0())” < 4b||t(s,0)|| = M ||T(s, )|

N—r
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6)

7)
8)

[F2(t s, us, )| < b2[s, )l = M|lt(s, @)l

B(u(t, @) = { fi(t, @): [0t &) || < £}, is a radius fuzzy number.
D (F‘l(t, s,uy(s, @), Fi(t s, uy(s, oc)) < b3D(iiy (s, ), (s, @) =

L, D(i1 (s, ), f(s, @)

9)

(F‘z(t, s,u;(s,@)), Fa(t s, uy(s, oc)) < b2D(1iy (s, ), Ty (s, @)) = LyD(i (s, @), T (s, @)

10)

(F(t, s, Fi(h s, uy(s, @), Fa(h s, ui(s, @), Bt s, Fy(h, s, uy(s, ), Fa (b, s,u5(s, @), )
< 2b3 (D (F‘l(t, s,u(s, @), Fi(t s, uy(s, oc)) + D(IEZ (ts,uy(s, @), Fo(t s, u5(s, a))

:LO |G3 (t, S)l (D (Fl (t, S,Ug (Sr a)); F‘1 (tl S, Uy (Sr a)) + D(FZ (t! S, Uy (S! a))' F‘2 (t' S, Uy (Sr a))
11)  NlGs(ti, s) — Gs(E, Il < 2b2|t; — t;] = Lslt; — ]
Hence the fuzzy integral equation has locally existence and uniqueness solution.

S.
1.

Conclusion

We concluded to establish a fuzzy metric space of uniform modulus of absolutely fuzzy
continuous functions need to define a metric space of fuzzy continuous functions and this
defined on a set of fuzzy numbers which denoted by Rp .

. We concluded to cover all the parameters cases of all components of proposal fuzzy integral

problem formulation, we need to explain these classes with upper and lower functions and
their ordinary kernel functions which all depended on the values of « € [0,1].

. We concluded the certain necessary and sufficient conditions was choice it in a good

accuracy suitable with the certain hypotheses for proposal problem to investigate the results
of existence and uniqueness fuzzy solutions of proposal fuzzy integral classes.

We concluded the interesting result is to achieve the metric space of fuzzy continuous
functions a fuzzy Riemann integrable which is made a great role for techniques of the
proving of main result.

. We concluded that to be the main results that are interesting for applications in fuzzy theory,

we need the illustrative examples and supported that the proposal fuzzy formulation is exist
and has a fuzzy solution in suitable fuzzy metric space.

We concluded the fuzzy counteractive condition is satisfied by divided of interval solution
to grantee the result existence and uniqueness by using fixed point theorem with introduced
fuzzy metric space.

. We concluded that the norm function was defined with respect to the metric space of fuzzy

continuous and used in technical of prove some results.

. We concluded the main result does not satisfy without fixed point theorem on fuzzy numbers

that which appearing in all definitions of the proving stricture.
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