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Abstract

In this work, we study a new class of meromorphicmultivalent functions, defined
by fractional differ-integral operator.We obtain some geometricproperties, such
ascoefficient inequality, growth and distortion bounds, convolution properties,
integral representation, radii of starlikeness, convexity, extreme pointsproperties,
weighted mean and arithmetic meanproperties.
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1. Introduction
LetZ, stand for the class of functionsof the format:

fw)==-32 aw' , (;=0,peN={12.}),

wP

(1.1)

which are holomorphic and multivalent in the punctured unit disk U* = {w: weCand 0 < |w| < 1} =

U \{0}.

A function fe Z,, is ameromorphic multivalent starlikefunction of order ¢ (0 < ¢ < p), if

_wfw) .
Re{ o) }><p,(0£¢<p),wEU ,

a functionf € X, is a meromorphic multivalent convex function of order ¢ (0 < ¢ < p), if

Re{-(1 +W£V(V“)"))} >¢,(0<¢<p)weU"

For functions f € X, presented in (1.1) and g(w)€ Z,, presented by

gw) = — =32, bw' , (h;20,peN={12,.)).

We define by the convolution of f(w)and g(w)

(f * W) = — = T2, aibw’ = (g * ) (w).
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In this article, we investigate a new class of meromorphic multivalent functions by making use of
the fractional differ-integral operator,defined asfollows:
Definition (1 .1)[1]:Let function f(w)€ X, defined in (1.1). Then

w PN+ OV, utp <
prn rrmrosm W Jow IWETPFw)](0 <Kk <1)
fw)= (L.6)
Plutvin-DT®m)  —p-n+1;-KuVA u+p
Cutmravem o' WHHP f(W)] (00 < K < 0),

where]0 gy (w) is the circulatedfractional derivative operator of order k defined by

Jow" " f(w) = LW b - (- k1 v, 1 - k1 - f(0de)(17)

F(l K) dw

(0<k<1,un€R,veRandr > (max{0,u} — 1)),

where f(w), is an analytic function in a simply-connected region of the w-plane containing the
origin and the multiplicity of (w — t),~*is removed by requiring log(w-t) to be real when
(w —t) > 0, provided that

fw) =o(lw|")(w - 0) (1.8)
and Iy, is the generalized fractional integral operator of order - k(co < k < 0) defined by
~Ger) W ¢
Kl“”l — n-1 _ k-1 _ _
FO) =g ) e w0 (fl(u + 16—, 1,1 W) f(ode (1.9)

(x> 0,u,m € R,v € Rtandr > (max{0, u} — 1)),
where f(w), is constrained, the multiplicity of (w — t)*~1is removed as above and r is presented by
order estimate (1.8).
o Fw) = Ign" F(w), (1.10)
and
Iow" Fw) = Ig” f(w), (1,11)
where J’s"” 1f(w)andl"‘”’f(w) are the Owa-Saigo-Srivastvav generalized fractional derivative and
integral operators (see [2,3,4] ).
Also
Jow " fFw) =Difw),  (0<k<1), (1,12)
and
Igw"™" f(w) = Dg*fw),  (0<k<1) (1.13)
whereDS and D, *are the familiar Owa-Srivastava fractional derivative and integral of order A,
respectively (see [5,6] ). Furthermore, in Gamma function, we have

Kuwvn i TU+mrii+n—u+v) i+n—p—1
ow T+ - (i+n-A+v) w (1.14)
(0 <k <1,umn€R,vERandi > (max{0, u} —n)),
and
ouvn i TUMTE+n—p+v)  jip—p—1
fow = T(in-prGn+en) (1.15)

(k> 0,1,m € R,v € Rtandi > (max{0, u} — n)).
Now , using (1.1), (1.14), (1 15), in (1.6), we get

#vnf( )_ __21 =p KMVT]alW (116)
provided that —co < Kk < 1 putv+n>kpu>-nv>-nn>0p€N,f€X,and
KWV _ (.u + 77)p+i(v + 77)p+i
Fp,i = — . -
W+v+n—=1)p+i(Mp+i

(et fw)) = —pwr- Zr"““’

(1.17)
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( Kwnf(W)) =—p(p - Dw P2 —i(i— 1)2 [V g2

l—q

( Kuvnf( )) (p(+q ))( 1)q —p- q_l_z xuvn 'q)'

It may be worth noting that, be choosingu = kandn =p = 1 the operatorF, &£ (w),
educes to the well-known Ruscheweyh derivative Dy}, f (w), for meromorphic unlvalentfunctlons[Y]
Following our new subclass of meromorphic multivalent functions.
Definition (1.2): Let 2, (v, a, B, u, v, 17),be denoted the new class of functions f € X,, which satisfies
the condition :

w TK'”’V'W w art
(7o)

+(p+1)
(ractev )
yw(Fob M pw )) i <k (1.18)

(s mron)”

where0<y<1,0<a<1,0<f<l,o<k<lLu+v+n>ku>-nv>-—nandn >
0,p € Nandw € U*,qE N, = N U {0},
Similar studieswere executed by several different authors, including Aouf et al. [8], Atshan et al.[9] ,
Panigrahiand Jena [10], and Juma and Dhayea [11],but usinganother class.
2.Coefficient Inequality

In the following theorem, we obtain the requisite and sufficient condition for the function f to be in
the class Z,(y, &, B, u, v, m).
Theorem (2.1): Let f € Z,,. Then fis in the class Z, (v, a, B, u, v, 1) if and only if

i!

22y Tyt s (14 By + ) oy < B (B (p + @) + ) — (1 - @), (1)
where T[/*""is givenin (1.17),0 <y <1,<a<1,0<p <landw e U".

The outcome is sharp for the function

©*a=D 5y (p+q)+a)-(1-q))

(p-1)!
fw)=—- .
P Aupvn__ U L PH1+BY
w Fp.i (i-q- 1)'\1+By i-q )

Proof:Presume that the inequality (2.1) holds and|z| 1. Then, we have
q
v (7 r o)™ + @+ (Bt fon)'|

— plyw (Fmron)” - a(F )|

- (p+q—-1)! ( 1)q+1W P—q + Zl p KHV?] i! a'Wl_q _l_P(p‘HI 1)- (_1)qw—p—q(1_q)+

wt, i>p (2.2)

(p-1)! ( ) (i-g-1)! "t (p-
K#VU pi! wi=a p+q- 1' q,,—P—q Kl“”? il i—-q
LizpFow g W+ Ty CDIWT A X Fol T G AW |-
i} _
|Zl 2p Foun " (l_;'_l)'aiwl“’ 1+ E?B )(=1D)IwPTI(1 - Q)| -
K#Vﬂ i! 3 i—q _ = (p+q 1) q -p—q(_
B2, o a1 (v — =) + B (D)W P (—(r(p + ) + @)

- i! p+1 (p+q—1)!
= [‘K‘.”‘v‘",—a-wn_q (1+ >+ (=D)Iw™P™ q(l_Q)
Z.:p Pt (i—q-D! i—q (p— D!

[oe]

opvn U i—q (. _ (p+q—1)!
_'B;Fp,iﬂ n(i_q—l)!aiw q(y i—q)+ ] (=DIw P~ (y(p + q) + a)
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N i! p+1+By (p+q— )'
Y — )ai- —a-
i=p
<0,
Hence,the hypothesis is .
Principle, f € L,(v,a, B, 1v,m).
Conversely, suppose that f € Z,(v,a,pB,uv,n)then from (1.18) we get

w(F )"

(lcuvnf(w))q +@+1)

yw (FE fw)) " .
(Forn fw)”

il .
DI ML ol (1+ﬁy+—p+.1_+ﬁy)aiwl‘1

(i—q- q
it e (1~ o) + B LS (D + ) + )
<8,

since Re(w)<|w| for all w (we U™), we get
1l .
Zi”pr"’”"—. 5 (1+py+ EEERY By)aiwl_l

R (l —q— q
) 8 it (p+q-1)
foe) ,UWv,n . ) _ N —p—q(_
2iZp Ty (l—q—l)!a‘ (V q)‘l' -1 DIwP U=+ +a)
< B.
We choose the value ofw on the real axis so
W(?K'p"v'nf(w))q+1
— Is real.

(et rw))
Letting w— 17 ,tgrough real values, we gain the inequality (2.1).
Finally, sharpness follows if we take

B eeeroro-a-o)
fw) =-—2 - w'

- , L=p.
KLV i! p+1+ 3)/)
l"p'l. —(i — ) (1 + By + —T—q

Corollary:Let f(w) € Z,(y, a, B, 1, v,n),then
@31y (p+q)+a)-(1-q))

(p-1)!
a; = Kuvn i 1+B p+1+ﬁ’7) >p' (2'3)
pi  Geq-nn\ITPYT g

3.Growth and Distortion Bounds
Next, we obtain the growth and distortion bounds for the linear operator F,;;""".

Theorem (3.1): Iff € 2, (v, a, B, u,v,7),then

(p+gq-1)! (p+q-1)!
1 g BUro+a)- ;1 D < [FEEN £ ()| <1, e B p+a)+a)- 21 q))r (3.1)
! +1+ = W = !  pH1+ :
i (- Z 1),\1+By . p—q y) Tp (p—z—i)!(HBy'pP—q y)
O<|w]l=r<1).
The outcome is sharp for the function
(p+g-1)!
By p+a)+a)-(1-q)
— 1 - 3.2
f(W) wpb Fz,’g,v,n(p_z;! 1)[{1+BYTP~;1+qﬁY)W ) ( . )

Proof : Let f € %, (y, a, B, 1, v,n).Then by theorem (2.1), we get
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ZI‘"#WJ p' 1)'( +[;y+P;1_-;/3’V>

i! p+14+fy
FK#VH (1 ) <
Z (i—-q-1! Ay + i—q -

(p+q— D!
o= D B+ +a)—(1A-q)

or

5 g < G B+ +a)-(1-9)

i— A
I=p™ = kuvn p [  p+1+By
FP:P (p—q—l)!\1+ﬁ " p—q )

(3.3)

Hence,

K,u0,v,n 1 K,WLV,1 K,UV,n _ 1
|‘7:0,w f(Z)|SW+Z$Opr1 allwlpsm"'rﬁ ailwlngipai_ r_P+

1 (1;;[11)1') Byp+)+a)-(1- q))

) ronvn__p! 14y 4 PFTEBY
2 (pql)\ﬁ pq)

Lo P B2, a4 < P (3.4)

Similarly,

[o¢] [ee)

1 1
TR TRYE TRYEY
B )] 2 o= 3 T M 2 o = T T adwl? ) a
i=p i=p
, B (B(y(p+q)+a) (1-9)
+By p+1+[i’y)

_ 1 L NTRVA] o
=7 Tpp TP Xitpa; =

P (3.5)

r_p K,uv,n
Top (p— q 1)\

From (3.2) and (3.5), we get to (3.1) and the proof is entier.
Theorem (3 .2) :If f € Z,(y,a, B, 1, v,1).Then

+qg—1)!
p %P(ﬁ(ﬂp +q)+a)—(1—-9q))
- P p + 1 + ﬁy rp_l S
G;:7;:Tfﬁ(14’ﬂy+“—7;:77—J
p (p(;z;)lg)!l’(ﬂ(]/(p+q)+a) (1-q))

— rp+1 p! p+1+By
p-q- 1)\1+BYT P—q )

0<|wl=r<1).
The outcome is sharp for the function fpresented in (3.2).
Proof: is comparable to that of theorem (3.1).
4. Convolution Properties
Theorem (4.1): Let the function f;(j = 1.2) defind by

fiw)=—-3%2, a;;wh, (a;;=0,j=12), (4.1)
Which is in the class Zp(y, a,f,u,v,n).Then f; * f, € T, (v, a, 6, u,v,n).where
i! pt+1+ ﬁY) KV
G=q=1) 1 — ) I
PP G 1)( At T pi
" (ptq-—- ) 2(i —(1-
w—Dr ¢ +nG+a+a)-1-q)

_%(ﬁ i+ P+ +a)—(1—q) (1+ﬁy+%)

rp+1

(Fob ™ (w)) ‘

rP1 (3.6)

p+q-1)
-1 ¢
Proof : we must find the largestd such that

o TRV i! p+1+5]/)
It ey (1 + oy + Y

TR AR RO R

Sincef; € Z,(v, a, B, u,v,m). (j = 1.2) then

2i+pp++a)—(1-1q))

a;1a;2 <1
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K,U0V,M i! {1+ﬂ § p+1+By)
pi  Geq-DI\ TPYT g .
I a;; <1,(=12). (4.2)
TP By proro-a-a) T
By Cauchy —Schwarz inequality,we have
1,1V, i! (1+ﬂ]/ , p+1+/i’y)
pi  (i-q-1)! " i—q .
Yiep ora Jaiia, <1, =12). (4.3)
P By proro-a-) VT
So,we only show that
ARV i  P+1+8y Kpvn i  P+1+By
Fp-i (i—q—l)!\l-l—(SyI i-q ) < Fp.i (i—q—l)!\l-l—ﬁyI i-q )
(+q-1)! i,18i2 = Grg—n! Jai1aiz .

-1 B0 @+ra+0)-(1-9) By p+a)+a)-(1-q))
This equivalent to
st ¢ L P+1+By
Jara < T )
» ) —_ ! .P v\
BoqD\ O+ )
From (4.3), we have

0=Vl gy (p+q)+a)—(1-q))

(p-1)!
1/ ai.lai,z < sV il ( ‘p+1+b’y)’

Dl (i—q—l)!\1+ﬁy' i-q
which is sufficient to prove that

(p—1)!

IR Goo D+ -0-0)  Goa—py(1+ s+ B
KLY, i! p+14+6y\~ B! p+1+4+6y
e = (B ) = (1 oy + B
That implies to
i! p+1+4BY\ rieuv,
e e Tt i A

R O
LI 2(i+p)y(p+q) +a) — (1 —q))

»-D!
) %(ﬁ 2i+pyp+ +a)—(1—q)) (1 + By + S ) -;,1_-;[3]/)

%(3 2i+p@+p+a)—(1—q)

Theorem (4.2):Let the function f;(j = 1.2) that is defined in (4.1) be in classX, (v, @, B, u, v,n). Then
the function k defined by

1
k(W) = W - (azi,1 + azill)Wz. (44)
belongsto the classZ, (v, a, € , i, v, 17).where
€

i M) o
e )

St D ) BGG ) ) - (- )

(- D!
e 26 20+ (L + B g 40+ + 0 - (- )

i!
P—q
+q—1)! .
—(p(p 1 1)!) 2B *(i+p@+a+a)-1A-q)
Proof : We must find the largest e such that
Zoo (i—;!—1)!(1+ﬁy+p;1jqﬁy) F;,f,v.n

=p = Le((r(p+a)+a)-(1-9)

since fj € Z,(y, &, B, u, v, m), (j = 1.2), we get

(@*,+ a*) <1,

2 2
i  PHL+BYY  Limvn ¢ pEHIEBYY  pruvin
» e A Thi 2 N e A T <
i= —1)! 1 = = D! i1 =
P\ B 5y ra)-(1-a) RS B0erora-G-)
1, (4.5)
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and
2 2
il L, pt1+By Auv,n i! L, pt1+By KUV,
© (i-g- 1)'\1+By p-q ) T 2 < © (i-q- 1),\1+/3']/ p-q ) i <1.(4.6
Zizp (p+q-1)! A%z = Zizp (p+q-1)! a ip = ( : )
oo BY@+a)+a)-(1-9) oo BY@+)+a)-(1-9)

Annexation of the inequalities (4.5) and (4.6) gives
2

i! {1+ p+1+ey) FK'l_’L'VIn
1[ Gegmp\ et p.i
D e r— (a%iy+a? ) <1 (4.7)

(p-1)! (ey(p+)+a)-(1-q))

Butk € X,(y, a, B, u, v, n),if and if

L _(1+e *p+1+51’) oV
—q—D\ TVt iy
ZE i (a®p+a® <1, (4.8)
o %(G(V(P+q)+a)_(1_q)) i

The inequality (4.8) will be satisfied
€

i' p+1+pLy z K,1,V,N
= 1)'<1+ﬁer P—q )Fp'i

< (Ptg—l)!l)-zm +D)BY@+a) +a) — (1- )

(p-
= 2 e (1 P ) G0t + 0 - (- a)
%(23 D0+ ) == 0)
Theorem (4.3): If f(w) = — = ¥2, a; w' “and g(w) =——2Yipbi wiwith |b;|< 1

are in the class Z, (v, a, B, u,v n),then f(w)*g(w)e X (y,a ﬁ, wv,n).
Proof From theorem (2.1)we get

— |
Z G—q—D (1 +hy + —p _J;ﬂy) i " —(p(;q—))(ﬁ(y(p +q)+a) - (1—q)).

Slnce
o [ pt1+py
e
+
= ” 1z e((y(p+q)+a)—(1—q))

o 1 p+1+By) pewv

1)'<1+ﬁer P—4q )
e a ilbi
i=p —1),6((V(p+q)+a)—(1—q))

la b

il p+1+By L NTRYE]
o (i-q— 1)\1+ByT p—q ) 1-‘p,i

<
Zizp %E((y(mqﬂw—(l—q))

Thus f(w)*g(W)€ X, (v, &, B, w, v, ).

Hence, the proof is complete

Corollary (4.1): If f(w) = — - ¥, a;w tand g(w) = ——-Y2 biwiwith 0<h <1
are in the class Z,, (v, a, 8, u,v n) then f(w)*g(w)e Ep(y,a ﬂ W, n)

5.Integral Representation

Theorem(5.1): Let f € X,(y, &, B, u, v, n),then

/1/,11/17 waBy(t)+(p+1)
fw) = [ ex [fo tBYO-1) dt]dt’

where W) <1,weU".
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Proof: By letting
w (F8 o))

= Q(w), (1.18), we get

Fap M fw))
0+ @+ 1)
o —a | P

or equivalently
Qw)+(@+1)
yeQw) —«a

=pyY(©), (IYy®OI<1LweU
So

(Ftnfow)) Capp®) + @+ 1)
( Auvnf( )> - W(yﬁlp(t)_l) '

after integration, we obtain

N _ [ GBREO + @+ D)
og (77 ) = | “Faem

Therefore

—_— [ app(®) + (@ +1)
( A 7If(w)) Lf (GBI =D dt].

Again by integration , we have

R4 = [ ex U aﬁ¢(t)+(p+1)dt]dt
0 0

t(yBy(t) — 1)
and this is the required result.
6.Radii of Starlikeness and Convexity
In the following theorem, we introduce the radii of starlikeness and convexity.
Theorem (6.1):1f f € 2, (v, a, B, 1, v,n),then f is a multivalent meromorphicstarlike

of order ¢(0 < ¢ < p)in the disk |w|<r;, where
1

( i+
!W(p #) (14 py + EELEBY) pron |7
r = inf e
B R G S RICUE DR R

The consequence is sharp for the function f that is presented in (2.2).
Proof: It is enough to show that

wfw) _
oy T p| <p-¢forlw| <nmn.

But
wfw)+pfw)| _ Ticp(i+p)aiw|™*P
fw) T O1-XR,alwlP

Thus, (6.1) will be satisfied if

Sip(i + Pyl w|*?
T

_¢’
orif

z(l ¢>+2p) alw|*? < 1

Since f € (v, B, u,v,m), we have

2692
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i! p+1+By K,WV,N
o (i-g- 1),\1+/3y p—q ) b

Z 1 a; =
P gy (prg)+a)-(1-a)

Hence,(6.2) will be true if

p+1+By K0V,
@i- ¢+2P)|W|z+p (i-q- 1)\ RLART= ) Tpi

p=¢ T B Baeroro-(0-9)
or equivalently

1

! 1 cava | P

+ ! .
kWT)!)(‘ —¢o-2p)(BOG@++a) -1 —q))}
which follows the result.

Theorem (6.2):1f f € Z,(y, a, B, 1, v, 1) then f is a multivalent meromorphicstarlike of order ¢(0 <

¢ < p)in the disk |w|<r,, where

lwl| <

,izp

1

( i ) i+p
- Nizre- (g |
_lfi p+q—-1!.. . 2P
lwl(l —p-2D) B+ +a)—(1— Q))J
The consequence is sharp for the function f that is presented in (2.2).
Proof: It is sufficient to show that
‘Wc‘%)+1+p| <p-—¢forlw| <, (6.3)
But
wf(w) PP wf(w) + (p + DfW)| X2, i@ + p)a;|w|'*P <p—
fw) fw) p— XiZpiaw|*P — '
Thus, (6.3) will be satisfied if .
Z?O:p l'(l'oo-l- ]?)ai|w'|l+P <p_g.
p - Zi:p lai|W|l+p
Or if
SRy o R aw| P < 1, (6.4)
since f € X,(y, a, B, u,v,n), we have
i! +1+B8y L NTRYE]
) (qu)\1+ByTppq ) Fpi )
2= (p(;q1)1n)l(ﬁ(y(p+q)+a) a-q)
Hence,(6.4) will be true if
i' p+1+By\ rrwvn
(= p+20) iy = {1+ A+ B
- ="+ !
Po =) (p(pi—l)!)(ﬁ(y(p +q) @)= (1-q)
or equivalentl
q ' ( \ T
+1+ o
JWP(P ) (1+By+p = qﬁy Lot L
[ >
wl < p+q—-1!. . =P
lwl(l —¢p-2p) Byp+q)+a)—(1— Q))J

which follows the result.

7.Extreme points

We gain here extreme points of the class):p v, aB,uwv,n).
Theorem (7.1): Let f,_;(w) = w™? and
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fw) = wP — (ﬁ;ﬁ;)!(ﬁ(y(mq)+a)—(1—q)) wi 1)
(i_;!_l)!(1+ﬁy+p;1fqﬁ Y) 1"2:@"""7
where each parameter isbound as in theorem (2.1). then the function f is in the class
I, (v, a, B, 1, v,n) ifand only if
fw) =6, 1w + X2, 0:fi(w), (7.2)
where (6,1 20,6, 20,i =p)and 0,_; + X2, 6;=1
Proof : Suppose f is expressedas (7.2). Then

®ra=D g+ +a)— 1 -q)

C —)! .
fw) =0,_w™?+ z 0;|w™P — p-1) w'
i= i M) LY
=] (i—q—l)!<1+ﬁ)/+ p—q ) Wi |
(p+g-1)!
—(By(p+a)+a)—-(1-q) .
=wP-3Z, (?_1)'{( oy ) wh.
il P 14 KWV,
(i—q—l)!\1+ﬁy' p—q ) r‘zo.‘il !
Hence,
w M) LV,
(i—q—l)!(1+ﬁy+ p—q ) '»i

5 PSP 0w o+ --)

®ra=Dpop+q)+a) - (1-q)
. 0

X (?—1) ; :Z 0;=1-6, ;<1
(i—cly!—l)'(”ﬁ”p;quﬁy) nito=

Thenf € Zp (V; al ﬁl ‘Ll, VI 77)
Conversely, suppose that f € Z,(y, &, B, 1, v,n). We may set

= é!— 1! (1 +hr+F toljzﬁy) i
= ai ,
A Boe+ 0+ -0 -9)
where a; is presented in (2.3). Then
0 w Pt+gq-1) (
- B+ +a) -1 -q)
—-D _ ol — =D (p_l)! .
fw)=w"? Zalw =wP Z . S K’#’v’nelw
’ A e e B
=W_p—Z[W_p—fi(W)]9i = 1—291’ w‘p+29 ifi(w)
i=p i=p i=p

=0p_1wP+ 2 Oif;(w)
i=p

This completes the proof .
8. Weighted Mean And Arithmetic Mean
Definition (8.1):Let f and ghelong to X,,. The weighted mean E,of f(w) and g(w) is offered by

1
E,w) =51A-afwW) + A+ gw)] (0<g<D).
The following theorem shows the weighed mean for this class.
Theorem (8.1):Let f andgbe the classZ, (v, a, B, 1, v,n), then the weighted mean of f and gis also in

the class (v, a, B, 1,v,m).
Proof: By definition (8.1), we have

E,w)=5[0-fw)+ A+ qgWw)]

N[ =

2694



Hussein and Jassim Iragi Journal of Science, 2019, Vol. 60, No. 12, pp: 2685-2696

1 .
=E(1—q) Wp—Zalwl +(1-9) W‘p—Zle"
i=p 1=p
-1
=w =Y [ - + (1 + Qb

i=p
since f andgbe the classZ, (v, &, B, u, v, ). So by theorem (2.1), we have

: i! +1+ +q-1)!
S Tyt s (14 By + ) 0, < L (B (0 + @) + ) — (1 - ),

and
2 Tt == (14 By + ) by < B B+ )+ ) — (1 - 9).
Hence ,
- v, i! p+1+8y
;Fpl'iu nm(1+ﬁ +?> ((1—q)al+(1+q)b)
KU,V p+1+py
Q)ZF G 1)!<1+3’/+T)a"
+ 5 (1+q)ZFK’”" : 1)!(1+ﬁy+p+i1_—+ﬁy)bi
1 (p+q n!
Sg(l— )ﬁ(ﬁ(y(pmﬂa)—(l—q))
+ !
#3+ DT G0+ )+ @ - (1= ),

This shows thatE,; € X, (v, a, B, 1, v, 7).

In the following theorem, we will expound that the class X, (y, a, B, u, v,n).is closed under arithmetic

mean.
Theorem (8.2):Let f;(w), fo(W), ... ... , fs(w)that defined by

filw) =w™? —Z aiew', (aje=20k=12,..,5i=p),
i=p

8.1)

are in the class X, (v, a, B, u, v, 17),then the arithmetical mean of f(2), (k = 1,3, ..., s), that is defined

by
1 N
hW) =2 fiw)
i=p

is also in the class Z, (v, &, B, u, v, 1).
Proof: By (8.1) and (8.2), we can write

N

h(w)=%2 w p—Za W —w"’—Z( ai,k)wi.
k=1

k=1 =p
Since fi € X,(v, a, B, u, v, ). For every (k =1,3,...,5) so by theore (2 1), we have

= i! p+1+pn 1
FKI.I‘llvln (1 _) —_ .
2 G (A ) G, e
i=p k=1
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1 i! p+1+py
:_E E 1‘"’,’"”"7—<1 —) ,
s Pt (i—q—-1)! thr+ i—q ik

k=1 \i=p

1\ (p+g— 1)
< E;W(ﬁ(y(p Q)@ —(1-q)

(p+q-1)
= W(ﬁ(ﬂp +q)+a)—(1-q)).
This ends the proof.
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