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Abstract

The purpose of this study is to present a new concepts on a module M over a
ring, these concepts is called R*-small sub module, R*-hollow module which
present generalizations of the small submodule and hollow module, respectively.
Key characteristics of these concepts such as the image and direct sum of R*-small
sub module, R*-hollow module are R*-small submodule, R*-hollow submodule,
respectively.
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1. Introduction

Let M be a unitary left R-module, and let R be any ring with one. A submodule A of M is
referred to as small in M (indicated by A « M) if whenever A+ B = M for some B € M
implies that B = M [1-4]. An R-module with a value greater than zero M is said to be hollow
if each suitable submodule of M is small in M [5-9]. For every R-endomorphism f of M a
submodule A of M if f(A)S A, then f is called fully invariant [10]. The cosingular
submodule of M was released by Oscan in [11] in the following manner: Z* (M)={m € M,
Rm << E(M)}, where E(M) is an injective hull of M see [12] and [13], where Z* (M) was
called the cosingular submodule. Now, if Z*(M) = M, then M is called cosingular. Many
authors present generalizations of small submodule see [14-16]. Baanon and Khalid in [17]
was introduced the e*-essential submodule by using the concept of cosingular submodule. If
AN B+ 0, for each non-zero cosingular submodule B of M subsequently a submodule A is
deemed to be e*-essential. Also, in [17] it was introduced Rad, * (M) as being the point
where each maximal e*-essential submodule
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intersects. If M does not include an e*-essential maximal submodule, then Rad.-(M) = M.
In fact it was proved that Rad,.-(M) is the sum of all e*-small submodule of M, as well as
Rad,.+(M) is a fully invariant submodule [17]. We use these concepts to introduce R*-small
submodule and investigate some properties. We also introduce and discuss the R*-hollow
module which is a generalization of the hollow module. We prove main properties of these
concepts.

2. R*-small submodule

In this section R*-small submodule was presented with some properties.
Definition 2.1:
A submodule A of M is called Radg *-small in M for short R*-small submodule if whenever
M=A +B, and Radg (%) =5 (briefly R+ () =2 ) implies that B = M. It will be
denoted by A «<z* M.

Remarks and examples 2.2:
1. It is evident that each small submodule is R* -small the reverse, however is untrue. For

example Z, as Z-module, since Z, =<2 >@® <3 >,and R* (%) = R (<2>) =
0i.e.,R*(i) =<3>#<2>= 2% put <2>#<3>, hence <2Z>and<3>
<3> <3>

are R*-small submodules, but not small submodules.
. As the Z-module Z,. In Z,, 0 and {0,2} are R*-small submodules according to (1).

. . M « M *
Consider M =Z&®Z,., asZ-module. Slnce;z Zyo, therefore, R (E) = R (Zpw) =

Zpo 1.8, R*(%)= % , but M = Z which means that Z,,, is not R*-small submodule in M.

4. Let M =277, as Z-module. R* (%): R*(Z,)=0, i.e., R* (%) =27 #Z, =

Thus Z, is R*-small submodule in M .
5. Consider Z as Z-module. Z= 2Z + 3Z as Z-module. Since % = 7, ,hence R* (%) =

R*(Z,)=01ie,R" B)=2z =+ Z, = 2 Thus 3Zis R*-small submodule in Z.
2z 2Z

w N

We need to prove the following:
Proposition 2.3:

Assume that M has two submodules of M if R* (%) = % and A € B € M, then R* (%) =
Proof.
Define a function f : %—> % as follow f(m + A)=m +BVmE€EM ,itisclear that f

is an epimorphism ( proposition 6in [3]) f (R* (%)) contained in R* (%) Hence f (%) =

M . M « (MY _ M
- ER (E).Therefore, R (E) =—

B
Corollary 2.4:
Consider A and B to be two submodules of M and let M be any R-module. If R* (%) =

%,thenR*(ﬁ) =% .

M
B

Proposition 2.5:
Suppose M be an R-module If R*(M) = M and A € M.Then A Kgx M iff ALK M .
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Proof.
=) Suppose A+ B =M,B € M. To prove B =M we claim that R* (%) = %, let f:M —

%be the natural epimorphism (Proposition 6 [17])f(R*(M)) contained in R*(%) and
R*(M) =M ,thenf(M) < R*(%),therefore %g R*(%) and R* (%) = %, since A Kg* M,

then B = M, hence 4 < M.
&) Clearly by Remarks and examples 2.2.
These are some characteristics of R*-small submodules.

Proposition 2.6:

1. If A<B <M, then B<g+ M ifand only if Agx M and = <gx =
2. If A and B are M submodules, then A+ B <zxMif and only if both
A Kz M and B <gx* M.

3. LetA<B<M,ifA<pxB,then A <p*x M.

4. Letf:M - M be R-homomorphism such that A g+ M, then f(A) <z* M .

5. LetM =M ®&M,,A; <M,;, andA, < M, ,then A; @ A, <Kgx M; @ M, if and only if
Ay Lpx Mjand A, Kg* M,.

Proof.

(1) =) Assume that L contained in M, in such away that L + A = M and R* (%) =

then L + B = M. Since B<Kg* M ,then L = M. Now, Iet% be any sub module of % such that

M
L

5+5=MandR*(ﬂ)=M,thenB+K=MsinceB KpxM,s0K=M.Thus £ =2

A A A K K A A

<)B + K = M, K contained in M, such that R*(M) =2 since ZE =1 o201
K K A A A A A

M
and R* (é) = R*(Klﬂ)= Kiﬂby using Corollary 2.4, but %«R*% which implies that

M K+A

A
" T,henceM = A+ K as A <z* M, therefore, K = M .
2) Let C be a module under M such that A + C =MandR*(%) =%,thenA+B+C =M

but R* (%) = % and since A + B <z* M which implies that C = M, hence A <z* M. Also,
B <g* M by the same argument.

Conversely, letA+B+C=Mand R (%) =

(M) M - - -
R (B—+C) = by using Corollary 2.4 and since A <z* M, therefore, M =B+ C , as

B «g* M and R*(ﬂ)=ﬂ,thenM=c.
C c
(3) Suppose that A + K = M andR*(%>:%,B:MnB:(A+K)nB = (KNB)+

A = B (by Modular Low), to show R*(K%) = K% ( by Second Isomorphic Theorem) % =
K+B _ M B

s My_ M s B N _
T:;,butR (;)— = hence R (ImB) =

K, impliesthat A € K ,then K = M.
(4) Suppose that f(A)+ B =f(M), forB < f(M)andR* (%) = %

_ " M M . M M
f~Y(B) = M, to show R (f_l(B)) =g Define the map =g O f(B) by g(x +

f7Y(B)) =f(x)+B Vx€Mgis well defined , let x; + f~1(x;) = x, + f~1(x,) iff x; —
x, € f~Y(B)if and only if f(x;) — f(x,) € B if and only if f(x;) +B = f(x,)+ B, g is

= .S, A+(B+0)=M and

K% and since A «<z* B,then KN B = B,soB <

. ThenA +
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onto, let w ef( ) sow = f(x) + B,x € M, then g(x + f~1(B))= f(x) + B, therefore, g is

onto . g is one to one, let f(x;) + B = f(x,) + B if and only if f(x;) — f(x,) € B if and
only if f(x; —x,) € Bif and only if x; —x, € f‘l(B) implies that x; + f~1(B) = x, +

f~(B), hence g is isomorphism. Now, by [17] g(R* ( 1(3))) = R*(%m) f(M) , therefore,
* M _ LM) M M
R (}T@)—g ( = )—f_l(B) implies R* (f_l(B)) 1( 5 .Since A <<R*M therefore,

M = f~1(B) implies that f(M) = B

(5) =) Let P;:M;®M, - M, be a projection map on M;, since A;PA, Kg* M;®M, by
(4), Py (A1 ®BA,) Kg* M, therefore, A; Kg* M;.Similarly, A, <g* M,.

<) Let J;: M; - M;@®M, be the injection map from M, .Since A<Lg* M, therefore by (4)
Jj(A1) = AP0 Lg*x M;@®M, and since J,: M, - M;®M, by (2) , then A;B0 + 0BA, =
A BA, Kp*x M;®M,.

Proposition 2.7:
Let M be an R-module and AZS B S M .If Bis direct summand in M and A «<g*
M jthen A <z* B .

Proof.
Let A+ L = B, and B be a direct summand of M, then M = B®B, for B; € M,so M=
A+ L + By, since M B B B 5 (by using Second Isomorphism
L+B; L+B; BN(L+By) L+(BnBl)

Theorem and Modular Law). Consequently, R* (?) == then by Corollary 2.4, R* (L+B ) =
1

—— , but  A<gxM,then M= L+B. Now, B=BnM=Bn(L+B)=L+
1

(B N By) = L (by Modular Law). Thus, A <g* B.
Proposition 2.8:

Assume that M is an R-module and 4, B, and C are submodules of M with A€ B c C
M ,if B Lgz* C,then A <Kzx M .

Proof.
Suppose that A+ L = M and R*(M) =M ,SOB+L=M,sinceCc M, hence C=Mn
=B+L)NC=B+(LnNnC) by Modular Low. To demonstrate R* ( ) — , since
C L+C

~ ~ M —
== by Second Isomorphic Theorem, but R* (?) = —,then R* (an)

LNC C LnC
Since B KzxC,thenC =L NC,s0C S L,butA S C.Hence, A S L,smceA + L = M, then

L = M. Therefore, A <zx M .

Remark 2.9:

It is uncommon for the converse of Proposition 2.7 to be true. The example that follows
demonstrates. Consider M = Z®Z,,,, as Z- module 0Z S 0DZye, S Z @ Zp it is clear
that Z Kgp* Z @ Zpeo , Ut Zeo isNOt R*-small in Z @ Z,,.,(see 2.2 (3)).

3. R*-hollow module
Definition 3.1:

A module M a is non- zero if for each proper submodule of M is Rady *-small submodule
of M, then M referred to an Radjy *-hollow module (or simply R*-hollow module).
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Remarks and examples 3.2:

1. Every simple module is R*-hollow module. For example, Z,, as Z-module, (where p is a
prime number).

2. It is obvious that any hollow module is R*-hollow module. However, the reverse is not
true. For example, Z, as Z-module.

3. Z,as Z-module is R*-hollow module.

4. Consider M = Z @ Z,.as Z-module is not R*-hollow module. Since Z,,, is proper sub

module of M ,but Z,,.is not R*-small module of M.
The resulting theorem gives an explains of the R*-hollow module.

Theorem 3.3:
M is R*-hollow module if and only if for each proper submodule A of M is small in M with

R* (M) =Y \where M is R-module.
A A

Proof.

=) Assuming that A is a proper submodule of M such that R* (%) = %. We have to show

that A < M . Assume that there exists a proper submodule B of M such thatM = A+ B ,

since M is R*-hollow ,then B«g* M ,but R* (%) = % , then M = A which is a contradiction .

Thus A < M.

<) To demonstrate that M is R*- hollow module. Take A is a proper submodule of M.

Assume that A is not R*-small, there exists a proper submodule B of M such that R* (%) = %

and M = A + B. By our assumption B < M, then A = M which is a contradiction. Thus, M is

R*-hollow.

Proposition 3.4:
A non-zero epimorphic image of R*-hollow module is R*-hollow .

Proof.

Given f:M — M be an epimorphism and M be R*-hollow module and assume B& M,
therefore f~1(B) € M. To show that f~1(B)is a proper in M. If f~1(B) = M,then B =
f(M) = M which implies B=M and that is a contradiction, so f~*(B) is a proper
submodule of M. Since M is an R*-hollow, therefore f~1(B) «z* M and, by Proposition 2.6
we have f(f~1(B)) <g* M, then B Kz* M .

Corollary 3.5:

Suppose M is an R-module and A < M. if M is an R*-hollow, then % is an R*-hollow.
Proof.

Let f/: M — % be a natural epimorphism and M be an R*-hollow Proposition 3.4, % is an

R*-hollow.

Remark 3.6:
It is not required that the direct sum of an R*-hollow modules be R*-hollow. For instance
M = Z @ Z,.as Z-module as previously demonstrated that every proper submodule of Z is

R*-small so Z as Z-module is R*-hollow and every proper submodule of Z,. is not big,
hence is R*-small so Z,,,,as Z-module is R*-hollow. However, M is not an R*-hollow.

The direct sum of R*-hollow modules is an R*-hollow under the criteria we will now list.
Not that a submodule A of M is called completely invariant for each f € End(M), f(A) € A
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. In [11], [18], likewise a module M is said to be a duo module if for each of its submodules
is completely invariant.

Proposition 3.7:

Let M = M;®M, , M be a duo module, then M is an R*-hollow if and only if M; and M,
are R*-hollow. Provided that An M; # M;,foralli =1,2,A S M.
Proof.
=) Let M be an R*-hollow module and A, DA, & M;®M, with A; & M, and 4, S M,.
Consider that m;: M;@®M, — M; be a projection map, which defined as follows , m;(m; +
m,) = my, forall m; € M;,m, € M,, since A;@A, Kg* M;@®M, .Then by Proposition 2.6,
we have m; (A;BA,) Kg* m;(M;®M,), SO A Lg* M;. That means M, is an R*-hollow. By
using the same way one can show that M, is an R*-hollow.
<) Let M; and M, be an R*-hollow, and let A € M. Since M is a duo module, then A =
A{®A,, where A, = An M;and A, = AN M,, since A; Kz* M; and A, Kgz* M,. Then by
Proposition 2.6, A, @A, Kg*x M = M;®M, .
A module M is said to be distributive if for each of its submodules A, B, and C in M such that
(A+B)NnC=AnC+ BnC[19],[20].
Proposition 3.8:
Assuming that M = M, @M, be a distributive module, then M is an R*-hollow if and only if
M, and M, are R*-hollow are provided that A N M; # M; foralli = 1,2.
Proof.
By using the same argument in Proposition 3.7.
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