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Abstract

The aim of this study is to present the concept of closed-coessential submodule
and closed-coclosed submodule, the consideration of certain properties. Allow R be
a ring with identity and define F as a left R-module on the left, with H and E
acting as its submodules, in that sense , E < H < F then E is called closed-

coessential submodule in E of H (E <., H),if g K, g

On the other hand, a submodule H of F is known as closed-coclosed submodule,
if E is closed-coessential submodule of H in F. Finally, in this article we introduce
some properties of these types of submodules under some conditions which are in
analogy with the known properties for coessential and coclosed submodules
properties. And we discuss the relation between them with the examples and
remarks are needed in our work.

Keywords: closed-small submodule, closed-coessential submodule, closed-coclosed
submodule.
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Introduction

In this paper, every ring has a unique identity, and all modules will be until left R-
modules.Assume that H is a submodule of F, and let F be an R-module. A submodule H is
called a small submodule (notation H < F), if for any submodule E of F such that H + E =
F , implies that E = F [1]. A proper submodule H of an R-module F is called essential
submodule in F(H <, F), if for every non-zero submodule E of F HNE #0[1]. In F, a
submodule H is referred to a closed, if it has no proper essential extension in F [2]. For

E < H < F ,E is called coessential submodule of H in F(E <., H) if % < g [3], and H is

said to be coclosed submodule in F and its denoted by (H <., F), if H has no proper

coessential submodule in F [2], [4].In an earlier study [5], the concept of closed-small
submodule was presented, such that a proper submodule Hof F is called closed-small (c-
small) submodule of F denoted by (H <, F).IfH + E =F , where E < F, then E is closed
submodule in F (E <, F). It is evident that every small submodule of F is c-small submodule
of F, but still, the opposite is not true, in the study of many subjects has aroused the interest
many authors of generalizations of small submodules see [6-14]. We will use closed
submodules to introduce a new generalization of small submodules namely closed-small
submodule. Several authors have expressed interest in studying various generalizations of
coessential and coclosed submodules [15-20]. For this work, we provide the concept of
closed-coessential submodule as a coessential submodule generalization, such that a
submodule E of an R-module F claims to be closed-coessential submodule (E <.., H)ofH a

submodule in F, if % < gwhere E < H < F.Several properties of this type of submodule

are given in the first portion. The concept of closed-coclosed submodule has been given in
section two, so that a submodule H which is belong to an R-module F has been named as
closed-coclosed submodule of F (H <., F ), ifE is a closed-coessential submodule of
H in F. Furthermore, as we provide a few fundamental properties of this type of submodules.
Some properties of closed-small (c-small) submodule of F are necessary in this work have
been provided in Lemma 1.1.

Lemma 1.1 [5]:

1- Let f:F = F be an isomorphism where F and F* be an R-modules, such that H <, F",
then f~1(H) <, F .

2- Let H and E are submodules of a module F suchthat E < H < F,if H <, F,
then F <, F.

3- If E, H are the submodules of an R-module F, then, suchthat E < H < F and

H<«, F,then 2« %,
E E
We now demonstrate the lemma that was employed in this work.
2. Closed-coessential submodule.
Within this part we present the idea of the closed-coessential submodule and many of its

properties.

Definition 2.1: Let F be an R-module, and let E and H be their submodules such that
E < H < F,then E is called a closed-coessential (c-coessential ) submodule of H in F.It will

denoted by ( E <o H) if = <o

345



Yahyaa and Yaseen Iragi Journal of Science, 2025, Vol. 66, No. 1, pp: 344-349

Remarks and Examples 2.2:
1. As each small submodule is c-small. Then every coessential submodule is
c-coessential submodule.

Proof: Let H, E be submodules of Fsuchthat E < H < F.As E <., H, then
B «Z Which implies that il K. il ,and hence E <. ., H.
E E E E _
The converse, however, is untrue. For example, Zg as the Z-module: {0} is c-coessential.
submodule of {0, 3} in Z6 , since
{20}3} 0,3} <. 2= o } = 7, and hence {0, 3} is c-small in Z4 , see [5]. So {0}
is not coessential in Zg.
2. In Z, as the Z-module: {6} is c-coessential submodule of {0, 2} in Z, given that.
{‘;0}2} = (0,2} « 2 =7, see[S].
3. Consider Z as Z-module. Since there is no closed-small in Z, hence there is no closed-

coessential.
4. Consider Zg as Z-module: {0, ZL} c-coessential submodule of {0,2,4,6} in Zg,

since &-2:%:61 = {0,4} « = {0,2,4,6}.

{04} ¢ {_ _}
5. Assume that F has two submodules of F,if E < H < F, and g

is a semi simple module, then E is a coessential submodule of H if E <., H.
We need to prove the following.

Proposition 2.3: Assume that F is an R-module and H is a submodule of F, then H < F if
andonlyif {0} <., HinF.

Proof: =) Letus say H <, F. By Lemma 1.1 we have 50 {0} <..e H inF.

H F
ﬁ<<c (0}’ H+E F
&) Let {O}SCceH in F and let H + E = F where E be submodule of F, so {—;L}—ﬁ
E . F E F
hence{o} 0= 0 . Since {0} <., Hin F, then ﬁ«cﬁ’ SO ﬁsc{—m and then
H <L, F.

Proposition 2.4: Let F be an R-module, and let E, H, and U be its submodules such that

E<HSUSF, then H<. U inFiff ~<cc > in

E
Proof: =) Suppose H <., U in F, hence g — <L L As %z Z—;i and ; F/E b Third
: U/E F/E H Uu. F
Isomorphism Theorem, then HE K, HE and hence ~ Sceey N —.
<) Suppose % <cce % n g hence H—;i K, ZL/E and by using Third Isomorphism Theorem,
we get % ~ Z—;i K, %i ~ g hence % K, %then H<..UmnF.

Proposition 2.5: Let f:F — H be an isomorphism. If E <L <F and E <., L in F, then
f(E) <cce f(L) in H.

. AO) ¢ = H = -1 =
Proof:  Assume f(E)+f(E) 6 hence f(L)+C=H, and so f~'(f(L)+C)

fY(H) = F. This implies f~(f(L)) + f~2(C) =F. But f~*(f(L) = L, so L+ f1(C) <
F. Now let xeF, then f(x) € H and f(x) = f(l) + ¢, for some [ € L,c € C hence f(x —
[)=c, that is x — L € f71(c).Since x =1+ (x — 1) €L+ f~1(C) .Thus F =L+ f~1(C)

-1 -1
and L= Ly [OF But%«cg, SO thatﬂgcg. Thus f~1(C) + E closed in F,

E E E
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and it follows that f(fY(C) + E) closed in H and so C + f(E) closed in H , thus C closed

in H by [5] and E < 5]

(Since f(E) < C), therefore j:g g K= such that f(E) <c.ce f(L) .

Proposition 2.6: Suppose F be an R-module. If E <.., H, then E <., L were
E<L<H andE,L,H are submodules of F.

Proof: LetE<W < F with§+¥= g,thusL+W = F. But L < H, therefore,
F=H+W andthen £= Z24+Z% E <cce H, then 2 <<C£, thus Z closed in = ,
E E E : E E E E
this implies that E <.., LinF.

Proposition 2.7: Consider the R-module F and E, L, H are submodules of F.
IfE <., L andH K F, thenE <.., L+ H inF.

Proof: Suppose that E < W < F w1thﬂ + - = g then L + H+ W = F,but

H « F, therefore, L + W = F and henceE + % = g ButfE <.. L and % K, g ,

thus g is closed in g This mean that % K, g SOF <.¢ce L+HinF.

3. Closed-coclosed submodule.
In this section we define the closed-coclosed submodule concept and discuss some of its
properties

Definition 3.1: A submodule H of F is called closed-coclosed in F for short (c-coclosed)
submodule if whenever E <. ., H for a submodule E of H in F , implies that H = E. It will
be denoted by ( H <... F). Similarly, H is referred to as closed-coclosed submodule of F,
if H has no proper c-coessential submodule.

Remarks and Examples 3.2:
1. Since every small submodule is c-small, then every c-coclosed submodule is Co-closed
submodule.

Proof: Suppose H be closed-coclosed submodule of F and E < H,
such that % < g hence see [5], % K, g ,S0F <., HnFandE =H,
hence H is coclosed submodule.

2. the convers is not true. For example, Zg as Z-module: {0, 2, 4} is co_clgsed submodule of
Ze, given that {0}is the only submodule of {0,2,4} such that

{0‘{26‘}4} ={0,2,4 }and {%6} =7Z¢ s0, {0,2,4} is not small of Zs and {0} # {0,2,4},

but {0, 2, 4 } is not c-coclosed since {0, 2,4} is
c-small of Z¢ see Remark 2.2, but {0} # {0,2,4 }.

3. ConsiderZq as Z-module: {0, 3} isn’t c-coclosed of Z since the c-coessential submodule
of {0,3}is {0} by [5], and {0} # {0,3 },also {0,3 } not coclosed submodule in Z.

4. In Z, as Z-module: {0,2} is not c-coclosed of Z, , since {0} <..e {0,2}, by [S] but
{0,4} +{0,2,4,6).

5. In Zg as Z-module: {0, 2,
[5] but {0,4} = {0, 2,4,

4,6} is not c-coclosed of Zg ,since  {0,4} <...{0,2,4,6}, by
6

)

6. Z as the Z-module: There is no c-coclosed submodule in Z, so every submodule is
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c- coclosed.
7. Let F be an R-module and let E and H be its submodules, suchthat F < H < F, if g 1S

a semi simple module, then H is coclosed submodule of F if and only if, H is c-coclosed
submodule.

Proposition 3.3: Assume F be an R-module with the submodules E,U, and H defined as

follows: U < H < F then H <ccc F if and only 1f _C cc 5

Proof: =) Let 7 < U and Scce % in = 5 S0 by Proposmon 2.4 we get E <. HinF, and
since

E_H
H< . F, thenE =H andhence; ==

&) Let E <., H in F, so by Proposition 2.4 we get _C ce % in % and since % <ccc g
H
then = = 2
U o u
andsoE = H

Proposition3.4: Let USE<L<F IfE <., LandforanyW <F,L+W <. E
then E + W <. F.

Proof: Let L+W <, F , ;+W+E =< but E<c Lso 7 & =
Implies that % < g Sow+E<, F.
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