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Abstract

This study intends to investigate the effect of rotation on the peristaltic transport
of non-Newtonian Sutterby fluid through wave channel. The equations are non-
homogeneous and non-linear partial differential equations. The equations have been
resolved using approximation long wavelength assumptions. The results have been
examined through graphics using the “Mathematica 13” program. Therefore, it has
been noticed that the effect of the flow rate, amplitude ratio, density of the fluid,
viscosity of the fluid, rotation and tube's average radius on the distribution of
velocity, pressure gradient, pressure rise, friction forces and stream function. It has
been noticed by increasing the flow rate, amplitude ratio, density of the fluid and
Sutterby fluid parameter, the velocity of fluid increases, but the fluid’s velocity
decreases while the viscosity of the fluid increases.

Keywords: Peristaltic flow, Sutterby Fluid, Wave Channel, Rotation, Cartesian
coordinates.
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1. Introduction
Peristaltic motion is phenomena that happens when an extensible tube expands and

contracts in a fluid, creating progressive waves that go down the length of the tube, mixing
the fluid and moving it in the direction of the waves [1]. The contractions of the small
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intestine, known as peristalsis, play a crucial role in facilitating normal digestive processes.
In addition to this, urine is transported from the kidney to the bladder via the ureter, Semen,
on the other hand, moves through the vas deferens, lymphatic fluid is transported through
lymphatic vessels, while bile flows from the gall bladder into the duodenum [2]. In research
pertaining to mechanical and physiological processes, Latham [3] was the first proposed the
concept of fluid transfer by peristaltic waves. The use of peristaltic motion has been
extensively employed in many industrial and engineering applications. For instance,
peristaltic motion may be effectively employed in the of wastewater slurries, sodium
bromide, and slurry pumping. The utilisation of peristaltic motion in industrial fluid
mechanics encompasses various applications involving aggressive chemicals, high solid
slurries, noxious substances (such as those found in nuclear industries), and other materials
that are transported using peristaltic pumps, roller pumps, hose pumps, tube pumps, heart-
lung machines, blood pump machines, and dialysis machines, These engineering designs are
based on the principle of peristalsis [2]. The phenomenon of rotation has extensive
applications in cosmic and geophysical movements, contributing to a deeper understanding of
galaxy formation and ocean circulation. Batool and Ahmed [4], Examined the Ree-Eyring
liquid's peristaltic movement in a rotating frame while taking the convective situation into
consideration. In [5], examines the impact of rotation and magnetic force on the waveform
flow of a non-Newtonian fluid through a porous medium in a non-symmetric sloping canal.
There are types of fluids such as Newtonian fluids like water and air, and non-Newtonian
fluids are quite frequent like toothpaste [6]. The majority of technological and practical
applications for the modification of natural phenomena favour viscoelastic non-Newtonian
fluid over Newtonian fluid. Sutterby fluid, which represents fundamental equations for highly
aqueous polymer solutions is a very important non-Newtonian fluid [7]. Numerous academic
investigations rely on the utilisation of non-Newtonian fluids. Khan et al. [8], analyzed the
Sutterby fluid flow by a rotating disk with homogeneous-heterogeneous reactions. Neeran
and Hayat [9], focused on the impact of the endoscope on the peristaltic flow of Sutterby
fluid.

In our study, we provide a mathematical model to examine the impact of rotation on the
peristaltic transport of Sutterby fluid through wave channel. To solve the problem, we used
the perturbation technique. The effect of parameters is analyzed and discussed through graphs
of velocity, pressure gradient, pressure rise, friction forces, and stream functions.

2. Mathematical Formulation
Let us consider the peristaltic flow of Sutterby fluid through a regular channel, where the

equation of the flow channel wall is in the form of a sine wave F <d — @ sin? (% X - sf)))

in Cartesian coordinates, where the positive sign represents the upper wall while the negative
sign represents the lower wall of the channel. And d is the average radius of the tube, @ is the
amplitude of a peristaltic wave, w is a wavelength, s is a wave propagation speed, and t is a
time.
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Figure 1: The geometry of problem.

The basic governing equations of the system are the continuity and Navier-Stokes
equations with a rotation frame, given by:

v.U=0. (continuity equation) (D)
p(U.MU + pQ ((Q x U)+2 Z—l;) =TS. (momentum equation) (2)
The definition of Sutterby fluid equations is, [7, 9]:

S=-pl+T7 3)
_ inh=1b)1" o —

T= g[%] VT + @VD). (4)

Here U is velocity filed, Qis the rotation parameter, p is the pressure, I is the unit
tensor, T is the extra stress tensor, p, is the zero shear rate viscosity, and y is the second

invariant strain tensor which is defined as y = %\/ trac(VU + (VU)T)2, where (VU) is a

gradient of the fluid velocity, and (VU)T is the transpose of the gradient velocity in the

Cartesian coordinates system (x,y,z). When |by| < 1, we have sinh™'(by) =~ (by) —
)3

%, so that equation (4) become:

7~ L[1- 2 (02| 0T + D). 5)

3. Solution of problem
Let U; and U, be the respective velocity components in the radial and axial directions in

the fixed frame, respectively. The equations (1), (2), and (5) may be written as follows:
U, |, a0,

2z a7 =0 (6)
00, g O 00\ o (on o0\ _ 0P | 0ty 9%y
p(aE+Ula)?+Uza?) pQ(QUZ zaf)_ a?+ a)?+a?' ®)

And the components of extra stress are, [7, 9]:

- e GR) w2 () + G+ 50 )] (25)

- p G 2 + G 5 | G+ )

XX

)'e%
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=21 o (225 + (22| 012)

By converting constant formulas from the test frame (X, Y) to the wave frame (%, ¥) with the
relations: o B o B o B
u,(x,y) =U;(X-st,Y,t) —s,u,(x,y) =U,(X -st,Y,t),p (x,¥) =P (X-st,Y,t), (9)

where (it;,%,) and (Uy,U,) are velocity components of the moving and stationary
structures. In order to simplify the governing equations of the problem, we might introduce
the followmg dlmensmnless transformations as follow:

Uy [AYTP dp ' psd
X = U =, Uy = —— ,Y =—,R =—1
’y 1 s’ 72 sd P = uws’ ds' e u’
Q1 5_11 _w __ nb%*s?* o ?
Q= ;fh W E’E_W’ =- Q)_E (10)
wax _dfjcy _a)‘f'yy
;Txx_?; xy_?; yy — s )

where R, is the Reynolds number, @ is the amplitude ratio, § is the dimensionless wave
number, ¥ is the stream function, q, is the rate of flow and € is the Sutterby fluid parameter.
Substituting the non-dimensional parameters from equations (10) into the equations (6) - (8)
we have:

s (0uq ouy\ _
;(g+ E)‘O' (11)
6u1 % _ 2 ZaTxx arﬂ
R6<(u1+1) zay> P02 +1) = -L 4§ Ty 2, (12)
3 du | 32_2£2 __ 0, 20Tyx | <3 0Tyy
R.6 ((u1+1) y> 1) uﬂul— ay+6 o +6 P (13)

The associated dimensionless boundary conditions:
u; = -1 at y=1w =+ (1 - @sin®(nx)). (14)

The general solution of the governing equations (11)-(13) in the general case seems to be
impossible, therefore, we shall confine the analysis under the assumption of small
dimensionless wave number. It is followed that § << 1. So that the equations (11)-(13)
become as:

6u1 auz _
LY. _ _ % Oty
MQ(u1+1)— ax+ay' (16)
op _
By, (17)
And the component of extra stress tensor become as the form:
6u1 aul 3
Tyy = E_E(E) . (18)
By substituting equation (18) into equation (16), we get:
LY. __o aul_ ouy)? 0%uy
= 02(u; + 1) 2+ 3€(ay) o (19)

4. Rate of volume flow
The instantaneous volume flow rate in fixed coordinates system given by:

0= [" Ui(X - st, ¥, DdY. (20)
Using the transformation (2, (X, y) + s) into equation (20) and then integrating it, we get:
Q=q+sW+W)=q+2sW. (21)
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Where g = f_m‘//v U, (%, ¥)dy. From equations (10), we have q = flA;/ uy dy.

The time means flow rate over a period T = % at a fixed position is definede as:

~ 1 TAa ;=

Q= ;fo Q dt. (22)
Substituting equation (21) in equation (22), we will obtain:

Q= @+2sw)ydi=g+2s(d-%). (23)

By using dimensionless transformations in equation (10) into the equation (23), we have

dsQ = dsq + 2s (d — d?w), hence, we get

q=Q+0—2. (24)
5. Method of solution

The equation (17) shows that p dependents only on x. Equation (19) becomes as:

6 ‘u.1 _ar (aul)z 62u1
T

(25)
Where A= TQZ.

Equation (25) is a non-linear differential equation and it is difficult to find an exact solution,
so we will use the perturbation technique to find the problem solution, as follows:

u1 = ulo + € ull + 0(62). (26)
P =Dpo+e€p; +0(e?). (27)
lll=lllo+€lll1+0(€2). (28)
q=qo+€q+0(e?). (29)

Substituting equations (26) and (27) into equation (25), then, by equating the similar powers
of €, we get the following results presented in the following subsections:

i — Zero-o system (€°)

0%uy0 dpo

ayz + Aulo = E_ . (30)

The associated boundary conditions u;g = =1 at y=+4w = i—(l — @sin? (Trx)).

And qo = f_vlljyulody Where qO = QO + @ - 2 (31)
ii — First-Order System (e!)
02 u11 dp duy0\? 02uysg

+ Au 11_T+3(W) T, (32)

The associated boundary conditions u;; =0 at y = +w = (1 — @sin?(mx)).

w
And q; = [* uy;dy where q; = Q. (33)
From the solution of the equations (30) and (32), and substitution the resulting in (26), we
get:

4y = <_ M) Cos[vay] + &)

A

e(( 3ZAZSec[\/_W] (12Cos[2x/_w] (dpo) — 3Cos[4VAw] (%)3+
324Cos[VAw]" (222 + 324Cos[VAW] Sin[VAw]” (%2 + 12vAw (’;“) Tan[VAw] —
3Sin[4vAw] (%) Tan[x/Zw])) Cos[VAy] +
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1 (12C05[\/Zy]Cos[Z\/Zy]Sec[\/wa (%)3 _

3242 dox
3Cos[VAy)Cos{4VAy]SecVAw]" (22)" + 12Aysec[Vaw]'sin[Vay] (%) -
35ec[VAW]'Sin[VAy]sin[4vAy] (22) + 324c0s[VAy]" (422) +

324Sin[Vay|’ (%))) (34)

6. Pressure rise, friction forces, and stream function
The expression for the pressure rises Apg, and friction forces on the upper and lower walls
Fq is defined as follows:

tpg = [y () dx. (35)

1 d
Fo= [ w? (— ﬁ) dx. (36)
The corresponding stream functionis ¥ = Wy + €¥; = [u o dy + € [ uq4 dy.

7. Numerical results and discussion

In this section, we discuss graphically, and by using Mathematica 13 programme, the
effect of the rotation and some other factors on peristaltic flow, pressure gradient, frictional
forces, and the stream function of a Sutterby fluid through a wave channel.

7.1 Velocity distribution

We analysed and discussed through Figures (2-4) the effect of parameters p,u, Qg =
Q4,0,d and € on fluid velocity. Figure (2) shows that the velocity u; increases when the
density of fluid p increases at the middle of the channel, while the velocity u; decreases
when fluid’s viscosity p increases at the middle of the channel, but the velocity u; increases
when the viscosity u increases near the channel’s walls. In Figure (3) we notice velocity u,
increases when Q, = Q; and @ increases. Figure (4) shows the velocity u, increases at the
middle of the channel when d increases, but decreases near the channel’s walls, while its
increasing when € increases.

7.2 Pressure gradient

The Figures (5-7) show the effect of parameters Q, = Q4, €, @, p, Q and pu on pressure gradient
dp/dx. Figures (5) and (6) show that the pressure gradient decreases when Q, = Q4, €, ® and
p increasing. In Figure (7) we notice the pressure gradient decreases with increases (1, but its
increasing when p increases.

Figures (8-10) illustrate the effects of the parameters Q, = Q4, €, D, p, d and u for the pressure
rise AP, at the region 1< Q < 1.3. Figures (8) and (9), show that AP, increasing when Q, =
Q1,€,0 and p increases. We can see in Figure (10), AP, increases with an increasing in
parameter d, but it decreasing when u increasing.

7.3 Friction force

Figures (11-13) show the effect of parameters Q, = Q4,€,0,p,d and u on friction force
distribution F,,. In Figures (11) and (12), we notice the friction force decreasing when Q, =
Q1,6,0 and p increases. Figure (13), show that the friction force decreases when d
increasing, but its increases when yu increasing.

7.4 Phenomena trapping

A description the process by which closed stream function create an internally circulating
bolus of fluid, which is then pushed forward by the propagating peristaltic wave is known as
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trapping phenomenon. the results on trapping can be seen illustrated in Figures (14-20). In
Figure (14), we notice by increasing the flow rate Q, = Q4 the bolus size gradually increases.
Figures (15) and (16), show that the bolus increases when @ and density of fluid increasing.
In Figure (17), we notice that when the fluid’s viscosity p increases, leads to decreases in the
bolus volume at the lower and upper walls of the channel gradually. Figures (18-20), show
that by increasing d, {1 and € the bolus size gradually increases at the lower and upper walls
of the channel.
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Figure 2: Velocity distribution for various Figure 3: Velocity distribution for various
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Figure 4: Velocity distribution for various Figure 5: Pressure gradient for various
valuesd and € at Qy,=Q;=12,0 = values of @ =0.25,u=0.07,2=0.2,d =
0.25,p=08,u=0.07,2=0.2,x = 0.1 0.8,p=0.8
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Figure 6: Pressure gradient for various Figure 7: Pressure gradient for various
values of Qp=0Q;=12,u=0.07,d= values of Qy,=0,=12,0=0.25p=
0.8, =0.2,0=0.2 0.8,d =0.8,e=0.2
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Figure 14: Stream function with various values of Q, = Q; = {1.2,1.23,1.26} at @ =
0.25,p=08,u=0.07,2=0.2,d =0.8,¢ =0.2
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Figure 15: Stream function with various values of @ = {0.24,0.25,0.26} at Q, = Q; =
1.2,p=08,u=0.07,2=0.2,d =08, = 0.2
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Figure 16: Stream function with various values of p = {0.1,0.8,1.6} at Qy = Q; = 1.2,0 =
0.25,u=0.07,0=0.2,d =0.8,e = 0.2
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Figure 17: Stream function with various values of u = {0.03,0.04,0.06} at Q, = Q; =
1.2,0 =0.25,p=08,Q2=0.2,d =08, =0.2
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Figure 18: Stream function with various values of d = {0.5,0.9,1.2} at Q, = Q; = 1.2,0 =
0.25,p = 0.8, 1t = 0.07,Q = 0.2,€ = 0.2
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Figure 19: Stream function with various values of Q = {0.05,0.15,0.25} at Q, = Q; =
1.2,0 = 0.25,p =0.8,u =0.07,d = 0.8,e = 0.2
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Figure 20: Stream function with various values of € = {0.2,0.225,0.25} at Q, = Q; =
1.2,0 =0.25,p=08,u =0.07,2=0.2,d = 0.8

8. Conclusions

Here, we investigate the effects of rotation on peristaltic flow of Sutterby fluid through a
wave channel. We used the Mathematica”13” program to discuss the effect of parameters on
the movement of liquids by explaining the graphs obtained, and we found that by increasing
the parameters p, Q, = Q1, @ and € leads to increases in fluid’s velocity, and fluid’s velocity
increasing in the middle of the channel, with an increases in d, but its decreases near the
walls of the channel, while with an increases in the viscosity u leads to decreases in fluid’s
velocity. The pressure gradient dp/dx of fluid increases with increases in the parameter p,
while it decreases when Q, = Q4, €, @, p and Q increasing. Pressure rise increasing under the
effect of parameters Q, = Q4,€,0,p and d, but it decreases when the parameters
W increasing. Friction forces increases when the parameter u increases, while its decreasing
when the parameters Q, = Q4,€, @, p and d increases. The trapped bolus is expanding with
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the increase in the parameters Q, = Q4, @, p, d, {2 and €, while the increases in the viscosity of
fluid p, leads to decreases in the bolus volume gradually.
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