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Abstract.

In this work, we generalized the notion of essential submodules by introduce the
notion that namely pure essential submodules. We also introduce two notions pure
relative complement submodules and pure uniform modules, as well as some other
related concepts. The fundamental characteristics of these ideas are investigated.
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1. Introduction

Consider R be a commutative ring with identity and M be unitary R-module. Anderson
and Fuller in [1] referred to as the submodule N of a left R- module M is called pure if IM N
N = IN for every ideal I of the ring R [2-4]. A submodule N of M is called an essential (or M
is called an essential extension of N) (N <, M), if N n L # 0, for each non-zero L
submodule of M [5-7]. An R-module M namely an uniform if each non-zero submodule of
M is essential [8]. In [9] presented a nation of semi-essential sub modules as an extension
from a class of essential submodules. Researchers claimed so a non-zero submodule Hof M is
known as semi-essential, if H n P # (0) for all non-zero prime submodule P in M. In 1997,
AL-Thani investigated a new concept, which is known as P-essential submodules, where a
submodule K of an R- Mod M is called P-essential in M and denoted ( K 2 M ), in case
for every pure submodule L of M, K n L = (0) implies L = (0), [10].

Zhou and Zhang in [11] defined a generalization of essential submodules, which are
called s-essential, as follow a submodule U is called s-essential in module M, if UNT #= 0
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for each non-zero T is small submodule of M. Recall that an R-submodule T of an R-module
M is called small (briefly N <« M ) if,forall K < MwithT + K = M impliesK = M [6,
P.106]

The primary goal of this study is to introduce concepts of pure essential submodules and
pure uniform modules as popularization of the essential submodule and uniform module. In
Section 2 we study some of characterizations for pure essential submodules and extend
certain well-known features of essential submodules to pure essential submodules. And we
provide restrictions which that a submodule of a finitely generated faithful multiplication R-
module gets pure essential. While in the Section 3, we extend a notion of relative
complement of a submodule by new generalization which is called pure relative complement.
In Section 4, we offer the pure uniform module notion as an extension from a uniform notion.
Additionally, we make generalizations as description additionally to a few from some
uniform module characteristics for pure uniform modules.

2. Pure -essential submodules

This section introduces a new submodule class also referred to pure essential submodules,
we study some of the characteristics for this kind of submodules.
Definition 2.1:

A submodule K of a left R-module M is called pure essential submodule of M, briefly
(Pr-essential), and denoted for (K 2, M ), if KnL = (0), indicates that L is a pure
submodule of M.

Remarks and examples 2.2:

1. Itis clear that every essential is Pr- essential. Thus 2Z in Z as a Z- Mod is a Pr- essential.
2. The converse of (1) in general is not true. For example: in Zg as Z - module, (3) n (2) =
(0), implies (2) is a pure sub module of Zg, so (3) is a Pr- essential in Zg, but (3) is not
essential in Zg since (2) # (0), also (2)is a Pr- essential in Zg as Z - Mod but not an
essential.

3. Each direct summand of an R- Mod is pr-essential. Actually each submodule in a semi
simple module is a Pr- essential.

4. A Pr- essential need not to be p- essential. For example: in Z, as Z - Mod, (§) is a Pr-
essential in Z, since (3) n (2) = (0), implies (2) <, Ze, but it is not a p-essential since
(2) = (0).

5.1n Zsg as Z -Mod (4)®(9) = Z36.(4), (9) are pure submodules of Z34 as Z -Mod. (18)
is not a Pr- essential in Zs¢ since (18) n (12) = (0), but (12) is not pure in Zs.

6. (0) is not a Pr- essential submodule for any module M.

7. M is a Pr- essential submodule of any R- Mod M.

Proposition 2. 3:

Let N, K, L be submodules of an R- Mod M, suchthat N < K <L<M.IfN 2, M,
thenK <=, L.

Proof: LetH <L suchthat KN H = (0).SinceH<L,thenH <MalsoNNH<KnN
H = (0), hence N n H = (0), since N 2, M, then H is pure submodule in M. ButH < L,
then by [12] H is a pure submodule in L.

Corollary 2.4:

Consider A, B and C be submodules from an R- Mod M suchthat A < B < C < M, with C
be a pure submodule of M. If A2, M,then A+ B 2, C.

Proof: Since A < A + B, then by Proposition 2.3, A+ B 2, C.
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Remark 2.5:
Let f: My — M, be an R-homomorphism. If N 9, M;. Then f(N) need not be pr-
essential in M,. As the following example show: Let f: Z — Z, define as
fn) = {E n.is odd;

0 niseven.

(2) =2Z <Z,2Z9,
Proposition 2.6:
Let f: M; — M, be an R- epimorphism. If N =, M, , then f~}(N) <, M; .

Z but £(2Z) = 0 is not a pr- essential in Z,.

Proof: Let L < M; such that f~(N) n L = (0). N n f(L) = f(0), then N n f(L) = (0),
since N 2, My, then f(L) <, M, , by [13] f~(f (L)) <, M;. Therefore, L <, M;.
Proposition 2.7:

Let A, B be submodules from aleft R- Mod M. If AnB <
Sy M.

Proof: Let L be a submodule of M suchthat AN L = (0).(AnB) nL<AnL=(0),then
(AnB) n L =(0).Since AnB 2, M,implies that L <, M. By similar way we get that
B2, M.
Remark 2.8: Let A, B be submodules of M. If A 2, M and B 9, M. Then A N B need not
be a Pr- essential in M.For example: in Zs¢ as Z — Mod. (4) 2, Zs, , since (4) n(9) =
(0) implies (9) <, Z36 . Also, (6) 2y Zse , since (6) <, Zs6. But (4) n (6) = (12), which
is not Pr- essential in Z34, since (12) n (18) = (0) but (18) is not a pure in Zas.
Remark 2.9:
IfN 2, M. Then NNK =2, . M n K, forany suomodule K of M.

Proof: LetH <M NK,thenH <M and H <K, suchthat(NNnK)nH = (0).
Hence, N n (KN H) = (0) ,then N n H = (0) (since H <K). Since N 2, M,thenH <,
M.ButH <MnKthenH <, MNnK.

An R- Mod M is said to be pure simple, if the only pure submodule of M are (0) and M,
[14].
Proposition 2.10:

Let M be a pure simple R- Mod. If K 2, MwithN < Kand N <, M, then% Ly %
Proof: Let % < % such that % N % = (0) impliesK N L =N.Since N <, M ,thenK NL <,
M. Since M is pure simple, and K N L # M, then K nL = (0). But K =, M, hence L <,

L M
Proposition 2.11:
Let N and K be submodules of M, with K < N . If
M.

Proof: Let H < M suchthat N n H = (0), then % = % S
= implies = <, = Since K <, M, then by [12] H <, M.
Theorem 2.12:

Let M be a pure simple R- Modand A <B <M. ThenA 2, Mifandonlyif A<, B
and B =, M .
Proof: =) Let L < M suchthat B n L = (0). Toprovethat L <, M .
ANL<BnL=(0),sothatAn L= (0).Since A=, M,thenL <, M.
Let C < Bsuchthat A nC = (0). Toprove that C <, B.

pr M, then B 2. M and A

xl=

g
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pr= and K <, M, then N 2,

o
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AsC <Mand A=, M,then C <, M. Hence, by [12, Remark 2.1, p. 14] we obtain C <, B

&) LetH <M suchthat An H = (0). Toprovethat H <, M.
(AnH)YnB=(0)nB then An (HnNB)=(0),since A2, B,then H N B <, M, since
M is a pure simple, then either H n B = (0) or H n B = M which is a contradiction. So, B
N H = (0), since B 2, M, implies H <, M.
Recall that we say a multiplication of an R- Mod M if for every sub module N of M, there
isanideal I in R sothat N = IM, also M is called faithful if annM = 0 [15], [16].
Theorem 2.13:
Anideal [ ofaring R isa pr-essential if and only if IMis a Pr-essential submodule
of M. Where M be a finitely generated faithful multiplication R- Mod.
Proof: <) Assume that J is anideal in R, suchthat I nJ = (0). Toprovethat] <, R.(IN
M = (0)M, implies IM nJM = (0), since IM =, M, then JM <, M. Hence, by [15] we
have ] <, R.
=) Let H < M such that IM n L = (0). To prove that H <, M. Considering that M is
multiplication, then H = JM, for some ] < R. IM n JM = (0), then (INnJ) M = (0)M.
Since M is a finitely generated faithful multiplication, hence by [17] we have I n ] = (0).
But I 2, R, implies that J <, R [18]. Hence, /M is pure in M. Thus H <, M and
IM 2, M.
A left R- Mod M is said to be a cancelation module, if whenever IM = JM , at I and ]
representing ideals of R,thenl = J, [19].
Corollary 2.14:
Let M be a cancelation R- Mod, and I any ideal of R. If IM 2,,,. M, then I 2, R.
Proof: Clear by Theorem 2.13.
Corollary 2.15:
Let M be a cancelation and multiplication R- Mod. If A 2, M ,then [A:M] =2, R.

Proof: Since M is multiplication implies that A = [A: M] M, [17]. ButA <,, M, hence by
Corollary 2.14, [A:M] 2, R, where [A: M] is the residual of A by M, which is the set of all
rin R such that rM < A, [15].
An R- Mod M is said to be F-regular (regular), if every submodule of M is pure, [20].

Proposition 2.16:

Let M be aregular R- Mod and let E < M, then E 2, M ifand only if E <, M.
Proof: Clear.

Recall that a submodule Z(M) of a left R- Mod M, where Z(M) ={m € M | ann(m) <, R}
is said to be singular submodule of M, [5].
Proposition 2.17:
If N 2, Mand Z(N) = (0), then Z(M) <, M.
Proof: Since Z(N) = Nn Z(M) [5],then N n Z(M) = (0). But N 2, M, implies Z (M)
<p M.

Let N be a submodule of an R- Mod M. A submodule K in M is called a relative
complement for N in M, if K is maximal with respect to the property N N K = 0. (i.e., if there
exists K'< M such that K <K 'with K' N N =0 implies K = K ', [5]. In this part, we study a
pure relative complement notion as a broadening of the relative complement submodule
concept.
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Definition 2.18:

Let N and K be submodules of an R- Mod M, K is called pure- relative complement
(Pr-relative complement) of N in M. If K is maximal pure submodule with respect to
property K N N = (0).

Remarks and examples 2.19:

1. It is clear that every relative complement is Pr-relative complement. Thus (2) in Z, as Z-
Mod is a Pr-relative complement of (3) in Z as Z- Mod.

2. If N < M, then a Pr-relative complement for N in M may not be unique. For example:
Consider M = Z,®{0}={(0,0), (1,0)}

Kl = {O }GBZZ = { (01 0)! (01 1)} ’ KZ = Z(l’ 1) _: { (01 0)1 (11 1)}

K; and K, are pure submodules in M, N n K; = (0, 0) , implies that K; is maximal pure sub
module of M, N n K, = (0, 0), implies that K, is maximal pure submodule of M. Thus K; and
K, are Pr-relative complement for N in M.

3. If N is a Pr-relative complement to K in M, then K may not be a Pr-relative complement
to N in M. For example: Consider N = (2) and K = (0) are submodules of Z, as Z-Mod.
(0) is a Pr-relative complement to (2)in Z,. But (2) is not a Pr-relative complement to
(0)in Z,, since (0) N Z, = (0),where (2) is not maximal pure submodule of Z,.

4.1n Zg as Z- Mod (2) n (3) = (0). (3) is a Pr-relative complement to (2)in Zg, and (2) is
a Pr-relative complement to (3)in Zg.

Proposition 2.20:

If M = N @ K, where N and K are submodules of an R- Mod M. Then K is a Pr-relative
complementto N in M, and N is a Pr-relative complement to K in M.

Proof: N n K = (0), since M =N @ K, then by [9] N and K are pure sub-modules of M.
Let there exist K' <M suchthat K < K'<M and N nK'=(0),sinceM =N+ K and
K <K <M,then M =N+ K'=N+K, implies that K = K', hence K is a Pr-relative
complementto N in M. By similar way we prove that N is a Pr-relative complement to K in
M.

Proposition 2.21:

Let A, B be submodules of an R- Mod M, with A =, M. If B is a Pr-relative
complementto A in M,then A B 2, M.

Proof: Let C < M suchthattA@ B) NnC=(0).(A@B)nC =(0),then An(B+C) =
(0), since A =2, M, implies B+ C <, M. But B is a Pr-relative complement to A in M,
then B is a maximal purein M. B < B+ C, hence B =B+ C, implies C < B so (0)=
APB)NC, 0)=(ANnC)+ (BNC),then(0)=(ANC)+C,hence C = (0). Since (0) is
apurein M. Thus C <, M.

Remark 2.22:

If N® K 2, M. Then K may not be a Pr-relative complement to N in M. For example:
consider Z3zas Z- Mod. Let N = (9) and K = (12) are submodules of Z;.as Z- Mod.

N @ K= (9) ® (12)= (3) 2, Z3¢, but (12) is not a Pr-relative complement to (9). Since
(12) is not maximal pure with respect to (9) n (12) = (0).

3. Pure — uniform modules

A non-zero left R- Mod M namely a uniform, if each non-zero submodule in M is an
essential, [5]. We provide here, a pure uniform an R- Mod notion as a broadening of the
uniform module notion. We also expand a several uniform module features to pure-uniform
modules.
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Definition 3.1:
A non-zero an R- Mod M is said to be pure-uniform, briefly (Pr-uniform), if for all

nonzero sub module in M is Pr-essential.
Remarks and examples 3.2:
1. It is clear that each uniform R- Mod is a Pr-uniform. For example: Zg as Z- Mod is a Pr-
uniform.
2. In general the convers of (1) is not true. For example: Z,, as Z-Mod is a Pr-uniform but
not uniform. Since (3) is not an essential submodule of Z,,.
3. Every semi simple module is a Pr-uniform. For example: Z, as Z- Mod.
Theorem 3.3:

Let M be a finitely generated faithful multiplication R-Mod. Then M is a Pr-uniform
module if and only if R is a Pr-uniform ring.
Proof: =)LetI <R, then IM < M . Since M is Pr-uniform module, implies IM 2, M. By
Theorem 2.13, I 2, R. Thus R is a Pr-uniform ring.
<) Suppose that L < M, since M is multiplication R-Mod, then L = IM, where I < R. But
R is a Pr-uniform ring, hence I <, R. By Theorem 2.13, IM 2, M. Thus M is Pr-uniform
module.
Corollary 3.4:

Let M be a cancelation R-Mod, and let I be any ideal of the ring R. If M is Pr-uniform
module, then R is a Pr-uniform ring.
Proof: By Corollary 2.14.
Proposition 3.5:

Let f: M; — M, be an R- epimorphism. If M, is a Pr-uniform module, then M; is a Pr-
uniform module.
Proof: Let L < M,, so f(L) < M, since M, is a Pr-uniform module, then f(L) 9, M,. By
Proposition 2.6, f~*(f (L)) <, M,. Hence, L <, M,.
Proposition 3.6:

Let M = M; @ M, be R-Mod. If M;or M, is a Pr-uniform module, then M is Pr-uniform
module.
Proof: Suppose that p: M — M, and j: M; — M. Let L < M, then p(L) < M;. Since M, is
a Pr-uniform module, hence p(L) 2, M;. L = 7(p(L)) 2, M. Thus, M is Pr-uniform
module.

Remember to a non-zero left R-Mod M is said to be fully essential if for each non-zero
semi-essential submodule in M is an essential submodule of M, [8].
Definition 3.7:

A non-zero R-Mod M is said to be fully Pr-essential if for each non-zero Pr-essential
submodule of M is an essential submodule of M.

Examples 3.8:
1. Zg as Z-Mod is a fully Pr-essential.
2. Zg as Z-Mod is not fully Pr —essential. Since (2) is Pr- essential submodule but not
essential submodule of Z;.
Proposition 3.9:

Let M be a left R-Mod. Then M is Pr-uniform and fully Pr-essential if and only if M is
uniform.
Proof: =) Assumethat 0 # N < M, since M is a Pr-uniform, then N 2, M. But M is
fully Pr-essential, so N <, M, hence M is uniform.
&) Clear.
Corollary 3.10:

Let M bearegular R-Mod. Then M isuniformifand only if M isa Pr-uniform.

1994



Ibrahim and Al-Mothafar Iragi Journal of Science, 2025, Vol. 66, No. 5, pp: 1989-1995

4. Conclusions:

In this paper, a generalization of essential submodule, relative complement sub module
and uniform module has been introduced which are called pure essential submodules, pure
relative complement submodules and pure uniform modules respectively. We also show the
following:

e IfN 2, M,thenK <, L,where N<K<L<M.
e Let f: M; — M, be an R- epimorphism. If N 2, M, , then f~*(N) 2, M, .

e If AnB =2, M,then B2, . MandA 2, M, where A, B are submodules of M.

. |f%gpr% and K <, M,then N <, M, with K <N < M.

e If B isa Pr-relative complementto A in M,thenA® B 2, M, withA 2, M.
e If M is Pr-uniform module, then R is a Pr-uniform ring.
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