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Abstract

The main goal of this paper i s to study and discuss a new class of meromorphic
"func ions[ which are multivalent defined by [fractional calculus operators.
Coefficients estimates , radiis of satarlikeness , convexity and closed-to- convexity
are studied. Also distortion and closure theorems for the class

i (A v,1,y, a, B) are considered.

Keywords: **"Meromorphic Functions , Fractional calculus, Radius  of convexity,
starlikeness”, convexity and ¢ losed-to- convexity , distortion and closure theorems .
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1.Introduction
Let ), "denotes the c lass of meromophic funct ion s defined by:
fw)= wb+ ¥2, awt, (b €N) 1)
which are anal ytic and p-valent in the punctured unit d isk
U ={wec:(0<|w|<1)}
A function f € Y, is "said to be in the class Y (@) of meromorphic p-valenty starlike
function(see Duren[1]) of order o if":

wfr(w) *
-Re{—f(w) }>a,(we U*,(0 <a<b),beN). )

A functionfe Y, is "saidtobe in the c lass Y§(a) of meromorphic b-valently convex funct ion
of order « if":
w(f W)

f'w)

In this paper , we discuss and st udy a new cl ass of meromorphic multivalent functions"
b- valently conv ex functions by using of the fractional” calculus oper ators contained in

—Re{1+ }>a,(w€ U, (0<a<b)beN). 3
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Definition (1):
F(u+17+1] A)F(l’)) _b+q+1]ﬂ.,u,v,1] [W“+bf(W)](OSA<1),

MY uvnf( ) = r(ptn)r(v+n) 4)
Do ™D I L [t ()] (o0<0)
where ]’1 MP0 nis the generalized fractional derivative operator of order a normalized by"

T f W= aw WA S 0w =07 oF (0= 21 - w1 - K1) F(dt) ()

( r e R" ,r>(max{o,u}-n) and(0< A<1),u,y € R),
where f is analytic function in a simply— connected region of the w-plane containing the origin
and the multiplicity of (w-t)~*is removed by requiring log (w-t)to be real when (w-t)>0 , provided

further that : ("f (w)=0(lw|") (w—0), (6)
and I, ’1“ "1 is the generalized fractional integral operator of order - A (—o < A < 0) normalized by
“””Jf (W) =% LY et (w— "D R (24w —v11-3)f©)dt (7)

(A >0,u,neR,ireR* and r > (max{0,u}-n)),

Where f is constrained and the multiplicity of (w-t)*~1 is removed as above and r [is given by the
order estimates (6).
by using (5) and (7) it follows from

on (Fw)) = Jot (Fw)), ®)
and
o™ (Fw) = Ig8Y (Fw)), 9
where ]““’ and 13;;3” are the familiar Owa —Saigo -Srivastava generalized fractional derivative
and integral operators(see, e.g.,[2] and[3] see also [4]).
Also
Jow™ (fFW)) =DE(FW)),  (0<A<1) (10)
and
om " (fF(W)) = D (F W), (> 0) (11)

where D% and D} are the famlllar Owa- Saigo-Srivastana fractional derivative and integral of
order A (cf.Owa[5]; see also Srivastava and Owa [6]).
in the terms of Gamma function , we have
AWV k _ r'(k+y)r(k+y—p+v) k+n—p—1 (12)
ow r(k+n—pWrk+n—2A+v)

0<21<1),uneRveRand k > (max{0,u} —n)), ((
and
Apvy g TRADIAn—p+v)  pip—p—1
Tow T F(ke+n—WI(k+n+A+v) " (13)
(A>0),w,neR,veRand k > (max{0, u} — n)).(
By using (1),(12) and (13) in (4), we find

M fw) = w™ + B2, [ aw (14)

Provided that
Htv+n>21),(—0o<A<1)(E>-n),1@>0),(beN),fe),

and
ALuy, 0 _ (WD) i+p (W+D)itp
I T (=i isp (15)
The operator M’1 PP0ew) reduces to the well -known Ruscheweyh derivative DAf(w) for
meromorphich unlvalent functions [3]
We are study a subclass of (1)def ine below
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Definition (2) : A function f € 3, is intheclass Y, (A, w, v,1n,y, a, B) if it satisfies the condition :

! Auv,n +1 1
w(M Fw)4
Plow T (b+q))

Moy fw)d

<p, (16)

W Fw)a+t
Mk

forsoma(0<a<1), BO<SB<1),y(0<y<1),qeNU{0},g<bbeN,(—0<A
D,(u+v+9>24),@>-n),(yg>0)and(v > —n).

Theclass Y, (1,, 1, v, 1,7, a, B) reduces to the cl ass studied rece ntly by Darus [7].
Definition( 3): Let 37 denote the subclass ¥, normalized by

( Auvflf( ))q (M)( 1)4w=b- q_l_z Auyn i!

b-Di ——a;w'9,(a; = 0; (b €N))

)l

and

( My f (w )) " Eifgi(—nq“w—b-q-l+;1ﬁ'“”"°—(i_;_ 1)!aiwi-q-l (17)

we define a new subclass ¥} (4,1, v, n,v,a,B) by
Y5 vy, pf)=xN% (hwv,ny,ap).

2. Coefficient Estimates:

Theorem (1): Suppose that f € 3., and
Zi(y‘l'ﬂ)-l'y(b_ﬁ)-l'ﬁ(za_q) vy i!

; I T Q;

i i—q ' (i—qg-1)!
l=

< B (b+a+y -20) T2, (18)

Where Fi’l‘“‘”'” is normalized by (15) and the cond itions with (16) hold .

Thenf ey, Lwvnya/p).
Proof: "Let use suppose that inequality (18) is true.
Further assume that"

Q) = [yw Mg F W)+ + ¥ (b + @) (Mg " F (w))? |
=B |wMgT " fw)T + (2 = v) (M s F )| < 0.
By using (14),we find that

() = [ DT w -b-q+2{'°=by1f'“'”'”maiw"‘q
+y(b+q)%( 1)Twb- q+zy(b+q) “”“(_i—!waiwi-q
+Q2a — y)%( 1)4w=b- q+2(2a NI, “””3( . )'alwl 1 <0
_ e+ ‘?b ¢ i D Cyecnytwra g Eyrf’“’”’“ e ;!_ i
+y(b+q)%( 1w q+Zy(b+q)F“””( = q)(l.“_ q_l)!aiwi‘q‘
Shs q()lfb_i)q, — D Cpac-nytwra Z A o T ;_ v
+(2a- )%( 1w b- q+Z(2a y)r“”“(l_q)(i“_q_l)!aiwi-q <0
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(b + CI) A,y i! .
pAevn___ B l—q|
UZ o)t T
_ﬁ( (b+q-1! _,_

& - D!
+Z(1+

luvn i! ,i—q
I (L—q—l)!alw D]SO

—(b+q+y—2a) a

© v +a) auv, il
2.0 = q>>““m'“l'r
(b+q—-1! _
- B ‘—(b‘HZ"‘V—Za)W b
C = q 20—V v l.
_zb( i=q )Gug(i—q—l)!aiw>

@ ]/(b+CI) v, i! i (b+q_1)! -
Z (v + = )FM[ “mlailr —ﬁ(b+Q+V—2a)WT b

q+2a y) Awvn i! i
1—'-"' A 1<
+Zﬁ< O gy =0

B2y R I s = B b+ gy — 200 G+
22y B (FEE) [ s <0
z(i(y+ﬁ) +y®b—pB) +ﬂ(2a_Q))pl,u,v,r] L
i—q : i—-q-—-D'"
(b+q—1)!

<@Bb+q+y-2a) 19)

(b—-1)!
Since the above ineguality holdy for every r,( 0< r< 1). Letting r—1~ in the(19) we obtain that

Q(f)=<0, hence f € ¥p,(4, 1 v,1,7, a, B).
Theorem (2): If f € ¥f ,then f € ¥ ( A, w,v,n,y,a,B) ifand only

i(iw RS iUl R (C e NP B
i—q h i—-qg—-D"

(b+qg—-1)!

< — ~ 1t 7

<@Bb+q+y-2a) T

where I*l.’l'“'”‘rJ is normalized by (15) and every the parameters are constrained asin (1) Theorem

: "Inthe Theorem (1), it is sufficient to prove" the "on ly if " part. proof

Let us suppose that f € X ( 4, 1w, v,1,7, @, B).
Then

(20)

w(Mo " f (W) T
(Mo f (W)
w(Mg " f (W)
oy
Z?ob(m+b)) Apvy_ il i+b

_ =b% i—q li (—q—v1 4%

. . <B.
b+q—1)! —q+za—y. Auv, 1 ;
(Za—y—b—q)((bzl)!) +X2p (Al Y “””(i_;_l)!aiwwb

¥( + (b +q)

<B,
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Since Re(w)<|w| for every w, it follows that

y(l+b)) Awvn_ i L itD
Zlb(tq[‘l (lql)'aw ﬁ
a;witb '

Re{ .
_ (b+q—1)! i—q+2a—y\ ~Auv,y i! it
(b+q+y—2a) -1 Zl. b ( i-q )Fl (i—qg-1)1 ¢

letting r—17, through real values , we get the result (20).

3. Distortion Theorems

"The distortion property  for the functions in the class X} ( 4, u,v,1,¥,a,B) is contained in
Theorem (3): Letf € ¥} (A, w,v,1,7, aB,).Then

b - 1!
L (ﬁ(b+q+y—2a))% b < e
T T eSOy Ry (e e N LU
=g @=q-1?
1 (B +q+y - 20f))(b+q—_|1)'
< o jw]?
T wl? b()/+[>’)+)/(b /3’)+l3(2a—CI) b! '
b—q @—q D7
For every the parameters are constrianed in the Theorem (1).
Proof: Since f €Y} (Awv,1,7,a,8).
In the of Theorem (2),we have
oo (b + q— 1)'
Z e (Bb+q+y-2a) NCE 1
AR S b+ B +r(b— ﬁ)+/3(2a—q)< b! )
i=b b—gq (b—q—1)!
Now
Mo Fw)| < s+ Z2p s MWl < o WP B2 a1
By using (21), we get
(b+qg—-1)!
|M’1“Unf(w)| GOratr=2o) (b 1) lw|?
_IWIb BRI -P+BRa—q ( b! ) '
I b—gq (b—q—1)!
Also
[Mow"fw)| 2 5= SZpa W = o~ Il B2y a1
Also use of (21), we obtain
b+q—1)!
|Mgh™ F )| = (b 1) |wi®.

B IWlb b+ +y¥b—B) +BRa—¢q) ( b! )
b—gq (b—q-—-1)!
The proof is complete.
4. Radii of Starlikeness, Convexity,close -to-convex for the class Y (A, v, 1,7, B):
Theorem (4):1f f € ¥} (A, w,v,1,7, a, B) then fis meromorphically
p-valent starlike of order w (0 < w< b) in |w|<R;, where
_ (b w)(1(7+l3)+y(bl l;)+B(20¢ q)) rluvn(i_qil_l)!) S

Ry=inf;{ 209 (Blbrary—2a) T } o, (22)
For every the parameters are constrained in the Theorem (1)
Proof: Itis sufficient to show that, For (0 < < b):

W' W)
LD bl < b - ). (23)

That is

‘W(f’(W)) +bf(w)
fw)
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® (i + b)a;withb
1+ 32, awt?

C|=bw TP+ B2 iawt+ bw P+ B2 baw!|
- ‘ w+ Y, awt ‘ -
Yizp(i +b) ajlw|™*?

- 1-— Z ba |W|l+b

(i +2b— .
z (l lp) a;|w|Ptt < 1.

i=b

< (b-),

or equivalently

It is enough to consider

(b — 1/))1(Y+ﬁ)+)/(b B) +B2a—q) D i!

lw|P+ < l—q I; (i—q—1)!
- b+ ! )
(i+2b=P)(Bb+q+y - Za))W
(b— 1l)\t(y+t?)+y(b B)+B(2a=q) pAwvn__ I
Therefore, w|< { —1 i }l +b. (24)

(i+2b-)(B(b+q+y—2a)) =
Setting |\W|=R:(4, w, v, 1, ¥, a, B)in (24), we obtain the radius of starlikeness."
Theorem (5): Letf € X7 ( 4, u,v,1,y,a,B) .Then f is meromrphically

p-valently convex of order ¢ (0 < < b), in|w|<R,, where
b(b— 1/)"(”3)”(" B)+B(2a=q) pAwvy___ i

Ro=in i-q L G- 4-1) +b 95
=infi{ G 20 P (a2 T } b (25)

proof: Letf € ¥3(A, 1, v,1,7,a,B) . Then by Theorem (1)

(l(y+ﬂ)+y(b B)+ﬂ(2a—Q)) phwon___ 8
Z i—q i (i—q—-1)! lSl.
i=b (ﬁ(b+q+y—2a))%
For (0 <y <b), we see that"
w(f"(w))
‘W+(1+b) < (b-).

That is
—b(=b — Dw=P*D 1 $* (i — Daw"t = b1+ H)w D + ¥ i(1 + b)a;wi™?
—bw= ) + 72 ia; witt _
| SRy iG4b)aw Tt | BR, i+ baglw]
| =bwm B £ 3% g witl[ T b — 32, i ag|w|itP

< (b-),

or equivalently

(i +2b — ) l.
Z—b(b—w) a; Wit <1,

It is enough to consider

i—q i (i—q-1)!

. b 1
L(L+2b—1/))(ﬁ(b+q+y—2a))( (221)1!)]

i(y+B)+y(b-B)+B(2a— @ Ay
W]+ < {b(b alt )}.

Therefore,
iy+B)+y(b-B)+B(2a—q) ~Apvy il
il =g T ) o (26)

W_ ]
wl= ¢ i(i+2b—¢)(ﬁ(b+Q+Y—2“))(b(zz1)1!)

Setting W|=R,( 4, 1, v, 13,7, a, B) in (26), we obtian the radius of convexity.
Theorem (6): Letf € Y7 (4,1, v,1,y,a,B) .Then f is meromorphically
p-valently close-to-convex of ordery (0 <y <b),in |w|<R3, where

(b— 1p\t(v+/3)+y(b B)+B(2a=q) Auwvn__ i

1
Rs=in = L ) 27
3 fl{ i(ﬁ(b+q+‘y 2“))“2;21)1!)‘ } ( )
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Proof: Letf € ¥} ( 4,1, v,1,¥, @, B) . Then by Theorem (1)

C@+B)+ﬂb—m+ﬁﬂa @)Awq i! .
Z i—q ' G-g-Dr_
= B +q+y—2a))L e T
N (b—1)
For (0 <1 <b) ",we see that"
f ( )
< (b—-).
That is
—bw Pt + ¥ iawit + bw P71
‘ : _b_ll < (b - 1,[1)
w
Ehmmwbs@—¢)
n=p
or equivalently
Zl b( )al|W|l+b <1
Itis enough to consider
iy+B)+y(b-B)+B(2a—q) ~Auv, il
|W|i+b < (b 1‘0)( i-q i 3 l](z q—1)!) )
- i(B(b+y+q- Za))(b(;fl)l!)!
Therefore,
(b— w)(’(”ﬁ)”(bl B+Ba-q) . luvnl o ) N
w|< { 4 Um: = Ga-DVAis,

i(B(b+q+y-2a)) B=D
Setting W|=R3( A, u, v,1,y, @, B) in (28), we obtain the radius of close-to- convexity.
5. Closure Theorems
Let the functions f,(w), (k = 1,2, ..., s), is defined by:

filw) =w=® ¢ 2 aiew',(w e U a;, = 0).
i=b
"We shall prove the following closure theorems
Theorem (7): If the function f,(w), (k = 1,2, ..., s), in the form (29),by in the class

Y5 (A wv,1,y,a,B) .Then the function

(28)

(29)

F e Y} (A uwv,n,7,a B),where

F (W)=X}=1 e fk(W);(ck = 0 and}z_;c =1).  (30)
Proof: By using (30), we can write

Fw)= w® 4+ i(i cragw'.

i=b k=1

Since fi, € Y7 (Lwv,n,y,aB)(k=12,..,5), therefore
o iy+B)+y(b-B)+B(2a—q) A, i!

i=b =) I uvu(l P 1),(Zk 1 Ck A OW"

y+B)+yb—B)+LQCa—q) v, i!
=ZC’<(Z i—q i EErERe
- b
Sch(ﬂ(b+q+y—2a))(—( +q1)-) (ﬂ(b+q+y Za))

k=1
By using Theorem (2), we have F € ¥} (4, w,v,1,7, a, B).
The proof is complete.

(b+q—1)'

— 1)1

Theorem (8): Theclass ¥} (4, w,v,1,7, @, B) is closed under convex linear combination .

Proof: If the functionf;, (k =1,2) givn by (30) be in the class
Y1 (A wv,1,y,a B)then the function

gWw=afi(w) + 1 —o)fo(w), (0<0=<1),
is also intheclass Y7 (4, 1w, v, 1,7, B).

2243
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Since, for (0 <o <1),

glw) = w~® 4 Z[Uam +(1- J)aijz]wi,
i=b
We observe that

o Iy+B)+y(b—B)+B(2 rr
iblyﬁ y(b-B)+B(2a—q) “”’]—{Jai,1+(1—0)ai,2}

i—q ‘ (i-q-1)!
=0 Y%, L(V+[>’)+V(b B)+B(2a q)FlAum](L ;’! —ay;
)Zl(y'l'ﬁ)'l')/(b ﬁ)'l'.g(za_Q)rluvn i! a:
l—q 12 (l_q_l)' i,2
(b+q—-1)!

<Bb+qg+y-—-2a) B-D

By using Theorem (2) , we have g € ¥/ (A, 1w, v,1,7,a,B) .
Theorem (9): Let f,_;(w) =w™4
(b+q-1)!
_ B(b+q+y—2a))=g .
frw) =w ®) 4 +B)+yb-P)+B2a-q) Flui]l] —w
i-q i (i-q—1)!

for every parameters are constrained as in Theorem (1) .
Then

fe Yi(Awvyy,apB) ifandonly if f can be expressed in the form
F) = 0y 1o W) + D aifi(w),
b

where g,_; = 0,0; = 0 and oy,_; + X2, 0; = 1.
Proof: Let

fW) = 0y 1fp s (W) + ) 0ify(w)
i=b

(b+q-1)!
B(b+y+q—2a) - i

—.,—(b [e]
w™® 4+ ¥2, By O-P+Ba=q) Auwn____ OiW

i-q i (i-q-1)!
Then

© (Bb+y+q- Za)(b(b 1)})'(1(7""/’))"'7’(17 B) + BQa—=q) pruvn

i—q I; ¢

i!

—_1)!)

(33)

(34)

Z(l(y+ﬁ)+y(b B) +B(2a = q) rruvn !
i—q d (i
= Xi2poi=1-0p1 <1
By using Theorem (2) , we have f € ¥: (4, wv,10,7,ap8).
Conversely, let f € Y3 (A wv,0,7,a,pB).

Since
b+ 1!
Bb+q+y-— 2“)%
< - ,fori > b.
“ l(V+[>’)+V(b B)+BQR2a—q) ruvn i!
i—q I; (i—q—1)!
We may take
Wy +R)+y(b=p)+B(2a=q) pAuvy__ L
o = = (b.l,.q 1)|(l ol a;, for i=b

Bbta+y=2a)—
and o,_4 =1 -2, 0;. Then

D!

i b 20) 8+
—1),)(5( +y+q-— a)(b—

D

)

n

fW) = op_1fp-1(W) + EiZp 0 fi(W).

proof is complete.
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