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Abstract  

     This paper develops the work of Mary Florence et.al. on centralizer of semiprime 

semirings and presents reverse centralizer of semirings with several propositions and 

lemmas. Also introduces the notion of dependent element and free actions on 

semirings with some results of free action of centralizer and reverse centralizer on 

semiprime semirings and some another mappings. 
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العظصر الطعتطد والافعال الحرة للدوال الطتطركزة واالدوال الطتطركزة العكدية على اشباه الحلقات الاولية 
 يةوشبه الاول

 

، عبد الرحطن حطيد مجيد*مريم خضير رشيد  
 قسم الرياضيات، كمية العموم، جامعة بغداد، بغداد، العراق

 

 الخلاصة    
ثم شبه الاولية  الاولية و بعض النتائج حول الدوال الممركزة لاشباه الحمقات قمنا بتعميمفي هذا البحث      
 . مع بعض القضايا المساعدة حول هذا الموضوع.عمى اشباه الحمقات الممركزة العكسية بدراسة الدوال قمنا 

مع بعض النتائج حول الافعال الحرة لاشباه الحمقات والافعال الحرة  لعناصر المعتمده ا مفهومكذلك قدمنا 
 .  لمدوال الممركزة والدوال الممركزة العكسية وايضا بعض الدوال الاخرى عمى اشباه الحمقات الاولية وشبه الاولية

 
1. Introduction 

     The notion of semirings was defined by Vandiver in 1934 [1].  Then Jonathan S. Golan discussed 

semirings and their applications with illustrative various examples [2]. Thereafter many researches 

interested in the study of semirings, it´s properties and defined different types of maps on it. 

Chandramouleeswaran and Thiruveni [3, 4] worked on diverse kinds of derivations. Then Mary 

Florence reduced the work of Zalar and Vukman [5 - 7] on rings and present centralizer on semiprime 

semirings and some relation related to it in [8, 9]. 

     Murray and Von Neumann [10, 11] introduce free action concept by using dependent element on 

abelian algebra, after this kallman [12] generalized the notion of free action on algebra not necessary 
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abelian. Then many researches extend the work of dependent element and free action on many types 

of mappings [13 - 15]. 

     A nonempty set S with two binary operation + and ⋅ is said to be a semiring if and only if (S, +) is 

semigroup, (S, ⋅) is semigroup and multiplication distributive with respect to addition. We called S 

commutative if and only if                for all x, y ∈ S. Also S is called additively  cancellative  if 

              implies       for all x, y, z ∈ S, and it is called multiplicatively cancellative if  

                 implies y = z for all x, y, z ∈ S, thus S is called cancellative semiring if and only if it is 

both additively cancellative and multiplicatively cancellative [2]. The center of S defined as        
    ∈                            ∈    [8].  

     A semiring S is called prime if whenever           implies either x = 0 or y = 0 for all x, y ∈ S and 

it is called semiprime if whenever           implies x= 0 for all x ∈ S [3].  

An additive map        is called derivation on S if                             for all x, y ∈ S. 

An additive map        is called left (right) centralizer if                                   

for all x, y ∈ S. If T is both left and right centralizer then it is called centralizer of S [8]. 

     This research extend some results of centralizer on prime and semiprime semirings and study 

reverse centralizer of semirings with some results on prime and semiprime semirings. Also present 

dependent element on semiring and free action concept with some important results of free action on 

centralizer, reverse centralizer and another mappings on semiprime semirings.   

 

2. Centralizer and Reverse Centralizer on Prime and Semiprime Semirings 

Definition2.1: - Let S be a semiring, an additive map        is called left (right) reverse centralizer 

if                                     for all x, y ∈ S. A reverse centralizer of S is both left and 

right reverse centralizer. 

Lemma2.2: - Let S be a prime semiring and I be a nonzero ideal of S. Let        be a left (right) 

centralizer. If       on I, then       on S. 

Proof: - Suppose that       on I, let 0 ≠ u ∈ I and 0 ≠ r ∈ S. Then                     . 

Replace u by s u, where s ∈ S, then              for all u ∈ I and r, s ∈ S. 

             for all u ∈ I and r ∈ S. By primness of S and since u ≠ 0 we get          for all r ∈ S. 

Then T = 0 on S. 

Lemma2.3: - Let S be a prime semiring and I be a nonzero ideal of S. Let        be a left (right) 

reverse centralizer, if       on I, then       on S. 

Proof: - Similar as above. 

Theorem2.4: - Let S be a cancellative prime semiring and I be a nonzero ideal of S. Let        is 

left (right) centralizer on I, if                   for all u, v ∈ I, then S is commutative. 

Proof: - Take T is left centralizer of I, then  

                                        v  for all u, v ∈ I                                                  … (1) 

                               for all u, v ∈ I                                                  … (2) 

From (1) and (2) we have,                   for all u, v ∈ I. 

Replace u by u w, where w ∈ I,  

                       
                     

                                                                                              
                               

Since S is cancellative we have,           for all v, w ∈ I. 

Then I is commutative, by Lemma 2.22 [16] we get S is commutative. 

Similarly proved when T is right centralizer.  

Theorem2.5: - Let S be a prime semiring and I be a nonzero ideal of S. Let        be a left (right) 

reverse centralizer on I, if                   for all u, v ∈ I, then S is commutative. 

Proof: - Similar as above. 

Theorem2.6: - Let S be a semiprime semiring and I be a nonzero ideal of S. Let T: S S be a left 

(right) centralizer on I, if                 for all u, v ∈ I, then       on S. 

Proof: - let T (u) T (v) = 0 for all u, v ∈ I. 

Replace u by v s, where s ∈ S, then                                   for all s ∈ S. 

Hence                  .By semiprimness of S we get,          for all v ∈ I.  
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Then T = 0 on I and by Lemma 2.3 we get       on S. 

Similarly proved when T is right centralizer. 

Theorem2.7: - Let S be a semiprime semiring and I be a nonzero ideal of S. Let        is left 

(right) reverse centralizer on I, if                 for all u, v ∈ I, then       on S. 

Proof: - Similar as above. 

3. Dependent Element and Free Actions on Prime and Semiprime Semirings 

Definition3.1: - Let S be a semiring,        be any mapping and a ∈ S. If               holds for 

all x ∈ S then   is called dependent element of   . The set of all dependent element of f denoted 

by      . 

Theorem3.2: - Let S be a cancellative semiring and T be a left (right) centralizer of S. Let a ∈ S, then 

a ∈       if and only if a ∈      and           . 

Proof: - Let a ∈       then              for all x ∈ S, replace x by     , where y ∈ S then, 

                             

                                                                                                          

Since S is cancellative we get,           for all y ∈ S, then    ∈      . 

Thus                                      . 

Then               , since S is cancellative then           .  

Conversely, we have   ∈       with           , now replace a by x a, where x ∈ S, then  

                        for all x ∈ S. Then    ∈      . 

Similarly proved when T is right centralizer. 

Theorem3.3: - Let S be a semiprime semiring and T be a left (right) reverse centralizer of S. Let a ∈ S 

then a ∈       if and only if   ∈       and           . 

Proof: - Let a ∈       then T(x) a = a x for all x ∈ S. 

Multiply both sides from the left by a y, where y ∈ S then, 

                      
                               
                               
                               
                               . 

We have                   for all x, y ∈ S, then  

                                                                          ∈                                                           … (1)   

Replace x in (1) by y x, we get 

                                         ∈                                                         … (2) 

Multiply (1) from the left by y, we have 

                                         ∈                                                         … (3) 

From (2) and (3) we get,                   for all x, y ∈ S. 

Then                   for all y ∈ S. By semiprimness we get    ∈      .  

Thus,                                   . 

 Then                  . By semiprimness we get           . 

Conversely, we have   ∈       with           . 

 Replace a by a x, where x ∈ S, then                         for all x ∈ S, then a ∈        
Similarly proved when T is right reverse centralizer. 

Lemma3.4: - Let S be a semiring and T be a left (right) reverse centralizer of S. Then       is 

subsemiring of     . 

Proof: - Let a, b ∈     , to prove       and      ∈         

By Theorem 3.3 we have      ∈       ,           and           . 

It´s clear that       and      ∈       .  

Now since T is left centralizer then, 

                                   and                            
By Theorem 3.3 we have a + b and a b ∈        then       is subsemiring of Z (S). 

Lemma3.5: - Let S be a semiring and T be a left (right) reverse centralizer of S.       is subsemiring 

of       
Proof: - Similar as above. 
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Lemma3.6: - Let S be a commutative semiring and T be a left (right) centralizer of S, then       is 

an ideal of S. 

Proof: - Since       is subsemiring of       , we need only to show that     ∈       for some 

  ∈   . 

                         , for all x ∈ S. Then       is an ideal of S. 

Lemma3.7: - Let S be a semiring and T be a left (right) reverse centralizer of S, then       is an ideal 

of S. 

Proof: - Since       is subsemiring of      , we need only to show that a s ∈       for some s ∈ S. 

                                                      for all x ∈ S. Then       is an ideal of S. 

Definition3.8: - Let S be a semiring, a mapping        is called free action if zero is the only 

dependent element of f. 

Theorem3.9: - Let S be a prime semiring, I be a nonzero ideal of S. Suppose that        is left 

(right) centralizer of S such that T not identity map on I, then T is free action. 

 Proof: - Let a ∈       then               for all x ∈ S. 

 Replace x by u x, where u ∈ I, then                               for all u ∈ I and x ∈ S. 

By Theorem 3.3 we have   ∈         then T (u) x a = u x a.  

       –             for all u ∈ I, x ∈ S. 

By primness and since T is not identity map on I we get a = 0, then T is free action. 

Theorem3.10: - Let S be a prime semiring, I be a nonzero ideal of S. Suppose that        is left 

(right) reverse centralizer of S such that T not identity map on I, then T is free action. 

Proof: - Similar as above. 

Lemma3.11: - Let S be a semiprime semiring, then S has no nonzero nilpotent element. 

Proof: - Trivial.   

Theorem3.12: - Let S be a 2_torsion free prime semiring and        is left (right) centralizer of S. 

Then a mapping   on S which is defined by                   for all x ∈ S, is free action. 

Proof: - Let    ∈      , then                            for all a ∈ S. 

By linearization above equation we get,  

                                                           . 

                              for all x, y ∈ S 

Replace y in above equation by a y we have, 

                                                                  

                                                                  

                                                              

Put       in above equation we get,                                for all x ∈ S. 

By primness and since Φ is nonzero we have      . 

Then by Lemma 3.11 a = 0, hence Φ is free action. 

Theorem3.13: - Let S be a 2-torsion free prime semiring and        is left (right) reverse 

centralizer of S. Then a mapping   on S which is defined by                   for all x ∈ S, is free 

action.   

Proof: - Similar as above. 

Theorem3.14: - Let S be a semiprime semiring and        is derivation. Then d is free action. 

Proof: - Let   ∈         then               for all x ∈ S, replace x by a x we have, 

                                        

                        ∈    

By primness and since d is nonzero derivation, we get a = 0 then d is free action. 

Theorem3.15: - Let S be a semiprime semiring and        be a centralizer. Suppose that d is 

derivation of S. then           is free action. 

Proof: - Let   ∈        then               for all x ∈ S. 

                                             ∈                                                  … (1) 

  (     )         

Replace x by x y, where y ∈ S, implies  
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                                                         ∈                                         

Replace y by a y in (2) we have,  

                                                        
                                                                                        … (3) 

Multiply (3) by z on the left, where z ∈ S, we get, 

                                                                                         … (4) 

Replace x by z x in (3) we get,  

                                                                                       … (5) 

From (4) and (5) we have, 

                  for all x, y, z ∈ S 

Put       in above equation implies, 

                  for all x ∈ S 

By semiprimness we get,           for all y ∈ S. 

Thus a ∈ Z (S). From (2) we have, 

                                      ∈                                                … (6) 

Now replace y by T (y) in (6) and then using (1) we get,  

                                                                   for all x ∈ S                                                          … (7) 

Take                         we obtain,                               

Multiply above equation by a on the right,  

                                                                                      … (8) 

Now using (6) we get               = 0 and from (1) we get,           for all x ∈ S.  

By semiprimness of S we get     then   is free action.   
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