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ABSTRACT

Let G be a finite simple connected graph of order p, size q, and block B = B(G).
The semifull graph of G is a graph that has a vertex set V(G) U E(G) U B(G). So
that any two vertices in the semifull graph of G are adjacent if any two vertices are
adjacent in G, or any two edges are adjacent in G, or any two blocks are adjacent in
G, or any vertex incident on edge or block. It was found that Hosoya polynomial,
Wiener index, and average distance of a semifull graph are for some special graphs
such as star, wheel, path, and cycle graphs, in addition to specifying the diameter
for each of the resulting graphs.
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1. Introduction

Graph theory is one of the most important branches of mathematics, whose applications
appeared widely and greatly in the last century. This prompted researchers to focus heavily
on this branch by finding mathematical models that link chemical properties such as the
boiling points and melting points for chemical structures. It also helps finding the invariant in
graphs, such as topological indices, and the most important of these indices is Wiener index,
which was found in 1947 by the chemist Wiener, [1]. Let G be a simple connected graph, [2],
the concept of distance between two distinct vertices (say u and v) in G refers to the number
of edges in the shortest path between them and is denoted by d(u,v). If u = v, then
d(u,v) = 0. "Wiener index" of G is defined as the sum of distances between all pairs of
vertices of a graph G and is denoted by W (G), see [1]; that is,
W(G) = Xunere) ¢, v).
The diameter of G is denoted by &, and defined by
§ =max {d(u,v):Vu,v €V(G)},
where V(G) is a set of vertices of a graph G.

Hosoya polynomial or (Wiener polynomial) of G is denoted by H(G; x), [3], and defined as
H(G;x) = Y2_,d(G, k)x¥,

where d (G, k) refers to the number of unordered pairs of distinct vertices (say, (u, v)) such
that d(u,v) =k, k =0,1,2, ..., 6.

Many researchers have found Hosoya polynomials for special graphs, [4-6]. Moreover,
Hosoya polynomial was found for subdivided caterpillar graphs [7], and for C4C8(R) and
C4C8(S) Nanosheets [8]. These polynomials are valuable tools for studying and
understanding the structural properties of graphs in graph theory. There are many other types
of polynomials which are of great importance in graph theory such as schultz polynomial [9],
detour polynomial [10], and other types [11-13]. For a broad overview of the previous
concepts, see [15-16]. In addition to their important applications in many fields, you can see
[16] to solve a class of time-fractional diffusion equations, and more applications in [17-19].

Furthermore, the Wiener index of a graph G can be written as follows:
d
w(G) = EH(G; %) |x=1-
Many topological indices depend on the distance, the degrees of the vertices, or both, [20-23].
The average distance D(G) of a connected graph G of order p is defined as: the sum of

distances between all pairs of vertices of a graph G (W (G)) over (g),where (229) is the

number of unordered pairs distinct vertices in G, see [24].

A component of graph G is the largest connected subgraph which is not contained in any
other connected subgraph, c(G) is the number of components in G. Let v be a vertex of a
graph G, then G — v means that remove a vertex v and all edges vu, u € V(G) from that, if
have c(G —v) > c(G), then v is called a cut-vertex of G. Let G be a nontrivial connected
graph G, the graph G is a non-separable graph if G contains no cut-vertices. A block is a
maximal non-separable subgraph of G, [2]. The semifull graph S;,;(G) of a connected
graph G, [25] is the graph whose vertex set V(G) U E(G) U B(G) such that any two distinct
vertices in Sg,,;; (G) are adjacent if

J Any two vertices are adjacent in G .
. Any two edges are adjacent in G.

J Any two blocks are adjacent in G.

. Any vertex incident on edge in G.
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. Any vertex incident on block in G.
To illustrate the previous concepts, we take the following example [25]. A semifull graph of
the path graph P;, 8¢, (Ps3) is shown in the following Figure 1(a) and 1(b).

e e,
e [
v' & ] v Vs
1 B A B, 2
B, B,
P3 Seuu(P3)
(a) (b)

Figure 1: The semifull graph of P5

2. Main results

In the following theorems, we find the Hosoya polynomial, Wiener index, and an average
distance of semifull graph for certain graphs such as: §;,, P,, Wy,1 and C, graphs, in
addition to specifying the diameter for each of the resulting diameters.

2.1.  Hosoya polynomial of Sf,,;;($1,)
The graph Sy, (81,p) is shown in Figure 2, for all p = 3.

PP

€1

Figure 2: The Sf,;;(S;,,) graph forall p = 3.
Clearly, the order and size of Sfy;(S1p), p =3 are 3p + 1 and p? + 4p, respectively.

Through the following proposition, we will determine the diameter of a graph Sgy,;;(Sy ),
p = 3.
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Proposition 2.1.1: For p > 3, the diameter of diam (Sfuu(51,p)) = 2.

Proof: Since the center vertex v, of a star graph §;, is adjacent to all vertices in
%4 (Sfu”(SLp)) —{vy}, where V (Sfuu(51,p)) ={vy}U{v;e;,B;,1 <i<p} so that v; €
V(81p), ei € E(S1,) and B; be a block of a star graph §; ,, forall 1 < i < p. That s,
d(vg,u) =1, forallu € {v;,e;,B;, 1 <i < p}.

Also, from Figure. 2, we note that

d(e,e)=1,forall1<i,j<p,i#],

d(B;,B;) =1,forall1 <i,j<p,i#]j.

Since any two vertices in V(87,,) — {vo} is not adjacent, then

d(vi,v;) = 2 inSp(81p), forall 1 < i,j < p,i # j, (by definition of semifull graph).
Also, any vertex e;, 1 < i < p is not adjacent to any vertex B;,1 < i <pin Sfull(Sl,p)a then
d(e;,Bj)=2,forall1<1i,j <p.

Since the diameter is the maximum distance between any two distinct vertices, then
diam (Sfuu(51,p)) =2. =

Theorem 2.1.2: For p = 3, then;

L. H(Sruu(S1p)ix) =3p+ 1+ (p? + 4p)x + %p(7p — 5)x2.

2. W (Spuu(S1p)) = pBp - 1.

3. D (Spua(Sip)) <5
Proof:

1. Since ¥2_,d(G, k) = (lgl), for any connected graph G of order p, then

1
d(Spun(S1p), 1) + d(Spuu(S1,). 2) = (3p2+ )
d(Sruu(S1),2) = 2p(p + 1) — (? + 4p) = p(7p — 5).
Hence,

H(Spuu(S1); %) = 3p + 1+ (p? + 4p)x + 2p(7p — 5)x2.
2. W (Spuu(S1)) = = H(Spuu(S15):0) xr = p(8p — D).

3. D (Sfuu(fsl,p)) = W(?gﬁiff;’p)) - ;Ei;:; - 1796 - 3(32pz+1) < 1796' "

2.2. Hosoya polynomial of Sy,,;;(W) 1)

Let V(Wy11) = {vo, V1,V ., ¥} and E(W, 1) = {e1, €, €3, ..., €5} Where &; = vyv;, 1 <
i<pande,,; =VViy1,1 <i<p, vy =vy.SeeFigure3.

€yp—
2=y ep+2
vp—l U3
€p+3

e
Ve p+4

Figure 3: The W, graph
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Then, the graph S¢,;;(Wp41) , 0 = 3 is shown in Figure 4.

Cycle graph

Figure 4: The S,,;;(Wp41) graph, p = 3.

That is, p (Su(Wp1)) = 3p + 2 and q (Spuu (W) ) = 3 (0% + 19p +2).
Proposition 2.2.1: For p 2 5, diam (Suu(Wy1)) = 3.

Proof: Let u be an arbitrary vertex belonging to Sgy;;(Wp41), Where V(Sfull(Wp+1)) =
{B,vi,e;:i =0,1.2,..,p,j = 1,2,..., 2p}, then there are five cases.

Case 1: If u = B, then d(u,w) < 2, forall w € V(Spuy(Wp41)) — {ul.

Case 2: If u = vy, then d(u,w) < 2, forall w € V(Spu(Wp41)) — {u}.

Case3: If u=v;,i=12,..,p,thend(u,w) <3, forallw € V(Sfuu(WpH)) —{u}.
Cased: Ifu=¢;,j=12,..,p ,thend(u,w) < 2, forall w € V(Sruy(Wp41)) — {u}.
CaseS:Ifu=e,,j,j =12, ..,p, thend(u,w) < 3,forallw € V(Sfuu(WpH)) —{u}.
From definition of the diameter, then diam (Sfull(wp+1)) =3 =u

Theorem 2.2.2: For p = 5, then;

H(Sfu”(WpH);x) =3p+2 +%(p2 +19p + 2)x + %p(Sp +3)x?% + %p(Sp —13)x3.
Proof: First, to calculate d(Sfu”(WpH), 2), we take three cases.

Case 1: If u = B, then there is one subcase |{(B,¢e;):i = 1,2, ...,2p}| = 2p.
Case2: Ifu =v;,i =0,1,2, ..., p, then there are five subcases.
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|{(v1,vj):j =34, ..,p— 1}| =p-3.
{(viv):i=23,p—2j=i+2..p}| = (0 - ) - 2).

[{(vo,€p+): 1= 12,...p}| =p.

|{(vi, ej): Lj=12,..,p, j# L}| =p(p-—-1).

° |{(vi,ej):i =34,.,.p—-1,j=p+i—-2,p+i+ 1}U{(vi,ej):i =12,j=p+
i+12p+i—-2}u{(vye)j=p+12p—2} =2p.

Case3: Ifu=-¢;,i=1,2,..,2p, then there are two subcases.

. {(ene):i=23,...p,j=p+Lp+2..2p,j#p+i—-Lp+i}u{(e,g)j=
p+2..2p— 1}| =p(p — 2).

. {(ene):i=p+1Lp+2,..,2p—2,j=i+2}U{(ezp-1,€p+1) (€2p, €p42)}| =P
Hence,

d(Srut(Wp41),2) = 20 +5pBp + 1) +p(p — 1) = 2p(5p + 3).

Since d(Sput(Wp+1),1) = 4(Spuu(Wps1) and T3 d(Spun (Wi ), k) = (PrePoe)l) =
~(9p + 9p + 2), then

d(Srut(Wp+1),3) =5 (9% +9p +2) — G (p? +19p +2) +5p(5p + 3)) =

~p(3p —13).

Since d(Sfu1(Wp+1),0) = 3p + 2, then

H(Spu(Wya1); %) = 3p + 2 + 2 (2 + 19p + 2)x + 2p(5p + 3)x% + 2p(3p — 13)x°. m

Remark 2.2.3: For p = 3,4, then

o H(Spuu(Wy);x) = 11 + 34x + 21x2.
o H(Spuu(Ws);x) = 14 + 47x + 44x>.
Corollary 2.2.4: For p = 5, then

. w (sfuu(wpﬂ)) = 10p2 — 7p + 1.

20
2. D(Spu(Wpia)) <% m
2.3. Hosoya Polynomial of S, (Pp).
Figure 5 shows the semifull graph of 7, , p = 3.

€1 €2 e3 ey ep_2 e

2 -

(%) VU3 Uy ‘

Bl BZ B3 B4 Bp_z Bp—l

Figure 5: The Sfy;(#,) graph

Note that forp = 3, p (Sfull(?p)) =3p—2andq (Sfull(?p)) =7p—09.
Proposition 2.3.1: For p > 3, diam(Sq (%)) =p — 1.
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Proof: From Figure 5, we note that the maximum distance between the vertex of {e;, vy, B}
and the vertex of {e,_1, Vp, Bp—1} is p — 1, that is
p—2,if w=e,_,
d(e,w) = .
(e1,w) {p —-1l,ifwe {vp,Bp_l}.
d(v,w) =p—1,if w € {e,_1,Vp, Bp_1}.
p—2,if w=B, 4,
p—1ifwe {ep_l, vp}.
Hence, diam(Sfuu(?p)) =p—1. =

Theorem 2.3.2: For p = 5, then;

H(Spuu(P,); x) = Bp — 2) + (7Tp — 9x + (10p — 21)x? + ¥h_3(9p — 9%k — 2)x* +
7xP~1 .

Proof: Let V(Snu(P))=UUEUB, where U={v:=12,..,p}, E={ei=
1,2,..,p—1}and B = {B;:i =1,2,...,p — 1}, To find H(Sfu”(?p); x), we take three cases:

Case 1: If the two vertices required to find the distance between them belong to the same
subset, then there are three subcases, (i.e. u veUoru,veEE, oru,v€B).

o H(U,Sruu(Pp);x) = H(Pp; x) = Th_o(p — k)xk.

« H(E, Sfull(?p);x) =H( p—l'x) = 2§=0(P —1-kx".

o H(B,Sruu(P,);x) = H(Py_1;x) = Xh_a(p — 1 — k)xk.

Case 2: If the two vertices required to find the distance between them belong to the different
subset, then there are also three subcases, (i.e. u € Uandv € E,oru € U andv€E€ Boru €
E and v € B).

e [fu€eUandv € E, then

> d(v,e)=j—i+1,1<i<p-1i<j<p-1
> d(v,e)=i—j2<i<pl<j<i-1

Hence,

H(U X E, Spu(Py); %) = T S0 tad =41 4 30 1x‘ J
_ZP xJ _|_2 25] llx] l+1+2 i—1 i—j_l_zp—llxp_]
SDNARE D YRS YARE D Y x1+Zp1x1

=234 x1+Zp (p—L—l)x +Zp ’(p—i — 1)xt
=2yP 1x"+22 2(p— k — Dx*
=22k=1(p k)xk + 2xP~1,

e Ifu € Uand v € B, then

> d(v,Bj))=j—i+1,1<i<p-1i<j<p-1.

> d(v,Bj)=i—j2<i<pl<j<i-1.

Hence, with the same steps as the subcase above

H(U X B, Spuu(P,); x) = 2302 2(p — k)xk + 2xP71

e [fu € E and v € B, then

> d(e,B)=j—i+11<i<p-2i+1<j<p-1
> d(e;,B))=2i=j1<i<p-1
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> d(e;,B))=i—j+12<i<p-11<j<i-1

Hence,
H(E % B, Spuu (P )'x)—z Z] l+1xf“+1+2f"11x2+2p‘1 it
—2?2x1+2 Z] z+1x] i+1 4 (p — 1)x2 +Z lj+1+2p pr]
= (p—Dx? + X, o) + X, X lx +z 23t x + XP
=(p—1)x2+22 x1+zp2(p_l_1)x +Zp2(P—l 1)x
=@-1x° +22p X+ 2350 — k= Dx*
=(p— 1)x? +22k=2(p k)x* + 2xP~1,
Then,

H(Spuu(Pp ) x) = H(U, Spua(Pp); x) + H(E, Spuu (P, ); x) + H(B, Spunr(Pp ) x)
+H(V X E, Spuu(Py); x) + H(V X B, Spui(P,); x) + H(E X B, Spuu(Pp); x)
=y _l(p )xk + Th_o(p — 1 - k)x* + 3% _2(p—1—k)x
+4YP2(p — k)X + 4xP T+ (p — 1)x +2YP2(p — k)x* + 2xP1
=p+@—-Dx+(@—2)x2+ X p B)xk+xP~1+2(p—1) +

20— 2)x+2(p —3)x% + 22k=3(p —1-k)x* + 4(p—Dx+4(p—2)x% +

43P 2(p — k)x* + 4xP7 4+ (p — 1)x + 2(p — 2)x% + 2322 (p — k)xk + 2xP 1

=@Bp—2)+(7p—9x+ (10p — 21)x% + ¥P_2(9p — 9k — 2)x* + 7xP~1. m

Remark 2.3.3:
o  H(Spuu(Ps);x) =7+ 12x + 9x2.
o H(Spuu(Py);x) =10 + 19x + 19x2 + 7x>.
Corollary 2.3.4: For p > 5, then
1
1. (sfuu( »)) =3 (3p% —2p - 1).

2. D(Spu(B))<3+1D. =

24.  Hosoya polynomial of Sf,,;;(Cp)
The graph S¢,,;;(C,), for all p = 3 is shown in Figure 6.

€q

€s
Figure 6: The S¢,;,(C,) graph.
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Note that for p = 3, p (Suu(Cp)) = 2p + 1 and q (Spu(C,) ) = 5.

Proposition 2.4.1: For p > 7, diam (Sfu”(ep)) = 4.
Proof: Let u be any vertex of Sfu”(Cp), where V(Sfu”(Cp)) ={B,v,e:i=12,..,p,j =
1,2, ..., p}, then there are three cases.
Case 1: [fu = B, thend(u,w) < 2, forallw € V(Sfu”(C‘p)) —{u}.
Case2:lf u=v;,i=12,..,p,thend(u,w) < 3, forallw € V(Sfu”(Cp)) — {u}.
Case3:Ifu=¢;,j=12,..,p ,thend(u,w) < 4, forallw € V(Sfuu(C‘p)) —{u}.
From the definition of the diameter, then diam (S fuu(C’p)) =4 n
Theorem 2.4.2: For p = 7, then

1 1
H(Sfuu(C’p);x) =2p+1+5px+ Ep(p +5)x?+p(p—3)x3 + Ep(p — 7x*.
Proof: To find H(Sfu”((;’p); x), for all p > 7, we take four cases:
Case 1: If k = 0,1, clearly that
d(Sfull(Cp)' O) = |V (Sfuu(C'p)) | = Zp + 1,

d(Sruu(Cp), 1) = |E (Sfull(cp)) | = 5p.
Case 2: If k = 2, then there are five subcases.

. [{(e;, B)} = |{(e;, B): 1 < i < p}| =p.

i |{(eir ei+2)}| = |{(ei: eiy2):1<i<p, ptr = €T = 1'2}| =P

. {(viv)2<i<p-2i+2<j<p}u{(v,y)3<j<p-1}|=—p@-3)
* |{(ei' Vig2): 1S i<p, Vpyr = Up T = 1'2}| =D

d (e, vic): 1 <i<p,vy =1} = p.

Hence,

1
Case 3: If k = 3, then there are two subcases.
{(eiens):1<i<pey,=e,r=123}=p.
{(eyv):1<i<pi+3<j<p-2+ivy,=v,r=12,..,p=2} =plp-4).
Hence,
d(Sfull(Cp)r 3) =p(p - 3).
Case 4: If k = 4, then from ¥3_, d(G, k) = (Igl), for any connected graph G of order |G|
with diameter &, we have

1 1

d(Sruu(Cp)4) =p2p+1) =5p —sp(@+5) —p(p—3)) =p(p—7). m

Remark 2.4.3:

L. H(Spuu(C3);x) =7 + 15x + 6x°.

2. H(Spuu(Cy)ix) =9 + 20x + 16x2.

3. H(Squu(Cs);x) = 11 4 25x + 25x% + 5x3.
4. H(Sruu(Ce);x) = 13 4 30x + 33x2 + 15x°.

Corollary 2.4.4: Forp = 7, then

L. W(Sruu(Cp)) = p(6p — 13).
2. D(Spuu(Cy))<3. m
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3. Conclusions:

From the previous results found in this research, the reader can note that the Wiener index of
a semifull graph for some special graphs is directly proportional to the order of the graphs,
but only in different proportions. This makes us find a relationship between Wiener
topological indices for different graphs under a semifull graph, since the relation between
them is direct directly proportional, see Figure 7.

‘Wiener Index for Semifull Graph of Some Special Graphs

9000

8000

7000
w
& 6000 - m
= |
= 5000 ‘ H semifull of a Star
-
g 4000 ——e = M semifull of a Wheel
@
; 3000 Semifull of a path
»

2000 m Semifull of a Cycle

1000
! /

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
Order of Some Special Graphs

Figure 7: Wiener Index of Semifull Graph for Star, Wheel, Path, and Cycle Graphs
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