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ABSTRACT 

     Let 𝐺 be a finite simple connected graph of order 𝑝, size 𝑞, and block 𝐵 = 𝐵(𝐺). 

The semifull graph of  𝐺 is a graph that has a vertex set 𝑉(𝐺) ∪ 𝐸(𝐺) ∪ 𝐵(𝐺). So 

that any two vertices in the semifull graph of 𝐺 are adjacent if any two vertices are 

adjacent in 𝐺, or any two edges are adjacent in 𝐺, or any two blocks are adjacent in 

𝐺, or any vertex incident on edge or block. It was found that Hosoya polynomial, 

Wiener index, and average distance of a semifull graph are for some special graphs 

such as star, wheel, path, and cycle graphs, in addition to specifying  the diameter 

for each of the resulting graphs. 
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 كامل لبعض البيانات الخاصةالشبه للبيان وينر  أدلةمتعددات حدود هوسويا و 
 

 2، أحمد محمد علي  1هيثم نشوان محمد، 2رغد عبدالعزيز مصطفى، *1أحمد محمد شاكر
 العراق. -وى ، نينالمديرية العامة لتربية نينوى  1

 ، جامعة الموصل، نينوى، العراق.كلية علوم الحاسوب والرياضيات قسم الرياضيات،  2
 

 الخلاصه 
𝐵والكتلة   𝑞والحجم     𝑝بيانا بسيطا متصلا من الرتبة     𝐺ن ليك      = 𝐵(𝐺) البيان الشبه الكامل لـ . 𝐺   هو

𝑉(𝐺)   بيان له مجموعة رؤوس  ∪ 𝐸(𝐺) ∪ 𝐵(𝐺)   بحيث يكون أي رأسين في البيان الشبه الكامل لـ 𝐺 
 أو أي كتلتين متجاورتين في  𝐺 أو أي حافتين متجاورتين في  𝐺 متجاورين إذا كان أي رأسين متجاورين في

𝐺   للبيان المسافة  أيجاد متعددات هوسويا ودليل وينر ومعدل  تم  كتلة.  أو على  يقع على حافة  أو أي رأس 
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1. Introduction 

     Graph theory is one of the most important branches of mathematics, whose applications 

appeared widely and greatly in the last century. This prompted researchers to focus heavily 

on this branch by finding mathematical models that link chemical properties such as the 

boiling points and melting points for chemical structures. It also helps finding the invariant in 

graphs, such as topological indices, and the most important of these indices is Wiener index, 

which was found in 1947 by the chemist Wiener, [1]. Let 𝐺 be a simple connected graph, [2], 

the concept of distance between two distinct vertices (say 𝑢 and 𝑣) in 𝐺 refers to the number 

of edges in the shortest path between them and is denoted by 𝑑(𝑢, 𝑣). If 𝑢 = 𝑣, then 

𝑑(𝑢, 𝑣) = 0. "Wiener index" of 𝐺 is defined as the sum of distances between all pairs of 

vertices of a graph G and is denoted by 𝑊(𝐺), see [1]; that is, 

𝑊(𝐺) = ∑ 𝑑(𝑢, 𝑣){𝑢,𝑣}⊆𝑉(𝐺) . 

The diameter of 𝐺 is denoted by 𝛿, and defined by 

𝛿 = 𝑚𝑎𝑥 {𝑑(𝑢, 𝑣): ∀ 𝑢, 𝑣 ∈ 𝑉(𝐺)}, 

where 𝑉(𝐺) is a set of vertices of a graph 𝐺. 

 

Hosoya polynomial or (Wiener polynomial) of 𝐺 is denoted by 𝐻(𝐺; 𝑥), [3], and defined as 

𝐻(𝐺; 𝑥) = ∑ 𝑑(𝐺, 𝑘)𝑥𝑘𝛿
𝑘=0 , 

where 𝑑(𝐺, 𝑘) refers to the number of unordered pairs of distinct vertices (say, (𝑢, 𝑣)) such 

that 𝑑(𝑢, 𝑣) = 𝑘, 𝑘 = 0,1,2, … , 𝛿. 

Many researchers have found Hosoya polynomials for special graphs, [4-6]. Moreover, 

Hosoya polynomial was found for subdivided caterpillar graphs [7], and for C4C8(R) and 

C4C8(S) Nanosheets [8].  These polynomials are valuable tools for studying and 

understanding the structural properties of graphs in graph theory. There are many other types 

of polynomials which are of great importance in graph theory such as schultz polynomial [9], 

detour polynomial [10], and other types [11-13]. For a broad overview of the previous 

concepts, see [15-16]. In addition to their important applications in many fields, you can see 

[16] to solve a class of time-fractional diffusion equations, and more applications in [17-19]. 

 

Furthermore, the Wiener index of a graph 𝐺 can be written as follows: 

𝑊(𝐺) =
𝑑

𝑑𝑥
𝐻(𝐺; 𝑥)|𝑥=1. 

Many topological indices depend on the distance, the degrees of the vertices, or both, [20-23]. 

The average distance 𝐷(𝐺)  of a connected graph 𝐺 of order 𝑝 is defined as: the sum of 

distances between all pairs of vertices of a graph 𝐺 (𝑊(𝐺)) over (
𝑝
2

),where (
𝑝
2

) is the 

number of unordered pairs distinct vertices in 𝐺, see [24]. 

 

A component of graph 𝐺 is the largest connected subgraph which is not contained in any 

other connected subgraph, 𝑐(𝐺) is the number of components in 𝐺. Let 𝑣 be a vertex of a 

graph  𝐺, then 𝐺 − 𝑣 means that remove a vertex 𝑣 and all edges 𝑣𝑢, 𝑢 ∈ 𝑉(𝐺) from that, if 

have  𝑐(𝐺 − 𝑣) > 𝑐(𝐺), then 𝑣 is called a cut-vertex of 𝐺. Let 𝐺 be a nontrivial connected 

graph 𝐺, the graph 𝐺 is a non-separable graph if 𝐺 contains no cut-vertices. A block is a 

maximal non-separable subgraph of 𝐺, [2]. The semifull graph 𝑆𝑓𝑢𝑙𝑙(𝐺) of a connected 

graph 𝐺,  [25] is the graph whose vertex set 𝑉(𝐺) ∪ 𝐸(𝐺) ∪ 𝐵(𝐺) such that any two distinct 

vertices in 𝑆𝑓𝑢𝑙𝑙(𝐺) are adjacent if 

• Any two vertices are adjacent in 𝐺 . 

• Any two edges are adjacent in 𝐺. 

• Any two blocks are adjacent in 𝐺.  

• Any vertex incident on edge in 𝐺. 
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• Any vertex incident on block in 𝐺. 

To illustrate the previous concepts, we take the following example [25]. A semifull graph of 

the path graph 𝒫3, 𝒮𝑓𝑢𝑙𝑙(𝒫3) is shown in the following Figure 1(a) and 1(b). 

 
 

 

 

Figure 1: The semifull graph of 𝒫3 

 

2. Main results 

In the following theorems, we find the Hosoya polynomial, Wiener index, and an average 

distance of semifull graph for certain graphs such as: 𝒮1,𝑝, 𝒫𝑝, 𝒲𝑝+1 and 𝒞𝑝 graphs, in 

addition to specifying the diameter for each of the resulting diameters. 

 

2.1.  Hosoya polynomial of 𝑺𝒇𝒖𝒍𝒍(𝓢𝟏,𝒑)  

The graph 𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝) is shown in Figure 2, for all 𝑝 ≥ 3.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: The 𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝) graph for all 𝑝 ≥ 3. 

 

Clearly, the order and size of 𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝), 𝑝 ≥ 3 are 3𝑝 + 1 and 𝑝2 + 4𝑝, respectively.  

Through the following proposition, we will determine the diameter of a graph 𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝), 

𝑝 ≥ 3. 
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Proposition 2.1.1: For 𝑝 ≥ 3, the diameter of 𝑑𝑖𝑎𝑚 (𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝)) = 2. 

Proof: Since the center vertex 𝑣0 of a star graph 𝒮1,𝑝 is adjacent to all vertices in 

𝑉 (𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝)) − {𝑣0}, where 𝑉 (𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝)) = {𝑣0} ∪ {𝑣𝑖, 𝑒𝑖, 𝐵𝑖, 1 ≤ 𝑖 ≤ 𝑝} so that 𝑣𝑖 ∈

𝑉(𝒮1,𝑝), 𝑒𝑖 ∈ 𝐸(𝒮1,𝑝) and 𝐵𝑖 be a block of a star graph 𝒮1,𝑝 for all 1 ≤ 𝑖 ≤ 𝑝. That is, 

𝑑(𝑣0, 𝑢) = 1, for all 𝑢 ∈ {𝑣𝑖, 𝑒𝑖 , 𝐵𝑖, 1 ≤ 𝑖 ≤ 𝑝}. 

Also, from Figure. 2, we note that 

 𝑑(𝑒𝑖, 𝑒𝑗) = 1 , for all 1 ≤ 𝑖, 𝑗 ≤ 𝑝, 𝑖 ≠ 𝑗, 

𝑑(𝐵𝑖, 𝐵𝑗) = 1 , for all 1 ≤ 𝑖, 𝑗 ≤ 𝑝, 𝑖 ≠ 𝑗. 

Since any two vertices in 𝑉(𝒮1,𝑝) − {𝑣0} is not adjacent, then  

𝑑(𝑣𝑖 , 𝑣𝑗) = 2  in 𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝), for all 1 ≤ 𝑖, 𝑗 ≤ 𝑝, 𝑖 ≠ 𝑗, (by definition of semifull graph). 

Also, any vertex 𝑒𝑖, 1 ≤ 𝑖 ≤ 𝑝 is not adjacent to any vertex 𝐵𝑖, 1 ≤ 𝑖 ≤ 𝑝 in 𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝), then  

𝑑(𝑒𝑖, 𝐵𝑗) = 2 , for all 1 ≤ 𝑖, 𝑗 ≤ 𝑝. 

Since the diameter is the maximum distance between any two distinct vertices, then  

𝑑𝑖𝑎𝑚 (𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝)) = 2. ∎ 

Theorem 2.1.2:  For 𝑝 ≥ 3, then; 

1. 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝); 𝑥) = 3𝑝 + 1 + (𝑝2 + 4𝑝)𝑥 +
1

2
𝑝(7𝑝 − 5)𝑥2. 

2. 𝑊 (𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝)) = 𝑝(8𝑝 − 1). 

3. 𝐷 (𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝)) <
16

9
. 

Proof: 

1. Since ∑ 𝑑(𝐺, 𝑘) =𝛿
𝑘=1 (

|𝐺|
2

), for any connected graph 𝐺 of order 𝑝, then 

𝑑(𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝), 1) + 𝑑(𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝), 2) = (
3𝑝 + 1

2
)  

𝑑(𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝), 2) =
3

2
𝑝(3𝑝 + 1) − (𝑝2 + 4𝑝) =

1

2
𝑝(7𝑝 − 5). 

Hence, 

 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝); 𝑥) = 3𝑝 + 1 + (𝑝2 + 4𝑝)𝑥 +
1

2
𝑝(7𝑝 − 5)𝑥2. 

2. 𝑊 (𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝)) =
𝑑

𝑑𝑥
𝐻(𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝); 𝑥)|𝑥=1 = 𝑝(8𝑝 − 1). 

3. 𝐷 (𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝)) =
𝑊(𝑆𝑓𝑢𝑙𝑙(𝒮1,𝑝))

(
3𝑝+1

2
)

=
2(8𝑝−1)

3(3𝑝+1)
=

16

9
−

22

3(3𝑝+1)
<

16

9
.    ∎ 

2.2.  Hosoya polynomial of 𝑺𝒇𝒖𝒍𝒍(𝓦𝒑+𝟏) 

Let 𝑉(𝒲𝑝+1) = {𝑣0, 𝑣1, 𝑣2, … , 𝑣𝑝} and 𝐸(𝒲𝑝+1) = {𝑒1, 𝑒2, 𝑒3, … , 𝑒2𝑝} where 𝑒𝑖 = 𝑣0𝑣𝑖, 1 ≤

𝑖 ≤ 𝑝 and 𝑒𝑝+𝑖 = 𝑣𝑖𝑣𝑖+1 , 1 ≤ 𝑖 ≤ 𝑝, 𝑣𝑝+1 ≡ 𝑣1. See Figure 3. 

 

 

 

 

 

 

 

 

 

 

Figure 3: The 𝒲𝑝+1 graph 
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Then, the graph 𝑺𝒇𝒖𝒍𝒍(𝓦𝒑+𝟏) , 𝑝 ≥ 3 is shown in Figure 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 

Figure 4: The 𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1) graph, 𝑝 ≥ 3. 

 

 That is,  𝑝 (𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) = 3𝑝 + 2 and 𝑞 (𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) =
1

2
(𝑝2 + 19𝑝 + 2). 

Proposition 2.2.1: For 𝑝 ≥ 5,  𝑑𝑖𝑎𝑚 (𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) = 3. 

Proof: Let 𝑢 be an arbitrary vertex belonging to 𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1), where 𝑉(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) =

{𝐵, 𝑣𝑖 , 𝑒𝑗: 𝑖 = 0,1,2, … , 𝑝 , 𝑗 = 1,2, … , 2𝑝}, then there are five cases. 

Case 1: If 𝑢 = 𝐵, then 𝑑(𝑢, 𝑤) ≤ 2, for all 𝑤 ∈ 𝑉(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) − {𝑢}. 

Case 2: If 𝑢 = 𝑣0, then 𝑑(𝑢, 𝑤) ≤ 2, for all 𝑤 ∈ 𝑉(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) − {𝑢}. 

Case 3: If  𝑢 = 𝑣𝑖 , 𝑖 = 1,2, … , 𝑝 , then 𝑑(𝑢, 𝑤) ≤ 3, for all 𝑤 ∈ 𝑉(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) − {𝑢}. 

Case 4: If 𝑢 = 𝑒𝑗 , 𝑗 = 1,2, … , 𝑝  , then 𝑑(𝑢, 𝑤) ≤ 2, for all 𝑤 ∈ 𝑉(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) − {𝑢}. 

Case 5: If 𝑢 = 𝑒𝑝+𝑗 , 𝑗 = 1,2, … , 𝑝, then 𝑑(𝑢, 𝑤) ≤ 3, for all 𝑤 ∈ 𝑉(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) − {𝑢}. 

From definition of the diameter, then 𝑑𝑖𝑎𝑚 (𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) = 3. ∎  

Theorem 2.2.2: For 𝑝 ≥ 5, then; 

𝐻(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1); 𝑥) = 3𝑝 + 2 +
1

2
(𝑝2 + 19𝑝 + 2)𝑥 +

1

2
𝑝(5𝑝 + 3)𝑥2 +

1

2
𝑝(3𝑝 − 13)𝑥3. 

Proof:  First, to calculate 𝑑(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1), 2), we take three cases. 

Case 1: If 𝑢 = 𝐵, then there is one subcase |{(𝐵, 𝑒𝑖): 𝑖 = 1,2, … ,2𝑝}| = 2𝑝. 

Case 2: If 𝑢 = 𝑣𝑖, 𝑖 = 0,1,2, … , 𝑝, then there are five subcases. 
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• |{(𝑣1, 𝑣𝑗): 𝑗 = 3,4, … , 𝑝 − 1}| = 𝑝 − 3. 

• |{(𝑣𝑖, 𝑣𝑗): 𝑖 = 2,3, … , 𝑝 − 2, 𝑗 = 𝑖 + 2, … , 𝑝}| =
1

2
(𝑝 − 3)(𝑝 − 2). 

• |{(𝑣0, 𝑒𝑝+𝑗):  𝑗 = 1,2, … , 𝑝}| = 𝑝. 

• |{(𝑣𝑖, 𝑒𝑗): 𝑖, 𝑗 = 1,2, … , 𝑝 , 𝑗 ≠ 𝑖}| = 𝑝(𝑝 − 1). 

• |{(𝑣𝑖, 𝑒𝑗): 𝑖 = 3,4, … , 𝑝 − 1 , 𝑗 = 𝑝 + 𝑖 − 2, 𝑝 + 𝑖 + 1} ∪ {(𝑣𝑖, 𝑒𝑗): 𝑖 = 1,2, 𝑗 = 𝑝 +

𝑖 + 1,2𝑝 + 𝑖 − 2} ∪ {(𝑣𝑝, 𝑒𝑗): 𝑗 = 𝑝 + 1, 2𝑝 − 2}| = 2𝑝. 

Case 3: If 𝑢 = 𝑒𝑖, 𝑖 = 1,2, … ,2𝑝, then there are two subcases. 

• |{(𝑒𝑖, 𝑒𝑗): 𝑖 = 2,3, … , 𝑝 , 𝑗 = 𝑝 + 1, 𝑝 + 2, … , 2𝑝 , 𝑗 ≠ 𝑝 + 𝑖 − 1, 𝑝 + 𝑖} ∪ {(𝑒1, 𝑒𝑗): 𝑗 =

𝑝 + 2, … ,2𝑝 − 1}| = 𝑝(𝑝 − 2). 

• |{(𝑒𝑖, 𝑒𝑗): 𝑖 = 𝑝 + 1, 𝑝 + 2, … , 2𝑝 − 2 , 𝑗 = 𝑖 + 2} ∪ {(𝑒2𝑝−1, 𝑒𝑝+1), (𝑒2𝑝, 𝑒𝑝+2)}| = 𝑝. 

Hence,  

𝑑(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1), 2) = 2𝑝 +
1

2
𝑝(3𝑝 + 1) + 𝑝(𝑝 − 1) =

1

2
𝑝(5𝑝 + 3). 

Since  𝑑(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1), 1) = 𝑞(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1) and ∑ 𝑑(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1), 𝑘) = (|𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)|

2
) =𝛿=3

𝑘=1

1

2
(9𝑝2 + 9𝑝 + 2), then  

𝑑(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1), 3) =
1

2
(9𝑝2 + 9𝑝 + 2) − (

1

2
(𝑝2 + 19𝑝 + 2) +

1

2
𝑝(5𝑝 + 3)) =

1

2
𝑝(3𝑝 − 13). 

Since 𝑑(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1), 0) = 3𝑝 + 2, then 

𝐻(𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1); 𝑥) = 3𝑝 + 2 +
1

2
(𝑝2 + 19𝑝 + 2)𝑥 +

1

2
𝑝(5𝑝 + 3)𝑥2 +

1

2
𝑝(3𝑝 − 13)𝑥3. ∎ 

 

Remark 2.2.3: For  𝑝 = 3,4, then 

• 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒲4); 𝑥) = 11 + 34𝑥 + 21𝑥2. 

• 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒲5); 𝑥) = 14 + 47𝑥 + 44𝑥2. 

Corollary 2.2.4: For 𝑝 ≥ 5, then 

1. 𝑊 (𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) = 10𝑝2 − 7𝑝 + 1.  

2. 𝐷 (𝑆𝑓𝑢𝑙𝑙(𝒲𝑝+1)) <
20

9
.     ∎ 

2.3.  Hosoya Polynomial of 𝑺𝒇𝒖𝒍𝒍(𝓟𝒑). 

Figure 5 shows the semifull graph of 𝒫𝑝 , 𝑝 ≥ 3.  

 

 

 

 

 

 

 

 

 

 

Figure 5: The  𝑆𝑓𝑢𝑙𝑙(𝒫𝑝) graph 

 

Note that for 𝑝 ≥ 3,  𝑝 (𝑆𝑓𝑢𝑙𝑙(𝒫𝑝)) = 3𝑝 − 2 and 𝑞 (𝑆𝑓𝑢𝑙𝑙(𝒫𝑝)) = 7𝑝 − 9. 

Proposition 2.3.1: For 𝑝 ≥ 3,  𝑑𝑖𝑎𝑚(𝑆𝑓𝑢𝑙𝑙(𝒫𝑝)) = 𝑝 − 1. 
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Proof: From Figure 5, we note that the maximum distance between the vertex of {𝑒1, 𝑣1, 𝐵1} 

and the vertex of {𝑒𝑝−1, 𝑣𝑝 , 𝐵𝑝−1} is 𝑝 − 1, that is  

𝑑(𝑒1, 𝑤) = {
𝑝 − 2 , 𝑖𝑓 𝑤 = 𝑒𝑝−1,        

𝑝 − 1, 𝑖𝑓 𝑤 ∈ {𝑣𝑝, 𝐵𝑝−1}.
  

𝑑(𝑣1, 𝑤) = 𝑝 − 1 , 𝑖𝑓 𝑤 ∈ {𝑒𝑝−1, 𝑣𝑝 , 𝐵𝑝−1}. 

 𝑑(𝐵1, 𝑤) = {
𝑝 − 2 , 𝑖𝑓 𝑤 = 𝐵𝑝−1,       

𝑝 − 1, 𝑖𝑓 𝑤 ∈ {𝑒𝑝−1, 𝑣𝑝}.
 

Hence, 𝑑𝑖𝑎𝑚(𝑆𝑓𝑢𝑙𝑙(𝒫𝑝)) = 𝑝 − 1.      ∎ 

 

Theorem 2.3.2: For 𝑝 ≥ 5,  then; 

 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) = (3𝑝 − 2) + (7𝑝 − 9)𝑥 + (10𝑝 − 21)𝑥2 + ∑ (9𝑝 − 9𝑘 − 2)𝑥𝑘𝑝−2
𝑘=3 +

7𝑥𝑝−1 . 

Proof: Let 𝑉 (𝑆𝑓𝑢𝑙𝑙(𝒫𝑝)) = 𝑈 ∪ 𝐸 ∪ 𝐵, where 𝑈 = {𝑣𝑖: = 1,2, … , 𝑝}, 𝐸 = {𝑒𝑖: 𝑖 =

1,2, … , 𝑝 − 1} and 𝐵 = {𝐵𝑖: 𝑖 = 1,2, … , 𝑝 − 1}, To find 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥), we take three cases: 

Case 1: If the two vertices required to find the distance between them belong to the same 

subset, then there are three subcases, (i.e. 𝑢, 𝑣 ∈ 𝑈 or 𝑢, 𝑣 ∈ 𝐸, or 𝑢, 𝑣 ∈ 𝐵). 

• 𝐻(𝑈, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) = 𝐻(𝒫𝑝; 𝑥) = ∑ (𝑝 − 𝑘)𝑥𝑘𝑝−1
𝑘=0 .  

• 𝐻(𝐸, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) = 𝐻(𝒫𝑝−1; 𝑥) = ∑ (𝑝 − 1 − 𝑘)𝑥𝑘𝑝−2
𝑘=0 .  

• 𝐻(𝐵, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) = 𝐻(𝒫𝑝−1; 𝑥) = ∑ (𝑝 − 1 − 𝑘)𝑥𝑘𝑝−2
𝑘=0 . 

Case 2: If the two vertices required to find the distance between them belong to the different 

subset, then there are also three subcases, (i.e. 𝑢 ∈ 𝑈 and 𝑣 ∈ 𝐸, or 𝑢 ∈ 𝑈  and 𝑣 ∈ 𝐵 or 𝑢 ∈
𝐸 and 𝑣 ∈ 𝐵). 

• If 𝑢 ∈ 𝑈 and 𝑣 ∈ 𝐸, then 

 

 

➢ 𝑑(𝑣𝑖 , 𝑒𝑗) = 𝑗 − 𝑖 + 1, 1 ≤ 𝑖 ≤ 𝑝 − 1, 𝑖 ≤ 𝑗 ≤ 𝑝 − 1.  

➢ 𝑑(𝑣𝑖 , 𝑒𝑗) = 𝑖 − 𝑗, 2 ≤ 𝑖 ≤ 𝑝, 1 ≤ 𝑗 ≤ 𝑖 − 1.  

Hence, 

𝐻(𝑈 × 𝐸, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) = ∑ ∑ 𝑥𝑗−𝑖+1𝑝−1
𝑗=𝑖

𝑝−1
𝑖=1 + ∑ ∑ 𝑥𝑖−𝑗𝑖−1

𝑗=1
𝑝
𝑖=2   

                                   = ∑ 𝑥𝑗𝑝−1
𝑗=1 + ∑ ∑ 𝑥𝑗−𝑖+1𝑝−1

𝑗=𝑖
𝑝−1
𝑖=2 + ∑ ∑ 𝑥𝑖−𝑗𝑖−1

𝑗=1
𝑝−1
𝑖=2 + ∑ 𝑥𝑝−𝑗𝑝−1

𝑗=1   

                                   = ∑ 𝑥𝑗𝑝−1
𝑗=1 + ∑ ∑ 𝑥𝑗𝑝−𝑖

𝑗=1
𝑝−1
𝑖=2 + ∑ ∑ 𝑥𝑗𝑖−1

𝑗=1
𝑝−1
𝑖=2 + ∑ 𝑥𝑗𝑝−1

𝑗=1   

                                   = 2 ∑ 𝑥𝑗𝑝−1
𝑗=1 + ∑ (𝑝 − 𝑖 − 1)𝑥𝑖𝑝−2

𝑖=1 + ∑ (𝑝 − 𝑖 − 1)𝑥𝑖𝑝−2
𝑖=1  

                                   = 2 ∑ 𝑥𝑘𝑝−1
𝑘=1 + 2 ∑ (𝑝 − 𝑘 − 1)𝑥𝑘𝑝−2

𝑘=1   

                                   = 2 ∑ (𝑝 − 𝑘)𝑥𝑘𝑝−2
𝑘=1 + 2𝑥𝑝−1. 

 

• If 𝑢 ∈ 𝑈 and 𝑣 ∈ 𝐵, then 

➢ 𝑑(𝑣𝑖 , 𝐵𝑗) = 𝑗 − 𝑖 + 1, 1 ≤ 𝑖 ≤ 𝑝 − 1, 𝑖 ≤ 𝑗 ≤ 𝑝 − 1.  

➢ 𝑑(𝑣𝑖 , 𝐵𝑗) = 𝑖 − 𝑗, 2 ≤ 𝑖 ≤ 𝑝, 1 ≤ 𝑗 ≤ 𝑖 − 1.  

Hence, with the same steps as the subcase above 

𝐻(𝑈 × 𝐵, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) = 2 ∑ (𝑝 − 𝑘)𝑥𝑘𝑝−2
𝑘=1 + 2𝑥𝑝−1 . 

• If 𝑢 ∈ 𝐸 and 𝑣 ∈ 𝐵, then 

➢ 𝑑(𝑒𝑖, 𝐵𝑗) = 𝑗 − 𝑖 + 1, 1 ≤ 𝑖 ≤ 𝑝 − 2, 𝑖 + 1 ≤ 𝑗 ≤ 𝑝 − 1.  

➢ 𝑑(𝑒𝑖, 𝐵𝑗) = 2, 𝑖 = 𝑗, 1 ≤ 𝑖 ≤ 𝑝 − 1. 
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➢ 𝑑(𝑒𝑖, 𝐵𝑗) = 𝑖 − 𝑗 + 1, 2 ≤ 𝑖 ≤ 𝑝 − 1, 1 ≤ 𝑗 ≤ 𝑖 − 1.  

Hence, 

𝐻(𝐸 × 𝐵, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) = ∑ ∑ 𝑥𝑗−𝑖+1𝑝−1
𝑗=𝑖+1

𝑝−2
𝑖=1 + ∑ 𝑥2𝑝−1

𝑖=1 + ∑ ∑ 𝑥𝑖−𝑗+1𝑖−1
𝑗=1

𝑝−1
𝑖=2   

   = ∑ 𝑥𝑗𝑝−1
𝑗=2 + ∑ ∑ 𝑥𝑗−𝑖+1𝑝−1

𝑗=𝑖+1
𝑝−2
𝑖=2 + (𝑝 − 1)𝑥2 + ∑ ∑ 𝑥𝑖−𝑗+1𝑖−1

𝑗=1
𝑝−2
𝑖=2 + ∑ 𝑥𝑝−𝑗𝑝−2

𝑗=1   

                            = (𝑝 − 1)𝑥2 + ∑ 𝑥𝑗𝑝−1
𝑗=2 + ∑ ∑ 𝑥𝑗𝑝−𝑖

𝑗=2
𝑝−2
𝑖=2 + ∑ ∑ 𝑥𝑗𝑖

𝑗=2
𝑝−2
𝑖=2 + ∑ 𝑥𝑗𝑝−1

𝑗=2   

                            = (𝑝 − 1)𝑥2 + 2 ∑ 𝑥𝑗𝑝−1
𝑗=2 + ∑ (𝑝 − 𝑖 − 1)𝑥𝑖𝑝−2

𝑖=2 + ∑ (𝑝 − 𝑖 − 1)𝑥𝑖𝑝−2
𝑖=2  

                            = (𝑝 − 1)𝑥2 + 2 ∑ 𝑥𝑘𝑝−1
𝑘=2 + 2 ∑ (𝑝 − 𝑘 − 1)𝑥𝑘𝑝−2

𝑘=2   

                            = (𝑝 − 1)𝑥2 + 2 ∑ (𝑝 − 𝑘)𝑥𝑘𝑝−2
𝑘=2 + 2𝑥𝑝−1.  

Then,  

𝐻(𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) = 𝐻(𝑈, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) + 𝐻(𝐸, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) + 𝐻(𝐵, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥)  

                       +𝐻(𝑉 × 𝐸, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) + 𝐻(𝑉 × 𝐵, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥) + 𝐻(𝐸 × 𝐵, 𝑆𝑓𝑢𝑙𝑙(𝒫𝑝); 𝑥)  

                       = ∑ (𝑝 − 𝑘)𝑥𝑘𝑝−1
𝑘=0 + ∑ (𝑝 − 1 − 𝑘)𝑥𝑘𝑝−2

𝑘=0 + ∑ (𝑝 − 1 − 𝑘)𝑥𝑘𝑝−2
𝑘=0  

                      +4 ∑ (𝑝 − 𝑘)𝑥𝑘𝑝−2
𝑘=1 + 4𝑥𝑝−1 + (𝑝 − 1)𝑥2 + 2 ∑ (𝑝 − 𝑘)𝑥𝑘𝑝−2

𝑘=2 + 2𝑥𝑝−1 

                       = 𝑝 + (𝑝 − 1)𝑥 + (𝑝 − 2)𝑥2 + ∑ (𝑝 − 𝑘)𝑥𝑘𝑝−2
𝑘=3 + 𝑥𝑝−1 + 2(𝑝 − 1) +

2(𝑝 − 2)𝑥 + 2(𝑝 − 3)𝑥2 + 2 ∑ (𝑝 − 1 − 𝑘)𝑥𝑘𝑝−2
𝑘=3 + 4(𝑝 − 1)𝑥 + 4(𝑝 − 2)𝑥2 +

4 ∑ (𝑝 − 𝑘)𝑥𝑘𝑝−2
𝑘=3 + 4𝑥𝑝−1 + (𝑝 − 1)𝑥2 + 2(𝑝 − 2)𝑥2 + 2 ∑ (𝑝 − 𝑘)𝑥𝑘𝑝−2

𝑘=3 + 2𝑥𝑝−1 

              = (3𝑝 − 2) + (7𝑝 − 9)𝑥 + (10𝑝 − 21)𝑥2 + ∑ (9𝑝 − 9𝑘 − 2)𝑥𝑘𝑝−2
𝑘=3 + 7𝑥𝑝−1. ∎ 

 

Remark 2.3.3: 

• 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒫3); 𝑥) = 7 + 12𝑥 + 9𝑥2. 

• 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒫4); 𝑥) = 10 + 19𝑥 + 19𝑥2 + 7𝑥3. 

Corollary 2.3.4: For 𝑝 ≥ 5,  then 

1. 𝑊 (𝑆𝑓𝑢𝑙𝑙(𝒫𝑝)) =
1

2
(3𝑝2 − 2𝑝 − 1). 

2. 𝐷 (𝑆𝑓𝑢𝑙𝑙(𝒫𝑝)) <
1

3
(𝑝 + 1).    ∎ 

 

2.4.  Hosoya polynomial of 𝑺𝒇𝒖𝒍𝒍(𝓒𝒑) 

The graph 𝑆𝑓𝑢𝑙𝑙(𝒞𝑝), for all 𝑝 ≥ 3 is shown in Figure 6.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6: The 𝑆𝑓𝑢𝑙𝑙(𝒞𝑝) graph. 
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Note that for 𝑝 ≥ 3, 𝑝 (𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) = 2𝑝 + 1 and 𝑞 (𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) = 5𝑝. 

 

Proposition 2.4.1: For 𝑝 ≥ 7, 𝑑𝑖𝑎𝑚 (𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) = 4. 

Proof: Let 𝑢 be any vertex of 𝑆𝑓𝑢𝑙𝑙(𝒞𝑝), where  𝑉(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) = {𝐵, 𝑣𝑖 , 𝑒𝑗: 𝑖 = 1,2, … , 𝑝 , 𝑗 =

1,2, … , 𝑝}, then there are three cases. 

Case 1: If 𝑢 = 𝐵, then 𝑑(𝑢, 𝑤) ≤ 2, for all 𝑤 ∈ 𝑉(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) − {𝑢}. 

Case 2: If  𝑢 = 𝑣𝑖 , 𝑖 = 1,2, … , 𝑝 , then 𝑑(𝑢, 𝑤) ≤ 3, for all 𝑤 ∈ 𝑉(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) − {𝑢}. 

Case 3: If 𝑢 = 𝑒𝑗 , 𝑗 = 1,2, … , 𝑝  , then 𝑑(𝑢, 𝑤) ≤ 4, for all 𝑤 ∈ 𝑉(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) − {𝑢}. 

From the definition of the diameter, then 𝑑𝑖𝑎𝑚 (𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) = 4. ∎  

Theorem 2.4.2:  For 𝑝 ≥ 7, then 

𝐻(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝); 𝑥) = 2𝑝 + 1 + 5𝑝𝑥 +
1

2
𝑝(𝑝 + 5)𝑥2 + 𝑝(𝑝 − 3)𝑥3 +

1

2
𝑝(𝑝 − 7)𝑥4. 

Proof: To find 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝); 𝑥), for all  𝑝 ≥ 7, we take four cases: 

Case 1: If 𝑘 = 0,1, clearly that  

𝑑(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝), 0) = |𝑉 (𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) | = 2𝑝 + 1, 

𝑑(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝), 1) = |𝐸 (𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) | = 5𝑝.  

Case 2: If 𝑘 = 2, then there are five subcases. 

• |{(𝑒𝑖, 𝐵)}| = |{(𝑒𝑖, 𝐵): 1 ≤ 𝑖 ≤ 𝑝}| = 𝑝.  
• |{(𝑒𝑖, 𝑒𝑖+2)}| = |{(𝑒𝑖, 𝑒𝑖+2): 1 ≤ 𝑖 ≤ 𝑝, 𝑒𝑝+𝑟 ≡ 𝑒𝑟 , 𝑟 = 1,2}| = 𝑝.  

• |{(𝑣𝑖, 𝑣𝑗): 2 ≤ 𝑖 ≤ 𝑝 − 2, 𝑖 + 2 ≤ 𝑗 ≤ 𝑝 } ∪ {(𝑣1, 𝑣𝑗): 3 ≤ 𝑗 ≤ 𝑝 − 1}| =
 1 

2
𝑝(𝑝 − 3).  

• |{(𝑒𝑖, 𝑣𝑖+2): 1 ≤ 𝑖 ≤ 𝑝, 𝑣𝑝+𝑟 ≡ 𝑣𝑟 , 𝑟 = 1,2}| = 𝑝.  

• |{(𝑒𝑖, 𝑣𝑖−1): 1 ≤ 𝑖 ≤ 𝑝, 𝑣0 ≡ 𝑣𝑝}| = 𝑝.  

Hence,  

𝑑(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝), 2) =
1

2
𝑝(𝑝 + 5). 

Case 3: If 𝑘 = 3, then there are two subcases. 

|{(𝑒𝑖, 𝑒𝑖+3): 1 ≤ 𝑖 ≤ 𝑝, 𝑒𝑝+𝑟 ≡ 𝑒𝑟 , 𝑟 = 1,2,3 }| = 𝑝. 

|{(𝑒𝑖, 𝑣𝑗): 1 ≤ 𝑖 ≤ 𝑝, 𝑖 + 3 ≤ 𝑗 ≤ 𝑝 − 2 + 𝑖, 𝑣𝑝+𝑟 ≡ 𝑣𝑟 , 𝑟 = 1,2, … , 𝑝 − 2  }| = 𝑝(𝑝 − 4).  

Hence, 

𝑑(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝), 3) = 𝑝(𝑝 − 3).  

Case 4: If 𝑘 = 4, then from ∑ 𝑑(𝐺, 𝑘) =𝛿
𝑘=1 (

|𝐺|
2

),  for any connected graph 𝐺 of order |𝐺| 

with diameter 𝛿, we have 

𝑑(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝),4) = 𝑝(2𝑝 + 1) − 5𝑝 −
1

2
𝑝(𝑝 + 5) − 𝑝(𝑝 − 3)) =

1

2
𝑝(𝑝 − 7).  ∎ 

 

Remark 2.4.3: 

1. 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒞3); 𝑥) = 7 + 15𝑥 + 6𝑥2. 

2. 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒞4); 𝑥) = 9 + 20𝑥 + 16𝑥2. 

3. 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒞5); 𝑥) = 11 + 25𝑥 + 25𝑥2 + 5𝑥3. 

4. 𝐻(𝑆𝑓𝑢𝑙𝑙(𝒞6); 𝑥) = 13 + 30𝑥 + 33𝑥2 + 15𝑥3. 

 

Corollary 2.4.4:  For 𝑝 ≥ 7, then 

1. 𝑊(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) = 𝑝(6𝑝 − 13). 

2. 𝐷(𝑆𝑓𝑢𝑙𝑙(𝒞𝑝)) < 3.  ∎ 
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3. Conclusions: 

From the previous results found in this research, the reader can note that the Wiener index of 

a semifull graph for some special graphs is directly proportional to the order of the graphs, 

but only in different proportions. This makes us find a relationship between Wiener 

topological indices for different graphs under a semifull graph, since the relation between 

them is direct directly proportional, see Figure 7. 

 

 
Figure 7: Wiener Index of Semifull Graph for Star, Wheel, Path, and Cycle Graphs 
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