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Abstract
The main purpose of this paper is to show that zero symmetric prime near-rings,
satisfying certain identities on n-derivations, are commutative rings.
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1. INTRODUCTION

A near — ring is a set A together with two binary operations (+ and .) such that (i) (A,+) is a group
(not necessarily abelian),(ii) (A, .) is a semi group, and(iii) Va,b,c €A; we have a.(b +c) =a.b + b.c.
In this paper, A will be a zero symmetric near-ring ( i.e.,A satisfying 0.x = 0V x €A) andC = {a € A,
ab =baforall ae A}. If I € A, | is said to bea semigroup left ideal (semigroup right ideal ) if Al €A
(IA< 1) and it will be called a semigroup ideal if | is a semigroup left ideal as well as a semigroup
right ideal. denote a.b by ab, va,b € A, [a, b] = ab-ba, and acb =ab + ba. A is called a prime near-ring if
aAb = {0},which implies that either a = 0 or b = 0. For moreinformation aboutthe near-rings, we refer
to a previous publication [1].

In another article [2], Ashraf defined n-derivations in the near-rings. In our work, we show that the
prime near-rings involving n-derivations,aspreviously defined [2],with some conditionsare
commutative rings.

2. PRELIMINARY RESULT

Lemma 2.1. [3]. Let N be a prime near-ring, U a nonzero semigroup right ideal (resp. semigroup left
ideal), and x is an element of N such that Ux= {0} (resp. xU = {0} ), then x = 0.

Lemma 2.2. [3].Let N be a prime near-ring and Z contains a nonzero semigroup left ideal or nonzero
semigroup right ideal, then N is a commutative ring.

Lemma 2.3.[3].Let N be a prime near-ring and U be a nonzero semigroup ideal of N. If x,y € N
andxUy = {0}, thenx = 0 ory = 0.

Lemmaz2.4.[2].Let N be a prime near-ring, then d is n-derivation of N if and only if

d(x:X;, X5, ...,Xn)=xld(xl', X5, ...,Xn) + d(X1,Xp, o) Xp)Xq

\4 Xl,xl', X5, , -, Xn€ N.
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Lemma 2.5[2].Let N be a near-ring and d be n-derivation of N. Then for every x;,%;, X5, , ..., X, YEN
(i)(xld(xl', X3, ...,xn) + d(x4,Xy, ...,xn)xl')y =
Xq d(xl',xz, ...,xn)y+ d(X1, Xz, o) X)X1 ¥
(i) (d(xq, X, oo, Xp)Xg + X10(Xq , Xg) oor) X))y =
d(xq, Xz, s Xp)Xy Y X1d(X1': X2 ---:Xn)Y-
Lemma 2.6 [4]. Let d be n-derivation of a near ring N. Then d(Z,N,...,N) & Z.
Lemma 2.7 [4]. Let N be a prime near ring, d a nonzero n-derivation of N, and U;,U,,...,U, are
nonzero semigroup right (left) ideals of N. If d(U1,U,,...,U;,) = {0}, thend = 0.
Lemma 2.8 [4]. Let N be a prime near ring, d a honzero n-derivation of N, and U;,U,,...,U, be a
nonzero semigroup left ideals of N. If d(U;,U,,...,U,) € Z, then N is a commutative ring.
3. MAIN RESULTS
Theorem 3.1.Let A be a prime near ring and Iy,l,...,I, be semigroup ideals of A. If there exists a
nonzero n-derivation d of A satisfying one of the following :
(i) d([a, b],iz,....in) =a“[a, b]a'Va,bely ,ize lo,...,inel,, OF
(i) d([a, b],i,....in) = - a“[a, b]a'Va,bely ,ize ly,...in€ly,
for some k, te N, then A is a commutative ring.
Proof. (i)Suppose that:

d([a, b],iz....i) = a*[a, bla'Va,bely i € ly,....in€l,. (1)
By replacing b by ab in (1), we obtain:
d([a,ab],i,,....iy) = ak[a, abJa'va,bely i 5€ Iy,...,in€lp.
So we have:
d(a[a,b],is,...,in) = ak”[a, bla' Va,bely ,i 2€ ly,...,in€lp
By defining the property of d, the previous equation becomes:
d(a,iz....in)[a,b] + ad([a,b],iz....in) =a“ [a, b]a'va,bely ,i 5€ Iy,...,in €l
By using (1) again in the last equation we have:

d(a,iy,...,in)ab = d(a,iy,...,in)bava,bely ,i »€ Iy,...,in €l 2
By substituting b by br, where re A in (2) and using (2)again, it implies that:
d(a,iz,...,in)y[a,r] = 0 for allva,bely ,i 5€ l,,...,in €lp, re A,
Therefore

d(a,iz,...,in)ll[a,r] = QVael;, i2€ |2,...,in€ l,,re A (3)

By using Lemma 2.3 in the previous equation, we conclude that, for each ael;, either ae C or
d(a,iz,...,in) = 0 for all i€ I,,...,i. I, In both cases, byusing Lemm 2.6,we obtain d(a,iy,...,in)e C for all
aeUy,ize l,...,inel, , i.e., d(Iy,l5,...,1,))EC. Now, by using Lemma 2.8, we find that Ais acommutative
ring.  (ii)By using the same techniqu
Corollary 3.2Let Abe a prime near ring. If there exists k, te N such that Aadmits a nonzero n-
derivation d, satisfying either
(i) d([a, b],az,...,a,) = a“[a, b]a"
Va,b,ay,...,a, €A, or
(i) d([a, b],az,...,a,) = - a[a, b]a"
Va,b,a,,...,a, €A,
Then A is a commutative ring.
Theorem 3.3.Let A be a prime near ring and ll,,...,I, be semigroup ideals of A. If there exists a
nonzero n-derivation d of A satisfying one of the following:
o d(acb,iy,...,i) = a“(ach)a'va,bely ,i s€ Iy,...,in€l,, OF
@ d(ach,is,...,in) = - a“(acb)a'va,bely i s¢ I,...,in €l
for some k, te N, then A is a commutative ring.
Proof. (i)Assume that:
d(ach,i,,...,i) = @“(ach)a'va,bely ,i 5€ Iy,...,in €ln(4)
Replacing b by abin (4) we get
d(acab,iy,...,i) = a“(acab)a'va,bely ,i s€ I,....in €.
S0 we get:
d(a(aeh),i,,...,iy) = a"*l(aob)atVa,bcll N DY PO s
By defining the property of d, the previous equation implies that:
d(a,iy,...,in)(aeb) + ad(acb,i,,...,i,) = a<*t (aob)a‘Va,bcll Jd2€ by, i€l

621



Adhab Iragi Journal of Science, 2020, Vol. 61, No. 3, pp: 620-624

By using (4) again in the previous equation, it implies that:
d(a,iz,...,in)ba = - d(a,iy,...,in)abva,bely ,i 7€ ly,...,in€l,. (5)
Bu putting bc for b, where ceA, in (5) and using it again, it leadsto:
d(a, i, . . ., in)bca=-d(a, iy, . . ., in)abc
=d(a, iy, .. ., ipab(- c)
=d(a, iz . . ., inb(-a)(- €)
Vva,bely ,ise I,,...,ihel,.,ceA. Thus, we obtain:
d(a, iy, . . ., in)b(ca + (-a)c) = 0 Va,bely ,ire I,,...,in €lp., CE A,
Therefore:
d(a, iy, . . ., in)l(- c(- @) + (-a) c) = {0} va,bely ,ize Iy,...,in €ly., Ce A.
For each fixed ae |, Lemma 2.3leads to:
-aeC ord(a,iz,. . ., i) =0 =d(-a,is,. . ., in) Visely,...,ixel,. (6)
If there is an element a;e I; such that -a;e C, then by Lemma 2.4 and the definition of dwe obtain v
reA,is€ ly,...,ix€ I,
d((-a)r, iz, .. ., in) = (-a)d(r, iy, . . ., i) +d(-ay, iz, . . ., in)r
=d(r(-ay), iz, . . . ip)
=d(r, iy, . . . in)(- @) +rd(-ay, iy, . . ., In).
This implies that:

d(- ag, iy, . . ., i)r =rd(-ay, iy, . . ., ip) for all reA,ire l,,...,iq€ I, @)
From (6) and (7), we secure that:
d(- a,ip, . . .,in)r = rd( - a,ip, . . .,ip)for all reA,ae ly,ize ly,...,in €l;. (8
So
d(- a, iy, . . ., in)eCVae Iy, ise ly,..., ize I ©)]

Now,by replacinga by (-a)b, where be I, in (9), we obtain
d(-((-a)b), iz, . . ., in) = d((-a)(-b), iz, . . ., In)eCV @, be Iy, iz€ ly,... i€ I
Which means that:
d((-a)(-b), iz, . . ., inym=md((-a)(-b), iz, . . ., i)V &, be ly, ir€ Iy,...,in€ln, MeA.
By using Lemma 2.5(ii) weobtain
d(-a, iz ..., in)(-bD)m+ (-a)d(- b, iy, .. ., iym =
md(- a, iy, . . ., in)(- b) +m(- a)d(- b, iz, . . ., iy)
Va, be ly,ize |y,...,ine I, me A, (20)
Bu taking (- a) instead of m in (10) and using (9)we obtain
d(-a, iy, . .., in)A[(-a), (- b)] = {0}Va, be Iy iz Iy,...,in€l,.
By primeness of A we getV ae |,
d('a, i2, A |n) = OVi2€ |2,...,in€|n

or
(-a)(- b) = (-b)(-a)Vbe I;.
If d(-a, iz, . . ., in) = 0 Vae ly,ize I,,...,in €l,, we secure that d(1y I,,...,1,) = 0 and by using Lemma 2.7, we

have that d is a zero derivation, and this result contradictsour hypothesis.
Therefore, there exist z;ely,z5€l,,...,z.€ I,with all being nonzero, such that:

d(-z1,22,...,2) # 0 and(-z1)(-y) = (-y)(-z1) Vyels. (11)
By replacing y by -yx, where xe N in (11),we obtain
(-z2)yx = yX(-z1)Vye Iy, xe A. (12)

By putting (-s)y, where sel;, instead of y and d(-z;,2,,...,z,) instead of x in (12),we obtain
(-z)(-S)yd(-21,2,,. . .,zn) =(-S)Yd(-21,2,,. . .,7n)(-Z1) VS,Ye€ |;.

By using (11) and (9) in the last equation, weobtain

(-9)[(-z1),y]Ad(-24,2,,...,2,) = {0} for all s, ye I;.

Since d(- z3,2y,...,z,) £ 0, As A is a prime ring, we obtain(-s)[(-z1), y] = 0Vs,ye .. (13).
By putting -sa, where ae A, instead of s in (13), we obtain
SA[(-zy), y] = {O}for all s, ye I;. (14)

Since 1;# 0,As A is a prime ring, we obtain

(-z1)y = y(-zy) for all ye I,. (15)
By replacing y by yg, where geA, in (15) and using it again, we obtain
yl(-z1), q] = O for all ye 13, geA. Which means that:
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U:[(-z1), q] = {0} for all geA. By Lemma 2.1, we secure that -z;€C. Returning to
If we put z; instead of ain(10), we obtain
d(-zy, iz, . . ., i)[M, - ¥] = OVYe |y, iz€ Iy,...,in€ I, me N.
In particular,
d(-zy, zy, . . ., Z)A[M, - y] = 0 for allye I3, me N. Sinced(-zy, z,, . . .,2,) # 0, the primeness of A implies
that -yeC for allye I;. Which means that -1,SC. But -1, is a semigroup left ideal, thenwe conclude that
A is a commutative ring by Lemma 2.2.
(ii)We can prove it similarly
Corollary 3.4.Let d be a nonzero n-derivationdefined on a prime near-ring A, satisfying either
(i) d(Xoy, Xa,...,Xn) = XK(XoY)X'VX,Y,Xa,.... Xn€ A, OF
(i) d(XoY,Xa,....Xn) = - XX(XoY)XVX,Y, Xz,.... Xn€ A,
forsome k, te N, then A is a commutative ring.
Theorem 3.5.Let d be a nonzero n-derivation defined asa prime near ring A and Iy,l,,...,I, be
semigroup ideals of A. If d is satisfying either
0] d([X, Y],izy...,in) = xk(Xoy)xtv X,Yely iz I,...,in€ly, OF
(i) d([X, YLiz,..nrin) = - X< (X0Y)XVX, Vel iz€ lo,... in €l
forsome k, te N, t,hen A is a commutative ring.
Proof. (i)Supposethat:
d([X, Y],Uz,...,us) = XK(Xoy)X' V¥ X,Yel1 i 5€ Iy,....in€ly (16)
If we replace y by xy in (16), we imply that:
d([X,Xy]hizserin) = X¥(XoXY)X'V X,Yel1 i 2€ by, in €l
So
AX[X,Y],i2se0in) = X< (XoY)X'Y X Vel i o€ o,..yin€ly
By defining the property of d, we obtain:
d(X,iz,....in)[X,y] + XA([X,Y],i2,....in) = X* ™ (xoy)X'
By using (16) again in the previous equation, it implies that:
d(X,i2,.en,in)XY = d(X iz, In)YXY X, Yel i 2€ Lo, in €l an
which is identical with equation (2) in Theorem 3.1.Following the same way, we secure that A is a
commutative ring.
(ii)We can prove it similarly.
Corollary 3.6.Let d be a nonzero n-derivationof a prime near ringA, satisfying either
(i) d([X, Y] Xz, Xn) = X (XoY)X'
for all x,y,x,,...,.Xq.€ A, or
(i) d([X, Y] XareXn) = - X (XoY)X'
for all X,y,Xa,...,.Xn€ A,
forsome k, te N, then A is a commutative ring.
Theorem 3.7.Letd be a nonzero n-derivation of a prime near ring A and Iy, 1,,...,1,, be semigroup ideals
of A. If d is satisfying either
(i) d(XoY,iz,....in) = XX, YIX'V X,Yely i 2€ ly,...,ine€ln, OF
(ii) d(Xoy,Up,...,Un) = - X[X, YIX'V X,Yelr i o€ y,....in€lp,
For some k, te N, then A is a commutative ring.
Proof.(i) Assumethat:
d(XoY,ia,....in) = XX, YIX'V X,Vely i 2€ ly,....ine€l, (18)
If we replace y by xy in (18), we have
d(XoXY, iz,....in) = X“[X, XY]X'V X,Yel1 i 2€ ... in €l
So
d(X(XoY),iz,...in) = XX, YIX'V X,Yely i 2€ by, inel,
By defining the property of d, we obtain:
d (X,iz,....in)(X0Yy) + Xd(X0Y,iz,....In) = X* X, y]X*
By using (18) again in the previous equation, it implies that:
d(X,iz,...,In)Xy = - d(X,12,...,In) YXV X, Y€l ,i o€ l5,...,I0 €l (29)
whichis identical with equation (5) in Theorem 3.3., and following the same step leads to the result
(if) We can proveit similarly.
Corollary 3.8.Let d be a nonzero n-derivationof a prime near ring A. If d is satisfying either

k +1

k +1
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(i) d(Xoy,Xa,....Xn) = X¥[X, Y]X*

for all x,y,Xa,...,Xn€A, Or

(i) d(Xoy,Xz....xn) = - X[, Y]X*

for all X,y,Xs,...,Xn€A,

for some k, te N, then A is a commutative ring.
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