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Abstract

In this work, we obtain some differential subordination and superordination results
defined by Hadamard product for multivalent analytic functions with Borel
distribution and Ruscheweyh derivative in the open unit disk. We applied these
results and obtain sandwich results.
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1. Introduction and Preliminaries
Suppose that A, represents the set of functions that may be expressed in the following form:

f(z) =7z + Z a,z", peEN={12,..}, (1.1)
n=p+1
which are analytic and multivalent in the open unit disk ® = {z € C : |z| < 1}. For simplicity,
let Ay = A.
Consider the class H', which represents the class of analytic functions in the domain D.

Denote H [a, p] as the subclass of H that consists of functions with the following form:

f(z) =a+ayz’ +ap2P"' +-, (a€CpEN).
Let f and g be functions of the set H . If there is a Schwarz function K that is analytic in D,
with K(0) = 0 and |K(z)| < 1 (7 € D), such that f(z) = g(K(z)), then the function f is
considered subordinate to g, or g is considered superordinate to f. This subordination is
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indicated by the notation f < g or f(z) < g(2)(z € D). It is well known that, if the function
g is univalent in D, then f < g if and only if f(0) = g(0) and f (D) c g(D).

Assume k and h represent elements of the class H, and let Y (r,s,t;7):C3 x D — C. If
k and (k(z),zk'(z),7z°k" (z);z) are univalent functions in U and if k fulfills the second-order
differential superordination condition
h(z) < Y (k(2),zk'(2),7°k" (2); 2), (1.2)
then k denote the solution of the differential superordination Equation (1.2). If f is considered
subordinate to g, it can be said that g is superior or higher in rank to f. An analytic function q
is referred to as a subordinate of (1.2) if q is strictly subordinate to every k that fulfills Equation
(1.2). The best subordinant is a univalent subordinant ¢ that fulfills the condition q < § for all
subordinants g of Equation (1.2).
Let f be a function in A, defined by Equation (1.1), and let g be a function in A, defined as

9(z) =27 + Z b,z" , p €N,
n=p+1
the Hadamard product (or convolution) of the functions f and g, denoted as f * g, is defined
as follows:

(D@D =7+ ) anbpd" = (g )@,
n=p+1
The elementary distributions, such as the Poisson, Pascal, Logarithmic, Binomial, and beta
negative binomial, have been partially analyzed in Geometric Function Theory from a
theoretical standpoint (see references [1 — 5]).

Wanas and Khuttar [6] recently introduced the Borel distribution (BD), which is

characterized by a probability mass function
(ar)r—le—ar

Plx=r)=————, r=123...

Wanas and Khuttar [6] presented a series in which the coefficients represent the probability of
the Borel distribution (BD).

Ny (a;z) =z° + Z

n=p+1

(atn—p))" " emetnp
(n—p)!

n

Z,

where 0 < a < 1.

For¢ > —p and f € A,. The Ruscheweyh derivative of order £ + p — 1 (see [7]) is denoted

by D*P~1f and defined as following :
ZP

D*P7f(z) = A=t f(z) =7 + n;ﬂ

[0e]

r'¢¢+n)
¢ +p)(n—p)!

Now, by making of the convolution of two series, we define the operator Y§ oL Ap, Ap as
follows:

a, 7" (£>-p).

VP = N, (ag) + DS £(3)
i reé+ n)(a(n — p))n_p_1 g~ a(n-p)

2
n=p+1 F(E + p)((n - p)l)
where { > —pand 0 < a < 1.

It can be easily confirmed from Equation (1.3) that

=7zP + a, 7", (1.3)
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(Y7 @) = €+ @ - e 6. (1.4)

Bulboaca [8] (see also [9]) examined specific categories of first-order differential
superordinations, along with integral operators that preserve superordination, utilizing the
findings of Miller and Mocanu [10]. Several writers, including Shanmugam et al. [11], Goyal
et al. [12], Murugusundaramoorthy and Magesh [13,14], Magesh et al. [15] and Ibrahim and
Darus [16], have recently derived sandwich conclusions for specific categories of analytic
functions. In addition, some authors ([17 — 19]) have deduced differential subordination and
superordination conclusions by employing sandwich theorems.

The primary objective of this study is to establish adequate criteria for specific
normalized analytic functions f in the unit disc D, such that (f * ¥)(z) # 0 and f satisfies
certain constraints

YEP () )

12 < | Zz50—] <902
Y PTH(w) (2)

and

(ty +ty)zP
where q; and g, are given univalent functlons in D such that q, (O) = q,(0) = 1 with

®(z) =77 + Z rzt, Y(z) =277 + z enz"

n=p+1 n=p+1
are analytic functions in D such thatr,, > 0,e,, = 0.

E4D §+p-1,c Y
ql(%)<(t1\ra D)@+ 86X "¢ ‘P)(z)) <@,

In order to establish our primary findings, it is necessary to have the following definitions
and lemmas.
Definition 1.1 [20]. Suppose that Q is the set of any functions f that are both analytic and

injective on ® \ E(f), with
E(P) = {¢ € 0milim f(3) = oo
and are such that f'({) # 0 for { € ID\E(f).

Lemma 1.2 [20]. Assume that g is a univalent in the unit disk D. Consider ¥ and X as analytic
functions defined in a domain D that contains q (D). Additionally, X(w) # 0 when w € q(D).

Set Q(3) = 2q'(2)%(q(z)) and h(z) = 9(q(2)) + Q(2). Assume that
(1) Q(3z) is starlike univalent in D,

(2) Re {Z’Ql((?} >0 forz € D.

If k is an analytic function in D, satisfying the conditions k(0) = q(0), k(D) c D with

9(k(2)) +2k'(D)X(k(3) < 9(¢(®) + 20’ @D%(a (), (1.5)
then k < q and q is the best dominant of Equation (1.5).
Lemma 1.3 [8]. Consider g to be a convex and univalent function in the unit disk D.
Additionally, consider ¥ and X denote analytic in a domain D containing q(D). Assume that

9'(a(2)
(1) Re{m} >0 fOI‘Z € :‘),

(2) Q(z) =12q'(2)%(q(3)) is starlike univalent in D.
If k € H [q(0),1] N Q, such that k(D) c D,ﬁ(k(z,)) + zk’(z)%(k(z)) is univalent in © and

9(q(2) +24' @%(q(@) < 9(k(®)) + 3k’ (2)X(k(2)), (1.6)
then g < k and q is the best subordinant of Equation (1.6).
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2. Subordination results
Theorem 2.1. Suppose that ®,¥ € A,, p, 6, u,n, 0,7,y €C, with y # 0 and o, 7 are not
simultaneously zero, ¢ be a convex and univalent function in D such that q(0) = 1. We

suppose that
(i 3 — ora _qu'(z)) 29" (2)
Re {GQ(Z)H( n+6q°(2) +2uq°(z) — 02q'(2) @ )T 7@

If f € A, fulfills the differential subordination

+ 1} >0. (2.1)

Dl(fl q)llplpl 61.1'[’771 O-IT’)/’SI arp; %)
T

5 n g :
<p+6q(2) +pq*(z) + 1@ + (q@ + qz(z)) zq'(2), (2.2)

where
Dl(fy q)r Lp; pr 6; ,u'; ny O-y TI Y1 El al p; Z)

E+p 14 E+p 14 E+p-1 14
Y () (@) Y (£ ) (@) YT v @)
SE TR PO W% QT T
P\ rewy o) ( e T\ () v

T<vi+p-1wxz>>y>

Y5rP (£rd)(2)

Y (f « D) (2) Y (f W) (2)
RO I G D T R |

x| E+p+1) (2.3)

then

Y€+p % P 4
( S (f )(z)> <0

YT W) (@)
with q is the best dominant of Equation (2.2).
Proof. Suppose that the function k is indicated by

§+p 4

Yo " (f x @)(3)

k(z) = ( FrooT , (zeD). (24)
Y, (f+P)(@)

Thus, the function k is analytic in D with k(0) = 1.

Conducting an easy calculation using of Equation (2.4) gives

k'@ _ (5 (Yof”’(f * GD)(%)) Z (Y§+p_1(f * ‘P)(z))
K@ N\ T TPGeo@m LT |

Considering Equation (1.4), we get
7k' () Yo P 0) ()

— = 1
k(Z) V((E+P+ ) Y§+p(f*¢’)(7_,)
Also, we find that

Yf"'p * P
Gy ta 0@ _1>_

YT « W) (3)

) U a T '
p + 8k(z) + uk?(z) + @ + <k(z) + kz(z)> zk'(2)

=Di(f,®,¥,p,6,1,m,0,7,7,§,a,0;2), (2.5)
where D; (f, ®,¥,p,6,u,1n,0,7,v,a,&,p; 7) is given by Equation (2.3).
By using Equation (2.5) in Equation (2.2), we have

5 n o T ,
p + 6k(z) + uk?(z) + @ + <k(z) +i€2(z)) zk'(2)

5 n o )
<p+68q(z)+uq°(z) + 1@ + (q@ + qz(z)) 79’ (2).
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By setting
n o T
IWwW)=p+éw+uw?+— and X(w)=—+—

w w w

2 )
It is evident that 9(w) and X(w) are analytic in C \ {0}
that X(w) # 0,w € C \ {0}. Additionally, we obtain

Q@) =39’ @X(q() = (ﬁ + qzr(g)

) 2q9'(2)

and

. . 2 n g T ,
h) = 9(a@) + Q@) = p +89G) + 1’ (@) + 5+ (o5 + 3) 7' @)

Considering the hypothesis of Theorem 2.1, it is evident that Q(z) is a starlike univalent
function in the domain D with

ZTZQ'(Z)) 79" (z)

q(z) 7@ 1} >0

Re {M} = Re {# <—n +69%(2) + 2uq°(2) — 0249’ (2) —
Q@) 0q(z) + 1

Therefore, the result may now be deduced by utilizing Lemma 1.2.
By substituting @(z) = ¥(z) = f—l into theorem 2.1, we get the subsequent corollary:

Corollary 2.2. Suppose that p, 8, u,n,0,7,y € C with y # 0 and o, T are not simultaneously
zero, q be convex univalent in D such that g(0) = 1. We also assume that condition (2.1) is
satisfied. If f € A, and fulfills the differential subordination condition

Dz(f,P:5,.[17;71:03,}(’;“'5,19;1_%)
< p+68q(z) +pnq*(z) + +( +
pH+0a@) +ua” @+ s (o T e

)@, @6

where

YPr @) y( < Y f @) )y)
D ) !6l ) ) ) ) ) ) ) ; = T i1 6 T i1
(f,p,6,m 0,17, a,8,p;2) =p + <Y§+p"1f(z)> +u T

A IO\ AL IO YEPe(p
M ( G ) Ty{e+ T< ST ) X(CHPHD T m -G F

Y5 Pr()
T
then

Y Pf(3) )y
o <] <4®@
<Y§+”‘ ) T

and q is the best dominant of (2.6).

Theorem 2.3. Suppose that ®,¥ € A, p, 6, u,n,0,T,t;,t, € Cwitht; +t, # 0 and o, T are

not simultaneously zero, g be convex univalent in D such that ¢(0) = 1. Additionally, assume
that condition (2.1) is satisfied. If f € A, and fulfills the differential subordination rule

Ds(f,®,W,p,8,1,1,0,T,7, t1, t2, &, a,p;2) < p + 8q(3) + uq*(z) + —— + (L +

(
. ’ q(z) q(z)
qzw) 729'(z), (2.8

where
D3 (fr (I)’ LIJJ pr 51 l’ll nr 0—1 TI V; tl) t2) El al p; Z_f)
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— o4 (t1 Yo P (£ @) () +t, Y5+P-1(f*qI)(z))y 5+ (tlYier(f*tb)(z)Hz Yf*’"l(f*‘l’)(Z))y
p (t1+t2)zP H (t1+t2)zP

(t1+6,)7P )V ( ( (t1+65)7P >y>
n (tlvi+p(f*c1>>(z>+tz verigmm) TY\CTT EYSHP (Frd) () 4, YEHP (F39)(2)
1 E+p+ DY P @)Y P (F+0)(@)] |ty E+p)Ye P ()@ -Y5 P (F+¥) (3)] 29
X oy v + Fip o1 , (2.9)
LYP(FD) (2) 4t YEHP1(F+W) (2) t1 Y5 P (F®) (@) +t, YEHP-1(f+W)(2)

then

Y

AAL GRS s VAR () S
(ty + t3)zP

with q is the best dominant of Equation (2.8).

Proof. Suppose that the function k is indicated by

4
k@ = [T D@ 6 Y 0@)
(t1 + t2)zP ' .
Thus, the function k is analytic in D with k(0) = 1.
Thus, by utilizing Equations (2.10) and (1.4), we derive
n o T
+ 6k(z) + pk?(z) + + ( + )
prok@ @ ke T e

= D3 (fl CD, LIJ; ,0; 61 ,u'; n; o—l T; V; tl; tZI al p: J Z_f)i (211)
where D3 (f, ®,W¥,p,6,u,1n,0,T,7,t1, ty, @, &, p; Z) is given by Equation (2.9).
Considering Equation (2.11), we can express the subordination (2.8) as follows:

5 n g T ,
p + 6k(z) + uk(z) + k@ + (k(z) + kz(z)) zk'(2)

(2.10)

zk'(2)

< p+6q(2) + 1ug? (@) + — +(“ + T) '(2)
PHOTH TR Ty T 4@ T 2@/

By defining the functions 9(w) = p + dw + uw? + % and X(w) = % + % , it is evident that
9(w) and X(w) are both analytic in C \ {0} and that X(w) # 0,w € C \ {0}. Therefore, we
obtain the result.

By substituting ®(z) = ¥(z) = f—l in Theorem 2.3, we get the subsequent corollary:

Corollary 2.4. Assume that p,d,u,n,0,7,7,t;,t, €EC such that y #0, t; +¢t, #0 .
Additionally, g, T are not simultaneously zero, q be convex univalent in D and q(0) = 1. We
assume that condition (2.1) is satisfied. If f € A, fulfills the differential subordination

condition
D4-(f' p: 6; .Lll T]l O—I T; Y; tlr tZr ar f; p; Z)

2 n g T ,
<P+ 800 + 1@ + 5+ (7 + s ) 20/ (212)

where

§+p §+p-1 Y
t1 Y, f(2)+t,Y f(2)
D4(f,p,5,,u,77,0,1',)/,tl,tz,(l,f,p;Z)=,D+<1 = 2

(ty + t2)zP
E4+p E4p-1 14 14
t1 Y5 PR+t f(z)) ( (ti+t2)7P ) (
X
(6 + ll( (t1+t2)zP ) 1 t1Y§+pf(z)+thZ+p_1f(z) A

T( (t1+t2)zP )y)
t Y5 P F @+t P T ()
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y (fa(e +p+ DT @) — YT (@)
Y5 P @) + YT ()
6 +p) [Ye @) + YT ()]
t1Y§+pf(Z) + t2Y§+p_1f(Z)

(2.13)

then

_ 14

AP (R P (OO A N
(t1 + t2)z?

and q is the best dominant of (2.12).

3. Superordination results

Theorem 3.1. Suppose that ®,¥ € A,, p,8,u,1n,0,7,y € C with y # 0 and 0,7 are not
simultaneously zero, g be convex univalent in D with q(0) = 1 and assume that

Re {#()Z)H (6q°(z) + 2uq>(z) — n)} > 0. 3.1

Let f € Ay,

( Y (f * 0)(2)

14
- € H[q(0),1]nQ
YEPTH(f wxz))
and D;(f, ®,¥,p,6,u,1n,0,7,7,a,¢&,p; 7) as defined by Equation (2.3) be univalent in D. If

p +6q(z) + nqg*(z) + 1 +( A )z,q’(z,)
q(z) \q(z) q*(z)
< D,(f,®,¥,p,6,u,n,0,7,7,a,&,p;7), (3.2)

Y
Y2 ) ()
1) < | =57
Y, " T (f )@
and q is the best subordinant of Equation (3.2).

then

Proof. Suppose that the function k is indicated by Equation (2.4).
Considering Equation (1.4), the superordination (3.2) becomes

5 n o T ,
p+6q(z) +uq*(z) + 1@ + <q(z) + qz(z)> 7q'(2)

n o T
< p + 8k(z) + uk?(z) + +( + )k’().
SR TO RO Ok
By setting 9(w) = p + dw + uw? +% and X(w) = % + # It is evident that 9(w) and
X(w) are analytic in C \ {0} and that X(w) # 0,w € C \ {0}. Additionally, we obtain

ﬁ’(q(z))}_ { q'(z) , . }
Re {—x(q@) = Re —Jq@)ﬁ(c?q (z) +2pq°(z) —n) ¢ > 0.

Now Theorem 3.1 follows by utilizing Lemma 1.3.

By substituting ®(z) = W(z) = f—l in Theorem 3.1, we get the subsequent corollary:

Corollary 3.2. Suppose that p,d,u,n,0,7,y € C with y # 0 and o, T are not simultaneously
zero, q be convex univalent in D with q(0) = 1. We assume that condition (3.1) is satisfied.
Consider that f € A,
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IO RY
(T) € Hla@1lnq

and D,(f,p,8,u,n,0,7,v,a,&,p; 7) as given by Equation (2.7) be univalent in D. Assuming
n o T
+84@) +1a*@) + — =+ (= + )20’ @)
PO TR T 4@ T @)
< DZ(flp' 5,.11:77,0,1':% El a,p;z,), (33)

Y
Yo f(2)
q(z) < Tp—1.,
Y. f®)
and q is the best subordinant of Equation (3.3).

Theorem 3.3. Suppose that ®,¥ € A,, p,8,u,n,0,7,t;,t; € Cwitht; +t, # 0 and g, 7 are

not simultaneously zero, q be convex univalent in D and q(0) = 1. We assume that condition
(3.1) is satisfied. Consider that f € A,

Y_§-|.p * d Yf+p * D Y
i .

and D3 (f, ®,¥,p,6,u,1n,0,7,v,a,¢,p; 7) as defined by (2.9) be univalent in D. If
n o T
+8q(%) + g2 () + ——+ (2 + ) '(2)
PrOTETREE T4 " \4@ " @) M
< D3(f; CDF l'p;p; 6}#!”1 O-FT) )/F al E; pl Z_})l (3'4)

then

then

Y
o < [T E D@ + Y D)@
(t1 + t2)zP
and q is the best subordinant of (3.4).

$+p $+p
_ tlYa (f*d)) (Z)'I'tZYa (f*d)) (Z)
For k(z) = < (t1+t2)zP
resembles the proof of Theorem 3.1, therefore we will skip it.

14
> , the proof of Theorem 3.3 is a line that closely

By substituting ®(z) = WY(z) = f—l in Theorem 3.3, we derive the subsequent corollary:

Corollary 3.4. Suppose that p,8§,u,n,0,1,v,t1,t, € Cwherey #0, t; +t, # 0 and o, 7 are
not simultaneously zero, let ¢ be a convex univalent function in the unit disk D such that
q(0) = 1. We assume that condition (3.1) is satisfied. Assume that f € A,

AR ORIA IO
<t : ((t?):tz)zp (z)) € 3[a(0),1] 1 Q

and D,(f,p,8,u,n,0,T,7,t1,t2, @, &, p; 7) as defined by Equation (2.13) be univalent in D. If
n o T
+89(2) + 1*@) + —=+ (s + ) 50’ @)
proas TR T 4@ T )T
< D4-(f' p: 6; .Lll T]l 0,T, )/1 tll tZIl a, E; p; Z); (35)

then

14
“@<tﬂfﬁﬁ+bﬁ”@)
(t1 +t2)7P
and q is the best subordinant of Equation (3.5).
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4. Sandwich results
As a summary of the findings of unequal subordination and superordination, we get the
following "sandwich results".

Theorem 4.1. Suppose that q; and g, be convex univalent in © with q,(0) = q,(0) = 1,
p,0,u,1n,0,7,y €C with y #0 and 0,7 are not simultaneously zero. Assume that g,
fulfills condition (2.1) and g, fulfills condition (3.1). For f, ®,¥ € A,, let

E+p Y
Y ()
( gip_ff )@ ) € #[1,1]n Q
Y, T (f+¥P)(®
and D; (f, ®,¥,p,6,u,1n,0,7,v,a,&,p; 7) as defined by (2.3) be univalent in D. If

n o T
+8q1(2) + nqi(z) + +< + ) 1(2)
PO TEE T  \a®@ T ¢e)
<Dl(f:cb;q,;p;S;M;n;G;T;y;a;E;p;ZJ)

2 n ? i
<p+68q2(2) +ugr(3) + oM (qz(z) e

) 72q2(2),

then

Y$+p Y$+p_1 14
@) < (L OELTO) < g, ()

(t1+t2)7P
and q,, g, are represent the optimal subordinate and the optimal dominant, respectively.

Theorem 4.2. Suppose that g; and g, be convex univalent in D with g;(0) = g,(0) =1,
p,0,u,1n,0,7,7,t;,t, € Csuch that y # 0, t; + t, # 0 and o, T are not simultaneously zero.
Assume that g, fulfills condition (2.1) and g fulfills condition (3.1). For f, € A, let

EYSP(f + ©)(3) + YT 9 (@)
( (t; +t2)7P cHiLlng

and D3 (f, ®,W,p,0,u,1n,0,T,7,t1,t5, &, a,p; 7) as defined by (2.9) be univalent in D. If

n o T
p+38q1(2) + uqi(z) + +< + )q’()
TR0 T 6@ ¢k)
< D3(f: CDF l'p:p, 6:,“!”1 O-FTI V, tll tZF fl a;p; Zj)

<p+8q,(z) +pqi(z) +

n 4 T ,
oM <q2 @ ¢ (z)) 542(4)
then

YEP(Fx YT« W) ()
ql(z><<t1 e (D@4l XZ)) <0:®

and q,, q, are respectively the best subordinant and the best dominant.

By using Corollaries 2.2 and 3.2, we derive the subsequent corollary:
Corollary 4.3. Consider q; and g, as convex univalent in ® with g,(0) = g,(0) =1,
p,6,u,m,0,7,y € C such that y # 0 and o, t are not simultaneously zero. Assume that g,
fulfills condition (2.1) and g fulfills condition (3.1). For f € A, let

Y (z) )y
————] eH[11]nQ
(Yi P ()

and D,(f,p,8,u,n,0,1,y,a,&,p;7) as defined by (2.7) be univalent in D. If
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n o T
+6q1(z) + pqi(z) + +< + ) 1(z) < D,(f,p,6,,m,0,7,7,,&,p;
p+6q:(z qi (z) OMIOMTO) 2q,(z 2(fr0, 6, 1,7 Y, a,&,p;7)

n +< c T
3 \1:(3)  q3(2)

Y‘f"'p Y
0. (3) < (\(;;_—%) < q2(2)

and g4, g, are respectively the best subordinant and the best dominant.
By using Corollaries 2.4 and 3.4, we derive the next corollary:

< p+6q,(2) +uqgi(z) + ) 292 (2),

then

Corollary 4.4. Consider q; and g, as convex univalent in ® with q;(0) = g,(0) =1,
p,0,u,n,0,7,y €C with y #0 and 0,7 are not simultaneously zero. Assume that g,
fulfills condition (2.1) and g, fulfills condition (3.1). For f € A, let

LY () + 65X )\
piior it

and D,(f,p, 8, 1,1, 0,T,7,t1,t2, @, &, p; 7) as defined by Equation (2.13) be univalent in D. If
n o T
p+68q1(z) + uqgi(z) + +< + )zq’(z)
! ! q:1(z) q:(z) CI%(Z) !
< D4-(f; p) 6! l’ll n) 0-) Tl V; tl) t2) a} EF p; Z_})
n
< p+8q,(z) + uqs(z) + +<
p qZ Z :qu ZJ qz (Z)

o n T
1:(z)  q%(z)

) 7q2(2),

then

LY () + 6P
0: () < < T < q2(3)

and q,, q, are respectively the best subordinant and the best dominant.
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