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Abstract  

     In this work, we obtain some differential subordination and superordination results 

defined by Hadamard product for multivalent analytic functions with Borel 

distribution and Ruscheweyh derivative in the open unit disk. We applied these 

results and obtain sandwich results. 
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ه رشوي  المتعددة التكافؤ المرتبطة بتوزيع بوريل ومشتقةالتحليلية  للدوال وجساندالنتائج   
 

 زينب صويح غالي*, عباس كريم وناس

 قسم الرياضيات, كلية العلوم, جامعة القادسية, الديوانية, العراق 
 

  الخلاصة 
  ضرب هادمارد التفاضلية المعرفة بواسطة  ابعية والفوق التابعيةفي هذا العمل حصلنا على بعض نتائج الت     

. طبقنا هذه النتائج  الرشويه في قرص الوحدة المفتوح متعددة التكافؤ مع توزيع بوريل ومشتقة  الللدوال التحليلية  
 .لساندوجوحصلنا على نتائج ا

 
1. Introduction and Preliminaries 

     Suppose that 𝒜𝑝 represents the set of functions that may be expressed in the following form: 

𝑓(ᶎ) = ᶎ𝑝 + ∑ 𝑎𝑛ᶎ𝑛

∞

𝑛=𝑝+1

 ,   𝑝 ∈ ℕ = {1,2, … },                                           (1.1) 

which are analytic and multivalent in the open unit disk 𝔇 = {ᶎ ∈ ℂ ∶ |ᶎ| < 1}. For simplicity, 

let 𝒜1 = 𝒜. 

    Consider the class ℋ, which represents the class of analytic functions in the domain 𝔇. 

Denote ℋ[𝑎 , 𝑝] as the subclass of ℋ that consists of functions with the following form: 

𝑓(ᶎ) = 𝑎 + 𝑎𝑝ᶎ𝑝 + 𝑎𝑝+1ᶎ𝑝+1 + ⋯  ,   ( 𝑎 ∈ ℂ, 𝑝 ∈ ℕ ). 

Let 𝑓 and 𝑔 be functions of the set ℋ. If there is a Schwarz function 𝐾 that is analytic in 𝔇, 

with 𝐾(0)  =  0 and |𝐾(ᶎ)| < 1 (ᶎ ∈ 𝔇), such that 𝑓(ᶎ) = 𝑔(𝐾(ᶎ)), then the function 𝑓 is 

considered subordinate to 𝑔, or 𝑔 is considered superordinate to 𝑓. This subordination is 
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indicated by the notation 𝑓 ≺ 𝑔 or 𝑓(ᶎ) ≺ 𝑔(ᶎ)(ᶎ ∈ 𝔇). It is well known that, if the function 

𝑔 is univalent in 𝔇, then 𝑓 ≺ 𝑔 if and only if 𝑓(0) = 𝑔(0) and 𝑓(𝔇) ⊂ 𝑔(𝔇). 

     

      Assume 𝑘 and ℎ represent elements of the class ℋ, and let  𝜓(𝑟, 𝑠, 𝑡; ᶎ): ℂ3 × 𝔇 ⟶  ℂ. If 

𝑘 and  (𝑘(ᶎ), ᶎ𝑘′(ᶎ), ᶎ2𝑘′′(ᶎ); ᶎ) are univalent functions in 𝑈 and if 𝑘 fulfills the second-order 

differential superordination condition 

ℎ(ᶎ) ≺ 𝜓(𝑘(ᶎ), ᶎ𝑘′(ᶎ), ᶎ2𝑘′′(ᶎ); ᶎ),                                                        (1.2) 

then 𝑘 denote the solution of the differential superordination Equation (1.2). If f is considered 

subordinate to 𝑔, it can be said that 𝑔 is superior or higher in rank to 𝑓. An analytic function 𝑞 

is referred to as a subordinate of (1.2) if 𝑞 is strictly subordinate to every 𝑘 that fulfills Equation 

(1.2). The best subordinant is a univalent subordinant 𝑞̃ that fulfills the condition 𝑞 ≺ 𝑞̃ for all 

subordinants 𝑞 of Equation (1.2). 

Let 𝑓 be a function in 𝒜𝑝, defined by Equation (1.1), and let 𝑔 be a function in 𝒜𝑝, defined as 

𝑔(ᶎ) = ᶎ𝑝 + ∑ 𝑏𝑛ᶎ𝑛

∞

𝑛=𝑝+1

 ,   𝑝 ∈ ℕ, 

the Hadamard product (or convolution) of the functions 𝑓 and 𝑔, denoted as 𝑓 ∗ 𝑔, is defined 

as follows: 

(𝑓 ∗ 𝑔)(ᶎ) = ᶎ𝑝 + ∑ 𝑎𝑛𝑏𝑛ᶎ𝑛

∞

𝑛=𝑝+1

= (𝑔 ∗ 𝑓)(ᶎ). 

     The elementary distributions, such as the Poisson, Pascal, Logarithmic, Binomial, and beta 

negative binomial, have been partially analyzed in Geometric Function Theory from a 

theoretical standpoint (see references [1 − 5]). 
 

     Wanas and Khuttar [6] recently introduced the Borel distribution (BD), which is 

characterized by a probability mass function 

𝑃(𝑥 = 𝑟) =
(𝛼𝑟)𝑟−1𝑒−𝛼𝑟

𝑟!
,   𝑟 = 1,2,3, …  . 

Wanas and Khuttar [6] presented a series in which the coefficients represent the probability of 

the Borel distribution (BD). 

𝒩𝑝(𝛼; ᶎ) = ᶎ𝑝 + ∑
(𝛼(𝑛 − 𝑝))

𝑛−𝑝−1
𝑒−𝛼(𝑛−𝑝)

(𝑛 − 𝑝)!
ᶎ𝑛

∞

𝑛=𝑝+1

, 

where 0 < 𝛼 ≤ 1. 

For 𝜉 > −𝑝 and  𝑓 ∈ 𝒜𝑝. The Ruscheweyh derivative of order 𝜉 + 𝑝 − 1 (see  [7]) is denoted 

by  𝐷𝜉+𝑝−1𝑓 and defined as following : 

𝐷𝜉+𝑝−1𝑓(ᶎ) =
ᶎ𝑝

(1 − ᶎ)𝑝+𝜉
∗ 𝑓(ᶎ) = ᶎ𝑝 +  ∑

Γ(𝜉 + 𝑛)

Γ(𝜉 + 𝑝)(𝑛 − 𝑝)!
𝑎𝑛 ᶎ𝑛  (𝜉 > −𝑝) .

∞

𝑛=𝑝+1

 

Now, by making of the convolution of two series, we define the operator Υ𝛼
𝜉+𝑝−1

: 𝒜𝑝→ 𝒜𝑝 as 

follows: 

𝛶𝛼
𝜉+𝑝−1

  =   𝒩𝑝 (𝛼; ᶎ) ∗ 𝐷𝜉+𝑝−1  𝑓(ᶎ)

= ᶎ𝑝 + ∑
𝛤(𝜉 + 𝑛)(𝛼(𝑛 − 𝑝))

𝑛−𝑝−1
  𝑒−𝛼(𝑛−𝑝)  

𝛤(𝜉 + 𝑝)((𝑛 − 𝑝)!)
2

∞

𝑛=𝑝+1

  𝑎𝑛  ᶎ
𝑛  ,          (1.3) 

where 𝜉 > −𝑝 and 0 < 𝛼 ≤ 1. 

It can be easily confirmed from Equation (1.3) that 
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ᶎ (Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ))
′

= (𝜉 + 𝑝)Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ) − 𝜉Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ).                        (1.4)   

Bulboacă [8] (see also [9]) examined specific categories of first-order differential 

superordinations, along with integral operators that preserve superordination, utilizing the 

findings of Miller and Mocanu [10]. Several writers, including Shanmugam et al. [11], Goyal 

et al. [12], Murugusundaramoorthy and Magesh [13,14], Magesh et al. [15] and Ibrahim and 

Darus [16], have recently derived sandwich conclusions for specific categories of analytic 

functions. In addition, some authors ([17 − 19]) have deduced differential subordination and 

superordination conclusions by employing sandwich theorems. 

 

     The primary objective of this study is to establish adequate criteria for specific 

normalized analytic functions 𝑓 in the unit disc 𝔇, such that (𝑓 ∗ Ψ)(ᶎ) ≠ 0 and 𝑓 satisfies 

certain constraints 

𝑞1(ᶎ) ≺ (
Υ𝛼

𝜉+𝑝(𝑓∗Φ)(ᶎ)

Υ𝛼
𝜉+𝑝−1

(𝑓∗Ψ)(ᶎ)
)

𝛾

≺ 𝑞2(ᶎ) 

and 

𝑞1(ᶎ) ≺ (
𝑡1Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ) + 𝑡2Υ𝛼
𝜉+𝑝−1

(𝑓 ∗ Ψ)(ᶎ)

(𝑡1 + 𝑡2)z𝑝
)

𝛾

≺ 𝑞2(ᶎ), 

where 𝑞1 and 𝑞2 are given univalent functions in 𝔇 such that 𝑞1(0) = 𝑞2(0) = 1 with 

Φ(z) = ᶎ𝑝 + ∑ 𝑟𝑛ᶎ𝑛

∞

𝑛=𝑝+1

 ,   Ψ(ᶎ) = ᶎ𝑝 + ∑ 𝑒𝑛ᶎ𝑛

∞

𝑛=𝑝+1

 

are analytic functions in 𝔇 such that 𝑟𝑛 ≥ 0, 𝑒𝑛 ≥ 0. 

 

     In order to establish our primary findings, it is necessary to have the following definitions 

and lemmas. 

Definition 1.1 [𝟐𝟎]. Suppose that 𝑄 is the set of any functions 𝑓 that are both analytic and 

injective on 𝔇 ∖ 𝐸(𝑓), with 

𝐸(𝑓) = { 𝜁 ∈  𝜕𝔇: 𝑙𝑖𝑚
ᶎ→𝜁

𝑓(ᶎ) = ∞} 

and are such that 𝑓′(𝜁) ≠ 0 for 𝜁 ∈  𝜕𝔇\𝐸(𝑓). 

Lemma 1.2 [𝟐𝟎]. Assume that 𝑞 is a univalent in the unit disk 𝔇. Consider 𝜗 and 𝔛 as analytic 

functions defined in a domain 𝐷 that contains 𝑞(𝔇). Additionally, 𝔛(𝑤) ≠ 0 when 𝑤 ∈ 𝑞(𝔇). 

Set 𝑄(ᶎ) = ᶎ𝑞′(ᶎ)𝔛(𝑞(ᶎ)) and ℎ(ᶎ) = 𝜗(𝑞(ᶎ)) + 𝑄(ᶎ). Assume that 

(1) 𝑄(ᶎ) is starlike univalent in 𝔇, 

(2) 𝑅𝑒 {
ᶎℎ′(ᶎ)

𝑄(ᶎ)
} > 0  for ᶎ ∈ 𝔇. 

If k is an analytic function in 𝔇, satisfying the conditions 𝑘(0) = 𝑞(0), 𝑘(𝔇) ⊂ 𝐷 with 

𝜗(𝑘(ᶎ)) + ᶎ𝑘′(ᶎ)𝔛(𝑘(ᶎ)) ≺ 𝜗(𝑞(ᶎ)) + ᶎ𝑞′(ᶎ)𝔛(𝑞(ᶎ)),                         (1.5) 

then 𝑘 ≺ 𝑞 and 𝑞 is the best dominant of Equation (1.5). 

Lemma 1.3 [𝟖]. Consider 𝑞 to be a convex and univalent function in the unit disk 𝔇. 

Additionally, consider 𝜗 and 𝔛 denote analytic in a domain 𝐷 containing 𝑞(𝔇). Assume that 

(1)  𝑅𝑒 {
𝜗′(𝑞(ᶎ))

𝔛(𝑞(ᶎ))
} > 0 for ᶎ ∈ 𝔇, 

(2)   𝑄(ᶎ) = ᶎ𝑞′(ᶎ)𝔛(𝑞(ᶎ)) is starlike univalent in 𝔇. 

If 𝑘 ∈ ℋ [𝑞(0),1] ∩ 𝑄, such that 𝑘(𝔇) ⊂ 𝐷, 𝜗(𝑘(ᶎ)) + ᶎ𝑘′(ᶎ)𝔛(𝑘(ᶎ)) is univalent in 𝔇 and 

𝜗(𝑞(ᶎ)) + ᶎ𝑞′(ᶎ)𝔛(𝑞(ᶎ)) ≺ 𝜗(𝑘(ᶎ)) + ᶎ𝑘′(ᶎ)𝔛(𝑘(ᶎ)),                       (1.6) 

then 𝑞 ≺ 𝑘 and 𝑞 is the best subordinant of Equation (1.6). 
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2. Subordination results 

Theorem 2.1. Suppose that Φ, Ψ ∈ 𝒜𝑝, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾 ∈ ℂ, with 𝛾 ≠ 0 and 𝜎, 𝜏 are not 

simultaneously zero, 𝑞 be a convex and univalent function in 𝔇 such that 𝑞(0) = 1. We 

suppose that 

𝑅𝑒 {
1

𝜎𝑞(ᶎ) + 𝜏
(−𝜂 + 𝛿𝑞2(ᶎ) + 2𝜇𝑞3(ᶎ) − 𝜎ᶎ𝑞′(ᶎ) −

2𝜏ᶎ𝑞′(ᶎ)

𝑞(ᶎ)
) +

ᶎ𝑞′′(ᶎ)

𝑞′(ᶎ)
+ 1} > 0.   (2.1) 

If 𝑓 ∈ 𝒜𝑝 fulfills the differential subordination 

 𝐷1(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝜉, 𝛼, 𝑝; ᶎ)

≺ 𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ),          (2.2) 

where 

𝐷1(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝜉, 𝛼, 𝑝; ᶎ) 

= 𝜌 + (
Υ𝛼

𝜉+𝑝
(𝑓∗Φ)(z)

Υ𝛼
𝜉+𝑝−1

(𝑓∗Ψ)(z)
)

𝛾

(𝛿 + 𝜇 (
Υ𝛼

𝜉+𝑝
(𝑓∗Φ)(z)

Υ𝛼
𝜉+𝑝−1

(𝑓∗Ψ)(z)
)

𝛾

) + 𝜂 (
Υ𝛼

𝜉+𝑝−1
(𝑓∗Ψ)(z)

Υ𝛼
𝜉+𝑝

(𝑓∗Φ)(z)
)

𝛾

+ 𝛾 (𝜎 +

𝜏 (
Υλ

𝜉+𝑝−1
(𝑓∗Ψ)(z)

Υ𝛼
𝜉+𝑝

(𝑓∗Φ)(z)
)

𝛾

)   

× ((𝜉 + 𝑝 + 1)
Υ𝛼

𝜉+𝑝+1
(𝑓 ∗ Φ)(z)

Υ𝜉+𝑝(𝑓 ∗ Φ)(z)
− (𝜉 + 𝑝)

Υ𝛼
𝜉+𝑝

(𝑓 ∗ Ψ)(z)

Υ𝜉+𝑝−1(𝑓 ∗ Ψ)(z)
− 1),                           (2.3) 

then 

(
Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ)

Υ𝛼
𝜉+𝑝−1(𝑓 ∗ Ψ)(ᶎ)

)

𝛾

≺ 𝑞(ᶎ) 

with 𝑞 is the best dominant of Equation (2.2). 

Proof.  Suppose that the function 𝑘 is indicated by 

𝑘(ᶎ) = (
 Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ)

Υ𝛼
𝜉+𝑝−1(𝑓 ∗ Ψ)(ᶎ)

)

𝛾

,     (ᶎ ∈ 𝔇).                          (2.4) 

Thus, the function 𝑘 is analytic in 𝔇 with 𝑘(0) = 1. 

Conducting an easy calculation using of Equation (2.4) gives 

ᶎ𝑘′(ᶎ)

𝑘(ᶎ)
= 𝛾 (

ᶎ (Υ𝛼
𝜉+𝑝(𝑓 ∗ Φ)(ᶎ))

′

Υ𝛼
𝜉+𝑝(𝑓 ∗ Φ)(ᶎ)

−
ᶎ (Υ𝛼

𝜉+𝑝−1(𝑓 ∗ Ψ)(ᶎ))
′

Υ𝛼
𝜉+𝑝−1(𝑓 ∗ Ψ)(ᶎ)

). 

Considering Equation (1.4), we get 

ᶎ𝑘′(ᶎ)

𝑘(ᶎ)
= 𝛾 ((𝜉 + 𝑝 + 1)

Υ𝛼
𝜉+𝑝+1(𝑓 ∗ Φ)(ᶎ)

Υ𝛼
𝜉+𝑝(𝑓 ∗ Φ)(ᶎ)

− (𝜉 + 𝑝)
Υ𝛼

𝜉+𝑝(𝑓 ∗ Ψ)(ᶎ)

Υ𝛼
𝜉+𝑝−1(𝑓 ∗ Ψ)(ᶎ)

− 1). 

Also, we find that 

𝜌 + 𝛿𝑘(ᶎ) + 𝜇𝑘2(ᶎ) +
𝜂

𝑘(ᶎ)
+ (

𝜎

𝑘(ᶎ)
+

𝜏

𝑘2(ᶎ)
) ᶎ𝑘′(ᶎ)

= 𝐷1(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝜉, 𝛼, 𝑝; ᶎ),                  (2.5) 

where 𝐷1(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ) is given by Equation (2.3). 

By using Equation (2.5) in Equation (2.2), we have 

𝜌 + 𝛿𝑘(ᶎ) + 𝜇𝑘2(ᶎ) +
𝜂

𝑘(ᶎ)
+ (

𝜎

𝑘(ᶎ)
+

𝜏

𝑘2(ᶎ)
) ᶎ𝑘′(ᶎ)

≺ 𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ). 
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By setting 

𝜗(𝑤) = 𝜌 + 𝛿𝑤 + 𝜇𝑤2 +
𝜂

𝑤
   𝑎𝑛𝑑    𝔛(𝑤) =

𝜎

𝑤
+

𝜏

𝑤2
 , 

It is evident that 𝜗(𝑤) and 𝔛(𝑤) are analytic in ℂ ∖ {0}  

that  𝔛(𝑤) ≠ 0, 𝑤 ∈ ℂ ∖ {0}. Additionally, we obtain 

𝑄(ᶎ) = ᶎ𝑞′(ᶎ)𝔛(𝑞(ᶎ)) = (
𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ) 

and 

ℎ(ᶎ) = 𝜗(𝑞(ᶎ)) + 𝑄(ᶎ) = 𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ).  

Considering the hypothesis of Theorem 2.1, it is evident that 𝑄(ᶎ) is a starlike univalent 

function in the domain 𝔇 with 

 

𝑅𝑒 {
ᶎℎ′(ᶎ)

𝑄(ᶎ)
} = 𝑅𝑒 {

1

𝜎𝑞(ᶎ) + 𝜏
(−𝜂 + 𝛿𝑞2(ᶎ) + 2𝜇𝑞3(ᶎ) − 𝜎ᶎ𝑞′(ᶎ) −

2𝜏ᶎ𝑞′(ᶎ)

𝑞(ᶎ)
) +

ᶎ𝑞′′(ᶎ)

𝑞′(ᶎ)
+ 1} > 0. 

 

Therefore, the result may now be deduced by utilizing Lemma 1.2. 

By substituting 𝛷(ᶎ) = 𝛹(ᶎ) =
ᶎ𝑝

1−ᶎ
 into theorem 2.1, we get the subsequent corollary: 

Corollary 2.2. Suppose that 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾 ∈ ℂ with 𝛾 ≠ 0 and 𝜎, 𝜏 are not simultaneously 

zero, 𝑞 be convex univalent in 𝔇 such that 𝑞(0) = 1. We also assume that condition (2.1) is 

satisfied. If 𝑓 ∈ 𝒜𝑝 and fulfills the differential subordination condition 

 

𝐷2(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ)

≺ 𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ),               (2.6) 

where 

𝐷2(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ) = 𝜌 + (
Υ𝛼

𝜉+𝑝
𝑓(ᶎ)

Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
)

𝛾

(𝛿 + 𝜇 (
Υ𝛼

𝜉+𝑝
𝑓(ᶎ)

Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
)

𝛾

) 

+𝜂 (
Υ𝛼

𝜉+𝑝−1
𝑓(ᶎ)

Υ𝛼
𝜉+𝑝

𝑓(ᶎ)
)

𝛾

+ 𝛾 (𝜎 + 𝜏 (
Υ𝛼

𝜉+𝑝−1
𝑓(ᶎ)

Υ𝛼
𝜉+𝑝

𝑓(ᶎ)
)

𝛾

) × ((𝜉 + 𝑃 + 1)
Υ𝛼

𝜉+𝑝+1
𝑓(ᶎ)

Υ𝛼
𝜉+𝑝

𝑓(ᶎ)
− (𝜉 +

𝑝)
Υ𝛼

𝜉+𝑝
𝑓(ᶎ)

Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
− 1),       (2.7)  

then 

(
Υ𝛼

𝜉+𝑝
𝑓(ᶎ)

Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
)

𝛾

≺ 𝑞(ᶎ) 

and 𝑞 is the best dominant of (2.6). 

 

Theorem 2.3. Suppose that Φ, Ψ ∈ 𝒜𝑝, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝑡1, 𝑡2 ∈ ℂ with 𝑡1 + 𝑡2 ≠ 0 and 𝜎, 𝜏 are 

not simultaneously zero, 𝑞 be convex univalent in 𝔇 such that 𝑞(0) = 1. Additionally, assume 

that condition (2.1) is satisfied. If 𝑓 ∈ 𝒜𝑝 and fulfills the differential subordination rule 

𝐷3(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, 𝜉, 𝛼, 𝑝; ᶎ) ≺ 𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ),       (2.8)  

where 

𝐷3(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, 𝜉, 𝛼, 𝑝; ᶎ) 
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= 𝜌 + (
𝑡1 Υ𝛼

𝜉+𝑝(𝑓∗Φ)(ᶎ)+𝑡2 Υ𝜉+𝑝−1(𝑓∗Ψ)(z)

(𝑡1+𝑡2)ᶎ𝑝
)

𝛾

(𝛿 + 𝜇 (
𝑡1Υ𝛼

𝜉+𝑝(𝑓∗Φ)(ᶎ)+𝑡2 Υ𝜉+𝑝−1(𝑓∗Ψ)(z)

(𝑡1+𝑡2)ᶎ𝑝
)

𝛾

)  

+𝜂 (
(𝑡1+𝑡2)ᶎ𝑝

𝑡1Υ𝛼
𝜉+𝑝(𝑓∗Φ)(ᶎ)+𝑡2 Υ𝜉+𝑝−1(𝑓∗Ψ)(z)

)
𝛾

+ 𝛾 (𝜎 + 𝜏 (
(𝑡1+𝑡2)ᶎ𝑝

𝑡1Υ𝛼
𝜉+𝑝(𝑓∗Φ)(ᶎ)+𝑡2 Υ𝜉+𝑝(𝑓∗Ψ)(z)

)
𝛾

)   

× (
𝑡1(𝜉+𝑝+1)[Υ𝛼

𝜉+𝑝+1(𝑓∗Φ)(z)−Υ𝛼
𝜉+𝑝(𝑓∗Φ)(z)]

 𝑡1Υ𝛼
𝜉+𝑝(𝑓∗Φ)(ᶎ)+𝑡2 Υ𝜉+𝑝−1(𝑓∗Ψ)(z)

+
𝑡2 (𝜉+𝑝)[Υ𝛼

𝜉+𝑝(𝑓∗Ψ)(ᶎ)−Υ𝛼
𝜉+𝑝−1(𝑓∗Ψ)(ᶎ)]

 𝑡1Υ𝛼
𝜉+𝑝(𝑓∗Φ)(ᶎ)+𝑡2 Υ𝜉+𝑝−1(𝑓∗Ψ)(z)

),              (2.9)  

then  

(
 𝑡1Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ) + 𝑡2 Υ𝜉+𝑝−1(𝑓 ∗ Ψ)(z)

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

≺ 𝑞(ᶎ) 

 with  𝑞 is the best dominant of Equation (2.8). 

Proof. Suppose that the function 𝑘 is indicated by 

𝑘(ᶎ) = (
𝑡1Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ) + 𝑡2 Υ𝜉+𝑝−1(𝑓 ∗ Ψ)(z)

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

, (ᶎ ∈ 𝔇).                     (2.10) 

Thus, the function 𝑘 is analytic in 𝔇 with 𝑘(0) = 1. 

Thus, by utilizing Equations (2.10) and (1.4), we derive 

𝜌 + 𝛿𝑘(ᶎ) + 𝜇𝑘2(ᶎ) +
𝜂

𝑘(ᶎ)
+ (

𝜎

𝑘(ᶎ)
+

𝜏

𝑘2(ᶎ)
) ᶎ𝑘′(ᶎ)

= 𝐷3(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, 𝛼, 𝑝, ; ᶎ),     (2.11) 

where 𝐷3(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, 𝛼, 𝜉, 𝑝; ᶎ) is given by Equation (2.9). 

Considering Equation (2.11), we can express the subordination (2.8) as follows: 

𝜌 + 𝛿𝑘(ᶎ) + 𝜇𝑘2(ᶎ) +
𝜂

𝑘(ᶎ)
+ (

𝜎

𝑘(ᶎ)
+

𝜏

𝑘2(ᶎ)
) ᶎ𝑘′(ᶎ)

≺ 𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ). 

By defining the functions 𝜗(𝑤) = 𝜌 + 𝛿𝑤 + 𝜇𝑤2 +
𝜂

𝑤
  and  𝔛(𝑤) =

𝜎

𝑤
+

𝜏

𝑤2 , it is evident that 

𝜗(𝑤) and 𝔛(𝑤) are both analytic in ℂ ∖ {0} and that 𝔛(𝑤) ≠ 0, 𝑤 ∈ ℂ ∖ {0}. Therefore, we 

obtain the result.  

    By substituting Φ(ᶎ) = Ψ(ᶎ) =
ᶎ𝑝

1−ᶎ
 in Theorem 2.3, we get the subsequent corollary: 

 

Corollary 2.4. Assume that 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2 ∈ ℂ such that 𝛾 ≠ 0, 𝑡1 + 𝑡2 ≠ 0 . 

Additionally, 𝜎, 𝜏 are not simultaneously zero, 𝑞 be convex univalent in 𝔇 and 𝑞(0) = 1. We 

assume that condition (2.1) is satisfied. If 𝑓 ∈ 𝒜𝑝 fulfills the differential subordination 

condition  

𝐷4(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, 𝛼, 𝜉, 𝑝; ᶎ)

≺ 𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ),                           (2.12) 

where 

𝐷4(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, 𝛼, 𝜉, 𝑝; ᶎ) = 𝜌 + (
𝑡1Υ𝛼

𝜉+𝑝
𝑓(ᶎ) + 𝑡2Υ𝛼

𝜉+𝑝−1
𝑓(ᶎ)

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

  

×  (𝛿 + 𝜇 (
𝑡1Υ𝛼

𝜉+𝑝
𝑓(ᶎ)+𝑡2Υ𝛼

𝜉+𝑝−1
𝑓(ᶎ)

(𝑡1+𝑡2)ᶎ𝑝
)

𝛾

) + 𝜂 (
(𝑡1+𝑡2)ᶎ𝑝

𝑡1Υ𝛼
𝜉+𝑝

𝑓(ᶎ)+𝑡2Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
)

𝛾

+ 𝛾 (𝜎 +

𝜏 (
(𝑡1+𝑡2)ᶎ𝑝

𝑡1Υ𝛼
𝜉+𝑝

𝑓(ᶎ)+𝑡2Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
)

𝛾

)  



Ghali and Wanas                                 Iraqi Journal of Science, 2025, Vol. 66, No. 7, pp: 2924-2934 
 

2930 

 × (
𝑡1(𝜉 + 𝑝 + 1)[Υ𝛼

𝜉+𝑝+1
𝑓(ᶎ) − Υ𝛼

𝜉+𝑝
𝑓(ᶎ)

𝑡1Υ𝛼
𝜉+𝑝

𝑓(ᶎ) + 𝑡2Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
 

+
𝑡2(𝜉 + 𝑝) [Υ𝛼

𝜉+𝑝
𝑓(ᶎ) + Υ𝛼

𝜉+𝑝−1
𝑓(ᶎ)]

𝑡1Υ𝛼
𝜉+𝑝

𝑓(ᶎ) + 𝑡2Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
),                                                     (2.13)  

then 

(
𝑡1Υ𝛼

𝜉+𝑝
𝑓(ᶎ) + 𝑡2Υ𝛼

𝜉+𝑝−1
𝑓(ᶎ)

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

≺ 𝑞(ᶎ) 

and 𝑞 is the best dominant of (2.12). 

 

3. Superordination results 

 

Theorem 3.1. Suppose that Φ, Ψ ∈ 𝒜𝑝, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾 ∈ ℂ with 𝛾 ≠ 0 and 𝜎, 𝜏 are not 

simultaneously zero, 𝑞 be convex univalent in 𝔇 with 𝑞(0) = 1 and assume that 

𝑅𝑒 {
𝑞′(ᶎ)

𝜎𝑞(ᶎ) + 𝜏
(𝛿𝑞2(ᶎ) + 2𝜇𝑞3(ᶎ) − 𝜂)} > 0.                                (3.1) 

Let 𝑓 ∈ 𝒜𝑝, 

(
Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ)

Υ𝛼
𝜉+𝑝−1(𝑓 ∗ Ψ)(ᶎ)

)

𝛾

∈ ℋ[𝑞(0),1] ∩ 𝑄 

and 𝐷1(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ) as defined by Equation (2.3) be univalent in 𝔇. If 

𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ) 

≺ 𝐷1(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ),               (3.2) 

then 

𝑞(ᶎ) ≺ (
Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ)

Υ𝛼
𝜉+𝑝−1(𝑓 ∗ Ψ)(ᶎ)

)

𝛾

 

and 𝑞 is the best subordinant of Equation (3.2). 

 

Proof .  Suppose that the function 𝑘 is indicated by Equation (2.4). 

Considering Equation (1.4), the superordination (3.2) becomes 

𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ)

≺ 𝜌 + 𝛿𝑘(ᶎ) + 𝜇𝑘2(ᶎ) +
𝜂

𝑘(ᶎ)
+ (

𝜎

𝑘(ᶎ)
+

𝜏

𝑘2(ᶎ)
) ᶎ𝑘′(ᶎ). 

By setting 𝜗(𝑤) = 𝜌 + 𝛿𝑤 + 𝜇𝑤2 +
𝜂

𝑤
   and    𝔛(𝑤) =

𝜎

𝑤
+

𝜏

𝑤2 . It is evident that 𝜗(𝑤) and 

𝔛(𝑤) are analytic in ℂ ∖ {0} and that 𝔛(𝑤) ≠ 0, 𝑤 ∈ ℂ ∖ {0}. Additionally, we obtain 

𝑅𝑒 {
𝜗′(𝑞(ᶎ))

𝔛(𝑞(ᶎ))
} = 𝑅𝑒 {

𝑞′(ᶎ)

𝜎𝑞(ᶎ) + 𝜏
(𝛿𝑞2(ᶎ) + 2𝜇𝑞3(ᶎ) − 𝜂)} > 0. 

Now Theorem 3.1 follows by utilizing Lemma 1.3. 

     By substituting Φ(ᶎ) = Ψ(ᶎ) =
ᶎ𝑝

1−ᶎ
 in Theorem 3.1, we get the subsequent corollary: 

 

Corollary 3.2. Suppose that 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾 ∈ ℂ with 𝛾 ≠ 0 and 𝜎, 𝜏 are not simultaneously 

zero, 𝑞 be convex univalent in 𝔇 with 𝑞(0) = 1. We assume that condition (3.1) is satisfied. 

Consider that 𝑓 ∈ 𝒜𝑝, 
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(
Υ𝛼

𝜉+𝑝
𝑓(ᶎ)

Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
)

𝛾

∈ ℋ[𝑞(0),1] ∩ 𝑄 

and 𝐷2(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ) as given by Equation (2.7) be univalent in 𝔇. Assuming 

𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ) 

≺ 𝐷2(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝜉, 𝛼, 𝑝; ᶎ),        (3.3) 

then 

𝑞(ᶎ) ≺ (
Υ𝛼

𝜉+𝑝
𝑓(ᶎ)

Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
)

𝛾

 

and 𝑞 is the best subordinant of Equation (3.3). 

Theorem 3.3. Suppose that Φ, Ψ ∈ 𝒜𝑝, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝑡1, 𝑡2 ∈ ℂ with 𝑡1 + 𝑡2 ≠ 0 and 𝜎, 𝜏 are 

not simultaneously zero, 𝑞 be convex univalent in 𝔇 and 𝑞(0) = 1. We assume that condition 

(3.1) is satisfied. Consider that 𝑓 ∈ 𝒜𝑝, 

(
𝑡1Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ) + 𝑡2Υ𝛼
𝜉+𝑝(𝑓 ∗ Φ)(ᶎ) 

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

∈ ℋ[𝑞(0),1] ∩ 𝑄 

and 𝐷3(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ) as defined by (2.9) be univalent in 𝔇. If 

𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ)

≺ 𝐷3(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ),    (3.4) 

then 

𝑞(ᶎ) ≺ (
𝑡1Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ) + 𝑡2Υ𝛼
𝜉+𝑝(𝑓 ∗ Φ)(ᶎ) 

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

 

and 𝑞 is the best subordinant of (3.4). 

    For 𝑘(ᶎ) = (
𝑡1Υ𝛼

𝜉+𝑝(𝑓∗Φ)(ᶎ)+𝑡2Υ𝛼
𝜉+𝑝(𝑓∗Φ)(ᶎ) 

(𝑡1+𝑡2)ᶎ𝑝
)

𝛾

, the proof of Theorem 3.3 is a line that closely 

resembles the proof of Theorem 3.1, therefore we will skip it. 

    By substituting Φ(ᶎ) = Ψ(ᶎ) =
ᶎ𝑝

1−ᶎ
 in Theorem 3.3, we derive the subsequent corollary: 

 

Corollary 3.4. Suppose that 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2 ∈ ℂ where 𝛾 ≠ 0, 𝑡1 + 𝑡2 ≠ 0 and 𝜎, 𝜏 are 

not simultaneously zero, let 𝑞 be a convex univalent function in the unit disk 𝔇 such that 

𝑞(0) = 1. We assume that condition (3.1) is satisfied. Assume that 𝑓 ∈ 𝒜𝑝, 

(
𝑡1Υ𝛼

𝜉+𝑝(ᶎ) + 𝑡2Υ𝛼
𝜉+𝑝(ᶎ) 

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

∈ ℋ[𝑞(0),1] ∩ 𝑄 

and 𝐷4(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, 𝛼, 𝜉, 𝑝; ᶎ) as defined by Equation (2.13) be univalent in 𝔇. If 

𝜌 + 𝛿𝑞(ᶎ) + 𝜇𝑞2(ᶎ) +
𝜂

𝑞(ᶎ)
+ (

𝜎

𝑞(ᶎ)
+

𝜏

𝑞2(ᶎ)
) ᶎ𝑞′(ᶎ) 

≺ 𝐷4(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, , 𝛼, 𝜉, 𝑝; ᶎ),     (3.5) 

then 

𝑞(ᶎ) ≺ (
𝑡1Υ𝛼

𝜉+𝑝(ᶎ) + 𝑡2Υ𝛼
𝜉+𝑝(ᶎ) 

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

 

and 𝑞 is the best subordinant of Equation (3.5). 
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4. Sandwich results 

    As a summary of the findings of unequal subordination and superordination, we get the 

following "sandwich results". 

 

Theorem 4.1. Suppose that 𝑞1 and 𝑞2 be convex univalent in 𝔇 with 𝑞1(0) = 𝑞2(0) =  1, 

𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾 ∈ ℂ with 𝛾 ≠ 0 and 𝜎, 𝜏 are not simultaneously zero. Assume that 𝑞2 

fulfills condition (2.1) and 𝑞1 fulfills condition (3.1). For 𝑓, 𝛷, 𝛹 ∈ 𝒜𝑝, let  

(
Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ)

Υ𝛼
𝜉+𝑝−1(𝑓 ∗ Ψ)(ᶎ)

)

𝛾

∈ ℋ[1,1] ∩ 𝑄 

and 𝐷1(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ) as defined by (2.3) be univalent in 𝔇. If 

𝜌 + 𝛿𝑞1(ᶎ) + 𝜇𝑞1
2(ᶎ) +

𝜂

𝑞1(ᶎ)
+ (

𝜎

𝑞1(ᶎ)
+

𝜏

𝑞1
2(ᶎ)

) ᶎ𝑞1
′ (ᶎ)

≺ 𝐷1(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ)

≺ 𝜌 + 𝛿𝑞2(ᶎ) + 𝜇𝑞2
2(ᶎ) +

𝜂

𝑞2(ᶎ)
+ (

𝜎

𝑞2(ᶎ)
+

𝜏

𝑞2
2(ᶎ)

) ᶎ𝑞2
′ (ᶎ), 

then 

𝑞1(ᶎ) ≺ (
 𝑡1Υ𝛼

𝜉+𝑝(ᶎ)+𝑡2Υ𝛼
𝜉+𝑝−1

(ᶎ)

(𝑡1+𝑡2)ᶎ𝑝 )
𝛾

≺ 𝑞2(ᶎ) 

and 𝑞1, 𝑞2 are represent the optimal subordinate and the optimal dominant, respectively. 

 

Theorem 4.2. Suppose that 𝑞1 and 𝑞2 be convex univalent in 𝔇 with 𝑞1(0) = 𝑞2(0) = 1, 

𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2 ∈ ℂ such that 𝛾 ≠ 0, 𝑡1 + 𝑡2 ≠ 0 and 𝜎, 𝜏 are not simultaneously zero. 

Assume that 𝑞2 fulfills condition (2.1) and 𝑞1 fulfills condition (3.1). For 𝑓, ∈ 𝒜𝑝, let 

(
𝑡1Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ) + 𝑡2Υ𝛼
𝜉+𝑝−1(𝑓 ∗ Ψ)(ᶎ)

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

∈ ℋ[1,1] ∩ 𝑄 

and 𝐷3(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, 𝜉, 𝛼, 𝑝; ᶎ) as defined by (2.9) be univalent in 𝔇. If 

𝜌 + 𝛿𝑞1(ᶎ) + 𝜇𝑞1
2(ᶎ) +

𝜂

𝑞1(ᶎ)
+ (

𝜎

𝑞1(ᶎ)
+

𝜏

𝑞1
2(ᶎ)

) ᶎ𝑞1
′ (ᶎ)

≺ 𝐷3(𝑓, Φ, Ψ, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, 𝜉, 𝛼, 𝑝; ᶎ)

≺ 𝜌 + 𝛿𝑞2(ᶎ) + 𝜇𝑞2
2(ᶎ) +

𝜂

𝑞2(ᶎ)
+ (

𝜎

𝑞2(ᶎ)
+

𝜏

𝑞2
2(ᶎ)

) ᶎ𝑞2
′ (ᶎ), 

then 

𝑞1(ᶎ) ≺ (
𝑡1Υ𝛼

𝜉+𝑝(𝑓 ∗ Φ)(ᶎ) + 𝑡2Υ𝛼
𝜉+𝑝−1(𝑓 ∗ Ψ)(ᶎ)

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

≺ 𝑞2(ᶎ) 

and 𝑞1, 𝑞2 are respectively the best subordinant and the best dominant. 

     By using Corollaries 2.2 and 3.2, we derive the subsequent corollary: 

Corollary 4.3. Consider 𝑞1 and 𝑞2 as convex univalent in 𝔇 with 𝑞1(0) = 𝑞2(0) = 1, 

𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾 ∈ ℂ such that 𝛾 ≠ 0 and 𝜎, 𝜏 are not simultaneously zero. Assume that 𝑞2 

fulfills condition (2.1) and 𝑞1 fulfills condition (3.1). For 𝑓 ∈ 𝒜𝑝, let 

(
Υ𝛼

𝜉+𝑝
𝑓(ᶎ)

Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
)

𝛾

∈ ℋ[1,1] ∩ 𝑄 

and 𝐷2(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ) as defined by (2.7) be univalent in 𝔇. If 
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𝜌 + 𝛿𝑞1(ᶎ) + 𝜇𝑞1
2(ᶎ) +

𝜂

𝑞1(ᶎ)
+ (

𝜎

𝑞1(ᶎ)
+

𝜏

𝑞1
2(ᶎ)

) ᶎ𝑞1
′ (ᶎ) ≺ 𝐷2(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝛼, 𝜉, 𝑝; ᶎ)

≺ 𝜌 + 𝛿𝑞2(ᶎ) + 𝜇𝑞2
2(ᶎ) +

𝜂

𝑞2(ᶎ)
+ (

𝜎

𝑞2(ᶎ)
+

𝜏

𝑞2
2(ᶎ)

) ᶎ𝑞2
′ (ᶎ), 

then 

𝑞1(ᶎ) ≺ (
Υ𝛼

𝜉+𝑝
𝑓(ᶎ)

Υ𝛼
𝜉+𝑝−1

𝑓(ᶎ)
)

𝛾

≺ 𝑞2(ᶎ) 

and 𝑞1, 𝑞2 are respectively the best subordinant and the best dominant. 

By using Corollaries 2.4 and 3.4, we derive the next corollary: 

 

Corollary 4.4. Consider 𝑞1 and 𝑞2 as convex univalent in 𝔇 with 𝑞1(0) = 𝑞2(0) = 1, 

𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾 ∈ ℂ with 𝛾 ≠ 0 and 𝜎, 𝜏 are not simultaneously zero. Assume that 𝑞2 

fulfills condition (2.1) and 𝑞1 fulfills condition (3.1). For 𝑓 ∈ 𝒜𝑝, let 

(
𝑡1Υ𝛼

𝜉+𝑝(ᶎ) + 𝑡2Υ𝛼
𝜉+𝑝−1(ᶎ)

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

∈ ℋ[1,1] ∩ 𝑄 

and 𝐷4(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, 𝛼, 𝜉, 𝑝; ᶎ) as defined by Equation (2.13) be univalent in 𝔇. If 

𝜌 + 𝛿𝑞1(ᶎ) + 𝜇𝑞1
2(ᶎ) +

𝜂

𝑞1(ᶎ)
+ (

𝜎

𝑞1(ᶎ)
+

𝜏

𝑞1
2(ᶎ)

) ᶎ𝑞1
′ (ᶎ)

≺ 𝐷4(𝑓, 𝜌, 𝛿, 𝜇, 𝜂, 𝜎, 𝜏, 𝛾, 𝑡1, 𝑡2, 𝛼, 𝜉, 𝑝; ᶎ) 

≺ 𝜌 + 𝛿𝑞2(ᶎ) + 𝜇𝑞2
2(ᶎ) +

𝜂

𝑞2(ᶎ)
+ (

𝜎

𝑞2(ᶎ)
+

𝜏

𝑞2
2(ᶎ)

) ᶎ𝑞2
′ (ᶎ), 

then 

𝑞1(ᶎ) ≺ (
𝑡1Υ𝛼

𝜉+𝑝(ᶎ) + 𝑡2Υ𝛼
𝜉+𝑝−1(ᶎ)

(𝑡1 + 𝑡2)ᶎ𝑝
)

𝛾

≺ 𝑞2(ᶎ) 

and 𝑞1, 𝑞2 are respectively the best subordinant and the best dominant. 
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