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Abstract

This paper's primary goal is to present the connection between coding theory and
the projective space PG(5,q) of order q, where q={2,3,4,5,7,8,9,11} It was
determined whether or not the [n,k,d]-code is perfect. Where n is the length of the
code, k is the code dimension, and d is the minimum distance, were calculated with
error correction e according to the incidence matrix. We have found that the
[n,k,d]-code in PG(5,q), g= {2,3,4,5,7,8,9,11}, is perfect if e = 1.
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1. Introduction

In coding theory, many mathematicians have studied the application of a projective space
over a Galois field and demonstrated more than a few theorems and definitions about the
relations between finite projective geometry and coding theory. In 2018, Marcus and Natalia
Silberstein [1] have been considered Coding and Subspace Designs. J.W.P. Hirschfeld [2, 3]
showed theories and definitions of the relationships between finite projective geometry and
coding theory. Sloane [4] then followed him by republishing a book that had been published
in 1979 by the same scientist in 1981.Hill [8] classified the concepts and tools of coding
theory. Al-Zangana [9, 10, 11, 12] described the link between the projective plane of order 19
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and error- correcting codes . In 2023 Al-Zangan [13] described the geometry of the plane of
order 27 and its application to Special NMDS Codes . We look at a five-dimensional
projective space on a finite field of rank q, where q=2,3,4,5,7,8,9,11 and apply it to coding
theory to find a general rule that shows whether the code is perfect or not without application.
Where we found the points, lines, planes, and subspaces, then found the incidence matrix,
and from each subspace, plane, or line in the space with the points located on it, then found
the shortest distance, and thus we have found the symbol with which we will verify the
condition of the perfect code.

Theorem 1.1: [14] Sphere packing or Hamming bound
A g-ary(n,M,2e+1) — code C satisfies

M{(g)+ (@-D+-+ (Z) (-1} < q"

Definition 1.1 : (incidence matrix) The incidence matrix of a projective space gives the
(0,1)-matrix which has a row for each line and column for each point, and (p,L)=1 Iff the
point p lies on the line L . [15]

Corollaryl.2 [15] A g-ary (n.M,2e+1 ) code C is perfect if and only if equality holds in
Theorem 1.1

Definition 1.2 [16] A g-ary code C of length n is a subset of ( F;)

Definition 1.3 (Linear code) If X is a field and C < X" is a subspace of " then C is said to
be a linear code [17]

The minimum distance d of a non-trivial code C is given by

d = min{d(x,y)|lx€C,y €C,x =y}

1- The classification of PG(5, 3)

The polynomial g(x) = x® + ox° + x* + 0x3 + ox + ¢ is primitive over F; = [0,1, 0] ,
where ¢ =2 is a primitive element of F3, since ,g(0) =9 ,g(1) = 1 and g(p) =1 The

points and lines are generated as following:
i

P; = [1,0,0,0]

PO OO0 O0 POOOOOo
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oo oOoO RO OCOORKk OO
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010000
001000
PLAN; = plane, 8 8 8 (1)(1)8 ,i=1,2,.. .. ,364 / SUBSPACE; =
\000001
101011/
010000
001000
space, g 8 8 3(1)8 ,i=1,2,.... ,364
000001
101011/
010000
/001000\
000 100
rg(4,3); = pg(4.3), 000010 ,i=1,2,.. ... ,364
000001
101011

The points of PG(5, 3) are:

p1:(1,0,0,0,0,0) p74:(0,0,1,1,1,1) | p147:(1,0,1,1,0,0) = p220:(0,1,1,1,1,0) @ p293:(1,1,0,1,1,0)
p2:(0,1,0,0,0,0) p75:(0,1,0,0,1,1) | p148:(0,1,0,1,1,0) p221:(0,0,1,1,1,1) p294:(0,1,1,0,1,1)
p72:(0,1,0,1,0,1) p145:(1,0,0,1,0,1)  p218:(,0,1,0,0,1)  p291:(0,1,0,0,1,1)  p364:(1,0,0,0,0,1)
p73:(e,1,1,1,1,0) pl46:(1,0,1,0,0,1) p219:(1,1,1,1,0,0) p292:(0,0,1,0,0,1)

The lines of (5,3) are:

L1 1 2 165 187 L123 123 124 287 309 L245 245 246 45 67
L2 2 3 166 188 L124 124 125 288 310 L246 246 247 46 68
L3 3 4 167 189 L125 125 126 289 311 L1247 247 248 47 69
L120 120 121 284 306 L1242 242 243 42 64 L364 364 1 164 186
L121 121 122 285 307 L1243 243 244 43 65 L1245 245 246 45 67
L122 122 123 286 308 L1244 244 245 44 66 L1246 246 247 46 68

The plane of PG(5, 3) are:

planel 1 2 3 9 55 165 166 187 188 268 325 329 351
Plane2 2 3 4 10 56 166 167 188 189 269 326 330 352
plane3 3 4 5 11 57 167 168 189 190 270 327 331 353
plane362 362 363 364 6 52 162 163 184 185 265 322 326 348
plane363 363 364 1 7 53 163 164 185 186 266 323 327 349
plane364 364 1 2 8 54 164 165 186 187 267 324 328 350

The subspace of PG(5, 3) are:

spacel

1,2,3,4,9,10,21,55,56,68,80,90,125,129,147 ,151 ,156 ,165 ,166 ,167 ,173 ,176 ,187
,188,189,195,219 ,238 ,241 ,251 ,268 ,269 ,296 ,301 ,325 ,326 ,329 ,330 ,351 ,352

The PG(4, 3) of PG(5, 3) are:

PG(4,3)1

1,2,3,4,5,9,10,11,15,17,19,21 ,22 ,30 ,36 ,38 ,41 ,45 ,48 ,51 ,55,56 ,57 ,60 ,63 ,68 ,69
71,73 ,80 ,81,86 ,90 ,91 ,94 ,96 ,101 ,109 ,118 ,123 ;125,126,129 ,130,147 ,148 ,151 ,152
,156 ,157 ,160 ,165 ,166 ,167 ,168 ,171 ,173 ,174 ,176 ,177 ,185 ,187 ,188 ,189 ,190 ,192
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The projective space of order 7 is a code with a parameter [

33%8,d=4 ]

,195 ,196 ,207 ,213 ,219 ,220 ,225 ,228 ,232 ,238 ,239 ,241 ,242 244 ,251 ,252 ,254 ,262
364,.M

,266 ,268 ,269 ,270 ,276 ,278 ,283 ,285 ,289 ,293 ,296 ,297 ,299 ,301 ,302 ,306 ,311 ,313
,315 ,317 ,320 ,322 ,325 ,326 ,327 ,329 ,330 ,331 ,333 ,337 ,340 ,342 ,351 ,352 ,353 ,359

,362
Proof: the plane 7t; has an incidence matrix A = (a;;) where a;;

Then we have the insider Table(3,1).

in the following theorem, the parameters n, m, d are constructed.
L1

Yahya and yahya
If we use the line

Theorem 1,2

n

0’0909090’090:0909 — o O.mo.m
050.,050.)0.,09050905 e Q.,Om
0’090’0:070:0’0:0’ — o — Q.,Om
070.)0’0.,0.,090’0:0’ — o Q.,O.m
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050000’000007 a lsllllalllllaa Omo.,\
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Sooaonmccacl ) —mmm Y 2 S S
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M, ,O,O,O,O,O,O,O,OHM:lm o;fw Il ”.uzmlw lalalalal,lalalalalmhi Il himlw R
S R I T I e S S e e e e A e I
eSS T" TE X T T B X S S
Toocococ—~ococoo ll I IE = S _ Y == Y= = — — E mum 2 o o
TcccccececcecfssSS 329~~~ ——-—-—-358Zm° <

,Q@,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,Q,0,0,0,0,0,0,Q,0,0,0,0,0,0,0,0,Q2,0,0

JQ JQ JQ JQ 7Q 5Q 5Q JQ JQ JQ ’Q ’Q ’Q ’Q ’Q )Q ’Q ’Q ’Q )Q ’Q ’Q ’Q ’Q 5Q 5Q ’Q ’Q ’Q ’Q ’Q ’Q ’Q ’Q 7Q 7Q ’Q

’Q 9Q ’Q ’Q QQ 9Q 9Q ’Q ’Q QQ ’Q QQ QQ ’Q ’Q ’Q 90 ’Q QQ QQ 7Q 5Q 5Q 7Q 7Q 7Q 5Q 5Q 7Q 7Q 7Q 5Q 5Q ’Q ’Q ’Q 5Q

,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
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)Q ’Q ’Q ’Q ’Q 9Q 9Q )Q )Q )Q DQ DQ DQ ’Q ’Q ’Q DQ DQ DQ ’Q 7Q 7Q 7Q 7Q BQ BQ 7Q 7Q 7Q 7Q 7Q 7Q 7Q 7Q QQ QQ 7Q
,Q,0,0,2,0,0,0,0,0,0,2,0,2,0,0,02,0,2,0,0,2,0,2,0,0,0,0,2,0,0,2,0,2,0,0,0,0
’Q ’Q ’Q ’Q ’Q 3'Q QQ ’Q ’Q ’Q 9Q 9Q 9Q 3Q 3Q 3Q 9Q 9Q 9Q 3Q ’Q ’Q ’Q ’Q )Q )Q ’Q ’Q ’Q ’Q ’Q ’Q ’Q ’Q 9Q 9Q ’Q

,Q,0,0,0,0,0,0,0,0,0,0,0,2,0,0,0,Q,0,0,0,0,2,0,0,0,Q,0,0,0,0Q,0Q
Find the shortest distance between two different code words in the matrices above [19], so

that the shortest distance is 4 and the largest distance is 364 . m; ,v; ,h; ,l;,a;,b;

d(m;,L)=4 d(a;,L)=364 d(v;,m) =364 d(b;,m;) =364
d(v;,L) =360 d(b;,L;) =364 d(h;,m) =364 d(a;,v) =360
d(hi,Li):364 d(hi,vi)=364 d(ai,mi)=364 d(bi,vi)=364
d(a;, h) =364 d(b;,h)=4 d(b;,a;) =364

If we substitute the values of n =364 ,d =4, e =1 in inequality of Theorem 3.1 we get M =
3358 Hence C is a ( 364, 33°8,4) — cade.

M{(E)+ (D@-D+-+ (7) (@- D} < q"[20]

As n=q>+q*+q+1 And M= g7+ 1k Then M{(1)+ ())(@—D+ -+
(2) (@—1D°}= q"

Become qq3+q2+q+1—k { (78) + (711)(q _ 1) 4ot (2) (q _ 1)3} < qq3+q2+q+1
qq3+q2+q+1q—k { (73) + (Tll)(q _ 1) 4ot (Tel) (CI _ 1)9} < qq3+q2+q+1

{@D+ D@-D+-+ () @-DY}< g

{CoH+ (C$H(B—-1D} = 3% > 729 = 3° but that is true

Then is perfect

Note: This result is if we use straight lines.
But if we use the plane in the following theorem the parameters n, m, d are constructed.

planel
1,1,1,00,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,00,0,0,0,0000000,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,,,,0,0,00000000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,00,0,0,0000000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
0,0,0,000000000000,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,1,1,0,0,0,0,000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,,,,0,0,0000000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,00,0,0,0,10000,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,00,0,0,000000000,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0,0
0,0,0,0,0,0,,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0

-
-
-
-

Find the shortest distance between two different code words in the matrices above, so that the
shortest distance is 4 and the largest distance is 364 . m; ,v; ,h;,l;,a;, b;

d(ml-,Ll-)=13 d(ai,Li)=364 d(vi,mi)=364 d(bi,mi)=364
d(vi,Li)=351 d(bl,Ll):364 d(hi,mi)=364 d(ai,vi)=351
d(h;,L)=364 d(h;,v) =364 d(a;,m) =364 d(b;,v;) =364
d(ai,hi)=364 d(bi,hi):13 d(bi,ai):364

If we substitute the values of n =364 , d = 13 , e = 6 in inequality of Theorem 3.1 we get
M = 3358 Hence C is a ( 364, 33°8,13) — cade.

() ()a-v-r-+ () -z o
{CoH+ CIB-D+ (5B =12+ () B~ 1)3) = ¢* then is not perfect

5006




Iraqi Journal of Science, 2025, Vol. 66, No. 11, pp.: 5002- 5014

Yahya and yahya

cececeeececex = ° meeceee e 0
Seoeesee o % e ee 1
Socoo—~0ocoooO o = N AR 2 o Q0 o0 O0O o
emecececee =2 = e eeece =
cecececesecea & o SRR - e e ee &
Secee—meae— 2 AR RN « S—meoe o=~ 2
e e e S ~ —~ e e
Sececeecee— o 2 Y m =+ Seceeceecee— o
S
cCeocoecaace &0 < e 3 w),m_. Smeceee e &
S—cocococococo = o« ]S8N <= — S—ococococoo—~ =
5./.,./7./.,./.,0.1 O =~~~ T ~\ 537393’750.1
Scococoocococo—~S8 9N uluvlw e A — o000 —~——S B
el e = e eee T
O,O,O,O,O,O,I,O,I,O,W = 3 W mo\nr 0,0,0,0,1,0,1,0,1,03%
Scoco—~cocoo < o g 2 = B Coco—~—0o o g
o 7)777)7)06 o~ ﬂa O ¥~ ~ o )’)5)55506

} oo o000 g o ol g I ™ N === k= R=R=|

5 OaaaaaaaaoatiM664q (%1_.3;. o "t T T T e

2 ,OOOOOOOOO,ML = Rl enlen| o m + < (\w iR SRR R -

e ees £ <2 - e e e e T

2 Sooo—moooo g g S|y, = et %Mma Scoco—ocococo g

m o S g e RN N e = ~ o= m o S g
.2 oo e T d m.z.ml.mlmz\.)l = w5 =5 AR A R R R RS
“ el ee g 2 L LA e ee L
= OaO,O,O,O,O,O,O,O,O,m = 8] 8§88 «x _Dml\?dm 0,1,0,09170,0,0,0,O=m
mm 0,0,0,0,0,0,0,0,090,;11 S < | 1<) 8|5 I 1 2409 1,0,1,0,0,191,0,0,03h
N o= — - = Q O] —| —| — o — O — - =
2= = LA Ce s °0o|olo|lo S S 3,/3\.m T o A A
Sd; O,O,OaO,OaO,OaO,OaOfm m.w o = m 4\)de l,lal,Oal,Oalsoaosla.m
mm oo e oo 8 ﬂw A___. w<_ +%wm mm, r o S = 8
= = S —o—~—ccoco "o £§ o |l —ma TR o g S o —~—oocoo "9
S » o 7’7’575’,¢hl ‘mﬁ © ﬂ-/+qn —_— 75757)7)7¢h|.
o = CO OO — O O OO IR dR R o AN = » -~ —_— O O = = —

1) o )..,)./)./)./O./h o T|I\O| O[Ol 4011 . >_ ﬂ o 9)9)99590’h
“ % 09 IOOOIOOO.W z ||| 64_ | %ﬁ - IOOOIOOO.W
@ S TS S TS S 31 I M ° - - 3 D R A=Y
mm S FTEEEEE STy gAY 8 ,mumo\m_.w/mm ST TS e
WM oo el s 3 o S|3|3] 8|< e M 533 as e eSS s 2
ew = OOOOOOOO,U%.MG.”. B fA...,,ne\mz_ I o & = coocoocooa Y
hh (=) 79797979’eceh abhb o O 3he (=) )3)3)555760
= O,,O,O,O,O,O,O,O,OWnbM(((( 2 4 o & F g oo o9 o s B g

o ~ o] [} — o [av1
S E oo 00000 os 88 3 gTTTT S .t 3 g T o000 —~0O —~O o & 5
L5 - s TSRS e 2w 23 =8 A3l 5 — P T T e 2
L5 — ,0,0,0,1,0,1>0,O,Nwmm >.2 + — gve 1\mm —lecee I e 2
=3 oS oo ~Ss 5582, MCD_(+HM oSS mo o~ —~ &7
Mﬂa oo o s ool |qlvl+l = 8 C + Mﬂb oSS eSS So Bk

N o o B =
S coocococococoo 2< 8 2F Qoo 25 ot N o g O~~~ — 2
= S Th e T e T e e S w EF 333m(6111W1 = e G aC R S e =

2 OIOOOOOOanom__ {1 .UH\)3/\ 2 S —Oo oo -0 —o 8 o
mb ﬂﬂ,aaaaaaaa,wmmﬁg))) P o e w __.m10 llaaa:a:a;a:%m
S5 $~S22cece2g2 s TN 2R Lt oo B3 @mnSoSe T2 T2 g
ae M..lo.,ﬂv.,o.,ﬂv.,laﬂv.,o.,ﬂvao, gfm% Gy [ I 53+4 \./\./arm 4;11.,O>ﬂu.,1>1.,ﬂu.,07ﬂu.,0: o
8 = 2 "cco—~—cococo £l B ESSES 2N ing s v coo—~——0—0o £ 2
2 e o R R - - = IS R N Y N £ Rop owol 2 S R RN RN R
SE B2l DEm glulvluls] S —0E& Ao~ pD®E

5007



Yahya and yahya

Iraqi Journal of Science, 2025, Vol. 66, No. 11, pp.: 5002- 5014

Find the shortest distance between two different code words in the matrices above, so that the
shortest distance is 40 and the largest distance is 364 . m; ,v; ,h; ,l;,a;, b;

d(m,L)=121

d(ai,Li)=364

d(Ui,mi)=364

d(bi,mi)=364

d(vi,Li)=243

d(b;,L;) =364

d(hi,mi)=364

d(ai,vi)=243

d(hi,Li):364

d(hi,vi)=364

d(ai,mi)=364

d(bi,vi)=364

d(a;,hy) =364

d(b;,h)=121

d(bi,ai)=364

If we substitute the values of n =364 ,d = 121 , e = 60 in inequality of Theorem 3.1 we get
M = 3358 Hence C is a ( 364, 33%8,121) — cade.

{(Q+a-D+-+ () @-1}< ¢

(C+ Ce-n+ CHE-17+ (9 617+ () E-1* +
CB-D°+ (N B-D 4+ (35)B-1D%+ (33) 3-1)°} = ¢* then is
not perfect

2- We use the same steps on PG(5,2) To know in which case the perfect code
condition can be met :

The polynomial g(x) = x® + x> + x* + x + 1 is primitive over, , since ,g(0) =1 and
g(1) = 1 The points and lines are generated as following:

010 00 0\"
0 01 00O

P; = [1,0,0,0] 8 8 8 (1) 2 8 =12, .. .. ,63,
0 00 001
110011

Table (9-1)The points of PG(5, 2) are:

p1:(1,0,0,0,0,0)
p5:(0,0,0,0,1,0)
p11:(1,0,1,1,1,1)
p12:(1,0,0,1,0,0)
p13:(0,1,0,0,1,0)

p14:(0,0,1,0,0,1)
p18:(0,0,1,0,1,0)
p24:(1,1,1,0,1,0)
p25:(0,1,1,1,0,1)
p26:(1,1,1,1,0,1)

p27:(1,0,1,1,0,1)
p31:(1,0,0,0,1,0)
p37:(0,1,1,1,0,0)
p38:(0,0,1,1,1,0)
39:(0,0,0,1,1,1)

p40:(1,1,0,0,0,0)
p44:(0,0,0,0,1,1)
p50:(0,0,1,0,1,1)
p51:(1,1,0,1,1,0)
p52:(0,1,1,0,1,1)

p53:(1,1,1,1,1,0)
p57:(0,0,1,1,1,1)
p63:(1,0,0,1,1,1)

L1=(1,2,40)

plane 1=(1,2,3,16,36,40 41)

subspace 1 = (1,2,3.,4,12,16,17 ,36 37 ,40 ,41 ,42 48 ,55 58)
PG(42)1=(1,23,4,5,8,12,13,16,17,18 22 24 31 34 36 ,37 ,38 ,40 ,41 42 43 45
48 .49 51,53 ,55,56,58 .,59)

3- We use the same steps on PG(5,4) to know in which case the perfect code
condition can be met :

The polynomial g(x) = x® + tx° + t2x* + x3 + tx + t is primitive over F, = [0,1, ¢, t?] ,
and,g(0) =t,g(1) =1,g(t) =1,g*) =t

010 00 O\°
0 01 00O
Pl = [110101010] 8 8 (0) é (1) 8 ’l = 1’2’ ______ ’1365’
0 0 0 001
t t2 10 t t
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Table (10-1) The points of PG(5,4) are:

p1:(1,0,0,0,0,0) p274:(T2,T2,1,T,1,0)  p547:(T,T2,1,T,1,0) p820:(1,T2,1,T,1,0) p1093:(0,T2,1,T,1,0)
p2:(0,1,0,0,0,0) p275:(0,T2,T2,1,T,1)  p548:(0,T,T2,1,T,1) p821:(0,1,T2,1,T,1) p1094:(0,0,T2,1,T,1)
p268:(1,T2,0,T2,0,1)  p541:(0,0,1,1,T,1) p814:(T2,T,T2,1,1,0)  plO87:(T2,T,T.0,T2,1)  pl1360:(T,1,T2,T,1,1)

p272:(0,T2,T,1,0,1)  p545:(0,T,T2,T,1,0)  p818:(0,T,0,0,T2,1) pl091:(0,0,T2,T,T,1)  pl364:(0,1,1,T2,1,1)
p273:(1,T,1,1,T,1) p546:(0,0,T,T2,T,1)  p819:(T,T2,T2,0,T,1)  pl092:(T2,1,T,1,0,0)  pl365:(T2,1,0,T,T,1)

L1=(1,2,145,388,801)

plane 1 = (1,2 ,3,145,146 ,236 ,289 ,307 ,321 ,388 ,389 ,395 ,508 ,532 ,775 ,801 ,802 ,945
,1184 ,1188,1319)

subspace 1 = (1,2 ,3 ,4,81 ,98 ,145 ,146 ,147 ,167 ,175 ,206 ,210 ,236 ,237 ,279 ,289 ,290
,307 ,308 ,321 ,322 ,341 ,344 ,380 ,388 ,389 ,390 ,395 ,396 ,... ,1121 ,1151 ,1162 ,1172
,1184 ,1185,1188,1189,1195,1308,1319,1320,1328 ,1332)
Pg44)1=(1,2,3,4,5,13,16,26 ,49 ,54 ,56 ,58 ,71 ,77 ,81 ,82 ,87 ,89 ,98 ,99 ,107 ,109
111,114,125 ,129 ,134 ,139 ,143 ,145 ,146 ,147 ,148 ,151 ,167 ,168 ,... ,1328 ,1329 ,1332
,1333,1337,1339,1344 ,1352 ,1363 )

4- We use the same steps on PG(5,5) to know in which case the perfect code
condition can be met :

The polynomial  g(x) = x®+ ox° + 03x* + 0?x3 + x + 0 is primitive over Fs =
[0,1, 0, 02, 03] where g =2 is a primitive element of F5, since,g(0) = 0 ,g(1) =3, g(0) =0
,g(0%) = 1and g(0?) = ¢?

010 00 0\

/o 0 1 000\
P=1100001| 0 o 0 29 0|, i=12....3906

\o 00 001/

321043

Table (11-1) The points of (5,5) are:

p1:(1,0,0,0,0,0) p783:(02,0,0,03,1,1) p1565:(02,0,0,0,0,1) p3129:(3,1,03,1,1,1)
p7:(1,02,0,0,03,1) p789:(03,03,0,03,02,1)  p1571:(03,0,0,0,02,1) p3135:(1,02,0,03,1,0)
p8:(03,03,0,0,02,1) p790:(02,0,0,0,1,1) p1572:(02,0,03,1,0,1) p3136:(0,1,02,0,03,1)
p777:(1,0,1,02,0,1) p1559:(1,0,03,1,1,0) p2341:(1,1,1,1,0,1) p3905:(0,02,1,03,03,1)

p782:(0,03,1,03,02,1)  p1564:(0,02,02,0,02,1)  p2346:(0,02,1,03,02,1) | p3132:(02,02,0,1,0,0)

L1=(1,2,1390,3542 ,3632 ,3888)

plane 1=(1,2,3,56,134,905,1025,1115,1371 ,1390,1391 ,1938 ,1985 ,2126 ,2458 ,2617
,2779 ,3177 ,3181 ,3267 ,3357 ,3523 ,3542 ,3543 ,3613 ,3626 ,3632 ,3633 ,3869 ,3888 ,3889
)

subspace 1 =(1,2,3,4,13,37,56,57,100,115,134 ,135,229 ,234 ,262 ,425 ,526 ,540 ,572
,602 ,630 ,638 ,660 ,664 ,750 ,799 ,840 ,886 ,905 ,906 ,1001 ,... ,3762 ,3765 ,3847 ,3850
,3869 ,3870 ,3888 ,3889 ,3890)

Pg(45)1=(1,2,3,4,5,13,14,16,18,30,37,38 ,42 ,56 ,57 ,58 ,60,63 ,65 ,81 ,90 ,96 ,100
,101,105,111 ,115,116 ,122 ,126 ,134 ,135 ,... ,3860 ,3865 ,3869 ,3870 ,3871 ,3875 ,3877
,3888 ,3889,3890,3891 ,3893 ,3900 )
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5-  We use the same steps on PG(5,7) to know in which case the perfect code condition
can be met :

The polynomial g(x) = x® + bx® + b*x* + b2x3 + b°x? + b*x + b® is primitive over
F, =[0,1,2,3,4,5,6] , where b =5 is a primitive element of F7, since ,g(0) = b3 ,g(1) =
b,g(*) =b*,g(b*>) =b>,9(B*) =1,g(b)=b*and g(b*) =1

0 1 00 '

0
0
0

o O O

P; =[1,0,0,0,0] ,i=12,....,19608 ,

[N ool -
O = O O

cor o
R OO0 OO

\00
b*b b®> b? b

Table (12-1) The points of PG(5,7) are:
p1:(1,0,0,0,0,0) p1221:(b4,b,0,b3.b4,1)  p8139:(h2.h3.H5,0.h5,1)  p19048:(h2.h3.h,1,h5,1)

p2:(0,1,0,0,0,0) p1222:(b5,0,b,b3,b3,1) | p8140:(bH2,H2,H2,0,b5,1)  p19049:(b2,.H2,H2,H2,b,1)
p551:(b,b5,1,0,0,1) p1771:(b5,H5,0,h,0,1) p8689:(b5,H3,1,H5.b4,1) | p19598:(bh4,H2,0,H3,0,1)
p552:(b4,b5,b3,b.b,1) pl772:(b4,1.b3,.b2,bH5,1) p8690:(H5.b,b5,b2,b,1)  p19599:(b4.,0,0,H2,H2,1)
p561:(b2,b,b4,.b2,b,1) pl781:(h5.b.b,1,b,1) p8699:(0,b5,H5.H2,b4,1) | p19608:(bh4,b2,bH5,b4,.H3,1)

L1=(1,2,4109,5123,5893 ,8224 ,17364 ,18571)

planel = (1,2 ,3 ,141 ,951 ,1864 ,2878 ,3071 ,3130 ,3648 ,4085 ,4109 ,4110 ,4305 ,4855
,5123 ,5124 ,5893 ,5894 ,5979 ,6755 ,6954 ,7030 ,7186 ,... ,16856 ,17364 ,17365 ,17438
,17533 ,17840 ,18571 ,18572 ,18859 ,18941 ,19182)

subspacel =(1,2,3,4,141,142,187 ,400 ,506 ,633 ,642 ,697 ,725 ,785 ,826 ,842 ,885 ,947
951,952 ,1075 ,1285 ,1356 ,1403 ,1520 ,1548 ,1667 ,1711 ,1840 ,...,19182 ,19183 ,19227
,19238 ,19408 ,19512,19521 ,19570 )

PG(4,7)1=(1,2,3,4,5,12,37 ,42 ,45 ,47 ,69 ,95 ,97 ,125 ,127 ,141 ,142 ,143 ,146 ,160
,187 ,188 ,194 ,201 ,208 ,229 ,232 ,236 ,239 ,247 ,251 ,... ,19513 ,19517 ,19521 ,19522
,19538 ,19570,19571 ,19576 ,19601 )

6- We use the same steps on PG(5,8) to know in which case the perfect code
condition can be met :
The polynomial g(x) = x® + s%x> + s5x* + x3 + sx? + s*x + s3 is primitive over Fg =
[0,1,5,52,53,5% 55 5%, and ,g(0) =53 ,g(1) =s°,9(s) =53, g(s?) =5, g(s3) =53,
g(sM) =s°,9(s®) =s and g(s°) = 1

0100 00\"

0 01 0 00O
_ 0 001 O0O0 -
P; =[1,0,0,0,0] 000010 ,i=12,.... , 37449,
0 00 0 0 1
s s% 1 s s*s3
Table (13-1) The points of PG(5, 8) are:
p1:(1,0,0,0,0,0) p501:(s6,0,s3,s,85,1) p1001:(1,0,1,0,s2,1) p33001:(s2,s3,s,s,83,1)
p2:(0,1,0,0,0,0) p502:(s4,56,85,85,1,1)  pl1002:(s,s6,52,55,6,1)  p33002:(s4,s,s6,0,1,0)

p8:(s6,s2,56,52,1,1) | p508:(s6,56,0,0,55,1) p1008:(s4,s4,56,s3,6,1)  p33008:(s5,54,0,1,0,1)
p496:(s6,s2,1,1,54,1)  p996:(0,s5,54,s,0,1) p1496:(s6,54,5,5,s3,1)  p33496:(s6,s,85,5,56,1)
p500:(s5,s,0,1,s,1) p1000:(s5,s2,s,52,s4,1) p1500:(1,s3,1,56,85,1) p33500:(s,s5,83,1,s,1)
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L1=(1,2,8565,10578,10648 ,12028 ,15917 ,18370 ,24533)

planel = (1,2 ,3,2606 ,3000 ,3809 ,4079 ,5277 ,5441 ,5453 ,5560 ,6019 ,6673 ,8565 ,8566
,10356 ,10578 ,10579 ,10648 ,10649 ,11616 ,... ,31833 ,33097 ,33177 ,33612 ,34182 ,34286
,35110,35180 ,36560 ,36605 ,36739)

subspacel = (1 ,2 ,3 4,62 ,132 ,187 ,281 ,411 ,476 ,487 ,588 ,798 ,860 ,868 ,1072 ,1142
,1340 ,1512 ,1559 ,1617 ,1787 ,1874 ,1948 ,2047 ,2075 ,...,36765 ,37071 ,37100 ,37141
,37144 ,37211 ,37246 ,37339 ,37409 ,37428)

PG(48)1 =(1,2.,3,4.,5,16,21 ,24 40 ,42 45 ,48 ,58 ,62 ,63 ,65 ,68 ,101 ,111 ,113 ,127
,132,133 ,164 ,187 ,188 ,200 ,210 ,229 ,232,... ,37410 ,37416 ,37420 ,37422 ,37428 ,37429
,37433 ,37436 ,37439 ,37443)

7- We use the same steps on PG(5,9) ) to know in which case the perfect code
condition can be met :

The polynomial g(x) = x® + nx> + n°x* + x3 + n*x% + n”x +n is primitive over Fy =
[0,1,7,7%,m%n*n%n%n"] ,and ,g(0) =1 .9(D) =n°, g =n", g0*) =n°, g*) =
1, g0 =n,90°) =n°, g0®) =nand g(n’) =n°

01 00 00O0\"
/ 0 01 0O O\
000100 .
P; =[1,0,0,0,0] 000010 ,i=1,2, .. .. ,66430,
000 O0O0T1
n”°n ot 19y
Table (14-1) The points of PG(5,9) are:
pl: (1,0,0,0,0,0) p7001: (n7,n2,n4,1,n,1) p21501: (n3,1,1,n2,1,0) p65931: M2.n5.n6,n6,16,1)
p2: (0,1,0,0,0,0) p7002: (7,1,n3,0,1,0) p21502: (0n3,1,1,n2,1) p65932: M6,14.n7,M6,12,1)
p498: (0,n5,n5,n6,0,1) p7498: (n2n2n4,1,n,1) p21998: (1,n3,1,1,n,1) p66428: (15,0,0m2,13,1)

p499: (1,n4,nn6,n4,1) p7499: (M7,n5,n3,0,1,0) p21999: M7,n4.n7,n6,1,0)  p66429: (n3,0,n2,n6,n2,1)

p500: M7,m4.n2.n4m3,1) | p7500: (0M7,n5.m3,0,1) p22000: (0M7,m4,n7,n6,1) | p66430: (M5,1,n4n7.n,1)
L1=(1,2,11653,17240,17752 ,19268 ,20687 ,22015 ,41772 ,57374)

plane 1 =(1,2,3,1578 ,2596 ,5623 ,8183 ,8695 ,9584 ,10211 ,11286 ,11630,11653 ,11654
,12958 ,13685 ,15437 ,16208 ,16861 ,17113 ,17240 ,17241 ,17752, ... ,52019 ,52881 ,53424
,54515 ,57374 ,57375 ,57439 ,59011 ,59523 ,61039 ,62458 ,63488 ,63786 ,65649 ,65679 )
subspacel = (1,2 ,3 ,4,10 ,22 ,319 ,335 ,472 ,527 ,1003 ,1016 ,1154 ,1207 ,1429 ,1528
,1561 ,1578 ,1579 ,1633 ,1653 ,1702 ,1948 ,2169 ,2229 ,2422 2535 ,2573 ,...,66347 ,66365
,66373 ,66376 ,66378 ,66381 ,66402 ,66407 ,66414 ,66422)

8- We use the same steps on PG(5,11) to know in which case the perfect code
condition can be met :

The polynomial  g(x) = x®+ 2x° + x*+ 10x3 +9x + 4 is primitive over F;; =
[0,1, h, h%, h3, h*, k5, h® h7, h®, h°] where h =7 is a primitive element of F7, since,g(0) = h®
g1) =h*,g(h*) =h®, gh*) =2,g(°) =h,gh*) =h7,g(’)=h°, g(h) =h® ,
g(h?) =h?, g(h®) = h> and g(h°) = h’

010000\
001000
P, = [1,0,0,0,0] 888(1)28 i=12,....,177156,
000001
R RS 1 0 B3 h
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Table (15-1) The points of PG(5,11) are:

pl: (1,0,0,0,0,0) p27501: (h4,h,h2,h7,h4,1)  p65001: (h2,h4,h3,h7,h9,1)  pl107001:
(h6,h5,h7,h7,h,1)
p2: (0,1,0,0,0,0) p27502: (h3,h8,h4,h7,h4,1)  p65002: (h2,1,1,h7,h3,1)  pl76658:
(h2,h6,h4,h3,h6,1)
p494: (h3,0,1,h5,h4,1)  p27994: (h2,h6,1,h6,1,0)  p65494: (h,h5,hd,h3,h,1)  pl76665:
(h3,h7,h4,h6,1,0)
p499: (h8,h2,1,h7,1,1)  p27999: (1,h,0,h8,1,0) p65499: (1,h6,h7,h6,h,1)  pl77155:
(h4,h5,h6,1,h3,1)
p500: (h9,1,h8,h,1,1)  p28000: (0,1,h,0,h8,1) p65500: (h4,0,h8,h3,h3,1)  pl77156:

(1,h5,0,h8,h6,1)

L1=(1,2,16642 21362 25244 28048 45855 ,74354 83293 ,123585 ,174817 ,176430
,177157)

planel = (1,2 ,3 ,4218 ,7006 ,8844 ,12514 ,14302 ,15915 ,16642 ,16643 ,19022 20023
20635 ,20782 21362 ,21363 ,22904 24513 24517 25244 25245 25708 ,... ,176430
176431 ,177157)

subspacel = (1,23 4,391 ,602 ,690 ,1470 ,1503 ,1622 ,1851 ,1878 ,1886 ,2088 ,2277
2359 ,2438 2523 2629 ,2783 2900 ,2917 ,2967 ,3107 ,3256 3331 ,...,176432 ,176515
,176754 176805 ,176856 ,176875 ,176981 ,177089 ,177157 )
PG(411)1=(1,2,3.,4.,5,12,19 28 ,94 98,103,117 ,122 ,174 ,183 ,201 251 ,262 271
275 ,285 ,289 ,308 ,311 ,371 ,391 ,392 ,405 ,443 451 471 ,479 ,485 490 512 517....,

177093 ,177111 ,177119 ,177129 ,177144 ,177157

When applying these steps to other PG (n, q) We assumed that e=1

PG(5,2) PG(5,3) PG(5,4) PG(5,5)

(63,257,3) — (364,3°%,4) — cade (1365,41%%9,5) — cade = (3906,5%°°°,6) — cade

cade. Use e=1 Use e=1 Use e=1

Use e=1 And n=364 And n=1365 And n=3906

And n=63 B+ M@=+ (O+Oa-D+  ((+ Da-D+
n n

{@+ (- k(N @-D%= e+ (D @-DY= e+ (H@-D)=

1)++ qk=36 qk= 46 qk= 56

(™) (@-1)¢°} = 729 ==1729 4096 == 4096 15625 == 15625

q* = 2¢ Is perfect Is perfect Is perfect

64 = 64

Is perfect

PG(5,7) PG(5,8) PG(5,9) PG(5,11)

(19608, 719692 g) —

(37449, 837443 9) —

(66430,965424 10) —

(177156,11177150,12) —

cade cade cade cade

Use the e=1 Use the e=1 Use the e=1 Use the e=1

And n=19608 And n=37449 And n=66430 And n=177156
(@+Oa-  (O+O@-D+  (O+Oa-D+  {+Oa-D+
1)+ -+ e (Tel) (-1} = o00 - ('el) (-1} = s00 (2) (g-1¢°} =
;) (@-D°}= q* = 8° q* = 9° q* = 11

q*=7° 262144 == 262144 531441 == 531441 1771561 == 1771561
117649 == 117649 Is perfect Is perfect Is perfect

Is perfect

Note: The operations in the previous sentence were calculated using algorithm on the Matlab

2019R program.
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We note that when e is equal to one, the ideal equation is achieved, and since the value of e
affects one side of the equation and the effect is positive, considering that the equation does
not contain a negative value, and therefore, it is impossible to achieve equality when the
value of e changes.

We can deduce the general formula in the case of e=1 that n(q — 1) + 1 = ¢*

CONCLUSIONS

We have constructed the Projective linear codes with the parameters n, k and d depending
on the order of Galois Field F; . So that we have arrived at a general rule that states that any
application of a projective space to the coding system has an error correction factor in it,
equal to one, it satisfies the condition of the perfect code.
Our recommendations for future researchers complement these steps to find a general rule for
good code
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