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Abstract 

     This paper presents two subclasses of analytic and bi-univalent functions 

associated with the Ruscheweyh derivative operator to investigate the bounds 

for|𝔠2| and |𝔠3|, where 𝔠2 and 𝔠3 are the initial Tayler-Maclaurin coefficients. The 

current results would generalize and improve some corresponding recent works. 

Additionally, in certain cases, our estimates correct some of the existing coefficient 

bounds.  
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 التفاضلية شوية ار  عرفة بمؤثركافؤ المال الثنائية التللدو  الفرعيةلفئات حول تخمين المعاملات ل
 

 قاسم عبدالحميد جاسم  , عدنان عزيز حسين*
 العراق ,جامعة بغداد ,كليه العلوم  ,قسم الرياضيات

 
 الخلاصة:  

ن  شوية . الهدف محليلية وثنائية التكافؤ بمشتقة راهذا العمل يرتبط بين فاتين محددتين من الدوال التان       
المعاملاتذ على  القيود  قيم  فحص  هو  تمثل    |𝔠3| و    |𝔠2|  لك  حيث   , 𝔠2و 𝔠3 لسلسله   المعاملات الاولية 

تجدر الاشارة الى ان النتائج الحالية ستوسع وتعزز العديد من الدراسات الحالية في سياق  _ماكلورين .  تايلور
   . واسع. في بعض الحالات, تقوم تقديراتنا بتصحيح بعض حدود المعاملات الموجودة بالفعل 

 
1. Introduction 

Let 𝒜 denote the class of the function ℱ that may be expressed in the manner  

ℱ (𝜉) = 𝜉 +∑ 𝔠𝑗𝜉
𝑗

∞

𝑗=𝟤
,             (𝟣) 

which analytic in the open unit disc  

𝑈 = {𝜉 ∶ 𝜉 ∈ ℂ  and |𝜉|  < 𝟣}, together with a normalization given by ℱ(0) = ℱ ′(0)  −
𝟣 =  0.  
The convolution ℱ(𝜉)  ∗  𝑙(𝜉) of ℱ (𝜉) and 𝑙(𝜉) is defined by 

                          ( ℱ  ∗  𝑙)(𝜉) =  𝜉 + ∑ 𝔠𝑗𝒹𝑗𝜉
𝑗∞

𝑗=2 = (𝑙 ∗  ℱ )(𝜉) (𝜉 ∈  𝑈),  

where the function 𝑙(𝜉)  = 𝜉 + ∑ 𝒹𝑗𝜉
𝑗∞

𝑗=2  is also analytic in 𝑈. 
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     The function ℱ, belonging   to the class 𝒜 and Equation (1), is associated with the 

Ruscheweyh  

 derivative  𝑅𝛽. This operator maps elements form class 𝒜 to 𝒜, [1]. This operator definition  

described below  

                                                        𝑅𝛽ℱ(𝜉) =
𝜉(𝜉𝛽𝑓(𝜉))

(𝛽)

𝛽!
=  

                                      
𝜉

(1−𝜉)𝛽+1
∗ ℱ(𝜉) = 𝜉 + ∑

Γ(𝛽+𝑗)

Γ(j)Γ(β+1)
𝔠𝑗𝜉

𝑗∞
𝑗=2    (𝛽 ∈ 𝑁0, 𝜉 ∈ 𝑈).  

 

       A function ℱ is considered univalent in 𝑈 if it is injective, meaning that it maps distinct 

elements in 𝑈 to distinct elements in its range. The subclass 𝑆 of 𝒜 that contains functions 

are univalent in 𝑈. One of the most important examples of a function in 𝑆 is the Koebe 

function 

                              𝑘(𝜉) =  
1

(1−𝜉)2
+ ∑ 𝑗𝜉𝑗∞

𝑗=1          (𝜉 ∈ 𝑈).  

      

      This function is very important for figuring out a of problems in the theory of univalent 

functions. It moves the unit disc U onto the complex plane in that conformal, the exception of 

a slice through the opposite real axis from to -1/4. 

 

      The class 𝑆∗(𝛾) of starlike functions of order 𝛾 (0 ≤  𝛾 <  1) in 𝑈 and the class 𝐾(𝛾) of 

convex functions of order 𝛾 (0 ≤  𝛾 <  1) in 𝑈 are two of the most important and well-

investigated subclasses of the analytic and univalent function class 𝑆. 

 

     According to the Koebe one quarter Theorem [2] the image of the open unit disk U under 

any of the univalent 

The function encompasses a disc with a radius 4. Therefore, for all functions ℱ belonging to 

the class S there exists an inverse function ℱ−1that is  

         ℱ−1( ℱ (𝜉))  =  𝜉     (𝜉 ∈  𝑈)  and  ℱ−1( ℱ (𝑤)) = 𝑤(|𝑤| < 𝑟0(ℱ), 𝑟0(ℱ) ≥ 1/4).  
 

The inverse function 𝑔 = ℱ−1 has the form 

        𝑔(𝑤) = ℱ−1(𝑤) = 𝑤 − 𝔠2𝑤
2 + (2𝔠2

2 − 𝔠3)𝑤
3 − (5𝔠2

3 − 5𝔠2𝔠3 + 𝔠4)𝑤
4 +⋯.    (2)  

 

      A function ℱ is considered bi- univalent if either F and its invers ℱ−1 are univalent in the 

domain U. The symbol 𝛴represents the of all bi- univalent functions in the domain U, as 

defined by Equation (1). 

Liewin [3] constructed a study on the class 𝛴 of bi-univalent functions and found that the 

absolute value of 𝔠2 is lest then 1.51 for the functions in the class 𝛴. Berannan and Clunei [4] 

subsequently presented the hypothesis that the absolute value of 𝔠2 is less than or equal to the 

square root of 2. Later, Natenyahu [5] proved that the maximum value of |𝔠2| is 4/3 for ℱ ∈ 𝛴 

Srivasteva et al. [6], did groundbreaking research that has effectively rekindled the study of 

analytic and bi- univalent function in the last few decades. If you want to look at interesting 

of function in class 𝛴, you shroud read their work.  

 Based on the findings of Srivasteva et al. [6], here are some examples of functions in the 

class 𝛴  

              
1

1−𝜉
= ∑ 𝜉𝑗∞

𝑗=1  − 𝑙𝑜𝑔(1 − 𝜉) = ∑
𝜉𝑗

𝑗

∞
𝑗=1   and  

1

2
𝑙𝑜𝑔 (

1+𝜉

1−𝜉
) = ∑ (−1)𝑗−1

𝜉2𝑗+1

2𝑗+1

∞
𝑗=1 .  

      

     The fact that the class Σ cannot be complete is apparent. However, the Koebe function is 

not a member of the Σ. Braennan and Taha [7] suggested making new subclasses inside the 
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bi- univalent class K. These subclasses would be like the will know well-known 𝑆∗ Σ and 

𝐾(𝛾) subclasses, starlike convex functions of order γ (0 ≤ γ< 1), respectively. Thus, for 0 ≤ γ 

< 1, a function ℱ ∈  𝛴 falls into the class 𝑆∗ Σ(γ) of bi-starlike functions of order γ are 

defined as functions F for which ℱ and ℱ−1 are starlike functions of order γ. Or into the 

class 𝑘 Σ(γ ) of bi-univalent functions of order γ, if both   ℱ and ℱ−1 are convex functions of 

order γ. Furthermore, A function ℱ ∈  𝒜 is classified as a strongly bi-starlike functions of 

order γ (0 < γ ≤ 1), denoted by 𝑆∗ Σ[γ], K. Bilal [8] and A. Delph and K.A. Jassim [9], if it 

satisfies each of the following conditions: 

                                    |arg (
𝜉ℱ′(𝜉)

ℱ′(𝜉)
)| <

γπ

2
    and   |arg (

𝑤𝑔′(𝑤)

𝑔′(𝑤)
)| <

γπ

2
,  

where, 𝑔 is the univalent extension of ℱ−1 to 𝑈. 

      

      There have been numerous recent works dedicated to studying the class Σ of bi-univalent 

functions and tried to fine the highest values the Taylor-Maclaurin coefficients|𝑐2| and |𝑐3|. 
Notably, the pioneering work by Srivasteva et al. [6] has made great progress of several 

subclasses inside the bi-univalent functions class Σ. Additionally, they have identified on the 

magnitudes of   |𝑐2| and  |𝑐3| . The scientific literature has made a significant amount of 

additional work available, expanding on the pioneering research by Srivasteva et al. [10] and 

focusing on coefficient problems for different subclasses of the analytic and  bi-univalent 

function class Σ . D. Ali [11], F. Ghanin and Hiba [12,13], provide of this type of study. The 

unsolved problem, however, is to find the generally applicable coefficient estimate bounds on 

|𝑐𝑗| (j∈ {4, 5, 6, . . .}) for a function ℱ′that is defined by Equation (1) and is the class. Indeed, 

when the coefficient exceed three, there is no inherent approach to determining an upper 

limit. Several studies have employed fiber polynomial approaches to calculate upper limits 

for coefficient with greater order Wanas and A. H. Majeed [14] and other [15-16]. 

 

      The determination of estimates for the Tayler –Maclaurin variables in an algebraic 

equation are those multiply value. An essential issue in geometric function theory is the 

analysis of an, since it yields valuable insight into the geometric characteristics of these 

functions. For instance, the bounds for the second and third coefficients 𝑎2 and𝑎3 of 

functions ℱ ∈  𝛴 yield growth and distortion bounds, as well as covering theorems. 

Motivated by the aforementioned works and making use of Ruscheweyh derivative operator, 

we examine two specific categories of analytic and bi-univalent functions during our 

investigation. The techniques employed by Srivasteva et al. [6], Fraisn and Aouf [17]. The 

obtained results improve some recent works and rectify remarkable mistakes in existing 

coefficient estimates. 

 

Lemma 1.1. [2] If ℎ ∈  𝑃, then |ℎ𝑘|  ≤  2 for each 𝑘 ∈  𝑁, where P is the subclass of 

functions ℎ(𝜉) of the form 

                             ℎ(𝜉) = 1 + ℎ1 𝜉 +ℎ2𝜉
2+ ℎ3𝜉

3+ · · ·.                           (3) 

which is analytic in 𝑈 and the actual component , ℜ(ℎ(𝜉)), is affirmative. 

 

2. Bounds for the coefficient functions in the class 𝓣𝜮(𝜼,𝝕, 𝜷;  𝝈) 
Consider an element ℎ ∈ 𝑃defined by Equation (3), and let 𝐾(𝑧) be a complex-valued 

function such that 𝐾(𝜉)  = [ℎ(𝜉)]𝜎, 𝜎 ∈ (0,1].  

                                      |arg(𝐾(𝜉)) =  𝜎|arg(h(𝜉))| <
𝜎𝜋

𝟤
.  

 

     Therefore, if |arg(𝐾(𝜉)) | <
𝜎𝜋

2
, then it can be said that there exists  ℎ ∈  𝑃 such that k(𝜉) 

can be written in terms of h and α as follows 
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Definition 2.1. A function ℱ ∈ 𝛴 given by Equation (1) is called in the class 

𝒯𝛴(𝜂,𝜛, 𝛽; 𝜎)(𝜉, 𝑤 ∈ 𝑈, 𝜂 > 0,𝜛 ∈ ℂ{0}, 𝛽 ∈ 𝑁0, 0 <  𝜎 ≤ 1  ) 
if it is satisfied each the conditions  

|arg (1 +
𝟣

𝜛
[(1 − 𝜂)

𝜉(𝑅𝛽ℱ(𝜉))
′

𝑅𝛽ℱ(𝜉)
+ 𝜂

𝜉(𝑅𝛽ℱ(𝜉))
′′

(𝑅𝛽ℱ(𝜉))
′ (

𝜉(𝑅𝛽ℱ(𝜉))
′
+𝜉(𝑅𝛽ℱ(𝜉))

′′

(𝑅𝛽ℱ(𝜉))
′ ) − 1])| <

𝜎𝜋

2
        (4)  

and 

|arg (1 +
𝟣

𝜛
[(1 − 𝜂)

𝑤(𝑅𝛽𝑔(𝑤))
′

𝑅𝛽𝑔(𝑤)
+ 𝜂

𝑤(𝑅𝛽𝑔(𝑤))
′′

(𝑅𝛽𝑔(𝑤))
′ (

𝑤(𝑅𝛽𝑔(𝑤))
′
+𝑤(𝑅𝛽𝑔(𝑤))

′′

(𝑅𝛽𝑔(𝑤))
′ ) − 1])|    <

𝜎𝜋

2
                                         (5)  

where the function 𝑔 = ℱ−1is defined by Equation (2). 

 

Theorem 2.2. If ℱ ∈ 𝒯𝛴(𝜂,𝜛, 𝛽; 𝜎) be given by ℱ (𝜉) = 𝜉 + ∑ 𝔠𝑗𝜉
𝑗∞

𝑗=𝟤 . Then 

                 |𝔠2| ≤   
2𝜎|𝜛|

√|2𝜎𝜛[(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)]−(𝜎−1)(𝛽+1)2(𝜂+1)2|
              (6) 

and 

                                                 |𝔠3| ≤
2𝜎|𝜛|

(𝛽+2)(𝛽+1)(1+2𝜂)
+

4𝜎2|𝜛|2

(𝛽+1)2(𝜂+1)2
                            (7)    

Proof. It follows from Equations (4) and (5) that 

             1 +
1

𝜛
[(1 − 𝜂)

𝜉(𝑅𝛽ℱ(𝜉))
′

𝑅𝛽ℱ(𝜉)
+ 𝜂

𝜉(𝑅𝛽ℱ(𝜉))
′′

(𝑅𝛽ℱ(𝜉))
′ (

𝜉(𝑅𝛽ℱ(𝜉))
′
+𝜉(𝑅𝛽ℱ(𝜉))

′′

(𝑅𝛽ℱ(𝜉))
′ ) − 1]          (8) 

and 

          1 +
1

𝜛
[(1 − 𝜂)

𝑤(𝑅𝛽𝑔(𝑤))
′

𝑅𝛽𝑔(𝑤)
+ 𝜂

𝑤(𝑅𝛽𝑔(𝑤))
′′

(𝑅𝛽𝑔(𝑤))
′ (

𝑤(𝑅𝛽𝑔(𝑤))
′
+𝑤(𝑅𝛽𝑔(𝑤))

′′

(𝑅𝛽𝑔(𝑤))
′ ) − 1]                  (9) 

where 𝑝, 𝑞 ∈ 𝑃 have the following representations 

                             𝑝(𝜉) = 1 + 𝑝1 𝜉 +𝑝2𝜉
2+ 𝑝3𝜉

3 + · · · ,                           (10) 

and 

                           𝑞(𝑤) = 1 + 𝑞1w +𝑞2𝑤
2+ 𝑞3𝑤

3 + · · · .                             (11) 

Clearly, we have 

[𝑝(𝜉)]σ = 1 + σ𝑝1𝜉 + (
1

2
σ(σ − 1)𝑝2

2) 𝜉2 + (
1

6
σ(σ − 1)(σ − 1)𝑝1

3 + σ(1 −

𝛼)𝑝1𝑝2) 𝜉
2 +⋯,          (12)  

and 

[𝑞(𝑤)]σ = 1 + σ𝑞1w+ (
1

2
σ(𝜎 − 1)𝑞2

2)𝑤2 + (
1

6
σ(𝜎 − 1)(𝜎 − 1)𝑞1

3 + σ(1 −

𝜎)𝑞1𝑞2)𝑤
2 +⋯  .                             (13)  

 

We also find that 

1 +
1

𝜛
[(1 − 𝜂)

𝜉(𝑅𝛽ℱ(𝜉))
′

𝑅𝛽ℱ(𝜉)
+ 𝜂

𝜉(𝑅𝛽ℱ(𝜉))
′′

(𝑅𝛽ℱ(𝜉))
′ (

𝜉(𝑅𝛽ℱ(𝜉))
′
+𝜉(𝑅𝛽ℱ(𝜉))

′′

(𝑅𝛽ℱ(𝜉))
′ ) − 1] = 1 +

(𝛽+1)(1+𝜂)

𝜛
𝔠2𝜉 +  

                       (
(𝛽+2)(𝛽+1)(1+2𝜂)

𝜛
𝔠3 −

2(𝛽+1)2(1−𝜂)

𝜛
𝔠2
2) 𝜉2 +⋯,               (14)  

 and 
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1 +
1

𝜛
[(1 − 𝜂)

𝑤(𝑅𝛽𝑔(𝑤))
′

𝑅𝛽𝑔(𝑤)
+ 𝜂

𝑤(𝑅𝛽𝑔(𝑤))
′′

(𝑅𝛽𝑔(𝑤))
′ (

𝑤(𝑅𝛽𝑔(𝑤))
′
+𝑤(𝑅𝛽𝑔(𝑤))

′′

(𝑅𝛽𝑔(𝑤))
′ ) − 1] = 1 −

(𝛽+1)(1+𝜂)

𝜛
𝔠2𝑤 + (

2(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)

𝜛
𝔠2
2 −

(𝛽+2)(1+2𝜂)

𝜛
𝔠3)𝑤

2 +

⋯.                  (15)  
Now, by using Equations (12), (13), (14) and (15), together with comparing the coefficients 

of Equations (8) and (9), we get 

                                                          
(𝛽+1)(1+𝜂)

𝜛
𝔠2 = σ𝑝1,                             (16)  

(𝛽+2)(𝛽+1)(1+2𝜂)

𝜛
𝔠3 −

2(𝛽+1)2(1−𝜂)

𝜛
𝔠2
2 =  

1

2
σ(𝜎 − 1)𝑝1

2 + σ𝑝2,                (17)  

                                                         − 
(𝛽+1)(1+𝜂)

𝜛
𝔠2 = σ𝑞1,                          (18)  

and 
2(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)

𝜛
𝔠2
2 −

(𝛽+2)(𝛽+1)(1+2𝜂)

𝜛
𝔠3 =

1

2
σ(𝜎 − 1)𝑞1

2 + σ𝑞2.     (19)  

 In view of Equations (16) and (18), we conclude that 

                              𝑝1 = −𝑞1,                                          (20) 

                                             
2(𝛽+1)2(1+𝜂)2

𝜛2 𝔠2
2 = 𝔠2(𝑝1

2 + 𝑞1
2).                 (21)  

 

Adding Equation (17) to Equation (19), we obtain 

  
2(𝛽+2)(𝛽+1)(1+2𝜂)−4(𝛽+1)2(1−𝜂)

𝜛
𝔠2
2 = 

1

2
σ(𝜎 − 1)(𝑝1

2 + 𝑞1
2) + σ(𝑝2 + 𝑞2).        (22)  

 

Substituting the value of 𝑝1
2 + 𝑞1

2 form Equation (21) into Equation (22) and further 

computations imply that 

 

                𝔠2
2 =

σ2𝜛2(𝑝2+𝑞2) 

2σ𝜛[(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)]−(𝜎−1)(𝛽+1)2(1+𝜂)2
.                      (23) 

 

Applying Lemma 1.1 for the coefficients 𝑝2 and 𝑞2 on Equation (23) imply that 

                      |𝔠2| ≤ 
2σ|𝜛|

√|2σ𝜛[(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)]−(𝜎−1)(𝛽+1)2(1+𝜂)2|
 . 

Next, in order to derive the bound on |𝔠3|, by subtracting Equation (19) from Equation (17), 

we obtain 

             
2(𝛽+2)(𝛽+1)(1+2𝜂)

𝜛
(𝔠3−𝔠2

2) = 
1

2
σ(𝜎 − 1)(𝑝1

2 + 𝑞1
2) + σ(𝑝2 + 𝑞2).          (24)  

Now, substituting the value of 𝔠2
2from Equation (21) into Equation (24) and using (20), we 

conclude that 

                                         𝔠3 =
σ𝜛(𝑝2−𝑞2)

2(𝛽+2)(𝛽+1)(1+2𝜂)
+

σ2𝜛2(𝑝2+𝑞2)

2(𝛽+1)2(1+𝜂)2
,                           (25)  

Finally, by using  Lemma 1.1 again over the coefficients 𝑝1, 𝑝2, 𝑞1 as well as 𝑞2 on Equation 

(25), we may conclude that 

                                        |𝔠3| ≤
2σ|𝜛|

(𝛽+2)(𝛽+1)(1+2𝜂)
+

4σ2|𝜛|2

(𝛽+1)2(1+𝜂)2
.  

This completes the proof. 

 

3. Bounds for the coefficient functions in the class  𝓣∗𝜮(𝜼,𝝕, 𝜷;  𝝈, 𝜏) 
        Let h∈ P be defined by Equation (3), and let 𝐿(𝜉) be an arbitrary complex value 

function𝐿(𝜉) =  𝜏 + (1 −  𝜏)ℎ(𝜉), 0 ≤ 𝜏 < 1, then 

                            ℜ{𝐿(𝜉)}  =  𝜏 +  (1 −  𝜏)ℜ{ℎ(𝜉)}  >  𝜏 . 
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     Therefore, if ℜ{𝐿(𝜉)} >  𝜏, it can be said that there exists ℎ ∈  𝑃 such that 𝐿(𝜉) can be 

written in terms of h and 𝜏 as follows 

𝐿(𝜉)  =  𝜏 + (1 −  𝜏)ℎ(𝜉). 
 

Definition 3.1. A function  ℱ ∈  𝛴 given by Equation (1) is called in the class 

𝒯∗𝛴(𝜂,𝜛, 𝛽;  𝜎, 𝜏)(𝜉, 𝑤 ∈  𝑈, 𝜂 >  0,𝜛 ∈  ℂ\{0}, 𝛽 ∈  𝑁0, 0 ≤  𝜏 <  1), 
 

if it meets the following requirements 

         ℜ{1 +
1

𝜛
[(1 − 𝜂)

𝜉(𝑅𝛽ℱ(𝜉))
′

𝑅𝛽ℱ(𝜉)
+ 𝜂

𝜉(𝑅𝛽ℱ(𝜉))
′′

(𝑅𝛽ℱ(𝜉))
′ (

𝜉(𝑅𝛽ℱ(𝜉))
′
+𝜉(𝑅𝛽ℱ(𝜉))

′′

(𝑅𝛽ℱ(𝜉))
′ ) − 1]} > 𝜏,  (26) 

and 

        ℜ{1 +
1

𝜛
[(1 − 𝜂)

𝑤(𝑅𝛽𝑔(𝑤))
′

𝑅𝛽𝑔(𝑤)
+ 𝜂

𝑤(𝑅𝛽𝑔(𝑤))
′′

(𝑅𝛽𝑔(𝑤))
′ (

𝑤(𝑅𝛽𝑔(𝑤))
′
+𝑤(𝑅𝛽𝑔(𝑤))

′′

(𝑅𝛽𝑔(𝑤))
′ ) − 1]} > 𝜏,    

(27) 

the function 𝑔 = 𝑓−1is defined by Equation (2). 

 

Theorem 3.2. Let ℱ ∈  𝒯∗𝛴(𝜂, 𝜛, 𝛽;  𝛼, 𝜏)be given by Equation (1). Then 
|𝔠2| ≤ 

{
(

2|𝜛|(1−𝜏)

|(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)|
)

1

2
         0 ≤ 𝜏 ≤ 1 −

(𝛽+1)2(1+𝜂)2

2|𝜛||(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)|
;

2|𝜛|(1−𝜏)

(𝛽+1)(1+𝜂)
                                               1 −

(𝛽+1)2(1+𝜂)2

2|𝜛||(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)|
≤ 𝜏 < 1;

    

and 

|𝔠3| ≤

{
 
 

 
 

2|𝜛|(1−𝜏)

(ℓ𝛽+2)(𝛽+1)(1+2𝜂)
+

4|𝜛|(1−𝜏)

|(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)|

0 ≤ 𝜏 ≤ 1 −
(𝛽+1)2(1+𝜂)2

2|𝜛||(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)|
 ;

2|𝜛|(1−𝜏)

(𝛽+2)(𝛽+1)(1+2𝜂)
+

4|𝜛|2(1−𝜏)2

(𝛽+1)2(1+𝜂)2
        1 −

(𝛽+1)2(1+𝜂)2

2|𝜛||(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)|
≤ 𝜏 < 1.

   

 

Proof. It follows from Equations (26) and (27) that       

              1 +
1

𝜛
[(1 − 𝜂)

𝜉(𝑅𝛽ℱ(𝜉))
′

𝑅𝛽ℱ(𝜉)
+ 𝜂

𝜉(𝑅𝛽ℱ(𝜉))
′′

(𝑅𝛽ℱ(𝜉))
′ (

𝜉(𝑅𝛽ℱ(𝜉))
′
+𝜉(𝑅𝛽ℱ(𝜉))

′′

(𝑅𝛽ℱ(𝜉))
′ ) − 1] 

= 𝜏 + (1 − 𝜏)𝑝(𝜉),      (28) 
and 

1 +
1

𝜛
[(1 − 𝜂)

𝑤(𝑅𝛽𝑔(𝑤))
′

𝑅𝛽𝑔(𝑤)
+ 𝜂

𝑤(𝑅𝛽𝑔(𝑤))
′′

(𝑅𝛽𝑔(𝑤))
′ (

𝑤(𝑅𝛽𝑔(𝑤))
′
+𝑤(𝑅𝛽𝑔(𝑤))

′′

(𝑅𝛽𝑔(𝑤))
′ ) − 1]  

                                             = 𝜏 + (1 − 𝜏)𝑞(𝑤),                        (29)  
where p, q ∈ P have the representations of Equations (10) and (11), respectively. Clearly, we 

have 

                    𝜏 + (1 − 𝜏)𝑝(𝜉) = 1 + (1 − 𝜏)𝑝`1𝜉 + (1 − 𝜏)𝑝2𝜉
2 +⋯,    (30)  

and 

                 𝜏 + (1 − 𝜏)𝑞(𝑤) = 1 + (1 − 𝜏)𝑞`1𝑤 + (1 − 𝜏)𝑞2𝑤
2 +⋯.            (31)  

 

Now, by using Equations (30), (31), (14) and (15), together with comparing the coefficients 

of Equations (28) and (29), yields 

 



Hussein and Jassim                              Iraqi Journal of Science, 2025, Vol. 66, No. 11, pp: 5088- 5096 

 

5094 

                                          
(𝛽+1)(1+𝜂)

𝜛
𝔠2 = (1 − 𝜏)𝑞1,                                     (32) 

  

                          
(𝛽+2)(𝛽+1)(1+2𝜂)

𝜛
𝔠3 −

2(𝛽+1)2(1−𝜂)

𝜛
𝔠2
2 = (1 − 𝜏)𝑝2,                   (33)  

 

                                  − 
(𝛽+1)(1+𝜂)

𝜛
𝔠2 = (1 − 𝜏)𝑞1,                                         (34)  

and 

     
2(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1)2(1−𝜂)

𝜛
𝔠2
2 −

(𝛽+2)(𝛽+1)(1+2𝜂)

𝜛
𝔠3 = (1 − 𝜏)𝑞2             (35)  

From Equations (32) and (34), we get 

                                             𝑝1 = −𝑞1,                                                (36) 
2(𝛽 + 1)2(1 + 𝜂)2

𝜛2
𝔠2
2 = (1 − 𝜏)2(𝑝1

2 + 𝑞1
2).                 (37) 

 

Adding Equations (33) to Equation (35), we obtain 

              
2(𝛽+2)(𝛽+1)(1+2𝜂)−4(𝛽+1)2(1−𝜂)

𝜛
𝔠2
2 =  (1 − 𝜏)(𝑝2 + 𝑞2)                         (38) 

From Equation (37) and Equation (38), we find 

                                                          𝔠2
2 =

𝜛2(1−𝜏)2(𝑝1
2+𝑞1

2) 

2(𝛽+1)2(1+𝜂)2
,                               (39)  

and 

                                        𝔠2
2 =

𝜛(1−𝜏)(𝑝2+𝑞2)

2(𝛽+2)(𝛽+1)(1+2𝜂)−4(𝛽+1)2(1−𝜂)
,                       (40)  

respectively. 

 

The Equations (39) and (40) together with applying Lemma 1.1 for the coefficients𝑝1, 𝑞1, 𝑝2 

and 𝑞2, we find that 

                                                       |𝔠2| ≤
2|𝜛|(1−𝜏)

(𝛽+1)(1+𝜂)
 ,  

and 

                                         |𝔠2| ≤ √
2|𝜛|(1−𝜏)

|(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+1𝟣)𝟤(𝟣−𝜂)|
,  

respectively. 

To calculate the projection for the |𝔠3|, we subtract Equation (35) from Equation (33),  

                                 
(𝛽+2)(𝛽+1)(1+2𝜂)

𝜔
(𝔠3 − 𝔠2

2) = (1 − 𝜏)(𝑝2 − 𝑞2)  

or, equivalently, 

                                              𝔠3 = 𝔠2
2 +

𝜛(1−𝜏)(𝑝2−𝑞2)

(𝛽+2)(𝛽+1)(1+2𝜂)
 .                                    (41)  

Substituting the value of 𝔠2
2 from Equation (39) and Equation (40) into Equation (41), imply 

that 

                                  𝔠3 =
𝜛(1−𝜏)(𝑝2−𝑞2)

(𝛽+2)(𝛽+1)(1+2𝜂)
+
𝜛2(1−𝜏)2(𝑝1

2+𝑞1
2) 

2(𝛽+1)2(1+𝜂)2
 ,                          (42)  

                            𝔠3 =
𝜛(1−𝜏)(𝑝2−𝑞2)

(𝛽+2)(𝛽+1)(1+2𝜂)
+

𝜛(1−𝜏)(𝑝2+𝑞2)

2(𝛽+2)(𝛽+1)(1+2𝜂)−4(𝛽+1)2(1−𝜂)
 ,            (43)  

 

respectively. 

 

      Finally, applying Lemma 1.1 once again for the coefficients 𝑝1, 𝑞1, 𝑝2 and 𝑞2  on 

Equations (42) and (43) together, we conclude that 
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                                              |𝔠3| ≤
2|𝜛|(1−𝜏)

(𝛽+2)(𝛽+1)(1+2𝜂)
+

4|𝜛|2(1−𝜏)2

(𝛽+1)2(1+𝜂)2
 , 

                               |𝔠3| ≤
2|𝜛|(1−𝜏)

(𝛽+2)(𝛽+1)(1+2𝜂)
+

4|𝜛|(1−𝜏)

|(𝛽+2)(𝛽+1)(1+2𝜂)−2(𝛽+𝟣)𝟤(𝟣−𝜂)|
 .  

 

In the order mentioned, proof is now finished.   

 

4. Conclusions 

      In this study, we have introduced and examined two specific subclasses of analytic bi-

univalent functions associated with the Ruscheweyh derivative in this research. Our main 

goal was establish the first limits for the coefficients of functions that fall within subclasses. 

The study of the results shows significant improvements, and corrections compared to 

previous investigations. Moreover, we have highlighted certain implication of these subclass 

by considering specific parameter specifications. 
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