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Abstract

This paper presents two subclasses of analytic and bi-univalent functions
associated with the Ruscheweyh derivative operator to investigate the bounds
for|c,| and |[¢3], where ¢, and ¢; are the initial Tayler-Maclaurin coefficients. The
current results would generalize and improve some corresponding recent works.
Additionally, in certain cases, our estimates correct some of the existing coefficient
bounds.
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1. Introduction
Let A denote the class of the function F that may be expressed in the manner

FO=¢+) o )
]:
which analytic in the open unit disc
U ={:¢ €C and |¢é| <1}, together with a normalization given by F(0) = F '(0) —
1=0.
The convolution F(§) * I($) of F (£) and I($) is defined by
(F + DE) = ¢ + X2, g4;8 =+ F)(E) (& € V),
where the function [(§) = & + 2;?0:2 djfj is also analytic in U.
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The function F, belonging to the class A and Equation (1), is associated with the
Ruscheweyh
derivative RP. This operator maps elements form class A to A, [1]. This operator definition

described below
®
ROF(E) = 5(¢* f('f))

— F(B+))
(a- f)’g“ *FE) =¢ 22 =2T(j)r(B+1) ]E] (B €N, § EV).

A function F is considered univalent in U if it is injective, meaning that it maps distinct
elements in U to distinct elements in its range. The subclass S of A that contains functions
are univalent in U. One of the most important examples of a function in S is the Koebe
function

k(§) = +E2.08 @Ge.

- s‘)z

This function is very important for figuring out a of problems in the theory of univalent
functions. It moves the unit disc U onto the complex plane in that conformal, the exception of
a slice through the opposite real axis from to -1/4.

The class S*(y) of starlike functions of order y (0 < y < 1) in U and the class K(y) of
convex functions of order y (0 < y < 1) inU are two of the most important and well-
investigated subclasses of the analytic and univalent function class S.

According to the Koebe one quarter Theorem [2] the image of the open unit disk U under
any of the univalent
The function encompasses a disc with a radius 4. Therefore, for all functions F belonging to
the class S there exists an inverse function F ~'that is

FHFE) =¢ (€U and FH(F W) =wllwl <r(F),n(F) = 1/4).

The inverse function g = F~! has the form
gw) =FTw)=w—cw? + (2% — c3)w3 — (5¢3 — 5c5¢3 + e )w* + -, (2)

A function F is considered bi- univalent if either F and its invers F ! are univalent in the
domain U. The symbol Xrepresents the of all bi- univalent functions in the domain U, as
defined by Equation (1).

Liewin [3] constructed a study on the class X' of bi-univalent functions and found that the
absolute value of ¢, is lest then 1.51 for the functions in the class Y. Berannan and Clunei [4]
subsequently presented the hypothesis that the absolute value of ¢, is less than or equal to the
square root of 2. Later, Natenyahu [5] proved that the maximum value of |¢,| is 4/3 for F € X
Srivasteva et al. [6], did groundbreaking research that has effectively rekindled the study of
analytic and bi- univalent function in the last few decades. If you want to look at interesting
of function in class X, you shroud read their work.

Based on the findings of Srivasteva et al. [6], here are some examples of functions in the

class Y
1

j L . g2t
rariap e 1§ —log(1 -8 =3X% 1f and —log( +5) 2 (—1)" 12]+1

The fact that the class X cannot be complete is apparent. However, the Koebe function is
not a member of the . Braennan and Taha [7] suggested making new subclasses inside the
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bi- univalent class K. These subclasses would be like the will know well-known S* 5 and
K (y) subclasses, starlike convex functions of order y (0 < y< 1), respectively. Thus, for 0 <y
< 1, a function F € X falls into the class S*5(y) of bi-starlike functions of order y are
defined as functions F for which F and F~1 are starlike functions of order y. Or into the
class k 5(y) of bi-univalent functions of order vy, if both F and F~1 are convex functions of
order y. Furthermore, A function F € A is classified as a strongly bi-starlike functions of
order y (0 <y < 1), denoted by S* 5[y], K. Bilal [8] and A. Delph and K.A. Jassim [9], if it
satisfies each of the following conditions:
§F' () ym wg'w) ym
|arg(ﬂf'(§) )| <% and |arg( g'(w) )| <72
where, g is the univalent extension of F~1 to U.

There have been numerous recent works dedicated to studying the class Z of bi-univalent
functions and tried to fine the highest values the Taylor-Maclaurin coefficients|c,| and |c5].
Notably, the pioneering work by Srivasteva et al. [6] has made great progress of several
subclasses inside the bi-univalent functions class X. Additionally, they have identified on the
magnitudes of |c,| and |c3| . The scientific literature has made a significant amount of
additional work available, expanding on the pioneering research by Srivasteva et al. [10] and
focusing on coefficient problems for different subclasses of the analytic and bi-univalent
function class X . D. Ali [11], F. Ghanin and Hiba [12,13], provide of this type of study. The
unsolved problem, however, is to find the generally applicable coefficient estimate bounds on
|cj| (€ {4, 5,6, .. .}) for a function F'that is defined by Equation (1) and is the class. Indeed,
when the coefficient exceed three, there is no inherent approach to determining an upper
limit. Several studies have employed fiber polynomial approaches to calculate upper limits
for coefficient with greater order Wanas and A. H. Majeed [14] and other [15-16].

The determination of estimates for the Tayler —Maclaurin variables in an algebraic
equation are those multiply value. An essential issue in geometric function theory is the
analysis of an, since it yields valuable insight into the geometric characteristics of these
functions. For instance, the bounds for the second and third coefficients a, andaz of
functions F € X yield growth and distortion bounds, as well as covering theorems.
Motivated by the aforementioned works and making use of Ruscheweyh derivative operator,
we examine two specific categories of analytic and bi-univalent functions during our
investigation. The techniques employed by Srivasteva et al. [6], Fraisn and Aouf [17]. The
obtained results improve some recent works and rectify remarkable mistakes in existing
coefficient estimates.

Lemma 1.1. [2] If h € P, then |hy| < 2for each k € N, where P is the subclass of
functions h(¢) of the form

h(§) =1+ hy & +hy§%+ had+ - - -, 3)
which is analytic in U and the actual component , R(h($)), is affirmative.

2. Bounds for the coefficient functions in the class T'5x(n, @, B; o)
Consider an element h € Pdefined by Equation (3), and let K(z) be a complex-valued
function such that K(§) = [h(§)]?, o € (0,1].

larg(K (§)) = olarg(h(©))]| < -

Therefore, if |arg(K (& )) | < az—n, then it can be said that there exists h € P such that k()
can be written in terms of h and « as follows
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Definition 2.1. A function F € X given by Equation (1) is called in the class
(o, B;0)é,welUn>0meC{0},EN,0< 0<1)
if it is satisfied each the conditions

arg<1 N 1; l(l I £(REF(D)) +nf(RBT(f)) <5(Rﬁf@)) +§(RPF(©) )_ 1])‘ <

RPF() (rEF©) (rBF©) 2
and
1 W(Rﬁg(w))’ W(Rﬁg(w))” W(Rﬁg(w))’+w(Rﬁg(w))”
arg (1 += [(1 —n) RBg(w) +7 (RBg(W))’ (Rﬁg(w))' -1 <
= (5)

2
where the function g = F~lis defined by Equation (2).

Theorem 2.2. If F € T3(n, @, f; 0) be given by F (§) =& + X%, ¢;&€/. Then

el < diul ©6)
VIzow[(B+2)(B+1)(1+2n)-2(B+1)2(1-n)]-(0-1)(B+1)2(n+1)2]

and
20|@| 40?|w|?
<
sl < m G narzn T Errgn? ™
Proof. It follows from Equations (4) and (5) that
RBF(E)) RBE@©) (£(RPF©) +&(RPF )"
@ REF(E) (rEF®) (rEF®)
and
Rﬁ ! Rﬁ rn Rﬁ ! Rﬁ 14
14 il(l —n) W( 3g(W)) + UW( g(W))’ <W( g(W)) +W( ’g(W)) ) _ 1] ©)
@ REg(w) (REgw)) (REgw))
where p,q € P have the following representations
P(E)=1+p1 & +p§2+psé®+-- -, (10)
and
qw) =1+ qw +qw?+ qsw® + - - (11)

Clearly, we have
P17 =1 + opi§ + (50(0 = Dp,2) 2 + (;0(0 = V(o — Dpy® +0(1 -
Opip;) 2+, (12)
and

[q(wW)]° =1 + oq,w+ G o(o — 1)q22)w2 + (%c(a — 1) (o -1gq° +0(1 -
0)q142) W2+ -+ . (13)

We also find that
((REF©)  &(rPE©®) [£(RFF©) +£(RPFE®)
1+i[(1— ) (ﬁ )+ ( ), ( ) (, ) 1| =1 + &R ey
@ REFE) (REF(®) (REF(®) @
201_
((B+2)(B+1)(1+2n) ¢, — 2B+ sz) £ 4. a9

w w

and
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ad [(1 ) W(R:g(w))' o W(RBg(W))," <W(RBg(W))I+W(R,Bg(W))”> _ 1] -
© RPg(w) (REg(w)) (REg(w))
—_ 2 —
(ﬁ+133(1+n> oW+ (2(B+2)(ﬁ+1)(1+2n) 2B+07 A 2 (42 A2 c3) w? +

(15)
Now, by using Equations (12), (13), (14) and (15), together with comparing the coefficients
of Equations (8) and (9), we get

w w

(ﬂ+1,);,(1+n) ¢, = opy, (16)

21—
EDE) 2B 2 Lo 1), 4 op,, (17)
— G ¢, = o, (18)

and

2(B+2)(B+D)(1+2m)-2(B+1)?(1-1) 2 — (B+2)(B+1)(1+27) ¢
2 @

1
- 3= 50(0' —1q:* +oq,.  (19)
In view of Equations (16) and (18), we conclude that

) p12= —q1, (20)
2(B+1)2(1
2051 Qtn)” C22 = CZ(P12 + Chz)- (21)

w2

Adding Equation (17) to Equation (19), we obtain
2(B+2)(B+1)(1+2m)-4(B+1)*(1-7) 1
G+ LU ) 4p ! ° = 50(0 — D(®:* + q1) + o(p; + q2). (22)

@

Substituting the value of p;2 + q;2 form Equation (21) into Equation (22) and further
computations imply that

2 — szz(p2+q2) (23)
20w[(B+2)(B+1)(A+2m)-2(B+1)2(1-m)]-(6-D(B+D2(1+m?’

%)

Applying Lemma 1.1 for the coefficients p, and g, on Equation (23) imply that

|C | < 20|@|
21 = lzowl(B+2)(B+1D) A+zn)-2(B+D2A-m]I-(e-D(B+D2(1+n)?|
Next, in order to derive the bound on |c3|, by subtracting Equation (19) from Equation (17),

we obtain

HEDEDOED (—,?) = 20(0 — D(ps® + @2 +0py + ). (24)

Now, substituting the value of ¢,%from Equation (21) into Equation (24) and using (20), we
conclude that

_ _ 0@(P2—qy) o’w?(p2+4qz) (25)
2(B+2)(B+D)(1+2m) — 2(B+1)2(1+m)?’

Finally, by using Lemma 1.1 again over the coefficients p,, p,, q; as well as g, on Equation

(25), we may conclude that

(3

les] < 20|@]| 40%|@|?
31 = (g++n(+2n) | (B+D2(1+m?
This completes the proof.

3. Bounds for the coefficient functions in the class 7 y(n, @, B; o0,7)
Let he P be defined by Equation (3), and let L(¢) be an arbitrary complex value
functionL(é) = t + (1 — 1)h(),0<t <1, then
RLE)} =1+ A = DRE} > 7.
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Therefore, if R{L(§)} > , it can be said that there exists h € P such that L(¢) can be
written in terms of h and 7 as follows

LE) =7+ (1 = Dh($).

Definition 3.1. A function F € X given by Equation (1) is called in the class
Ts(n,w,B; o,1)(é,w € Un> 0,w € C\{0},F € Ny,0 < T < 1),

if it meets the following requirements
((rRPF®)  &(RPF®) (e(Rﬂf<5))'+s(Rﬂr(a)")
RI1+=|(1 - + ; ; -1
{ @ [( N (rEF ) (rREF©)

W(Rﬁg(w)), w(RBg(w))” <W(Rﬁg(w))’+w(Rﬁg(w))”) _1
RBg(w) (Rﬁg(w)), (Rﬁg(w))’

} > 1, (26)

}>T,

and

m{1+$[(1—n)

(27)
the function g = f~1is defined by Equation (2).

Theorem 3.2. Let F € T"5(n, @, f; a,t)be given by Equation (1). Then
leo| <

( 2lw|(1-7) )% 0<rt<1-— (B+1)%(1+n)? _
[(B+2)(B+1)(1+21n)-2(B+1)2(1-n)| - = 2|lw||(B+2)(B+1)(1+2m)-2(B+1)2(1-n)|’

— 2 2
2|w|(1-7) 1— (B+1)°(1+n) <T<1;
(B+1)(1+n) 2| ||(B+2)(B+1)(A+2n)-2(B+1)2(1-n)|
and
( 2|w|(1-1) 4|lw|(1-1)
Ep+2)(B+1)(1+2n)  |(B+2)(B+1)(1+2n)-2(B+1)2(1-n)|
(B+1)2(14n)?
< <71<1-— )
les| < 0st <= iGEDarm-—2GDam
2|w|(1-7) 4lw*(1-1)° _ (B+1)*(+1)? <r<1
B+2)(B+1)A+2n)  (B+1)2(1+7n)? 2|lw||(B+2)(B+1)(1+2n)—-2(B+1)2(1-n)| — '

Proof. It follows from Equations (26) and (27) that
(rREF©) | E(RPF®) [(£(rRFF®) +6(RFF©®)"
1+1l( —n)(ﬁ ) 44l ),<( ) +4(" ))_4
@ REF() (rREF©) (rREF(©)
=1+ -1pE), (28)

and
REg(w)) REgw)) (w(REgw)) +w(REg(w))"
1+il(1_n)w(ﬁgw)+nw( gw)’ <w( g(w)+w(,gw)>_1l
@ REg(w) (Rﬁg(W)) (Rf”g(W))
=7+ (1 —-1)9(w), (29)
where p, q € P have the representations of Equations (10) and (11), respectively. Clearly, we
have

; T+ -Dp) =1+ 1 -Dp1&+ (1 —Dp%+ -, (30)
an
T+(1-1gw) =1+ 1 —-1)gw+ (1 —1)g,w? + ---. (31)

Now, by using Equations (30), (31), (14) and (15), together with comparing the coefficients
of Equations (28) and (29), yields
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(B+1)(1+n)
D, = (1- Dy, (32)
2 1)(142 2(B+1)2(1-
(B+ )(ﬁ;)( vo) 26 ;( D22 (1— D), (33)
(B+1)(1+mn)
- /3w—77c2 =(1-1)q4, (34)
and
2(B+2)(B+1)(1+2n)-2(B+1)2(1-n) (B+2)(B+1)(1+21)
B B t: B n C22 _ B ﬁw n C3 — (1 —T)CIZ (35)
From Equations (32) and (34), we get
5 , P1 = —q1, (36)
2B+ 1D*(1+n)
2 > = (1 -2 + a:2). (37)
Adding Equations (33) to Equation (35), we obtain
_ 21—
2([>’+2)(ﬁ+1)(1+21) 4(f+1)°(1-n) 2= (1 — D), + q) (38)
From Equation (37) and Equation (38), we find
2 _ wz(l—T)z(Ihz"'qlz)
2 T Tagiraim? (39
and
2 _ @(1-7)(P2+92)
2 T 2D (D 2 -a(F+ 0P (1-n)’ (40
respectively.

The Equations (39) and (40) together with applying Lemma 1.1 for the coefficientsp,, q1, p,
and q,, we find that

2|w|(1-7)
< = 7
2l < e
and
|C |< 2|w|(1-1)
2= 1B+ (B+1) (1 +2m)-2(B+11)2(1-1)|’
respectively.

To calculate the projection for the |c3|, we subtract Equation (35) from Equation (33),

(B+2)(+1)(1+2n) 2N _ (1 _ _
> (3—*)=0-1(:—q2)
or, equivalently,
=2+ @(1-1)(p2—4q2) (41)
3772 T (p+2)(p+(+2n)

Substituting the value of ¢,? from Equation (39) and Equation (40) into Equation (41), imply
that

o= w(1-1)(p2—q2) @2(1-1)2(p12+q412) (42)
37 (B+2)(B+1(A+2n) 2(8+1)2(1+m)2
Ca = ?U(l—T)(Pz—fh) w(l—‘r)(p2+q2) (43)
37 (B+2)(B+1(A+2n) | 2(B+2)(B+1)(1+2m)—4(B+1)2(1-1)

respectively.

Finally, applying Lemma 1.1 once again for the coefficients p;, q;, p, and g, on
Equations (42) and (43) together, we conclude that
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les| < 2|w|(1-1) 4|w|?(1-1)2
31=(g+2)(B+1)(1+2n)  (B+D2(14+m)2°
2|w|(1-1) 4|lw|(1-1)

les| < _ 21—
(B+2)(B+1)(+2m)  [(B+2)(B+D)(1+2m)-2(B+1)2(1-n)]
In the order mentioned, proof is now finished.

4. Conclusions

In this study, we have introduced and examined two specific subclasses of analytic bi-
univalent functions associated with the Ruscheweyh derivative in this research. Our main
goal was establish the first limits for the coefficients of functions that fall within subclasses.
The study of the results shows significant improvements, and corrections compared to
previous investigations. Moreover, we have highlighted certain implication of these subclass
by considering specific parameter specifications.
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