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Abstract

In this paper, a food chain model with fear, Allee effect and linear harvesting in
prey population with additional food and nonlinear harvesting in predator’s
population have been advanced and studied. Furthermore, it is assumed that the
predators are feed on prey using Crowley-Martin functional response. The
existence, uniqueness and boundedness of the solution have been discussed. The
conditions of local and global stability have been found. The aim of this study is to
determine the fear, Allee and additional food effect on the stability of the proposed
system, it has been shown that they have an important effect in controlling the
stability of the system. Finally, numerical simulation carried out by using
Mathematica to verify our analytical results.
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1. Introduction

Applied mathematicians, theoretical ecologists and other scientists usually use
mathematical models may help them to understand the dynamic behaviors of real-world
problems, it is an effective method to study the dynamic behaviors of the interaction between
the predator and prey, the first prey — predator model was proposed by Lotka [1] in 1925 and
Volterra [2] in 1926.

At first, Lotka developed an application to study the dynamics of a predator-prey system
after proposing a model for the study of plant species and herbivorous animal species. In his
stead, Volterra concurrently examined the same model to account for the observed rise in the
proportion of predatory fish caught during World War 1. Volterra was interested in learning
more about this situation because it seemed confusing that there had been less fishing effort
during those years, many mathematicians and ecologists extended the model of Lotka-
Volterra [3-5] and the references therein.

Actually, since the study of predator-prey models has long been a popular area in
biomathematics, a large body of work has been done on the important subjects in ecology,
our goal in this paper is to show a predator—prey model with the presence of fear effect with
Crowely-Martin functional responses as well as with Allee effect, additional food and
harvesting. On the other hand, many authors have focus in their study on the hunting
cooperation, delay and prey refuge or study combination between more than one
characteristic. As a suggestion for interested readers we propose the following references [6-
12].

The predator’s intake rate in relation to prey density is referred to in ecology as a
functional response, Holling [13,14] proposed three types of functional response, and many
authors [15-20] used Holling type I, type II, and type III in their study which is dependent on
prey density only, there are other types of functional responses, for example, Holling type IV
[21] functional response, Beddington-DeAngelis [22] and Crowely-Martin [23] which is
dependent not only the prey but also on the predator, other models consider a functional
response of ratio-dependent type [24].

In 1931 Allee [25] was the first who describe when the density of a prey population is too
small, making it difficult for it to reproduce or survive, there are two types of Allee effect
strong Allee effect and weak Allee effect and they are depending on the nature of density
dependence at low densities. The weak Allee effect occurs when per capita growth rates are
lower at low densities than they are at high densities, but growth rates are still positive in this
scenario of a small population. As an illustration of the strong Allee effect, consider the
following: a population's passage through the threshold curve, the per capita rate of
population growth rapidly declines and then accelerates to negative until the population
reaches extinction, as a suggestion for interested readers we propose the following references
[26, 27].

Predation anxiety has been shown to reduce prey growth rates in addition to directly
killing them over time, according to a number of experimental studies. The first study on the
species fear effect was conducted by [28] on female song sparrows that were free-living and
observed to react to the sound of predators by developing anti-predator defenses and fleeing
their nests at the first sign of danger. By broad casting the predator sound of some song
sparrow populations, while no predator sounds were heard for the others, the author studied
this impact. During that period every nest in the population under investigation was protected
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from direct killing, which was obviously necessary because fear could have an adverse
influence on reproductions as a result, they found that 40% reduction in the number of off
springs produced per year by wild, in addition to if the prey feel fear of predators and act
according this will make hunting more difficult for the predators. Therefore, many authors
study the theoretical arguments regarding the impact of fear behaviors [29-33] and the
references therein.

Recently, the study of ecosystems in which the predator has access to additional food
sources in addition to its target prey has gained importance and is now a key area of research
for mathematicians, ecologists, and biologists. This is due to the fact that providing more
food has been shown to be very effective in both controlling invasive or harmful species and
conserving endangered species [34-36]. Also, many authors proposed and studied the food
chain model with the effect of additional food [37, 38] and the references therein.

Harvesting is a crucial area of study for ecologists and biologists, because unscientific and
ongoing harvesting is driving thousands of species toward extinction. Harvesting is also
beneficial to a nation's economic growth. Therefore, it is imperative that an appropriate
optimal harvesting policy be investigated. A report has been submitted on combined
harvesting which has an impact on the populations of prey and predators, [39]. After that,
[40] studied the effects of predator harvesting of a two prey one predator system. Then [41]
studied the effects of nonlinear predator harvesting in a complex predator—prey system. After
that, [42] investigated the impact of harvesting for prey populations within a reserved area in
the presence of toxicity. Therefore, many authors study the impact of harvesting like [43-45]
and the references therein.

The goal of this paper is to study the food chain model in the presence of fear and Allee
effect as well as additional food and non-linear harvesting with Crowely-Martin type of
functional response it is observed that the additional food supplied to predators and Allee
effect have an important role to control the instability of our system.

2. Mathematical model

In this paper, a model of (Prey, Predator and Top predator) with Crowley-Martin
functional response has been proposed for study. Whose total population density at time T is
denoted by N(T), M,(T), M, (T), respectively.

Z_I;I = bN (1 N %) (fM1+1> (NI-\I,-A) N (1+n111?\]1)1\(’i‘/1:n2M1) — N,

dMl _ llNMl _ BleMZ _ _ _ 2
ar ~ (1+nyN)(1+n,My)  (1+nsMy)(1+n,Msp) + (A =m)BM; — diMy — h, My, )
dMZ lZMlMZ

= - — 2
T W nary T 1Mz — d;M; — hsM;

With the following initial condition N(0) >0, M;(0) >0 and M,(0) = 0. While the
biological meaning of the parameters in system (1) illustrated in Table 1:
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Table 1: Biological meaning of the parameters of system 1

Parameters Biological meaning
b> 0 The intrinsic growth rate of the prey population
K>0 The carrying capacity of the prey population
f>0 The fear rate of the prey species from predator
A>0 The Allee effect parameter
B;>0,i=1.2 The attack rate of the prey and the predator respectively
[,>0,l; <B; The conversion rate of food to the predator and top predator respectively
n;>0,j=13 The handling time of prey and predator respectively
n,>0,m=24 The magnitude of interference among predator and top predator respectively
B >0 The additional food for top predator
1-mp.,0<n<1 The benefited of predator by some portion of the additional food of top predator
h.>0,r=12,3 The harvesting rates of prey, predator and top predator respectively
d; >0 The natural death rates of predator and top predator respectively

It is easy to verify that all the interaction functions of system (1) are continuous and have
continuous partial derivatives on R3 with respect to dependent variables N , M; and M,.
Accordingly, they are Lipschitzian functions and hence system (1) has a unique solution for
each non-negative initial condition. Further the boundedness of the system is shown in the
following theorem.

Theorem 2.1: All the solutions of system (1) which initiate in R3 are uniformly bounded.
Proof: Let (N (t),M(t),M, (t)) be any solution of the system (1) with non-negative initial
condition( N(0) , M,(0) ,M,(0)) € R3.

Assume that W (t) = N(t) + M;(t) + M,(t) then taken the time derivative of W (t) along
the solution of the system (1), we get

aw N 1 N ByNM; _ _ B, My M,
E - bN ( 1 K ) (fM1+1 ) ( N+A l>M 1\(41+n1N)(1+n2M1) th (1+n3M1)(1+n4M2)
_ _ _ 2 21 M2 _ _ 2

(1 - n)pM, —d;M; — h, My + ey (manty) T M, — d;M; — h3M;.

Now, from the biological point of view, always [;< B; ,i = 1,2 hence it is obtained that
Thus, using comparison theorem, we have
aw N
S<bN(1-2) + - mpM, (1-
where H = min {h,,d;,d; }.

Now since the function g(N) = bN ( 1 —%) is logistic function with respect to N and

hyM;
(1-mp

h3M;

+nfM, (1 — HW,
np

hence it is bounded above by the constant %K.
Also, since the function g;(M;) = (1— n)BM, (1 L

(a-np
(1-n)%B?

) is logistic function with

respect to M; and hence it is bounded above by the constant

4h,
Finally, since the function g,(M,) = nfM, (1 - h:’j:z) is logistic function with respect to M,
2
and hence it is bounded above by the constant = %, it is observed that
3
aw _ (bK | (1-m)?B*  n*p?
SE—HW <L, where L= (5 + =2+ 1E),
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Then by solving the above differential inequality it is obtained that
L LY ,-nHt
W) <=+ (W —5) et
Then,
. L
th_)nc:no W) < =

So, 0 < W(t) <—. That the solutions are uniformly bounded.

L
H
3. Existence of equilibrium points (EPs):

In this section, the existence of all possible (EPs) of system (1) has been discussed.
Notice that, system (1) has ten (EPs):
e The trivial (EP) E, = (0,0,0). Cleary, it is always exist.
e The (EPs) E; =(N,0,0)andE, = (17,0 ,0) exists if the following equation has
positive solution
bN%? — K(b — hy)N + h;KA = 0. (2)

Clearly, according to the Descartes’s rule, either Equation(2) has no root or, there are two
roots, if the following condition holds

b>h, (3)
o The (EP) E5 = (0,M,,0 ), where M; = G—?& exists if the following condition holds
2
1-mp>d (4)
e The (EP) E, = (0 ,0, M, ), where M, = nﬁh—dz exists if the following condition holds
3
B >d, (5)
e The (EP) E5 = (N , M, ,O) exists if and only if the following equations have a positive
solution
N 1 N B My —
b (1 N E) (fM1+1 ) ( N+A ) T A+ N)(1+ ngMy) hy =0, (6.1)
LN B,M
L - i +(1_n)ﬁ_d1_h2M1:O (62)

(1+ nlN)(1+ n2M1) (1+ n3M1)(1+ n4M2)

From Equation(6.2), we have
N = (1+ nyMy)(hy My +dy — (1 — n)p) (6.3)
L —n(1+ noMy)(hy My +dy — (1= m)B) -
Now, by substituting Equation (6.3) in Equation (6.1), we obtain the following equation
ViME + ¥, M] +ysMP + vaMy + ysMT + yeM? + v, M7 + ygMy +ys = 0,
where
1 = fhana (1 +nyA)(h3n3 + S4)Sg + Khanin3(hyny + 4)),

Y2 = hyn, [h2n1n% (hz [56 - %} — 3Kfhyn;S3 + Khyn,A(Sg + hyf)) —
fhySs[KAn, (n? + 2) — 3n2(1 +n, A)S] — (h3n3 + S,)S, |

b(hy—S3)
Y3 = hyn, [hznﬂl% (S6 - #) — 3n,5; (h2n257 +ny(Sen, + kfh1n1)) -

_ 262_

fn,(1+ n1A)(253% — hy51)Ss — K [fh1n1n2 (55 - malh (hy 4n;s:l)+n251 253]) +
272

_ ny(Sp+25%)

Ah3hynynd + A (Ss —

) + Ahznl(n% +2)(Sg + fh1)53]l.
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hyS3—h3—n5S%

)/4 = 3h2n1n% [b( 3h2n2 + Sl) - hZS3S6] - f(l + nlA)Sgsg [thnz(nlll +
2n,81) — Sa] + hon3S; (285 — hynySy) — hyny(nySe + Kfhyng)[Ss —
nl(hz(hz - 471251) + n%Sl - 253)] - K [3h%n%(b - hl(l + nlA))S3 + hznzA(Sg +

2¢ _ —
hlf) (Ssg _ h2n254 n154,) + h%hlnlnzA(n% + 2)53 + fA (Tl15154 2h2n2(n153(n111+n251)) +

2711 th n%

55)] _kf <n53 (hz(hz—2n25354)+n%sf B 51)>,

thnz
Ys = _bhznan (4‘h% + ngS{l‘ - n251(17h2 + 671251 + 1)) -

(4h2n251— nl(h%+n%5‘%—253))

Sehan; — (2S¢ + Kfhyny)Ss (n1(h§ +n3S7) —

hznz
2hyn (0381 + S5)) — K [ Fhunyng (nanahyS3 + Ss(hG + n3S? + 28, (2hyn, +
n153))) — (b — hy(1 4+ ny)A)hyny (2n,S5 — hyn3Sy) + S35,(2) +

fSe(1 +nyA)(S1Ss + 2(nyly + 1y5;)S2 + hyn,S,) — KA(f(nl(Z(nlll +
n351)S5 — hynyS,) + S4S5) + (Sg + h1f)(n15154 — 2hyn,(ny S3(nyly +

Tl251) + Tl255)) + h1h2n2 (hz"%SS - (n154 + 271154 + 2”1532))],

_ n3-on3s? <\ _ . 3c3 —3(h3+nis?) _
Yo = —bmy [h2 (n2(8h2+1) Sl) n2Si M ( 7h, + Sl)]

nl(h%+n%5‘%)+2h2n2n151

5356 [ 2’12712 - 55] - KS3 [fhlnlnzsl(ll + 55) - (b -
h1(1 + nlA)) (thnz((nlll + nzsl) + nzsl))] -

KA [hl <(Tl1$154_— 2h2n2(n153(n111+n251)) + 55) + (nl(z(nlll _I_ nZS]_)S?? _—

ny
hynyS;) + 8455)(Sg + hif) + fAQRR(ny 1y +1y51)Ss + n152)53l —[5154 +
2(nqly + n251)53? + hyn,S31S; — [Sen, + th1n1][711712}12512 + Ss(hy +

3(h3+n3s?
Y7 =581 [bn1 (n(z(27h—:isz)) - 51) - 53((71256 + Kfhiny )l + S5) + 2(nql; +

n251)57) + f(l + nlA)stg - 27115356] - 56(n1n2h2512 + Ss(h% + 4‘h2n251 +

$1S4+5S,(hyny+fASs)
211 (Tll +Tl2)

n2s?)) - K [(b — hy(1+m,4)) (53? + ) + A[2hynyly(n, +

n3)S% + [S,S5 — (hyhyn,S; — S4Ss) + (2(nyly + nyS1)Ss + n1$2)5358]l

y8 = Sl [(nsz + kfh1n1)5155 - (l1 + 55)5356 - 2kS3(b - h1(1 + nlA))(nlll +

_ _ nlthASZ _
nZSI) (bhznlsl + 5257)] [(58+h1f)52—ZthA(n1l1+n251) 5]

Yo = —[S2(bny Sy + S5S6) + KS,((b — hy(1 + nyA))S, + hiASs)],
with
S$1=0-n)B —dy,
S, =12+ 20,8, + n,S?,
S3 = NS81 — hy,
S4 = hany(hy — 21iny) +n38,(S5 — 3hy),
55 = ll + n151,
Se = b —kny(b—hy),
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S7 == knz(b - hl(l + nlA)) - Bl + hlf(l + TllA),
58 = B1 + h1n1 > 0
Which has positive solution if the next conditions with conditions (3 and 4) are hold

(1-n)f <d, +2, (6.4)
nz
b > Max{h,(1 + n,A), Kn,;(b — hy)}, (6.5)
I > % (6.6)
1
Kn,(b — hy(1 + n4A) + hyf (1 + n,A) > By, (6.7)
bn, > kfhn,, (6.8)
KAn;(n3 + 2) > 3n3(1 + n,A)Sg, (6.9)
hin3 + S, <0, (6.10)
hy > 21,555, (6.11)
Se > May {H12=%) bamtflum}, (6.12)
hz ny
hle%Ss—n1$4 2 . h251 —(5154+52(h2n2+fA55))
Max {h;n,Sy, me }< s% < minft22, o P 1 (6.13)
n15154— 2h2n2n153(n111+n251) nlthASZ
MaX { Zth% ’ (Ss+h1f)52—ZthA(Tllll‘l'nle)} < SS <
— 2¢2_ 2
Min {nl(hZ(hz 41;122%2”11251 252) ) nl(izzg%),nﬂhz(hz — 4n,S;) + n3S; — 253),
2h2n2(n153(n111+n251))—n15154 nl(h%+n%5f—2h2n251)} (6 14)
2¢g2 "2 2 ,2 2 ghgnz , .
hz(h2—53)+n251 hz(h2—2n25354)+n251 h2—9n251
MaX { 3nyh, ’ 2nyh, ,n2(8h2+1)} < Sl <
. (hy 3(h3+n3s?) 3(h3+n3sf)
Mln {3712 ! 7h, ! n2(7h2—53)} (6.15)
4h3 + n3St > n,S;(17h, + 61,5, + 1), (6.16)
Fhinan,Si(ly + Ss5) > (b — hy (1 +n,4)) (thnz((nlll +1n,8,) + nle)), (6.17)

bn,(3(h3 + n3SE) — nyS1(7Thy — S3)) — S3((nySe + Kfhyny)(Iy + Ss) + 2(nyly +
n,51)S7) + f(1 + n,4)S,Sg — 2115356 > Se(nynyhySE + Ss(h% + 4hyn, S, +

nzsy)), (6.18)
2hinqli(ny +1n3)S35 + £S,Ss

< hihyn,S; — SuSs — (2855 (nyly + nyS;y) + n1S,) S3Sg, (6.19)
(n256 + Kf1n1)5155 - (ll + 55)5356 - 2kS3 (b - hl(l + TllA)) (nlll + Tl251)

> bhynyS; + S,S,. (6.20)

So, the (EP) Es = (N, M;,0 ) where N = N(M,) exist if in addition to conditions (3,4,
6.4 — 6.20) the following conditions hold

(1- B < h, M, +d,, (6.21)
L >ny(1+ n,My)(hoMy +dy — (1 —1)B). (6.22)

o The (EPs) Eg = (N,0,M, )and E;, = (N,0,M,) exist if and only if the next equations
have a positive solution

b (1-8) () () - =0 o)
np —d; —hsM, = 0. (7.2)
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From Equation (7.1), we have Equation (2) which has no root or, has two roots if
np-d,
h

3

condition (3) holds while from Equation (7.2), we have M, =
condition (5) holds

e The (EP) Eg = (O,Ml,Mz) exists if and only if the next equations have a positive
solution

which is positive if

—B; M,
(1+ n3M1)(1+ n4M2)

+ 1 - np—dy—hyM; =0, (8.1)
LM,

0+ M) (1t mahip) | np —d; —hsM, =0, (8.2)

from Equation(8.2), we have
_ (1+ nyM3) (hsMy—(n B —d3))
My = l—n3(1+ ngMy) (haMz—(nB —dz))’ (8.3)
Now, by substituting Equation(8.3) in Equation(8.2)we have

a M3 + a,My + asM3 + a,M2 + asM, + ag = 0, (8.4)
where

ay = —ngnihj [n3((1 —np - d1)],

Uy = NzNy [n3n4h§ ((1 + n4)((1 —mp - d1) - Bz) + (n3((1 -np — dl) - hz)
((n4(77,3 —dy) —h3)(ny + h3)) + nyh, 2ny(mp — dy) — 3h3) — n3h3],

a3 = n3n4[(n4(n,8 —dy) — h3)[(n3((1 —-mp—dy) - hz)((nz;(??ﬁ —d;) — hy —nzh3)
+hyhs — 2n3h3((1 —-mp - d1) —nah,(p — dz)] + 2n4hzh, (M — dz)]
—n4h3[(n3((1 —-mp - d1) - hz)((2n3n4(7lﬁ —dy) —h3)

+ ny(l; + n3(mP — dz))],

Ay = n3((1 -mB - dl)[ns(m(nb’ —d,) — h3)* — 2n4h3(l2 +ns(mp — dz))] +

n3(n4((1 —-mp - d1) - Bz)[n4h3(lz +ns(mp — dz)) +nz(ny(mf — dy) —

h3)] - n4(n3((1 -mp - d1) - hz)[”% 2(mp —dz) — h3)(ny(nf — dy) — h3) +
((nn(ﬂﬁ - dy) — h3) — n3h3)(lz +n3(mp — dz))] —nghs(n,(nf — dy) —
h3)[((n4(n,8 —dy) — h3) + 2”4) + 2nghynahs (P — dz)]'

a5 = (I + 31 — d2)) [ns(a(mp — d) — hy) (2 + ) (L =B — i) = By -
n,((n5(1 = MB — dy) — h,) 2B = d2) — h)| = ns (0 — d) =
hz)[(nﬁ - dz)(n3((1 -mB - d1) - hz) —2h,(mB — dz)] —ngnah,(f — dz)z’
Qe = (lz +ns(np — dz)) [(lz +n;(mp — dz)) ((1 + n4)((1 —mpB - dl) — Bz) -
(18 — d3) (n5((1 = MB — dy) + hz)| = nshy (B — )2,

Clearly, by Descartes’s rule, Equation(8.4) has a unique positive root, if in addition to
condition (4 and 5) the following conditions hold

Max {d1+:—:,d1+u%jm}<(1—n)ﬁ<dl+%, (8.5)
d2+%<nﬁ<d2+nij, (8.6)
nynyhd ((1+n)((1 =B — dy) = B,) < nshs — (n3((1 =B — dy) = hy)

((n4(77,3 —dy) —h3)(n, + hs)) + n4h, 2n,(np — d;) — 3h3), (8.7)

n3n4[(n4(nﬁ —dy) — h3)[("3((1 —mpB—dy) — hz)((m(nﬁ —dy) — hy —nzh3)
+hyhs — 2n3h3((1 —mp - dl) —nah,(p — dz)] + 2n4h3h,(mp — dz)] >
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n4h3[(n3((1 -mp - d1) - hz)((2n3n4(nﬁ —d;) — h3) + ny(l; + ns(mp —

d,))], (8.8)
ng(ny(mB — d,) — h3)* > 2n4h; (lz +n3(mp — dz)): (8.9)
n4h3(lz +ns(np — dz)) < —nz(ny(mp — dy) — h3), (8.10)
n§(2(nﬁ —dy) — h3)(n,(nf — dy) — h3) < —((n4(T],3 —dy) — h3) — n3h3)(lz +

ns(nf — d5)), (8.11)
2n,(nzhoahs(mB —dz) +1) > —((n4(n,8 —dy) — hs)). (8.12)
mp - dz)(n3((1 -mp - dl) - hz) > 2h,(MB — dy), (8.13)

(L + ns(mf — d2)) [na(na (B — d2) = hy) (2 + ) (L =) — dy) = B, ) -
n,((n3(1 = )P — dr) = hy) (0P — d) — h3)| — nymah, (1 — d2)? <
ny(n,(np — dy) — h3)[(nﬁ - dz)(n3((1 —-mp - dl) - hz) —2h,(mB —

dy)], (8.14)

(lz +ns(np — dz)) ((1 + n4)((1 -mB - d1) - Bz) >

B — d)(ns (A =) — dy) + hy) + 2ewfda_ (8.15)

(lz+n3 (nﬁ—dz)).

So, the (EP) Eg = (0,M;, M, ) where M; = My(M,) exists, if in addition to conditions

(4,5 and 8.5 —8.15) , the following conditions hold

np < hyM,+d,, (8.16)
I, >ng(1+ nyMy)(hsM, — (B —dy)), (8.17)
e The (EP) Eq = (N*,M{,M; ) exists if and only if the next equations have a positive
solution
N 1 N B My —
b ( 1- E) (fM1+1 ) (N+A ) T A+ N)(1+ ngMy) h, =0, (9.1)
41N By M, —
(Lr ) (4 M) (L4 maM) (14 mghty) | (1 —=mp —dy —hM, =0, (9-2)
1My _
(1+ Tl3M1)(1+ n4M2) + nﬁ o dz o h3M2 - 0’ (9.3)
from Equation(9.3), we have
M, = (1+ ngMz)(hsMa—(nf —d3)) (9.4)

T l—ng(1+ nyMy) (hsMy—(nf —da))
Now, by substituting Equation(9.4) in both Equation(9.1) and Equation(9.2), we have

Ly(N,M;) = [-bnyN3 + (Kny(b — hy) — b)N? + K(b — hy(1 + n,A))N
— KhiA](l; + n3Py)?
- [bn1n2N3 — (Knyny(b — hy) — bn, — Kfhyn,)N? — K (nz (b -
hy(1+n,4)) = (B, + h f(1 + nyA))N — KA(By + hyf + hlnz))] (U, +
n3P,)P;) — Kf[hyninyN? + (By + hyny)(N + A)](—P,)* = 0, (9.5)
Ly(N,My) = [P + (I; + nyP)N + (1 + nyN)P; + [ynyN)M, | (L, + ngPy)? —
[(nzP +13(P — hyMy)) + (3 (L + 1y (P — hyMy)) + myn,P)N +
(nz(Pg + nyn, (P — thz))) M, — (nl(n2P3 + nzn, (P — thz)) +
l2n3n4)NM2] (Ly + 3PPy + [nany (P — hyM,)(1 + nyN)(1 +
n4M2)](—P2)2 =0, (9.6)
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where
P = (1_77)5 _dll
Py =np —d,,

P, = (1+ nyMy)((mB — dy) — h3My),

Py = ny((1 =mB —di) — hyMy) — (B + hy).
Now from Equation(9.5), we notice that, when M, — 0, then N - N*! is a positive root of
the equation that follows

f(N)=O'1N3+O'2N2+ O-3N+ Oy = 0, (97)
where

o1 = —bny (Il + ns(B — dy)) (L, + B — dy) (n3 + ny)),

0, = (I + B — dp) (3 — 1)) ((Kn1(b —h1) =b) (I, + nzs(nB — dy)) —
Kfhiny(nf — d2)),

05 = K ((b = h(1+ 1)Ly + n3(mf — d)) (L + (0 — dy) (3 — ) +
(B — d2)(B; + hif (1 +n,A)) (L, + B — dp))(nz — f( By + h1n1))),

o, = KA ((lz + @B —dy)(n3 — f)) ((Ylﬁ —dy)( By — hy(ng —ny)) — hﬂz))-

- av _ _((2m) (21
Moreover, from Equation (9.5) we have = <( ) / ( )) .So,

oM, oON

following sets of conditions hold

0Lq 0L 0L,y 0Ly
(aM2)>0( )>0 OR (aM2)<0( )<0 (9.8)
As well as, from Equation(9.6) we notice that, when M, — 0, then N - N*2,
%2 _ P(l;+P1(n3—n3))
where - N 11(12+n3P1)+n1P(12 nzP1))’
- av _ _((22) (k)] go AN
Furthermore, from Equation(9.6), we have oL <<6M2) / (M))' So, sz > 0 if one of

the following sets of conditions hold

aL aL daL aL
Ge)>0Gr) < 0 or (52)<0.(G) >
0. (9.9)
Then the two isoclines (9.5) and (9.6) intersect at a unique positive point (N*, M3) in the
Int.R2 of NM, — plane .
So, the (EP) Eq = (N*,M{,M; ) where M; = M;( M) exists if in addition to conditions
(3, 5, 6.5) the following conditions hold

f >nsz > Max {n,,n,, f(B; + hyny)} (9.10)
B; < hy(n; —n,), (9.11)
(1-n)B < d, + :1—2 (9.12)
N*1 > N*2, (9.13)
hsM;+d, > B, (9.14)

l, >n3(1+ nyM3)(hsM; — (B — d3)). (9.15)

4. Local stability analysis (LSA):

In this section, the (LSA) around each of the equilibrium points is discussed through
computing the Jacobian matrix (JM), J(N,M;,M,) and found the eigenvalues of
system (1) at each of them.
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Note that, we used the symbols A;y,A;y, and A;y, to represent the eigenvalues of (JM)
Ji; i = 0,1,... 9 that describe the dynamics in N-direction , M;-direction and M,-direction
respectively, where the Jacobian matrix J(N, M;, M,) of the system (1) at each of them can be
written as | = [al-j]g)x3 ,

_ bN(N(K=2N)+A(2K-3N)) B1M;

1 K(fMy+1)(N+A)2 (1+ mN)2(1+ noMy) hy,
__ fbN%((N-K) _ B1N —0 _ 1M,
U2 = rmr02(N+a) | Qs Mtz - M3 = Y Q21 = e o myy
— LN _ B M, _ o
D22 = T M) (At mpMy)? (14 nghy)2(14 mghy) + (L= mp —dy — 2k, M,,
e = —B,M; ar = 0 oy = IL,M,
23 7 (14 ngM)(1+ ngMy)? 31 ©OE T (1 naM)? (1 maMy)
_ laMy Y
433 = (14 nghty) (1+ nghtp)? 1B = dz = 2hs M.
o It is easy to verify that, the (JM) of system (1) at E, = (0,0,0) can be written as:
—hy 0 0
Jo=JE)=|0 QA-mp—-d, 0 . (10)
0 0 np —d,

Then the characteristic equation of J is given by
(=hy — A)((l_ mp —dy _/1)(77:8 —d;—1) =0
then the eigenvalues of J, are
Aoy =—h; <0, Aoy, =A—=m)B—d; and Aoy, =nP —dy, so0
the equilibrium point E, is locally asymptotically stable (LAS) in the R3 , by reversing
conditions (4) and (5) and it is unstable otherwise.

o The (JM) of system (1) at E; = (N, 0,0) can be written as

5= J(E) =
bN(N(K-2N)+A(2K-3N)) I fON*(N-K) BN 0
K(N+A)2 1 K(N+A) (1+ nyN)
LN _ _ . (11)
0 i) + (A -np—d; 0

Then the characteristic equation of J; is given by
bN(N(K-2N)+A(2K-3N)) LN _
( K(N+A)2 —h—4 ) ((1+ o A=mp—d - ’1) 0f = d, =2) =0,
then the eigenvalues of J; are:
bN(N(K—2N)+A(2K—3N))

My =  K(N+A)? —hi,
LN
Ay, = (1+1n11\—,) +((1-=mB—d;) and Ay, =B —d,.
Then E; is (LAS) by reversing conditions (4,5) with next conditions
N<-K, (12)
bN(N(K-2N)+A(2K-3N))
K(N+A)? <hi, (13)
T <= (1= mp). (14)

otherwise E; is unstable, similarly for the equilibrium point E,.
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o The (JM) of system (1) at E3 = (0,M;,0) where M, = % can be written

2

as J3 = J(E3) =
S (a-wp-a) g2 | (15)
' 0 T+ (1 — d)

Then the characteristic equation of /5 is given by
-B M 1,M
(=) (A= B —d) - DG+ B —d) = D) =0,
then the eigenvalues of J; are

-B1M 1M
Asn =m_h1 <0, /131\/11 = _((1_ U)ﬁ_dl) and /13M2 =ﬁ+nﬁ—
d,,
then E5 is (LAS) by condition (4) and reversing condition (5) with condition:
1, My
Ty < (2 —np), (16)

otherwise E; is unstable.
o The (JM) of system (1) at E, = (O 0,M, ) where M, = nﬁh can be written as:

[~ hy 0 0 1
—B, M, _ _
Jo= J(E) = ! 0 mgip T (A= mB—di) 0 ! 17)
1, M,
l 0 (14 nyly) —(nB — dz)J
Then the characteristic equation of J, is given by:
B, M.
(—h =) (G2 + (A= mB—d) = 2) (~B —d2) = 1) = 0,
then the eigenvalues of ]4 are
—B,M
Ay = —hy <0, /14-M1 = ﬁ_ (d;— (1= n)p) and /LLM2 =—-mp —dy),
then E, is (LAS) by condition (5) and reversing condition (4), otherwise E, is unstable.
. The (JM) of system (1) at Es = (N, M;,0 ) can be written as
Js = J(Es) =[], , - (18)
__ bN(N(K-2N)+A(2K-3N)) _ B M, _h
T = T it DAY 1+ n N)2(1+ nybly) L7
_ fbN3(N-K) _ B.N —0 _ 1. My
T2 = i 0E W) M@ iz * 13T Y Tl T O et gty
— LN _ —d. — Vi _ _~BaMy
22 = rmmaae i T LT M —di = 2k My, Ty = s
1, M
731=0, T3,=0 , 733 =m+nﬁ_dz-
Then the characteristic equation of J5 is given by
(t33 = D[A* — (T11 + T22)A + Ty1Tap — T12721] = 0.
. . . 1,0
Then, either (t33 —A) = 0, which gives Agy, = m +np — d,.

Or  [A% = (Tq1 + To2)A + 7917y, — T12721] = 0,
which gives
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bN(N(K—2N)+A(2K-3N)) _ B, M,

Asn + Asm, = ( K(f i, +1)(N+A4)2 (1+n N2+ nofy) hl) +
llﬁ _ _ _ >
((1+ n,N)(1+ nyMy)? + ((1 n)ﬁ dl) thMl )'
2 1 . (bN(N(K—ZN)+A(2K—31V)) _ B M, _h )
SN +75My ™ K(fM; +1)(N+4)? (14 nyN)2(1+ ny ;) 1)
LN =~ fbN*(N-K)
((1+ W)L mafi)? T (1= mp —dy = 2h M, ) B (K(fn71‘1+1)2(1\7+,4) B
(1+ nlﬁ)(1+ leMl)Z (1+ nlﬁ)2(1+ nzﬁl) !
then E5 is (LAS) by condition (4) and the next conditions hold
N < % K, (19)
bN(N(K-2N)+A(2K-3N)) B M,
K (f My+1)(N+4)? (14 nyN)2(1+ ny iy ) +hy, (20)
i T np < d, (21)
N ~
(1+ nlﬁ)(l"" n2M1)2 + ((1 - n)ﬁ - dl) < thMl’ (22)
K(fMy+1)2(N+4) ~ (14 nyN)(A+ n,Mp)? (23)
Otherwise E5 is unusable.
o The (JM) of system (1) at Eg = (IV ,0,M,) can be written as
Jo = J(Ee) = [ xij|,, 5 (24)
_ bN(N(K-2N)+A(2K-3N)) _ fbN2(N-K)  BiN _
X1 = K(N+4)? M X2 = Smn " armny X3 =0
_ _ 111V _ BZMZ _ — —
X21=0, X2 = (At mN) (14 naiiy) + (A= mp—dy, x23=0,
1M,
X31 =0, X32= ﬁ; X33 =—Mp — da).
Then the characteristic equation of J, is given by
1 =AUz —Hxzz — ) =0,
then the eigenvalues of Jg are
__ bN(N(K-2N)+A(2K-3N)) _ _ LN Bl _ _
Aen = K(N+4)2 s Aem =13 ) (Lhnghhy) A-mp—-ds

and
A6M2 =—mp —dy),
then Eg is (LAS) by conditions (5,12, 13 and 14) and reversing condition (4).
Similarly, E; = (ﬁ ,0, M, ) is (LAS) if the conditions hold, otherwise E4 and E, are
unstable.
. The (JM) of system (1) at Eg = (O M, , M, ) can be written as
Jo = [ Qi ]3)(3 , were (25)

_ —BiM; _ _ _ LM
0y, = @iy hy <0, 04, =0, Q3=0, Qy; = RYTNTAK

—B,M, + (1 _ n)ﬁ — dl — thMl; 'QZ3 =

_ —-B,M;
T (14 n3M)2(1+ nyMy)

(1+ n3M1)(1+ TL4,M2)2’

'QZZ
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_ _ 1M, _ 1My
le - 0’ QSZ - (1+ n3M1)2(1+ Tl4M2) ’ 933 - (1+ n3M1)(1+ n4M2)2
Then the characteristic equation of Jg is given by
Q1 = DA = (Qgp + Q33)A + Q55033 — 05303,] = 0.
Then, either (Q,; — 1) =0,
-BiM;
(1+ nle) hl < 0,
or, [A% = (Qzp + Q33)A + Q25033 — Q3303,] = 0,
which gives

+nB —d, — 2h;M,.

which gives Agy =

_ —B, M, _ _ _ .
Ao, + Ao, = ( o (= mB - dy) 2h,My) +
lZMl _ .
— —B2M, . . . p
Agm, - Agm, = ((1+ 2ty T (1= mp—dy) 2th1)

( 2ty + B —dz) — h3M2)

(1+ n3M1)(1+ n4M2)2

(s (armmstrmm)
(1+ n3M1)(1+ Tl4_M2)2 (1+ n3M1)2(1+ Tl4_M2) !
then Eg is (LAS) by conditions (4 and 5) and the next conditions hold

((1— mp—dy) < BaMs + 2h,M,, (26)

(1+ n3M1)2(1+ Tl4_M2)

lZMl _ y
@ mably) (1t mah)? © (1B = dz) < 2hs My, 27

otherwise Eg is unstable.
. Finally, the (JM) of system (1) at Eq = (N*, M] , M; ) can be written as:

Jo=[pij ], 4 (28)
Here
__ bN*(N*(K—2N*)+A(2K—3N")) _ B1M; _n
P11 = K(fM;+1)(N*+A)2 (1+ n N*)2(1+ npyM?) 1
_ fbN**(N*-K) ByN* _ _ 1M}
P12 = K(FMI+1D2(N*+4)  (1+ nyN*)(1+ nyM))2’ P13 =0, o1 = (1+ n N*)2(1+ npyM?)
I4N* B, M, *
P22 = TN maM)? (14 naMD2(1+ nghtl) + (1= mp - di) - 2h, My,

Dy = —B,M; a1 =0, psy = [ M;
23 7 (14 ngMD)(1+ ngMz)2’ 31 PF32 T (14 ngM)2(1+ nuM3)’

I, M5 *
P33 L + (B —d;) — 2hsM;.

T (A naM) (14 ng3)?

Then the characteristic equation of Jq is given by
B+LA2+LA+1; =0,

where

Iy = =(p11 + p22 + p33),

I3 = p11(paz + P33) + P22P33 — P12P21 — P23P32,

I3 = p11(p23P32 — P22P33) + P12P21P33.
So, by Routh Hurwitz criterion all the eigenvalues, which represent the roots of Equation

(28), have negative real parts if and only if I; > 0, I3 >0 and 4 = (I;1, — I3)I; > 0.
Clearly, in addition to conditions (4, 5) we have I; > 0 and I3 > 0 provided that

N* <K, 29)
bN*(N*(K—-2N*)+A(2K—3N*)) BiM;
K(fM;+1)(N*+A)2 (1+ nyNH2(1+ nyM;) +hy, (30)
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llN*
(1+ nlN*)(1+ nzMI)Z

B, M;
(1+ ngMI)2(1+ Tl4M;)

+((1-mp—-dy) < + 2h,M;, (31

LM
(1+ n3MI)(1+ n4M;)2

+ (B —d,) < 2h;3M;,. (32)

Therefore, under the above conditions, all of Jo's eigenvalues have negative real parts,
and as aresult Eq is (LAS), otherwise Ej is unstable.

5. Global stability analysis (GSA)

In this section the (GSA) for the (EPs), which are (LAS) of system (1) have been
studied analytically by use the suitable of Lyapunov method as shown in the following
theorems.

Theorem 5.1: The equilibrium point E, = (0,0,0 ) of system (1) is globally asymptotically
stable (GAS) in the sub region 1, € R3. In addition to reversing conditions (4 and 5) the
following conditions hold

K >N, (33)
(e ) < (dy — (1 = D)BIMy + (dy = )M 34)

Proof: Consider the following function Vo(N,M;,M, ) = N+ M; + M,.

Clearly, Vy: R3 - Ris a C! positive definite function.

Now, by differentiating V, with regard to time t, and performing some algebraic
manipulation, gives that

o (1) () () i — -

dac K/ \fMi+1) \ N+4 (14 nyN)(1+ nyM,)

Bale Mz 4 (1= B —dy) My — hy M2+ (B — d3) My — haM3.

(1+ Tl3M1)(1+ TL4_M2)
Now, due to the biological facts [;<B;,i = 1,2, so

£ (M) —(dy = (A= mPBIM; — (dy —nB)IM,,

dt K(fM{+1)(N+A)
hence % < 0 in the region iy, by conditions (33 and 34) thenV, is strictly Lyapunov
function. Therefore, E, is a (GAS) in the region ¥, € R3

Furthermore, it is not viable to use the Lyapunov function to examine the global stability of
two equilibrium points (E; and E,) that are located in the interior of R3 and have distinct
beginning points neighbourhood but the same local stability conditions. Consequently, as
opposed to studying it analytically as demonstrated in the previous theorems, we shall
investigate it numerically.

Theorem 5.2: The equilibrium point E5 = (0,M,,0) of system (1) is (GAS) in the sub
region P; € R3 , If In addition to condition (33) and reversing condition (5) the following
condition holds

Q1 < Q2 (35)
where

A bNZ%(K—-N) B, MM,

Q= (K(fM1+1)(N+A) (1+ nsMp) (1+ n4M2))'

( LN, + hy(My — My)? + (d, — nﬁ)Mz)-

(1+ TllN)(1+ n2M1)

Q)

2
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Proof: Consider the following function V;(N,M;,M, )= N + (M1 - M, - M, ln%) +
1

M,

Clearly, V;: R3 - R is a C! positive definite function.

Now, by differentiating V; with regard to time t, and performing some algebraic
manipulation, gives that

avy _ bN?(K-N) _ (B1—11)NM; _ _ 1,NM, _
dt o K(fM1+1)(N+A) (1+ TllN)(l'l' leMl) 1 (1+ nlN)(1+ nle)
(B2—12) M1 M, B, MM, _ TRt B 3
(1+ n3M1)(1+ Tl4M2) (1+ Tl3M1)(1+ n4M2) hz (Ml Ml) + (T]ﬁ dZ)MZ
hy M2,
Now, due to the biological facts [;<B;,i = 1,2, so
avy bN?(K-N) By MM, _ 1.NM, )2
dt  K(FMi+1D)(N+4) = (14 nsMy)(1+ ngMy) ((1+ nN)(1+ naM;) + hy (M1 Ml) +
(d, — WB)MZ)
= Ql - QZ!

hence % <0 in the regiony; , by reversing condition (5) and using conditions
(33 and 35) thenV; is strictly Lyapunov function. Therefore, E5; is a (GAS) in the
regiony; € R3.

Theorem 5.3: The (EP) E, = (0 ,0, 1\712) of system (1) is (GAS) in the sub region 1, € R3 .
In addition to condition (33) and reversing condition (4) the following condition holds:

él < QZI (36)
where

< bNZ?(K-N)

Q1= (K(fM1+1)(N+A))’

1, M1 M,

QZ = ((1+ Tl3M1)(1+ n4M2) + th + (dl - (1 - Tl)ﬁ) Ml)'
Proof: Consider the following function V,(N,M;,M,)= N+ M; + ( M, — Mz _
~ MZ

Clearly, V,: R3 - Ris a C! positive definite function.
Now, by differentiating V, with regard to time, t and performing some algebraic
manipulation, gives that

dvy _ bN?*(K-N)  (Bi=l)NMy BN — —(Bz=l2)M1M;
1, M1 M,

_ _ _ 2 _ 57\
(1+ naMD) (14 nghty) (A= mB—di) My —hy MF — hs ((Mz M,) )
Now, due to the biological facts [;<B; , i = 1,2 so:

dv, bNZ2(K—-N) _ 1M1 M, _ _
dt = K(fMi+1)(N+A) ((1+ n3M;)(1+ nyMy) +h N+ (dy = (1= mp) Ml)
=, — 02

hence % < 0 in the region Y, , by reversing condition (4) using conditions (33, 36) then V,
is strictly Lyapunov function. Therefore, E, is a (GAS) in the region ¥, € R3.
Theorem 5.4: The (EP) E5 = (N, M, ,0 ) of system (1) is (GAS) in the sub region 15 < R}
if In addition to condition (33) the following condition holds

0, <0,, (37)

where
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Q __ bN(K-N)N B1NM, bN(K-N)N BiNM,
1= K(fM{+1)(N+A)  (1+nyN)(1+n,M;) K(fM;+1)(N+A) (1+nN)(1+n,M;)
B, MM,
(1+n3M1)(1+n4M2),
@ bN(K-N)N bN(K-N)N 1L NM, 1.NM,

2 = K(fM1+1)(N+4)  K(fM;+1)(N+4)  (1+niN)(1+4n,M;)  (1+n N)(1+n,Mq)
(2
hz(Mz _Mz) + (dz _nﬁ)Mz +h2M22.
Proof: Consider the following function
~ ~ N ~ ~ M

Vs(N My, My) = (N =N =N inZ )+ (M, - i, - i, lnﬁ—i) + M,
Clearly V3: R3 — Ris a C! positive definite function.
Now by differentiating V5 with regard to time t, and performing some algebraic manipulation,

gives that
dvz _ bN(K-N)(N-N)  (B1—l1))NM; B1NM; __ bN(K-N)(N-N)
dt ~ K(fMi+D(N+4)  (1+nN)(1+n,My) (14 N)(1+n.My)  K(FH;+1)(N+4)

B{NM,; (B1—1)NM, 1 NM, (Bz=13)M M,

(1+n11V)£1+n2M1) (1+nlﬁ)(1+n2M1) (1+n1N)(1+n2M1) (1+n3M1)(1+n4,u2)

B,M1M, _ llﬁMl _ .V 2 — —_ 2
(1+n3M)(1+n4My) (141 N)(1+n,i;) hZ(MZ MZ) + (nB — dy)M, — hy M3,

Now, due to the biological facts [;<B;,i = 1,2, so

avs ( bN(K—N)N B{NM; bN(K-N)N B{NM,
dt K(fM{+1)(N+4) (1+n N)(1+nyM;) K(fM+1)(N+4) (1+n N)(1+n,M;)
B, MM, ) ( bN(K—N)N bN(K-N)N 1,NM;
(1+nsM)(1+n4My)/) \K(fFM{+1)(N+4) K(FM;+1)(N+4)  (1+n,N)(1+n,M,)
1.,NM; )2 _ 2)
(1+n, M) (1+n,5) + hZ(MZ MZ) + (dz =npI)M; + h,M;
= Ql - QZ!

hence % < 0 in the region 13, by conditions (33, 37) then Vj is strictly Lyapunov function.
Therefore, Es is a (GAS) in the region 3 © R3.

Also, it is not viable to use the Lyapunov function to examine the global stability of two
equilibrium points (E4 and E;) that are located in the interior of R3 and have distinct
beginning points neighbourhood but the same local stability conditions. Consequently, as
opposed to studying it analytically as demonstrated in the previous theorems, we shall
investigate it numerically.

Theorem 5.5: The (EP) Eg = (0, M; , M, ) of system (1) is (GAS) in the sub region 1, €
R3 , If In addition to condition (33) the following condition holds:

01 < 0, (38)
N _ bNZ(K—N) BleMZ M1(32M1+12M2) )
where Q= (K(fM1+1)(N+A) (1+nsMy)(1+naMy) | (1+nsMy)(1+n,M,) /)’
Q' _ ( l;NM I, MM, My (B My +1,M;) )
2 T \@+nN)A+naMy) | (14nsMy)(1+ngMy) | (1+nsMy)(14n,Mp)/)"

Proof: Consider the following function
Va(N, My, Mp) = N + (My — My — M, lan) + (M, — M, — M, lnM—ZZ)

Clearly, V,: R3 - Ris a C! positive definite function.
Now, by differentiating V, with regard to time t, and performing some algebraic
manipulation, gives that
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avy, _ BbN*(K-N)  (By=l)NM; M. — 1NMy _ (Baml)Mi M,

dt ~ K(fMi+D)(N+4)  (1+nyN)(1+n,M,) 171 @4y N)@+nMy)  (1+nsMy)(1+n,M,)
B,M M, . IRV R B;Mq(M;—M;) . 1M1 M, _

o V2 1M1 (Mp—M3)
Now, due to the biological facts [;<B;,i = 1,2 so:

av, ( bNZ%(K—N) By;M1 M, M1 (ByMq+1,M3) )_ ( 1,NM,

dt K(fMy+1)(N+A) (1+ngMy)(1+ny4My)  (1+ngMy)(1+nMy) (1+n{N)(1+nyM,)
1M1 M, My (BaMy+1,M;) )

(1+n3M1)(1+n4M2) (1+n3M1)(1+n4M2)
= Ql - QZ'

hence % < 0 in the region Y, , by conditions (33 and 38) thenV, is strictly Lyapunov
function. Therefore, Egis a (GAS) in the region 1, € R3.

Theorem 5.6: The (EP) Eq = (N*, M ,M;) of system (1) is (GAS) in the sub region {5 C
R3, if in addition to condition (33) the following condition holds:

Q1 < Q3 (39)
where
. bN?(K-N) B1N*M; bN*2(K—N*) By{NM;
Q1 - (K(fM1+1)(N+A) (14n4N)(A+nM1)  K(fMi+1)(N*+4)  (1+nyN*)(1+n,M7)
B, MM, B,MM;
(1+n3M;)(1+n,My) (1+n2M{)(1+n4M;))’
. ( bNN*(K—N) bDNN*(K—N*) lLNM; 1,N*M;
QZ - K(fM1+1)(N+4)  K(fMi+1)(N*+4) (A+niN)(A4+nM;)  (1+nyN*)(1+n,M7)
l,M1 M; L, MM,
(1+n3M;)(1+n,My) (1+n3M{)(1+n4M1))'

Proof: Consider the following function

Vs(N, My, M;) = (N = N* = N* In= ) + (My — M — M; In
M
M, In—=2
2 MMy )
Clearly Vs: R3 — Ris a C! positive definite function.

Now, by differentiating V5 with regard to time t, and performing some algebraic
manipulation, gives that

avs _ bN(K-N)(N-N*) (B1—-11)NM, B{N*M; bDN*(K—N*)(N=N*)
dt ~ K(FMy+1)(N+4)  (14nN)(1+n,M;) (141, N)(1+n,M;) K(fMi+1)(N*+A4)
BiMiN __ Bi-lNM LLNM; __ (Ba—lp)M1M,
(1+niN*)(1+n,M7)  (1+niN*)(1+n, M7) (14+niN)(A+n,M)  (A+nyM)(1+n4My)
B,MiM, I{N*M, B,M{M; (By—1l)MiM;

(14n3M1)(14+n4M3) (140 N))(1+n,M7)  (A4nzM)(A4ngM;) (1+n3MI)(1+n4M3)

_ *\ 2 _ 121\/111\/15k _ _ *) 2 — lZM{MZ
hZ(Ml Ml) (1+n3M1)(1+n,M;) h3(M2 MZ) (1+n3M;)(1+1’l4M;).

Now, due to the biological facts [;<B;,i = 1,2, so
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dVs bN?(K—N) BiN*M; bN*2(K—N*) B1NM;
dt (K(fM1+1)(N+A) (1+niN)(1+nM1)  K(FMI+1D)(N*+4)  (1+niN*)(1+n, M7)
B,MiM, By;M{M; bNN*(K-N) bDNN*(K—-N*)
(1+ngMy)(1+n,My) (1+n2M;)(1+n4M§)) N (K(fM1+1)(N+A) K(fM{+1)(N*+A)
Iy NM; ILN*M, 1M M; I,MiM,
(1+niN)(1+n,M;)  (1+nN*)(1+nM7) (1+n3Mq)(14+n4M3) (1+n3M{)(1+n4M1))
=Q1—0Qz,

hence % < 0 in the region s , by conditions (33 and 39) then Vs is strictly Lyapunov
function. Therefore, E, is a (GAS) in the region ¥s ¢ R3

6. Numerical simulation:

In this section, the dynamical behaviour of system (1) is studied numerically using
Mathematica in order to investigate the effect of varying the value of each parameter on the
dynamical behaviour of the system as well as to confirm our obtained analytical results. It is
observed that, for the following set of hypothetical parameters that satisfies stability
conditions of the positive equilibrium point, system (1) has a (GAS) positive equilibrium
point as shown in Figure (1).

b=2 K=3,f=01 A=001, B, =04, [; =02, n, = 0.01, n, = 0.01,
hy = 0.01, B, = 0.09, I, = 0.08, n; = 0.03, n, = 0.01, 7= 0.7, B 0.1, (40)
h2 = 0.04 ,d1 = 0.01 ,h3 = 0.03 ,dz = 0.01.

@ (b)
6 ‘ 6
5 5
S 4 4f
K —N=05||8 — M1=09
3 8
o3 —nN=02][3 3 — M=03
o
T — - N=18 zl/k MI=15
o f
1 N
ok s s ol
0 20 2 60 80 0 20 2 60 80
Time Time

()

Ey =(2.22414,1.16637,4.86573 )

- Y

— M2=04 — Prey (N)
— M2=07 4 & — Predator (M1)
Top Predator (M2)

©

o

Top Predator
w -~ o
@

~

|
=
N
P
N
°
-

4
0 M1

e e e ~
Figure 1: The trajectories of system (1) that started from three different initial points
(0.5,09,04), (0.2,0.3,0.7) and (1.8,1.5,1.6) for the data given in (40). (a) the
trajectory of N as a function of time, (b) trajectory of M; as a function of time, (c)
trajectory of M, as a function of time, (d) the trajectory approaches E4 =

(2.22414,1.16637 ,4.86573 ).

Clearly, Figure (1) shows that system (1)has a (GAS) as the solution of
system (1) approaches asymptotically to the positive equilibrium point Egq =
(2.22414,1.16637,4.86573 ).
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Now, in order to discuss the effect of the parameters values on the dynamical behaviour
of the system, we varying one parameter at each time keeping other parameters as a data
given in (40) and the obtained results show in Table

Table 2: The dynamical behaviour of system (1) at each parameter of the system

Range of Parameter Stable Point
0.01 <b < 0.03377815, E,
0.03377815< b<2. Eq
0.51 <K < 0.803, Eg
K > 0.803. Eg
01<f < 1 Eg
0.01 <A <2.1669, E
2.1669 < A <2.186, Eq
2.186 <A <3, E,
0.2 < B;<2.37289, Ey
2.37289 < B; < 2.37291, Eg
B, = 37291 E,
0.01 <1, < 0.05466, Eg
0.05466 < [; < 0.4. Eq
0.08 < B, < 0.302, Eq
B, = 0.302. Eg
0< [, <0.09. Eq
0.01 < n; < 0.9303, Eq
ny = 0.9303. Eg
0.01 < n, < 2. Ey
0.01 < n3 < 2. Eq
0.01<n, <2 Eq
0 < p <0.3625, Eq
03625 < p <1 Eg
0<n<l1. Eq
0<h <1 Eq
0< h, <1. Eq
0 < hz <0.0086, Eqg
0.0086 < h; < 1. Eg
0<d; <0.43021, Eq
043021 <d; <1. Eg
0<d, <0.30326, Eq
0.30326 <d, <1. Es

The effect of varying the growth rate of the prey population in the range 0.01 < b <
0.03377815 is studied, it is observed that system (1) approach to E,, however increasing
this parameter further 0.03377815 < b < 2 the system approach to Eg as shown in Figure

(2).
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@)

Population
-
o

500 1000 1500 2000 2500 3000

Time

— Prey
1 = Predator
1~ Top predator M

(a1)

E,= (0,0,2)

— (0.5,0.9,0.4)

(b)

Population

1500 2000 2500 3000
Time

) 500 1000

— Prey
1 = Predator
M.

1~ Top predator

Eq = (0.871729,0.0627068,2.16337 )

(b1)

— (0.5,0.9,0.4)

Figure 2: (a) Time series of the solution of system (1) which approaches to E, = (0,0,2)
when b=0.01, (al) 3D phase portrait of (a), (b) Time series of the solution of system (1)
which approaches Eq = (0.871729,0.0627068,2.16337) when b = 0.05, (b1) 3D phase

portrait of (b).

Furthermore varying the Allee effect in the range 0.01 < A < 2.16693 was studied, it is
observed that system (1) still approach to Eq, however increasing this parameter further
2.16693 < A < 2.186 the system approach to Eg, further increasing the parameter in the
range 2.16693 < A < 3 then the system approach to E, as shown in Figure (3).

@

Population

Time

— Prey
~—— Predator
~— Top predator &

(@1

Eq =(1.85161,0.845711,4.11255)

— (0.5,0.9,0.9)

(b)

-~

c
2 — Prey
o
'g 3 ~—— Predator 4 — (0.5,0.9,0.4)
ﬁ 2 ~— Top predator Ma
2
J/ \ 6
104 ° 4
& ° "
ol L N L 2 2
0 100 200 300 400 500 N 4
Time P

Figure 3: (a) Time series of the solution of system (1) which  approaches to
Eq = (1.85161,0.845711,4.11255 ) when A = 2, (al) 3D phase portrait of (a), (b) Time
series of the solution of system (1) which approaches to E, = (2.97447,0,2) when A =
2.168, (b1) 3D phase portrait of (b).
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The effect of varying the additional food for top predator in the range
0 < B < 0.3625 was studied, it is observed that system (1) still approach asymptotically to
the positive equilibrium point Ey, however increasing this parameter further 0.3625 < f <1
causes extinction in the predator and the system will approach to Eg as shown in Figure (4).

@ T

Ey = (2.8098,0.290723,7.38239 )

6 ‘ — Prey

- Predator — (0.5,0.9,0.4)

Population

~—— Top predator

200 300 400 500

Time

T (b) T

0 100

(b1)

-~ E¢ = (2.98495,0,9)

— Prey
— (0.5,0.9,0.4)

Population

— Predator
J ~— Top predator

200 300 400 500 5

Time
Figure 4: (a) Time series of the solution of system (1) which approaches to Eq =
(2.8098, 0.290723, 7.38239 ) when = 0.3, (al) 3D phase portrait of (a), (b) Time
series of the solution of system (1) which approaches to E; = (2.98495, 0, 9) when B =
0.4, (b1) 3D phase portrait of (b).

0 100

10 0

The effect of varying the growth rate of prey population and the death rate of the predators
was studied it is observed that system (1) will approach to the trivial equilibrium point E, =
(0,0,0) as it shows in Figure (5).

(b)

@

Time

0.0
2.0

14}
1.2}
c 2.0
2 — Prey E, = (0,0,0)
L] 1.5
2 — Predator —— (0.5,0.9,0.4)
S
o ~— Top predator M21.0
0.5 2.0
15
0.0
3 0.0 1.0
—— . 0.5 Lis
100 200 300 400 500 1.0 2
N 1.5

Figure 5: (a)-Time series of solution of system (1) for the data given in (40) approaches to
E,=(0,0,0)when b =0.016, d; = 0.09 and d, = 0.09, (b)- 3D phase portrait of (a).

The effect of varying the growth rate of prey population, the death rate of the predators

and harvesting rate of the prey population were studied, it is observed that system (1) will
approach to the predators free equilibrium point E; as it show in Figure (6).

5118



Shawka and Majeed

Iraqi Journal of Science, 2025, Vol. 66, No. 11, pp.: 5097- 5123

Population
- N

=)

@

w

— Prey
~—— Predator
Top predator

0 100

200

300

Time

400

500

(b)

E; = (1.18481,0,0)
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Figure 6: (a)-Time series of solution of system (1) for the data given in (40) approaches to
free equilibrium point E; = (1.18481,0,0) when b =1, d; =0.3,d, = 0.09 and h, =
0.6, (b)- 3D phase portrait of (a).

The effect of varying the death rate of the top predator and the additional food of the
predators (71, ) were studied, it is observed that system (1) will approach to the predators
free equilibrium point E5 as it show in Figure (7).

@

Population

— Prey
~—— Predator

M.
~ Top predator

0

100

200
Time

300

400

500

(b)

E;=(0,2.75,0)

— (0.5,0.9,0.4)

Figure 7: (a)-Time series of solution of system (1) for the data given in (40) approaches to
E; =(0,2.75,0) when d, = 0.9, n =0.4and § = 0.2, (b)- 3D phase portrait of (a).

The effect of varying the harvesting rate, handling time of the predator population and (7))
were studied, it is observed that system (1) will approach to the prey free equilibrium point
Ej as it shows in Figure (8).
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Figure 8: (a)-Time series of solution of system (1) for the data given in (40) approaches to
prey free equilibrium point Eg = (0,0.489851,2.82371) when h, = 0.01, n; = 0.2,
n = 0.2 and B = 0.3, (b)- 3D phase portrait of (a).

7.Conclutions and Discussions:

In our present work, we proposed and analysed a predator-prey model consisting of three
species the prey, predator and top predator, it is assumed that the prey growth logistic with
fear of the predator, Allee effect and linear harvesting, while we are proposed a non-liner
harvesting in the predator’s population as well as with additional food, the objectives of our
work are to study:

o The impact of fear, Allee effect and harvesting in prey population.
o The impact of harvesting in predator population.
o The impact of suppled additional food in the harvesting of top predator population.

It is observed that system (1) has ten equilibria all of them are locally asymptotically stable
under suitable conditions, six equilibria are studied globally because four of them having the
same local stability conditions but with different neighbourhood of starting points. Finally,
we verified our analytic result numerically for the data given in (40) and which are
summarized

1. The parameters b, K, A,By, l; , B,, ny, B, hs , dy and d, have an important
effect in controlling the stability of system (1).
2. The parameters f, [,, n,, n3, ng,n, hy and h, the solutions still approach to the

positive equilibrium point.
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