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Abstract  

     In this paper, a food chain model with fear, Allee effect and linear harvesting in 

prey population with additional food and nonlinear harvesting in predator’s 

population have been advanced and studied. Furthermore, it is assumed that the 

predators are feed on prey using Crowley-Martin functional response. The 

existence, uniqueness and boundedness of the solution have been discussed. The 

conditions of local and global stability have been found. The aim of this study is to 

determine the fear, Allee and additional food effect on the stability of the proposed 

system, it has been shown that they have an important effect in controlling the 

stability of the system. Finally, numerical simulation carried out by using 

Mathematica to verify our analytical results. 
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اتللمفترس ة غذاء أضافيتضمننموذج سلسلة غذائية م  على ديناميكياتالخوف و  ليآ تأثير  
 

 انعام ابراهيم شوكة 1*, ازهار عباس مجيد2
 1المديرية العامة للتخطيط التربوي  ,  وزارة التربية  ,  بغداد ,  العراق 
 2قسم الرياضيات , كلية العلوم , جامعة بغداد , بغداد , العراق 

 
  الخلاصة 

و       اقتراح  تم  البحث  الخو في هذا  مع  غذائية  نموذج سلسة  وا,  فدراسة  في  تاثيرآلي  الخطي  غير  لحصاد 
الفريسة,   ان  وبمجتمع  افترض  لذالك  اضافة  المفترسات  مجتمع  في  غير خطي  اضافي وحصاد  غذاء  وجود 

الفرائس بدلالة استجابة وظيفية من نوع كراولي تتغذى على  الحل  -المفترسات  مارتن , وجود ووحدانية وقيود 
اللنموذج نوقشت   المحلية والشاملة وجدت,  الخوف,  , شروط الاستقرارية  تأثير  الدراسة معرفة  لهدف من هذه 

استقرارية   على  السيطرة  في  مهم  تأثير  لها  انه  وتبين  المقترح,  النموذج  استقرارية  على  الاضافي  والغذاء  آلي 
 النظام , واخيراً نفذت المحاكاة العددية باستخدام برنامج الماثماتيكا للتأكد من نتائجنا التحليلية.
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1. Introduction 

      Applied mathematicians, theoretical ecologists and other scientists usually use 

mathematical models may help them to understand the dynamic behaviors of real-world 

problems, it is an effective method to study the dynamic behaviors of the interaction between 

the predator and prey, the first prey – predator model was proposed by Lotka [1] in 1925 and 

Volterra [2] in 1926. 

 

     At first, Lotka developed an application to study the dynamics of a predator-prey system 

after proposing a model for the study of plant species and herbivorous animal species. In his 

stead, Volterra concurrently examined the same model to account for the observed rise in the 

proportion of predatory fish caught during World War I. Volterra was interested in learning 

more about this situation because it seemed confusing that there had been less fishing effort 

during those years, many mathematicians and ecologists extended the model of Lotka-

Volterra [3-5] and the references therein. 

 

     Actually, since the study of predator-prey models has long been a popular area in 

biomathematics, a large body of work has been done on the important subjects in ecology, 

our goal in this paper is to show a predator–prey model with the presence of fear effect with 

Crowely-Martin functional responses as well as with Allee effect, additional food and 

harvesting. On the other hand, many authors have focus in their study on the hunting 

cooperation,  delay and prey refuge or study combination between more than one 

characteristic. As a suggestion for interested readers we propose the following references [6-

12]. 

 

     The predator’s intake rate in relation to prey density is referred to in ecology as a 

functional response, Holling [13,14] proposed three types of functional response, and many 

authors [15-20] used Holling type I, type II, and type III in their study which is dependent on 

prey density only, there are other types of functional responses, for example, Holling type IV 

[21] functional response, Beddington-DeAngelis [22] and Crowely-Martin [23] which is 

dependent  not only the prey but also on the  predator, other models consider a functional 

response of ratio-dependent type [24]. 

 

     In 1931 Allee [25] was the first who describe when the density of a prey population is too 

small, making it difficult for it to reproduce or survive, there are two types of Allee effect 

strong Allee effect and weak Allee effect and they are depending on the nature of density 

dependence at low densities. The weak Allee effect occurs when per capita growth rates are 

lower at low densities than they are at high densities, but growth rates are still positive in this 

scenario of a small population. As an illustration of the strong Allee effect, consider the 

following: a population's passage through the threshold curve, the per capita rate of 

population growth rapidly declines and then accelerates to negative until the population 

reaches extinction, as a suggestion for interested readers we propose the following references 

[26, 27].  

 

     Predation anxiety has been shown to reduce prey growth rates in addition to directly 

killing them over time, according to a number of experimental studies. The first study on the 

species fear effect was conducted by [28] on female song sparrows that were free-living and 

observed to react to the sound of predators by developing anti-predator defenses and fleeing 

their nests at the first sign of danger. By broad casting the predator sound of some song 

sparrow populations, while no predator sounds were heard for the others, the author studied 

this impact. During that period every nest in the population under investigation was protected 
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from direct killing, which was obviously necessary because fear could have an adverse 

influence on reproductions as a result, they found that 40% reduction in the number of off 

springs produced per year by wild, in addition to if the prey feel fear of predators and act 

according this will make hunting more difficult for the predators. Therefore, many authors 

study the theoretical arguments regarding the impact of fear behaviors [29-33] and the 

references therein. 

 

     Recently, the study of ecosystems in which the predator has access to additional food 

sources in addition to its target prey has gained importance and is now a key area of research 

for mathematicians, ecologists, and biologists. This is due to the fact that providing more 

food has been shown to be very effective in both controlling invasive or harmful species and 

conserving endangered species [34-36]. Also, many authors proposed and studied the food 

chain model with the effect of additional food [37, 38] and the references therein. 

 

     Harvesting is a crucial area of study for ecologists and biologists, because unscientific and 

ongoing harvesting is driving thousands of species toward extinction. Harvesting is also 

beneficial to a nation's economic growth. Therefore, it is imperative that an appropriate 

optimal harvesting policy be investigated. A report has been submitted on combined 

harvesting which has an impact on the populations of prey and predators, [39]. After that, 

[40] studied the effects of predator harvesting of a two prey one predator system. Then [41] 

studied the effects of nonlinear predator harvesting in a complex predator–prey system. After 

that, [42] investigated the impact of harvesting for prey populations within a reserved area in 

the presence of toxicity. Therefore, many authors study the impact of harvesting like [43-45] 

and the references therein. 

 

     The goal of this paper is to study the food chain model in the presence of fear and Allee 

effect as well as additional food and non-linear harvesting with Crowely-Martin type of 

functional response it is observed that the additional food supplied to predators and Allee 

effect have an important role to control the instability of our system.  

 

2. Mathematical model 

     In this paper, a model of (Prey, Predator and Top predator) with Crowley-Martin 

functional response has been proposed for study. Whose total population density at time T is 

denoted by 𝑁(𝑇),𝑀1(𝑇),𝑀2(𝑇), respectively. 

 

      
𝑑𝑁

𝑑𝑇
= 𝑏𝑁 (1 −

𝑁

𝐾
) (

1

𝑓𝑀1+1
) (

𝑁

𝑁+𝐴
) −

𝐵1𝑁𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
− ℎ1𝑁, 

     
𝑑𝑀1

𝑑𝑇
=

𝑙1𝑁𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
−

𝐵2𝑀1𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+ (1 − 𝜂)𝛽𝑀1 − 𝑑1𝑀1 − ℎ2𝑀1

2,                      (1) 

     
𝑑𝑀2

𝑑𝑇
=

𝑙2𝑀1𝑀2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
+ 𝜂𝛽𝑀2 − 𝑑2𝑀2 − ℎ3𝑀2

2 .                                                                    

 

With the following initial condition 𝑁(0) ≥ 0 , 𝑀1(0) ≥ 0 and 𝑀2(0) ≥ 0. While the 

biological meaning of the parameters in system (1) illustrated in Table 1:  
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Table 1: Biological meaning of the parameters of system 1 

Parameters Biological meaning 

𝑏 >  0 The intrinsic growth rate of the prey population 

K > 0 The carrying capacity of the prey population 

𝑓 >  0 The fear rate of the prey species from predator 

A > 0 The Allee effect parameter 

𝐵𝑖 > 0 , 𝑖 = 1,2 The attack rate of the prey and the predator respectively 

𝑙𝑖 > 0 , 𝑙𝑖 ≤ 𝐵𝑖  The conversion rate of food to the predator and top predator respectively 

𝑛𝑗 > 0 , 𝑗 = 1,3 The handling time of prey and predator respectively 

𝑛𝑚 > 0 ,𝑚 = 2,4 The magnitude of interference among predator and top predator respectively 

𝛽 > 0 The additional food for top predator 

(1 −  𝜂)𝛽  , 0 < 𝜂 < 1 The benefited of predator by some portion of the additional food of top predator 

ℎ𝑟 > 0 , 𝑟 = 1,2,3 The harvesting rates of prey, predator and top predator respectively 

𝑑𝑖 > 0 The natural death rates of predator and top predator respectively 

 

     It is easy to verify that all the interaction functions of system (1) are continuous and have 

continuous partial derivatives on 𝑅+
3  with respect to dependent variables  𝑁 , 𝑀1  and 𝑀2. 

Accordingly, they are Lipschitzian functions and hence system (1) has a unique solution for 

each non-negative initial condition. Further the boundedness of the system is shown in the 

following theorem. 

 

Theorem 2.1: All the solutions of system (1) which initiate in 𝑅+
3  are uniformly bounded. 

Proof: Let (𝑁(𝑡) ,𝑀1(𝑡) ,𝑀2(𝑡)) be any solution of the system (1) with non-negative initial 

condition( 𝑁(0) ,𝑀1(0) ,𝑀2(0) ) ∈ 𝑅+
3 .  

Assume that  𝑊(𝑡)  =  𝑁(𝑡) + 𝑀1(𝑡) + 𝑀2(𝑡) then taken the time derivative of  𝑊(𝑡) along 

the solution of the system (1), we get 

      
𝑑𝑊

𝑑𝑡
= 𝑏𝑁 ( 1 −

𝑁

𝐾
 ) ( 

1

𝑓𝑀1+1
 ) ( 

𝑁

𝑁+𝐴
 ) −

𝐵1𝑁𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
 −  ℎ1𝑁 −

𝐵2𝑀1𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+

(1 −  𝜂)𝛽𝑀1 − 𝑑1𝑀1  − ℎ2𝑀1
2 +

𝑙2𝑀1𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+ 𝜂𝛽𝑀2 − 𝑑2𝑀2 − ℎ3𝑀2

2. 

Now, from the biological point of view, always   𝑙𝑖<  𝐵𝑖  , 𝑖 = 1,2   hence it is obtained that  

      
𝑑𝑊

𝑑𝑡
≤ 𝑏𝑁 ( 1 −

𝑁

𝐾
 ) + (1 −  𝜂)𝛽𝑀1  − ℎ2 𝑀1

2 + 𝜂𝛽𝑀2  − ℎ3𝑀2
2 − ℎ1𝑁 − 𝑑1 𝑀1 − 𝑑2 𝑀2. 

Thus, using comparison theorem, we have 

       
𝑑𝑊

𝑑𝑡
≤ 𝑏𝑁 ( 1 −

𝑁

𝐾
 )  + (1 −  𝜂)𝛽𝑀1 (1 −

ℎ2𝑀1

(1− 𝜂)𝛽
) + 𝜂𝛽𝑀2 (1 −

ℎ3𝑀2

𝜂𝛽
)  − 𝐻𝑊, 

where  H = min  {ℎ1 , 𝑑1 , 𝑑2 }. 

Now since the function  𝑔(𝑁) = 𝑏𝑁 ( 1 −
𝑁

𝐾
 ) is logistic function with respect to 𝑁 and 

hence it is bounded above by the constant  
𝑏𝐾

4
. 

Also, since the function 𝑔1(𝑀1) = (1 −  𝜂)𝛽𝑀1 (1 −
ℎ2𝑀1

(1− 𝜂)𝛽
) is logistic function with 

respect to 𝑀1 and hence it is bounded above by the constant 
(1− 𝜂)2𝛽2

4ℎ2
. 

Finally, since the function 𝑔2(𝑀2) = 𝜂𝛽𝑀2 (1 −
ℎ3𝑀2

𝜂𝛽
) is logistic function with respect to 𝑀2 

and hence it is bounded above by the constant =
(𝜂𝛽)2

4ℎ3
, it is observed that 

      
𝑑𝑊

𝑑𝑡
− 𝐻𝑊 ≤ 𝐿  ,  where  L = (

𝑏𝐾

4
+

(1− 𝜂)2𝛽2

4ℎ2
+

𝜂2𝛽2

4ℎ3
). 
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Then by solving the above differential inequality it is obtained that 

      𝑊(𝑡) ≤
𝐿

𝐻
+ (𝑊0 −

𝐿

𝐻
) 𝑒−𝐻𝑡 . 

Then,   

      lim
𝑡→∞

𝑊(𝑡) ≤
𝐿

𝐻
 . 

So,   0 ≤ 𝑊(𝑡) ≤
𝐿

𝐻
 .  That the solutions are uniformly bounded.  

     
3. Existence of equilibrium points (EPs): 

      In this section, the existence of all possible (EPs) of system (1) has been discussed.  

Notice that, system (1) has ten (EPs): 

• The trivial (EP) 𝐸0 = (0 ,0 ,0 ). Cleary, it is always exist. 

• The (EPs) 𝐸1 = (𝑁̅ ,0 ,0 ) and 𝐸2 = (𝑁̿ ,0 ,0 )  exists if the following equation has 

positive solution  

           𝑏𝑁2 − 𝐾(𝑏 − ℎ1)𝑁 + ℎ1𝐾𝐴 = 0.                                          (2) 

 

Clearly, according to the Descartes’s  rule, either Equation(2) has no root or, there are two 

roots, if the following condition holds  

     𝑏 > ℎ1                                                                                                           (3)  

• The (EP)  𝐸3 = (0 , 𝑀̂1, 0 ), where 𝑀̂1 =
(1− 𝜂)𝛽−𝑑1 

ℎ2 
 exists if the following condition holds  

          (1 −  𝜂)𝛽 > 𝑑1                                                                      (4)          

• The (EP) 𝐸4 = (0 ,0 , 𝑀̌2 ), where  𝑀̌2 =
𝜂𝛽−𝑑2 

ℎ3 
  exists if the following condition holds 

    𝜂𝛽 > 𝑑2                                                                                                          (5) 

• The (EP) 𝐸5 = (𝑁̃ , 𝑀̃1 ,0 ) exists if and only if the following equations have a positive 

solution 

           𝑏 (1 −
𝑁

𝐾
 ) ( 

1

𝑓𝑀1+1
 ) ( 

𝑁

𝑁+𝐴
 ) −

𝐵1𝑀1

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)
− ℎ1 = 0,                             (6.1) 

        
𝑙1𝑁

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)
−

𝐵2𝑀2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
+ (1 −  𝜂)𝛽 − 𝑑1 − ℎ2 𝑀1 = 0.                        (6.2) 

 

From Equation(6.2), we have  

𝑁 =
(1 + 𝑛2𝑀1)(ℎ2 𝑀1 + 𝑑1 − (1 −  𝜂)𝛽)

𝑙1 − 𝑛1(1 + 𝑛2𝑀1)(ℎ2 𝑀1 + 𝑑1 − (1 −  𝜂)𝛽)
.                                                                 (6.3) 

Now, by substituting Equation (6.3) in Equation (6.1), we obtain the following equation 

          𝛾1𝑀1
8 + 𝛾2𝑀1

7 + 𝛾3𝑀1
6 + 𝛾4𝑀1

5 + 𝛾5𝑀1
4 + 𝛾6𝑀1

3 + 𝛾7𝑀1
2 + 𝛾8𝑀1 + 𝛾9 = 0, 

where  

           𝛾1 = 𝑓ℎ2𝑛2((1 + 𝑛1𝐴)(ℎ2
2𝑛2

3 + 𝑆4)𝑆8 + 𝐾ℎ2
2𝑛1𝑛2

3(ℎ1𝑛1 + 𝐴)),  

           𝛾2 = ℎ2𝑛2 [ℎ2𝑛1𝑛2
2 (ℎ2 [𝑆6 −

𝑏𝑛2−𝐾𝑓ℎ1𝑛1 

𝑛2
] − 3𝐾𝑓ℎ1𝑛1𝑆3 + 𝐾ℎ2𝑛2𝐴(𝑆8 + ℎ1𝑓)) −

                      𝑓ℎ2𝑆3[𝐾𝐴𝑛1(𝑛2
2 + 2) − 3𝑛2

2(1 + 𝑛1𝐴)𝑆8] − (ℎ2
2𝑛2

3 + 𝑆4)𝑆7],  

             𝛾3 = ℎ2𝑛2 [ℎ2𝑛1𝑛2
2 (𝑆6 −

𝑏(ℎ2−𝑆3)

ℎ2
) − 3𝑛2𝑆3(ℎ2𝑛2𝑆7 + 𝑛1(𝑆6𝑛2 + 𝑘𝑓ℎ1𝑛1))  −

                     𝑓𝑛2(1 + 𝑛1𝐴)(2𝑆3
2 − ℎ2𝑆1)𝑆8 − 𝐾 [𝑓ℎ1𝑛1𝑛2 (𝑆5 −

𝑛1[ℎ2(ℎ2−4𝑛2𝑆1)+𝑛2
2𝑆1

2−  2𝑆3]

ℎ2𝑛2
) +

                    𝐴ℎ2
2ℎ1𝑛1𝑛2

3 + 𝑓𝐴 (𝑆5 −
𝑛1(𝑆1+2𝑆3

2)

ℎ2𝑛2
2 ) + 𝐴ℎ2𝑛1(𝑛2

2 + 2)(𝑆8 + 𝑓ℎ1)𝑆3]], 
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           𝛾4 = 3ℎ2𝑛1𝑛2
2 [𝑏 (

ℎ2𝑆3−ℎ2
2−𝑛2

2𝑆1
2

3ℎ2𝑛2
+ 𝑆1) − ℎ2𝑆3𝑆6] − 𝑓(1 + 𝑛1𝐴)𝑆3𝑆8[2ℎ2𝑛2(𝑛1𝑙1 +

                      2𝑛2𝑆1) − 𝑆4]  + ℎ2𝑛2
2𝑆7(2𝑆3

2 − ℎ2𝑛2𝑆1) − ℎ2𝑛2(𝑛2𝑆6 + 𝐾𝑓ℎ1𝑛1)[𝑆5 −

𝑛1(ℎ2(ℎ2 −  4𝑛2𝑆1) + 𝑛2
2𝑆1 − 2𝑆3)] − 𝐾 [3ℎ2

3𝑛2
3(𝑏 − ℎ1(1 + 𝑛1𝐴))𝑆3 + ℎ2𝑛2𝐴(𝑆8 +

ℎ1𝑓) (𝑆3
2 − 

ℎ2𝑛2
2𝑆4−𝑛1𝑆4

2𝑛1
) + ℎ2

2ℎ1𝑛1𝑛2𝐴(𝑛2
2 + 2)𝑆3 + 𝑓𝐴 (

𝑛1𝑆1𝑆4−2ℎ2𝑛2(𝑛1𝑆3(𝑛1𝑙1+𝑛2𝑆1))

2ℎ2𝑛2
2 +

𝑆5)] −  𝐾𝑓 (𝑛𝑆3 (
ℎ2(ℎ2−2𝑛2𝑆3𝑆4)+𝑛2

2𝑆1
2

2ℎ2𝑛2
− 𝑆1)),  

           𝛾5 = −𝑏ℎ2𝑛1𝑛2(4ℎ2
2 + 𝑛2

4𝑆1
4 − 𝑛2𝑆1(17ℎ2 + 6𝑛2𝑆1 + 1)) −

                     𝑆6ℎ2𝑛2 (
(4ℎ2𝑛2𝑆1− 𝑛1(ℎ2

2+𝑛2
2𝑆1

2−2𝑆3))

ℎ2𝑛2
− (𝑛2𝑆6 + 𝐾𝑓ℎ1𝑛1)𝑆3(𝑛1(ℎ2

2 + 𝑛2
2𝑆1

2) −

                     2ℎ2𝑛2(𝑛1𝑆1 + 𝑆5)) − 𝐾 [𝑓ℎ1𝑛1𝑛2 (𝑛1𝑛2ℎ2𝑆1
3 + 𝑆5(ℎ2

2 + 𝑛2
2𝑆1

2 + 2𝑆1(2ℎ2𝑛2 +

                     𝑛1𝑆3))) − (𝑏 − ℎ1(1 + 𝑛1)𝐴)ℎ2𝑛2(2𝑛2𝑆3
2 − ℎ2𝑛2

2𝑆1) + 𝑆3𝑆7(2) +

                    𝑓𝑆8(1 + 𝑛1𝐴)(𝑆1𝑆4 + 2(𝑛1𝑙1 + 𝑛2𝑆1)𝑆3
2 + ℎ2𝑛2𝑆2) − 𝐾𝐴(𝑓(𝑛1(2(𝑛1𝑙1 +

                      𝑛2𝑆1)𝑆3
2 −  ℎ2𝑛2𝑆2) + 𝑆4𝑆5) + (𝑆8 + ℎ1𝑓)(𝑛1𝑆1𝑆4 − 2ℎ2𝑛2(𝑛1𝑆3(𝑛1𝑙1 +

                   𝑛2𝑆1) +  𝑛2𝑆5)) + ℎ1ℎ2𝑛2(ℎ2𝑛2
2𝑆5 − (𝑛1𝑆4 + 2𝑛1𝑆4 + 2𝑛1𝑆3

2))],  

           𝛾6 = −𝑏𝑛1 [ℎ2 (
ℎ2

2−9𝑛2
2𝑆1

2

𝑛2(8ℎ2+1)
− 𝑆1) − 𝑛2

3𝑆1
3 + 𝑛2 (

−3(ℎ2
2+𝑛2

2𝑆1
2)

7ℎ2
+ 𝑆1)] −

                  𝑆3𝑆6  [
𝑛1(ℎ2

2+𝑛2
2𝑆1

2)+2ℎ2𝑛2𝑛1𝑆1

2ℎ2𝑛2
− 𝑆5] − 𝐾𝑆3 [𝑓ℎ1𝑛1𝑛2𝑆1(𝑙1 + 𝑆5) − (𝑏 −

                   ℎ1(1 +  𝑛1𝐴)) (2ℎ2𝑛2((𝑛1𝑙1 + 𝑛2𝑆1) + 𝑛2𝑆1))] −

                   𝐾𝐴 [ℎ1 ((
𝑛1𝑆1𝑆4− 2ℎ2𝑛2(𝑛1𝑆3(𝑛1𝑙1+𝑛2𝑆1))

𝑛2
+ 𝑆5) + (𝑛1(2(𝑛1𝑙1 + 𝑛2𝑆1)𝑆3

2 −

                   ℎ2𝑛2𝑆2) + 𝑆4𝑆5)(𝑆8 + ℎ1𝑓) + 𝑓𝐴(2(𝑛1𝑙1 + 𝑛2𝑆1)𝑆5 + 𝑛1𝑆2)𝑆3] − [𝑆1𝑆4 +

                   2(𝑛1𝑙1 + 𝑛2𝑆1)𝑆3
2 + ℎ2𝑛2𝑆2]𝑆7 − [𝑆6𝑛2 + 𝐾𝑓ℎ1𝑛1][𝑛1𝑛2ℎ2𝑆1

2 +  𝑆5(ℎ2 +
                   4ℎ2𝑛2𝑆1 + 𝑛2

2𝑆1
2 + 2𝑛1𝑆1𝑆3)] + 2𝑓[𝑛1𝑙1 + 𝑛2𝑆1][1 + 𝑛1𝐴]𝑆1𝑆3𝑆8  

           𝛾7 = 𝑆1 [𝑏𝑛1 (
3(ℎ2

2+𝑛2
2𝑆1

2)

𝑛2(7ℎ2−𝑆3)
− 𝑆1) − 𝑆3((𝑛2𝑆6 + 𝐾𝑓ℎ1𝑛1)(𝑙1 + 𝑆5) + 2(𝑛1𝑙1 +

                   𝑛2𝑆1)𝑆7) + 𝑓(1 + 𝑛1𝐴)𝑆2𝑆8 − 2𝑛1𝑆3𝑆6] − 𝑆6(𝑛1𝑛2ℎ2𝑆1
2 + 𝑆5(ℎ2

2 + 4ℎ2𝑛2𝑆1 +

                   𝑛2
2𝑆1

2)) − 𝐾 [(𝑏 − ℎ1(1 + 𝑛1𝐴)) (𝑆3
2 +

 𝑆1𝑆4+𝑆2(ℎ2𝑛2+𝑓𝐴𝑆5)

2𝑙1(𝑛1+𝑛2)
) +  𝐴[2ℎ1𝑛1𝑙1(𝑛1 +

                   𝑛2)𝑆3
2 + 𝑓𝑆2𝑆5 − (ℎ1ℎ2𝑛2𝑆2 − 𝑆4𝑆5)  + (2(𝑛1𝑙1 + 𝑛2𝑆1)𝑆5 + 𝑛1𝑆2)𝑆3𝑆8]]  

           𝛾8 = 𝑆1[(𝑛2𝑆6 + 𝑘𝑓ℎ1𝑛1)𝑆1𝑆5 − (𝑙1 + 𝑆5)𝑆3𝑆6 − 2𝑘𝑆3(𝑏 − ℎ1(1 + 𝑛1𝐴))(𝑛1𝑙1 +

                   𝑛2𝑆1) − (𝑏ℎ2𝑛1𝑆1 + 𝑆2𝑆7)] − [
𝑛1ℎ1𝐾𝐴𝑆2

(𝑆8+ℎ1𝑓)𝑆2−2ℎ1𝐾𝐴(𝑛1𝑙1+𝑛2𝑆1)
− 𝑆5]  

           𝛾9 = −[𝑆1
2(𝑏𝑛1𝑆1 + 𝑆5𝑆6) + 𝐾𝑆2((𝑏 − ℎ1(1 + 𝑛1𝐴))𝑆1 + ℎ1𝐴𝑆5)] , 

with  

𝑆1 = (1 − 𝑛)𝛽 − 𝑑1, 

𝑆2 = 𝑙1
2 + 2𝑙1𝑛1𝑆1 + 𝑛2𝑆1

2, 

𝑆3 = 𝑛2𝑆1 − ℎ2, 

𝑆4 = ℎ2𝑛2(ℎ2 − 2𝑙1𝑛1) + 𝑛2
2𝑆1(𝑆3 − 3ℎ2), 

𝑆5 = 𝑙1 + 𝑛1𝑆1, 

𝑆6 = 𝑏 − 𝑘𝑛1(b − ℎ1), 
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𝑆7 = 𝑘𝑛2(𝑏 − ℎ1(1 + 𝑛1𝐴)) − 𝐵1 + ℎ1𝑓(1 + 𝑛1𝐴), 

𝑆8 = 𝐵1 + ℎ1𝑛1 > 0. 

Which has positive solution if the next conditions with conditions (3 and 4) are hold 

    (1 − 𝑛)𝛽 < 𝑑1 +
ℎ2

𝑛2
,                                                                                                            (6.4) 

             b > Max{ℎ1(1 + 𝑛1𝐴), 𝐾𝑛1(b − ℎ1)},                                                                         (6.5) 

  𝑙1 >
ℎ2

2𝑛1
,                                                                                                                                   (6.6) 

     𝐾𝑛2(𝑏 − ℎ1(1 + 𝑛1𝐴) + ℎ1𝑓(1 + 𝑛1𝐴) > 𝐵1,                                                               (6.7) 

  𝑏𝑛2 > 𝑘𝑓ℎ1𝑛1,                                                                                                                        (6.8) 

    𝐾𝐴𝑛1(𝑛2
2 + 2) > 3𝑛2

2(1 + 𝑛1𝐴)𝑆8,                                                                                    (6.9) 

     ℎ2
2𝑛2

3 + 𝑆4 < 0,                                                                                                                     (6.10) 

     ℎ2 > 2𝑛2𝑆3𝑆4,                                                                                                                      (6.11) 

    𝑆6 > Max {
𝑏(ℎ2−𝑆3)

ℎ2
,
𝑏𝑛2−𝑘𝑓ℎ1𝑛1

𝑛2
},                                                                                (6.12)  

    Max {ℎ2𝑛2𝑆1,
ℎ2𝑛2

2𝑆5−𝑛1𝑆4

2𝑛1
} <  𝑆3

2 < Min {
ℎ2𝑆1

2
,
−(𝑆1𝑆4+𝑆2(ℎ2𝑛2+𝑓𝐴𝑆5))

2𝑙1(𝑛1+𝑛2)
},               (6.13)  

    Max {
𝑛1𝑆1𝑆4− 2ℎ2𝑛2𝑛1𝑆3(𝑛1𝑙1+𝑛2𝑆1)

2ℎ2𝑛2
2  ,

𝑛1ℎ1𝐾𝐴𝑆2

(𝑆8+ℎ1𝑓)𝑆2−2ℎ1𝐾𝐴(𝑛1𝑙1+𝑛2𝑆1)
} < 𝑆5 <

    Min {
𝑛1(ℎ2(ℎ2−4𝑛2𝑆1)+𝑛2

2𝑆1
2−2𝑆3)

ℎ2𝑛2
 ,

𝑛1(𝑆1+2𝑆3
2)

ℎ2𝑛2
2 , 𝑛1(ℎ2(ℎ2 − 4𝑛2𝑆1) + 𝑛2

2𝑆1 − 2𝑆3), 

            
2ℎ2𝑛2(𝑛1𝑆3(𝑛1𝑙1+𝑛2𝑆1))−𝑛1𝑆1𝑆4

𝑛2
,
𝑛1(ℎ2

2+𝑛2
2𝑆1

2−2ℎ2𝑛2𝑆1)

2ℎ2𝑛2
},                                          (6.14) 

   Max {
ℎ2(ℎ2−𝑆3)+𝑛2

2𝑆1
2

3𝑛2ℎ2
,
ℎ2(ℎ2−2𝑛2𝑆3𝑆4)+𝑛2

2𝑆1
2

2𝑛2ℎ2
,
ℎ2

2−9𝑛2
2𝑆1

2

𝑛2(8ℎ2+1)
} < 𝑆1 <

   Min {
ℎ2

3𝑛2
,
3(ℎ2

2+𝑛2
2𝑆1

2)

7ℎ2
,
3(ℎ2

2+𝑛2
2𝑆1

2)

𝑛2(7ℎ2−𝑆3)
}                                                                                               (6.15) 

     4ℎ2
2 + 𝑛2

2𝑆1
4 > 𝑛2𝑆1(17ℎ2 + 6𝑛2𝑆1 + 1),                                                                       (6.16) 

    𝑓ℎ1𝑛1𝑛2𝑆1(𝑙1 + 𝑆5) > (𝑏 − ℎ1(1 + 𝑛1𝐴)) (2ℎ2𝑛2((𝑛1𝑙1 + 𝑛2𝑆1) + 𝑛2𝑆1)),            (6.17) 

    𝑏𝑛1(3(ℎ2
2 + 𝑛2

2𝑆1
2) − 𝑛2𝑆1(7ℎ2 − 𝑆3)) − 𝑆3((𝑛2𝑆6 + 𝐾𝑓ℎ1𝑛1)(𝑙1 + 𝑆5) + 2(𝑛1𝑙1 +

     𝑛2𝑆1)𝑆7) + 𝑓(1 + 𝑛1𝐴)𝑆2𝑆8 − 2𝑛1𝑆3𝑆6 > 𝑆6(𝑛1𝑛2ℎ2𝑆1
2 + 𝑆5(ℎ2

2 + 4ℎ2𝑛2𝑆1 +

     𝑛2
2𝑆1

2)),                                                                                                                                          (6.18) 

     2ℎ1𝑛1𝑙1(𝑛1 + 𝑛2)𝑆3
2 + 𝑓𝑆2𝑆5

< ℎ1ℎ2𝑛2𝑆2 − 𝑆4𝑆5 − (2𝑆5(𝑛1𝑙1 + 𝑛2𝑆1) + 𝑛1𝑆2) 𝑆3𝑆8,                            (6.19) 

     (𝑛2𝑆6 + 𝐾𝑓1𝑛1)𝑆1𝑆5 − (𝑙1 + 𝑆5)𝑆3𝑆6 − 2𝑘𝑆3(𝑏 − ℎ1(1 + 𝑛1𝐴)) (𝑛1𝑙1 + 𝑛2𝑆1)       

> 𝑏ℎ1𝑛1𝑆1 + 𝑆2𝑆7.                                                                                               (6.20) 

 

So, the (EP) 𝐸5 = (𝑁̃ , 𝑀̃1 ,0 ) where 𝑁̃ = 𝑁(𝑀̃1) exist if in addition to conditions (3 , 4,

6.4 − 6.20) the following conditions hold  

 

       (1 −  𝜂)𝛽 < ℎ2 𝑀̃1  + 𝑑1,                                                                                                     (6.21)       

        𝑙1 > 𝑛1(1 + 𝑛2𝑀̃1)(ℎ2𝑀̃1 + 𝑑1 − (1 − 𝜂)𝛽).                                                                (6.22) 

 

• The (EPs) 𝐸6 = (𝑁̅ ,0 , 𝑀̌2 ) and 𝐸7 = (𝑁̿ ,0 , 𝑀̌2) exist if and only if the next equations 

have a positive solution  

 

         𝑏 ( 1 −
𝑁

𝐾
 ) ( 

1

𝑓𝑀1+1
 ) ( 

𝑁

𝑁+𝐴
 ) − ℎ1 = 0,                                                                            (7.1) 

         𝜂𝛽 − 𝑑2 − ℎ3𝑀2 = 0.                                                                                                            (7.2) 
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     From Equation (7.1), we have Equation (2) which has no root or,  has two roots if 

condition (3) holds  while from Equation (7.2), we have 𝑀̌2 =
𝜂𝛽−𝑑2 

ℎ3 
  which is positive if 

condition (5) holds  

• The (EP) 𝐸8 = (0 ,𝑀1
̇ , 𝑀2

̇  ) exists if and only if the next equations have a positive 

solution 

       
−𝐵2𝑀2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
+ (1 −  𝜂)𝛽 − 𝑑1 − ℎ2𝑀1 = 0,                                                              (8.1) 

       
𝑙2𝑀1

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
+ 𝜂𝛽 − 𝑑2 − ℎ3𝑀2 = 0,                                                                           (8.2) 

from Equation(8.2), we have 

            𝑀1 =
(1+ 𝑛4𝑀2)(ℎ3𝑀2−(𝜂𝛽 −𝑑2))

𝑙2−𝑛3(1+ 𝑛4𝑀2)(ℎ3𝑀2−(𝜂𝛽 −𝑑2))
,                                                                                  (8.3) 

Now, by substituting Equation(8.3) in Equation(8.2)we have  

 

           𝛼1𝑀2
5 + 𝛼2𝑀2

4 + 𝛼3𝑀2
3 + 𝛼4𝑀2

2 + 𝛼5𝑀2 + 𝛼6 = 0,                                                     (8.4) 

where  

     𝛼1 = −𝑛3𝑛4
3ℎ3

2[𝑛3((1 − 𝜂)𝛽 − 𝑑1)], 

     𝛼2 = 𝑛3𝑛4 [𝑛3𝑛4ℎ3
2 ((1 + 𝑛4)((1 − 𝜂)𝛽 − 𝑑1) − 𝐵2) + (𝑛3((1 − 𝜂)𝛽 − 𝑑1) − ℎ2) 

              ((𝑛4(𝜂𝛽 − 𝑑2) − ℎ3)(𝑛4 + ℎ3)) + 𝑛4ℎ2(2𝑛4(𝜂𝛽 − 𝑑2) − 3ℎ3) − 𝑛3ℎ3], 

     𝛼3 = 𝑛3𝑛4[(𝑛4(𝜂𝛽 − 𝑑2) − ℎ3)[(𝑛3((1 − 𝜂)𝛽 − 𝑑1) − ℎ2)((𝑛4(𝜂𝛽 − 𝑑2) − ℎ3 − 𝑛3ℎ3) 

               +ℎ2ℎ3 − 2𝑛3ℎ3((1 − 𝜂)𝛽 − 𝑑1) − 𝑛4ℎ2(𝜂𝛽 − 𝑑2)] + 2𝑛4ℎ3ℎ2(𝜂𝛽 − 𝑑2)] 

               −𝑛4ℎ3[(𝑛3((1 − 𝜂)𝛽 − 𝑑1) − ℎ2)((2𝑛3𝑛4(𝜂𝛽 − 𝑑2) − ℎ3)

+ 𝑛4(𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2))], 

     𝛼4 = 𝑛3((1 − 𝜂)𝛽 − 𝑑1)[𝑛3(𝑛4(𝜂𝛽 − 𝑑2) − ℎ3)
2 − 2𝑛4ℎ3(𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2))] + 

              𝑛3(𝑛4((1 − 𝜂)𝛽 − 𝑑1) − 𝐵2)[𝑛4ℎ3(𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2)) + 𝑛3(𝑛4(𝜂𝛽 − 𝑑2) −

ℎ3)] −                𝑛4(𝑛3((1 − 𝜂)𝛽 − 𝑑1) − ℎ2)[𝑛3
2(2(𝜂𝛽 − 𝑑2) − ℎ3)(𝑛4(𝜂𝛽 − 𝑑2) − ℎ3) +

((𝑛𝑛(𝜂𝛽 −                𝑑2) − ℎ3) − 𝑛3ℎ3)(𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2))] − 𝑛3ℎ3(𝑛4(𝜂𝛽 − 𝑑2) −

ℎ3)[((𝑛4(𝜂𝛽 − 𝑑2) −                ℎ3) + 2𝑛4) + 2𝑛3ℎ2𝑛4ℎ3(𝜂𝛽 − 𝑑2)], 

     𝛼5 = (𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2)) [𝑛3(𝑛4(𝜂𝛽 − 𝑑2) − ℎ3) ((2 + 𝑛4)((1 − 𝜂)𝛽 − 𝑑1) − 𝐵2) −

               𝑛4((𝑛3(1 − 𝜂)𝛽 − 𝑑1) − ℎ2)(2(𝜂𝛽 − 𝑑2) − ℎ3)] − 𝑛3(𝑛4(𝜂𝛽 − 𝑑2) −

ℎ3)[(𝜂𝛽 −               𝑑2)(𝑛3((1 − 𝜂)𝛽 − 𝑑1) − ℎ2) − 2ℎ2(𝜂𝛽 − 𝑑2)] − 𝑛3𝑛4ℎ2(𝜂𝛽 − 𝑑2)
2, 

     𝛼6 = (𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2)) [(𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2)) ((1 + 𝑛4)((1 − 𝜂)𝛽 − 𝑑1) − 𝐵2) −

                 (𝜂𝛽 − 𝑑2)(𝑛3((1 − 𝜂)𝛽 − 𝑑1) + ℎ2)] − 𝑛3ℎ2(𝜂𝛽 − 𝑑2)
2. 

 

Clearly, by Descartes’s  rule, Equation(8.4) has a unique positive root, if in addition to 

condition (4 and 5) the following conditions hold  

 

        Max {𝑑1 +
 ℎ2

𝑛3
, 𝑑1 +

 𝐵2

(1+𝑛4)
 } < (1 − 𝜂)𝛽 < 𝑑1 +

 𝐵2

𝑛4
,                                                      (8.5) 

        𝑑2 +
 ℎ3

2
< 𝜂𝛽 < 𝑑2 +

 ℎ3

𝑛4
,                                                                                                       (8.6) 

        𝑛3𝑛4ℎ3
2 ((1 + 𝑛4)((1 − 𝜂)𝛽 − 𝑑1) − 𝐵2) < 𝑛3ℎ3 − (𝑛3((1 − 𝜂)𝛽 − 𝑑1) − ℎ2) 

        ((𝑛4(𝜂𝛽 − 𝑑2) − ℎ3)(𝑛4 + ℎ3)) + 𝑛4ℎ2(2𝑛4(𝜂𝛽 − 𝑑2) − 3ℎ3),                                (8.7) 

         𝑛3𝑛4[(𝑛4(𝜂𝛽 − 𝑑2) − ℎ3)[(𝑛3((1 − 𝜂)𝛽 − 𝑑1) − ℎ2)((𝑛4(𝜂𝛽 − 𝑑2) − ℎ3 − 𝑛3ℎ3) 

        +ℎ2ℎ3 − 2𝑛3ℎ3((1 − 𝜂)𝛽 − 𝑑1) − 𝑛4ℎ2(𝜂𝛽 − 𝑑2)] + 2𝑛4ℎ3ℎ2(𝜂𝛽 − 𝑑2)]  >  
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         𝑛4ℎ3[(𝑛3((1 − 𝜂)𝛽 − 𝑑1) − ℎ2)((2𝑛3𝑛4(𝜂𝛽 − 𝑑2) − ℎ3) + 𝑛4(𝑙2 + 𝑛3(𝜂𝛽 −

          𝑑2))],                                                                                                                                           (8.8) 

         𝑛3(𝑛4(𝜂𝛽 − 𝑑2) − ℎ3)
2 > 2𝑛4ℎ3(𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2)),                                                  (8.9) 

         𝑛4ℎ3(𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2)) < −𝑛3(𝑛4(𝜂𝛽 − 𝑑2) − ℎ3),                                                 (8.10) 

         𝑛3
2(2(𝜂𝛽 − 𝑑2) − ℎ3)(𝑛4(𝜂𝛽 − 𝑑2) − ℎ3) < −((𝑛4(𝜂𝛽 − 𝑑2) − ℎ3) − 𝑛3ℎ3)(𝑙2 +

          𝑛3(𝜂𝛽 − 𝑑2)),                                                                                                                         (8.11) 

         2𝑛4(𝑛3ℎ2ℎ3(𝜂𝛽 − 𝑑2) + 1) > −((𝑛4(𝜂𝛽 − 𝑑2) − ℎ3)),                                            (8.12) 

        (𝜂𝛽 − 𝑑2)(𝑛3((1 − 𝜂)𝛽 − 𝑑1) − ℎ2) > 2ℎ2(𝜂𝛽 − 𝑑2),                                               (8.13) 

        (𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2)) [𝑛3(𝑛4(𝜂𝛽 − 𝑑2) − ℎ3) ((2 + 𝑛4)((1 − 𝜂)𝛽 − 𝑑1) − 𝐵2) −

         𝑛4((𝑛3(1 −  𝜂)𝛽 − 𝑑1) − ℎ2)(2(𝜂𝛽 − 𝑑2) − ℎ3)] − 𝑛3𝑛4ℎ2(𝜂𝛽 − 𝑑2)
2 <

         𝑛3(𝑛4(𝜂𝛽 − 𝑑2) − ℎ3)[(𝜂𝛽 − 𝑑2)(𝑛3((1 − 𝜂)𝛽 − 𝑑1) − ℎ2) − 2ℎ2(𝜂𝛽 −

         𝑑2)],                                                                                                                                            (8.14) 

        (𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2)) ((1 + 𝑛4)((1 − 𝜂)𝛽 − 𝑑1) − 𝐵2) > 

         (𝜂𝛽 − 𝑑2)(𝑛3((1 − 𝜂)𝛽 − 𝑑1) + ℎ2) +
𝑛3ℎ2(𝜂𝛽−𝑑2)2

(𝑙2+𝑛3(𝜂𝛽−𝑑2))
.                                         (8.15) 

So, the (EP) 𝐸8 = (0 ,𝑀1
̇ , 𝑀2

̇  ) where 𝑀1
̇ = 𝑀1(𝑀2

̇ ) exists, if in addition to conditions 

(4, 5 and  8.5 − 8.15) , the following conditions hold  

         𝜂𝛽 < ℎ3𝑀2
̇ +𝑑2,                                                                                                                     (8.16) 

          𝑙2 > 𝑛3(1 + 𝑛4𝑀2
̇ )(ℎ3𝑀2

̇ − (𝜂𝛽 − 𝑑2)),                                                                    (8.17) 

• The (EP) 𝐸9 = (𝑁∗, 𝑀1
∗, 𝑀2

∗ ) exists if and only if the next equations have a positive 

solution  

           𝑏 ( 1 −
𝑁

𝐾
 ) ( 

1

𝑓𝑀1+1
 ) ( 

𝑁

𝑁+𝐴
 ) −

𝐵1𝑀1

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)
− ℎ1 = 0,                                          (9.1)                        

           
𝑙1𝑁

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)
−

𝐵2𝑀2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
+ (1 −  𝜂)𝛽 − 𝑑1  − ℎ2𝑀1 = 0,                       (9.2)  

         
𝑙2𝑀1

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
+ 𝜂𝛽 − 𝑑2 − ℎ3𝑀2 = 0,                                                                         (9.3) 

from Equation(9.3), we have   

 

               𝑀1 =
(1+ 𝑛4𝑀2)(ℎ3𝑀2−(𝜂𝛽 −𝑑2))

𝑙2−𝑛3(1+ 𝑛4𝑀2)(ℎ3𝑀2−(𝜂𝛽 −𝑑2))
.                                                                              (9.4) 

Now, by substituting Equation(9.4) in both Equation(9.1) and Equation(9.2), we have  

 

𝐿1(𝑁,𝑀2) = [−𝑏𝑛1𝑁
3 + (𝐾𝑛1(𝑏 − ℎ1) − 𝑏)𝑁2 + 𝐾(𝑏 − ℎ1(1 + 𝑛1𝐴))𝑁

− 𝐾ℎ1𝐴](𝑙2 + 𝑛3𝑃2)
2 

                     − [𝑏𝑛1𝑛2𝑁
3 − (𝐾𝑛1𝑛2(𝑏 − ℎ1) − 𝑏𝑛2 − 𝐾𝑓ℎ1𝑛1)𝑁

2 − 𝐾 (𝑛2(𝑏 −

                        ℎ1(1 + 𝑛1𝐴)) − (𝐵1 + ℎ1𝑓(1 + 𝑛1𝐴))𝑁 − 𝐾𝐴(𝐵1 + ℎ1𝑓 + ℎ1𝑛2))] ((𝑙2 +

                        𝑛3𝑃2)𝑃2) −  𝐾𝑓[ℎ1𝑛1𝑛2𝑁
2 + (𝐵1 + ℎ1𝑛2)(𝑁 + 𝐴)](−𝑃2)

2 = 0,                (9.5) 

 𝐿2(𝑁,𝑀2) = [𝑃 + (𝑙1 + 𝑛1𝑃)𝑁 + ((1 + 𝑛1𝑁)𝑃3 + 𝑙1𝑛4𝑁)𝑀2](𝑙2 + 𝑛3𝑃2)
2 −

                         [(𝑛2𝑃 + 𝑛3(𝑃 − ℎ2𝑀2)) + (𝑛3(𝑙1 + 𝑛1(𝑃 − ℎ2𝑀2)) + 𝑛1𝑛2𝑃)𝑁 +

                         (𝑛2(𝑃3 + 𝑛3𝑛4(𝑃 −  ℎ2𝑀2)))𝑀2 − (𝑛1(𝑛2𝑃3 + 𝑛3𝑛4(𝑃 − ℎ2𝑀2)) +

                         𝑙2𝑛3𝑛4)𝑁𝑀2] (𝑙2 + 𝑛3𝑃2)𝑃2 + [𝑛3𝑛4(𝑃 − ℎ2𝑀2)(1 + 𝑛1𝑁)(1 +

                         𝑛4𝑀2)](−𝑃2)
2 = 0,                                                                                               (9.6) 
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where  

         𝑃 = (1 − 𝜂)𝛽 − 𝑑1, 
         𝑃1 = 𝜂𝛽 − 𝑑2, 
         𝑃2 = (1 + 𝑛4𝑀2)((𝜂𝛽 − 𝑑2) − ℎ3𝑀2), 

         𝑃3 = 𝑛4(((1 − 𝜂)𝛽 − 𝑑1) − ℎ2𝑀2) − (𝛽 + ℎ2). 

Now from Equation(9.5), we notice that, when 𝑀2 → 0, then 𝑁 → 𝑁∗1 is a positive root of 

the equation that follows 

        𝑓(𝑁) = 𝜎1𝑁
3 + 𝜎2𝑁

2 + 𝜎3𝑁 + 𝜎4 =  0  ,                                                                        (9.7) 

where 

         𝜎1 = −𝑏𝑛1(𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2))(𝑙2 + (𝜂𝛽 − 𝑑2)(𝑛3 + 𝑛2)), 

         𝜎2 = (𝑙2 + (𝜂𝛽 − 𝑑2)(𝑛3 − 𝑛2)) ((𝐾𝑛1(𝑏 − ℎ1) − 𝑏)(𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2)) −

                   𝐾𝑓ℎ1𝑛1(𝜂𝛽 −  𝑑2)),  

           𝜎3 = 𝐾 ((𝑏 − ℎ1(1 + 𝑛1𝐴))(𝑙2 + 𝑛3(𝜂𝛽 − 𝑑2))(𝑙2 + (𝜂𝛽 − 𝑑2)(𝑛3 − 𝑛2)) +

                    (𝜂𝛽 − 𝑑2)(𝐵1 + ℎ1𝑓(1 + 𝑛1𝐴))(𝑙2 + (𝜂𝛽 − 𝑑2))(𝑛3 − 𝑓( 𝐵1 + ℎ1𝑛1))),  

         𝜎4 = 𝐾𝐴 ((𝑙2 + (𝜂𝛽 − 𝑑2)(𝑛3 − 𝑓)) ((𝜂𝛽 − 𝑑2)( 𝐵1 − ℎ1(𝑛3 − 𝑛1)) − ℎ1𝑙2)). 

Moreover, from Equation (9.5) we have 
𝑑𝑁

𝑑𝑀2
= −((

𝜕𝐿1

𝜕𝑀2
) / (

𝜕𝐿1

𝜕𝑁
)) . So , 

𝑑𝑁

𝑑𝑀2
< 0 if one of the 

following sets of conditions hold  

          (
𝜕𝐿1

𝜕𝑀2
) > 0, (

𝜕𝐿1

𝜕𝑁
) > 0   𝑂𝑅  (

𝜕𝐿1

𝜕𝑀2
) < 0, (

𝜕𝐿1

𝜕𝑁
) < 0.                                                        (9.8) 

As well as, from Equation(9.6) we notice that, when 𝑀2 → 0, then 𝑁 → 𝑁∗2,  

where     𝑁∗2 =
𝑃(𝑙2+𝑃1(𝑛3−𝑛2))

𝑙1(𝑙2+𝑛3𝑃1)+𝑛1𝑃(𝑙2−𝑛2𝑃1))
. 

Furthermore, from Equation(9.6), we have 
𝑑𝑁

𝑑𝑀2
= −((

𝜕𝐿2

𝜕𝑀2
) / (

𝜕𝐿2

𝜕𝑁
)).  So, 

𝑑𝑁

𝑑𝑀2
> 0  if one of 

the following sets of conditions hold 

        (
𝜕𝐿2

𝜕𝑀2
) > 0, (

𝜕𝐿2

𝜕𝑁
) <  0  𝑂𝑅  (

𝜕𝐿2

𝜕𝑀2
) < 0, (

𝜕𝐿2

𝜕𝑁
) >

0.                                                                          (9.9) 

Then the two isoclines (9.5) and (9.6) intersect at a unique positive point (𝑁∗, 𝑀2
∗) in the 

𝐼𝑛𝑡. 𝑅+
2  of 𝑁𝑀2 − plane . 

So, the (EP) 𝐸9 = (𝑁∗, 𝑀1
∗, 𝑀2

∗ ) where 𝑀1
∗ = 𝑀1( 𝑀2

∗) exists if in addition to conditions 
(3, 5, 6.5) the following conditions hold  

    𝑓 > 𝑛3 > Max  {𝑛1, 𝑛2, 𝑓(𝐵1 + ℎ1𝑛1)}                                                                                 (9.10) 

    𝐵1  <  ℎ1(𝑛3 − 𝑛2),                                                                                                                    (9.11) 

   (1 − 𝑛)𝛽 <  𝑑1 + 
𝑙2

𝑛2
 ,                                                                                                               (9.12) 

   𝑁∗1 > 𝑁∗2,                                                                                                                                     (9.13)  

   ℎ3𝑀2
∗+𝑑2 >  𝜂𝛽,                                                                                                                           (9.14) 

   𝑙2 > 𝑛3(1 + 𝑛4𝑀2
∗)(ℎ3𝑀2

∗ − (𝜂𝛽 − 𝑑2)).                                                                      (9.15) 

 

4. Local stability analysis (LSA): 

       In this section, the (LSA) around each of the equilibrium points is discussed through 

computing the Jacobian matrix (𝐽𝑀),  𝐽(𝑁,𝑀1, 𝑀2)  and found the eigenvalues of 

system (1) at each of them. 
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Note that, we used the symbols 𝜆𝑖𝑁 , 𝜆𝑖𝑀1
 and 𝜆𝑖𝑀2

 to represent the eigenvalues of (𝐽𝑀)         

𝐽𝑖; 𝑖 =  0, 1, …  9  that describe the dynamics in 𝑁-direction , 𝑀1-direction and 𝑀2-direction 

respectively, where the Jacobian matrix 𝐽(𝑁,𝑀1, 𝑀2) of the system (1) at each of them can be 

written as 𝐽 = [𝑎𝑖𝑗]3×3
  , 

         𝑎11 =
𝑏𝑁(𝑁(𝐾−2𝑁)+𝐴(2𝐾−3𝑁))

𝐾(𝑓𝑀1+1)(𝑁+𝐴)2
 −

𝐵1𝑀1

(1+ 𝑛1𝑁)2(1+ 𝑛2𝑀1)
 −  ℎ1, 

        𝑎12 =
𝑓𝑏𝑁2(𝑁−𝐾)

𝐾(𝑓𝑀1+1)2(𝑁+𝐴)
 −

𝐵1𝑁

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)2
  ,   𝑎13 = 0 ,  𝑎21 =

𝑙1𝑀1

(1+ 𝑛1𝑁)2(1+ 𝑛2𝑀1)
,  

         𝑎22 =
𝑙1𝑁

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)2
−

𝐵2𝑀2

(1+ 𝑛3𝑀1)2(1+ 𝑛4𝑀2)
+ (1 −  𝜂)𝛽 − 𝑑1 − 2ℎ2𝑀1, 

         𝑎23 =
−𝐵2𝑀1

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)2
     ,       𝑎31 = 0  ,   𝑎32 =

𝑙2𝑀2

(1+ 𝑛3𝑀1)2(1+ 𝑛4𝑀2)
   ,  

         𝑎33 =
𝑙2𝑀1

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)2
+ 𝜂𝛽 − 𝑑2 − 2ℎ3𝑀2. 

 

• It is easy to verify that, the (𝐽𝑀) of system (1) at 𝐸0 = (0,0,0) can be written as:  

   𝐽0 =  𝐽(𝐸0) = [

−ℎ1 0 0

0 (1 −  𝜂)𝛽 − 𝑑1 0
0 0 𝜂𝛽 − 𝑑2

].                                                                 (10 ) 

Then the characteristic equation of  𝐽0 is given by 

            (−ℎ1 −  𝜆 )((1 −  𝜂)𝛽 − 𝑑1 − 𝜆 )( 𝜂𝛽 − 𝑑2 − 𝜆 )  = 0 

then the eigenvalues of  𝐽0 are 

            𝜆0𝑁 = −ℎ1 < 0 ,      𝜆0𝑀1
= (1 −  𝜂)𝛽 − 𝑑1    and     𝜆0𝑀2

= 𝜂𝛽 − 𝑑2, so 

the equilibrium point 𝐸0 is locally asymptotically stable (LAS) in the 𝑅+
3  , by reversing 

conditions (4) and (5) and it is unstable otherwise.  

 

• The (𝐽𝑀) of system (1) at  𝐸1 = ( 𝑁̅, 0,0 ) can be written as 

           𝐽1 =  𝐽(𝐸1) =

[
 
 
 
 
𝑏𝑁̅(𝑁̅(𝐾−2𝑁̅)+𝐴(2𝐾−3𝑁̅))

𝐾(𝑁̅+𝐴)2
− ℎ1 

𝑓𝑏𝑁̅2(𝑁̅−𝐾)

𝐾(𝑁̅+𝐴)
−

𝐵1𝑁̅

(1+ 𝑛1𝑁)
0

0
𝑙1𝑁̅

(1+ 𝑛1𝑁̅)
+ (1 − 𝜂)𝛽 − 𝑑1 0

0 0 𝜂𝛽 − 𝑑2]
 
 
 
 

.                                   (11) 

Then the characteristic equation of  𝐽1 is given by 

         (
𝑏𝑁̅(𝑁̅(𝐾−2𝑁̅)+𝐴(2𝐾−3𝑁̅))

𝐾(𝑁̅+𝐴)2
− ℎ1 − 𝜆 ) (

𝑙1𝑁̅

(1+ 𝑛1𝑁̅)
+ (1 −  𝜂)𝛽 − 𝑑1 − 𝜆) (𝜂𝛽 − 𝑑2 − 𝜆) = 0, 

then the eigenvalues of  𝐽1 are: 

         𝜆1𝑁 =
𝑏𝑁̅(𝑁̅(𝐾−2𝑁̅)+𝐴(2𝐾−3𝑁̅))

𝐾(𝑁̅+𝐴)2
− ℎ1   , 

         𝜆1𝑀1
=

𝑙1𝑁̅

(1+ 𝑛1𝑁̅)
+ ((1 −  𝜂)𝛽 − 𝑑1)     and   𝜆1𝑀2

= 𝜂𝛽 − 𝑑2. 

Then 𝐸1 is (LAS) by reversing conditions (4,5) with next conditions  

         𝑁̅ <
1

2
 𝐾 ,                                                                                                                                     (12)    

          
𝑏𝑁̅(𝑁̅(𝐾−2𝑁̅)+𝐴(2𝐾−3𝑁̅))

𝐾(𝑁̅+𝐴)2
< ℎ1 ,                                                                                                  (13) 

           
𝑙1𝑁̅

(1+ 𝑛1𝑁̅)
< (𝑑1 − (1 −  𝜂)𝛽).                                                                                                  (14)  

otherwise 𝐸1 is unstable, similarly for the equilibrium point 𝐸2.      
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• The (𝐽𝑀) of system (1) at  𝐸3 = (0 , 𝑀̂1, 0 )  where 𝑀̂1 =
(1− 𝜂)𝛽−𝑑1 

ℎ2 
 can be written 

as   𝐽3 =  𝐽(𝐸3) =

 

[
 
 
 
 
 

−𝐵1𝑀̂1

(1+ 𝑛2𝑀̂1)
− ℎ1 0 0

𝑙1𝑀̂1

(1+ 𝑛2𝑀̂1)
−((1 −  𝜂)𝛽 − 𝑑1)

−𝐵2𝑀̂1

(1+ 𝑛3𝑀̂1)

0 0
𝑙2𝑀̂1

(1+ 𝑛3𝑀̂1)
+ (𝜂𝛽 − 𝑑2)]

 
 
 
 
 

.                                           (15) 

Then the characteristic equation of  𝐽3 is given by 

           (
−𝐵1𝑀̂1

(1+ 𝑛2𝑀̂1)
− ℎ1 − 𝜆 ) (−((1 −  𝜂)𝛽 − 𝑑1) − 𝜆)(

𝑙2𝑀̂1

(1+ 𝑛3𝑀̂1)
+ (𝜂𝛽 − 𝑑2) − 𝜆) = 0, 

then the eigenvalues of  𝐽3 are 

      𝜆3𝑁 =
−𝐵1𝑀̂1

(1+ 𝑛2𝑀̂1)
− ℎ1 < 0 ,    𝜆3𝑀1

= −((1 −  𝜂)𝛽 − 𝑑1)    and   𝜆3𝑀2
=

𝑙2𝑀̂1

(1+ 𝑛3𝑀̂1)
+ 𝜂𝛽 −

𝑑2, 
then 𝐸3 is (LAS) by condition (4) and reversing condition (5) with condition:       

      
𝑙2𝑀̂1

(1+ 𝑛3𝑀̂1)
< (𝑑2 − 𝜂𝛽),                                                                                                                 (16) 

otherwise 𝐸3 is unstable. 

• The (𝐽𝑀) of system (1) at 𝐸4 = (0 ,0 , 𝑀̌2 ) where 𝑀̌2 =
𝜂𝛽−𝑑2 

ℎ3 
  can be written as: 

    𝐽4 =  𝐽(𝐸4) =

[
 
 
 
 
− ℎ1 0 0

0
−𝐵2𝑀̌2

(1+ 𝑛4𝑀̌2)
+ ((1 −  𝜂)𝛽 − 𝑑1) 0

0
𝑙2𝑀̌2

(1+ 𝑛4𝑀̌2)
−(𝜂𝛽 − 𝑑2)]

 
 
 
 

.                               (17) 

 

Then the characteristic equation of  𝐽4 is given by: 

    (− ℎ1 − 𝜆 ) (
−𝐵2𝑀̌2

(1+ 𝑛4𝑀̌2)
+ ((1 −  𝜂)𝛽 − 𝑑1) − 𝜆) (−(𝜂𝛽 − 𝑑2) − 𝜆) = 0, 

then the eigenvalues of  𝐽4 are 

     𝜆4𝑁 = − ℎ1 < 0   ,   𝜆4𝑀1
=

−𝐵2𝑀̌2

(1+ 𝑛4𝑀̌2)
− (𝑑1 − (1 −  𝜂)𝛽)   and   𝜆4𝑀2

= −(𝜂𝛽 − 𝑑2), 

then 𝐸4 is (LAS) by condition (5) and reversing condition (4), otherwise 𝐸4 is unstable.  

• The (𝐽𝑀) of system (1) at 𝐸5 = (𝑁̃ , 𝑀̃1 ,0 )  can be written as 

 

          𝐽5 =  𝐽(𝐸5) = [ 𝜏𝑖𝑗 ]3×3
  .                                                                                                        (18) 

 

          𝜏11 =
𝑏𝑁̃(𝑁̃(𝐾−2𝑁̃)+𝐴(2𝐾−3𝑁̃))

𝐾(𝑓𝑀̃1+1)(𝑁̃+𝐴)2
−

𝐵1𝑀̃1

(1+ 𝑛1𝑁̃)2(1+ 𝑛2𝑀̃1)
− ℎ1  ,  

          𝜏12 =
𝑓𝑏𝑁̃2(𝑁̃−𝐾)

𝐾(𝑓𝑀̃1+1)2(𝑁̃+𝐴)
−

𝐵1𝑁̃

(1+ 𝑛1𝑁̃)(1+ 𝑛2𝑀̃1)2
  ,     𝜏13 = 0  ,    𝜏21 =

𝑙1𝑀̃1

(1+ 𝑛1𝑁̃)2(1+ 𝑛2𝑀̃1)
   ,   

          𝜏22 =
𝑙1𝑁̃

(1+ 𝑛1𝑁̃)(1+ 𝑛2𝑀̃1)2
+ (1 −  𝜂)𝛽 − 𝑑1 − 2ℎ2𝑀̃1     ,   𝜏23 =

−𝐵2𝑀̃1

(1+ 𝑛3𝑀̃1)
    ,    

          𝜏31 = 0   ,     𝜏32 = 0     ,     𝜏33 =
𝑙2𝑀̃1

(1+ 𝑛3𝑀̃1)
+ 𝜂𝛽 − 𝑑2. 

Then the characteristic equation of  𝐽5 is given by 

        (𝜏33 − 𝜆)[𝜆2 − (𝜏11 + 𝜏22)𝜆 + 𝜏11𝜏22 − 𝜏12𝜏21] = 0.                  

Then,     either (𝜏33 − 𝜆) = 0,  which gives   𝜆5𝑀2
=

𝑙2𝑀̃1

(1+ 𝑛3𝑀̃1)
+ 𝜂𝛽 − 𝑑2. 

Or     [𝜆2 − (𝜏11 + 𝜏22)𝜆 + 𝜏11𝜏22 − 𝜏12𝜏21] = 0, 

which gives 
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             𝜆5𝑁 + 𝜆5𝑀1
= (

𝑏𝑁̃(𝑁̃(𝐾−2𝑁̃)+𝐴(2𝐾−3𝑁̃))

𝐾(𝑓𝑀̃1+1)(𝑁̃+𝐴)2
−

𝐵1𝑀̃1

(1+ 𝑛1𝑁̃)2(1+ 𝑛2𝑀̃1)
 −  ℎ1) + 

                                   (
𝑙1𝑁̃

(1+ 𝑛1𝑁̃)(1+ 𝑛2𝑀̃1)2
+ ((1 −  𝜂)𝛽 − 𝑑1) − 2ℎ2𝑀̃1 ), 

           𝜆5𝑁 . 𝜆5𝑀1
 =  (

𝑏𝑁̃(𝑁̃(𝐾−2𝑁̃)+𝐴(2𝐾−3𝑁̃))

𝐾(𝑓𝑀1̃+1)(𝑁̃+𝐴)2
−

𝐵1𝑀̃1

(1+ 𝑛1𝑁̃)2(1+ 𝑛2𝑀̃1)
 −  ℎ1).   

                                  (
𝑙1𝑁̃

(1+ 𝑛1𝑁̃)(1+ 𝑛2𝑀̃1)2
+ (1 −  𝜂)𝛽 − 𝑑1 − 2ℎ2𝑀̃1 ) − (

𝑓𝑏𝑁̃2(𝑁̃−𝐾)

𝐾(𝑓𝑀1̃+1)2(𝑁̃+𝐴)
−

                                      
𝐵1𝑁̃

(1+ 𝑛1𝑁̃)(1+ 𝑛2𝑀̃1)2
) (

𝑙1𝑀̃1

(1+ 𝑛1𝑁̃)2(1+ 𝑛2𝑀̃1)
), 

then 𝐸5 is (LAS) by condition (4) and the next conditions hold 

 

           𝑁̃ <
1

2
 𝐾,                                                                                                                               (19) 

 

          
𝑏𝑁̃(𝑁̃(𝐾−2𝑁̃)+𝐴(2𝐾−3𝑁̃))

𝐾(𝑓𝑀̃1+1)(𝑁̃+𝐴)2
<

𝐵1𝑀̃1

(1+ 𝑛1𝑁̃)2(1+ 𝑛2𝑀̃1)
+ ℎ1,                                          (20) 

 

         
𝑙2𝑀̃1

(1+ 𝑛3𝑀̃1)
+ 𝜂𝛽 < 𝑑2,                                                                                                         (21) 

         
𝑙1𝑁̃

(1+ 𝑛1𝑁̃)(1+ 𝑛2𝑀̃1)2
+ ((1 −  𝜂)𝛽 − 𝑑1) < 2ℎ2𝑀̃1,                                                      (22) 

 

          
𝑓𝑏𝑁̃2(𝑁̃−𝐾)

𝐾(𝑓𝑀̃1+1)2(𝑁̃+𝐴)
<

𝐵1𝑁̃

(1+ 𝑛1𝑁̃)(1+ 𝑛2𝑀̃1)2
 .                                                                        (23)       

Otherwise 𝐸5 is unusable. 

• The (𝐽𝑀) of system (1) at 𝐸6 = (𝑁̅ ,0 , 𝑀̌2)   can be written as 

 

                𝐽6 =  𝐽(𝐸6) = [ 𝜒𝑖𝑗  ]3×3
.                                                                                                  (24) 

        

     𝜒11 =
𝑏𝑁̅(𝑁̅(𝐾−2𝑁̅)+𝐴(2𝐾−3𝑁̅))

𝐾(𝑁̅+𝐴)2
 −  ℎ1,   𝜒12 =

𝑓𝑏𝑁̅2(𝑁̅−𝐾)

𝐾(𝑁̅+𝐴)
−

𝐵1𝑁̅

(1+ 𝑛1𝑁)
,    𝜒13 = 0, 

            𝜒21 = 0 ,     𝜒22 =
𝑙1𝑁̅

(1+ 𝑛1𝑁̅)
−

𝐵2𝑀̌2

(1+ 𝑛4𝑀̌2)
+ (1 −  𝜂)𝛽 − 𝑑1, 𝜒23 = 0, 

            𝜒31 = 0,     𝜒32 =
𝑙2𝑀̌2

(1+ 𝑛4𝑀̌2)
, 𝜒33 = −(𝜂𝛽 − 𝑑2). 

Then the characteristic equation of  𝐽6 is given by 

            (𝜒11 − 𝜆 )(𝜒22 − 𝜆)(𝜒33 − 𝜆) = 0, 
then the eigenvalues of  𝐽6 are  

            𝜆6𝑁 = 
𝑏𝑁̅(𝑁̅(𝐾−2𝑁̅)+𝐴(2𝐾−3𝑁̅))

𝐾(𝑁̅+𝐴)2
 −  ℎ1,  𝜆6𝑀1

=
𝑙1𝑁̅

(1+ 𝑛1𝑁̅)
−

𝐵2𝑀̌2

(1+ 𝑛4𝑀̌2)
+ (1 −  𝜂)𝛽 − 𝑑1 

and 

             𝜆6𝑀2
= −(𝜂𝛽 − 𝑑2),   

then 𝐸6 is (LAS) by conditions (5,12, 13 and 14) and reversing condition (4).         

Similarly,  𝐸7 = (𝑁̿ ,0 , 𝑀̌2 ) is (LAS) if the conditions hold, otherwise 𝐸6  and 𝐸7 are 

unstable. 

• The (𝐽𝑀) of system (1) at 𝐸8 = (0 ,𝑀1
̇  , 𝑀2

̇  )  can be written as 

  𝐽8 = [ Ω𝑖𝑗 ]3×3
 , were                                                                                                                        (25) 

          Ω11 =
−𝐵1𝑀1̇

(1+ 𝑛2𝑀1̇ )
 −  ℎ1 < 0, Ω12 = 0,  Ω13 = 0,  Ω21 =

𝑙1𝑀1̇

(1+ 𝑛2𝑀1̇ )
 ,  

          Ω22 =
−𝐵2𝑀2̇

(1+ 𝑛3𝑀1̇ )2(1+ 𝑛4𝑀2̇ )
+ (1 −  𝜂)𝛽 − 𝑑1 − 2ℎ2𝑀1

̇ ,  Ω23 =
−𝐵2𝑀1̇

(1+ 𝑛3𝑀1̇ )(1+ 𝑛4𝑀2̇ )2
, 
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          Ω31 = 0, Ω32 =
𝑙2𝑀2̇

(1+ 𝑛3𝑀1̇ )2(1+ 𝑛4𝑀2̇ )
 ,   Ω33 =

𝑙2𝑀1̇

(1+ 𝑛3𝑀1̇ )(1+ 𝑛4𝑀2̇ )2
+ 𝜂𝛽 − 𝑑2 − 2ℎ3𝑀2

̇ . 

Then the characteristic equation of  𝐽8 is given by 

        (Ω11 − 𝜆)[𝜆2 − (Ω22 + Ω33)𝜆 + Ω22Ω33 − Ω23Ω32] = 0 . 
Then, either (Ω11 − 𝜆) = 0, 

which gives   𝜆8𝑁 =
−𝐵1𝑀1̇

(1+ 𝑛2𝑀1̇ )
 −  ℎ1 < 0, 

or,  [𝜆2 − (Ω22 + Ω33)𝜆 + Ω22Ω33 − Ω23Ω32] = 0,                 
which gives 

       𝜆8𝑀1
+ 𝜆8𝑀2

= (
−𝐵2𝑀2̇

(1+ 𝑛3𝑀1̇ )2(1+ 𝑛4𝑀2̇ )
+ ((1 −  𝜂)𝛽 − 𝑑1) − 2ℎ2𝑀1

̇ ) +

 (
𝑙2𝑀1̇

(1+ 𝑛3𝑀1̇ )(1+ 𝑛4𝑀2̇ )2
+ (𝜂𝛽 − 𝑑2) − 2ℎ3𝑀2

̇ ), 

       𝜆8𝑀1 .  𝜆8𝑀2
  = (

−𝐵2𝑀2̇

(1+ 𝑛3𝑀1̇ )2(1+ 𝑛4𝑀2̇ )
+ ((1 −  𝜂)𝛽 − 𝑑1) − 2ℎ2𝑀1

̇ ) 

                                (
𝑙2𝑀1̇

(1+ 𝑛3𝑀1̇ )(1+ 𝑛4𝑀2̇ )2
+ (𝜂𝛽 − 𝑑2) − ℎ3𝑀2

̇ ) 

                                (
−𝐵2𝑀1̇

(1+ 𝑛3𝑀1̇ )(1+ 𝑛4𝑀2̇ )2
) (

𝑙2𝑀2̇

(1+ 𝑛3𝑀1̇ )2(1+ 𝑛4𝑀2̇ )
), 

then 𝐸8 is (LAS) by conditions (4 and 5) and the next conditions hold 

 

      ((1 −  𝜂)𝛽 − 𝑑1) <
𝐵2𝑀2̇

(1+ 𝑛3𝑀1̇ )2(1+ 𝑛4𝑀2̇ )
+ 2ℎ2𝑀1

̇ ,                                                                (26) 

 

       
𝑙2𝑀1̇

(1+ 𝑛3𝑀1̇ )(1+ 𝑛4𝑀2̇ )2
+ (𝜂𝛽 − 𝑑2) < 2ℎ3𝑀2

̇ ,                                                                           (27) 

otherwise 𝐸8 is unstable. 

• Finally, the (𝐽𝑀) of system (1) at 𝐸9 = (𝑁∗, 𝑀1
∗ , 𝑀2

∗ ) can be written as: 

𝐽9 = [ 𝜌𝑖𝑗 ]3×3
.                                                                                                                                     (28) 

Here 

          𝜌11 =
𝑏𝑁∗(𝑁∗(𝐾−2𝑁∗)+𝐴(2𝐾−3𝑁∗))

𝐾(𝑓𝑀1
∗+1)(𝑁∗+𝐴)2

 −
𝐵1𝑀1

∗

(1+ 𝑛1𝑁∗)2(1+ 𝑛2𝑀1
∗)

 − ℎ1, 

          𝜌12 =
𝑓𝑏𝑁∗2(𝑁∗−𝐾)

𝐾(𝑓𝑀1
∗+1)2(𝑁∗+𝐴)

−
𝐵1𝑁∗

(1+ 𝑛1𝑁∗)(1+ 𝑛2𝑀1
∗)2

, 𝜌13 = 0, 𝜌21 =
𝑙1𝑀1

∗

(1+ 𝑛1𝑁∗)2(1+ 𝑛2𝑀1
∗)
 ,     

          𝜌22 =
𝑙1𝑁∗

(1+ 𝑛1𝑁∗)(1+ 𝑛2𝑀1
∗)2

−
𝐵2𝑀2

∗

(1+ 𝑛3𝑀1
∗)2(1+ 𝑛4𝑀2

∗)
+ ((1 −  𝜂)𝛽 − 𝑑1) − 2ℎ2𝑀1

∗, 

          𝜌23 =
−𝐵2𝑀1

∗

(1+ 𝑛3𝑀1
∗)(1+ 𝑛4𝑀2

∗)2
,   𝜌31 = 0, 𝜌32 = 

𝑙2𝑀2
∗

(1+ 𝑛3𝑀1
∗)2(1+ 𝑛4𝑀2

∗)
,  

            𝜌33 =
𝑙2𝑀1

∗

(1+ 𝑛3𝑀1
∗)(1+ 𝑛4𝑀2

∗)2
+ (𝜂𝛽 − 𝑑2) − 2ℎ3𝑀2

∗.    

Then the characteristic equation of  𝐽9 is given by 

         𝜆3 + 𝐼1𝜆
2 + 𝐼2 𝜆 + 𝐼3 = 0,                                                                                                                

where 

𝐼1 = −(𝜌11 + 𝜌22 + 𝜌33), 
𝐼2 = 𝜌11(𝜌22 + 𝜌33) + 𝜌22𝜌33 − 𝜌12𝜌21 − 𝜌23𝜌32, 

𝐼3 = 𝜌11(𝜌23𝜌32 − 𝜌22𝜌33) + 𝜌12𝜌21𝜌33. 

So, by Routh Hurwitz criterion all the eigenvalues, which represent the roots of Equation 
(28), have negative real parts if and only if  𝐼1 > 0,  𝐼3 > 0  and  𝛥 = (𝐼1𝐼2 − 𝐼3)𝐼3 > 0. 

Clearly, in addition to conditions (4, 5) we have  𝐼1 > 0 and  𝐼3 > 0  provided that 

           𝑁∗ <
1

2
 𝐾,                                                                                                                                  (29) 

           
𝑏𝑁∗(𝑁∗(𝐾−2𝑁∗)+𝐴(2𝐾−3𝑁∗))

𝐾(𝑓𝑀1
∗+1)(𝑁∗+𝐴)2

 <
𝐵1𝑀1

∗

(1+ 𝑛1𝑁∗)2(1+ 𝑛2𝑀1
∗)

+ ℎ1,                                                     (30) 
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𝑙1𝑁∗

(1+ 𝑛1𝑁∗)(1+ 𝑛2𝑀1
∗)2

+ ((1 −  𝜂)𝛽 − 𝑑1) <
𝐵2𝑀2

∗

(1+ 𝑛3𝑀1
∗)2(1+ 𝑛4𝑀2

∗)
+ 2ℎ2𝑀1

∗,                    (31) 

 

          
𝑙2𝑀1

∗

(1+ 𝑛3𝑀1
∗)(1+ 𝑛4𝑀2

∗)2
+ (𝜂𝛽 − 𝑑2) < 2ℎ3𝑀2

∗.                                                                        (32) 

 

      Therefore, under the above conditions, all of  𝐽9’s  eigenvalues have negative real parts, 

and as a result  𝐸9 is (LAS), otherwise  𝐸9 is unstable. 

 

 5. Global stability analysis (GSA) 

          In this section the (GSA) for the (EPs), which are (LAS) of system (1) have been 

studied analytically by use the suitable of Lyapunov method as shown in the following 

theorems. 

Theorem 5.1: The equilibrium point 𝐸0 = (0 ,0 ,0 ) of system (1) is globally asymptotically 

stable (GAS) in the sub region 𝜓0 ⊂ 𝑅+
3 .  In addition to reversing conditions (4 and 5) the 

following conditions hold                          

         𝐾 > 𝑁,                                                                                                                            (33) 

 

        ( 
𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
 ) < (𝑑1 − (1 −  𝜂)𝛽)𝑀1 + (𝑑2 − 𝜂𝛽)𝑀2.                                     (34) 

 

Proof:  Consider the following function  𝑉0(𝑁 ,𝑀1, 𝑀2 ) =  𝑁 + 𝑀1 + 𝑀2. 
Clearly, V0: R+

3 → R is a C1 positive definite function. 

Now, by differentiating V0 with regard to time t, and performing some algebraic 

manipulation, gives that 

         
𝑑V0

𝑑𝑡
= 𝑏𝑁 ( 1 −

𝑁

𝐾
 ) ( 

1

𝑓𝑀1+1
 ) ( 

𝑁

𝑁+𝐴
 ) −

(𝐵1−𝑙1)𝑁𝑀1

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)
 −  ℎ1𝑁 −

                      
(𝐵2−𝑙2)𝑀1𝑀2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
  + ((1 −  𝜂)𝛽 − 𝑑1) 𝑀1  − ℎ2 𝑀1

2 + (𝜂𝛽 − 𝑑2) 𝑀2 − ℎ3𝑀2
2. 

Now, due to the biological facts  𝑙𝑖< 𝐵𝑖 , 𝑖 = 1,2,  so 

         
𝑑V0

𝑑𝑡
< ( 

𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
 )  − (𝑑1 − (1 −  𝜂)𝛽)𝑀1 − (𝑑2 − 𝜂𝛽)𝑀2,  

hence 
𝑑V0

𝑑𝑡
< 0 in the region 𝜓0, by conditions (33 and 34)  then V0 is strictly Lyapunov 

function. Therefore,  𝐸0 is a (GAS) in the region 𝜓0 ⊂ R+
3             

 

Furthermore, it is not viable to use the Lyapunov function to examine the global stability of 

two equilibrium points (𝐸1 and 𝐸2) that are located in the interior of  𝑅+
3  and have distinct 

beginning points neighbourhood but the same local stability conditions. Consequently, as 

opposed to studying it analytically as demonstrated in the previous theorems, we shall 

investigate it numerically. 

Theorem 5.2: The equilibrium point  𝐸3 = (0 , 𝑀̂1, 0 ) of system (1) is (GAS) in the sub 

region  𝜓1 ⊂ 𝑅+
3  , If In addition to condition (33) and reversing condition (5) the following 

condition holds    

       𝑄̂1  < 𝑄̂2,                                                                                                                                     (35) 

where  

       𝑄̂1 = ( 
𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
 +

𝐵2𝑀̂1𝑀2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
), 

        𝑄̂2 = (
𝑙1𝑁𝑀̂1

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)
+ ℎ2(𝑀1 − 𝑀̂1)

2 + (𝑑2 − 𝜂𝛽)𝑀2). 
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Proof:  Consider the following function   𝑉1(𝑁 ,𝑀1, 𝑀2 ) =  𝑁 + ( 𝑀1 − 𝑀̂1 − 𝑀̂1 𝑙𝑛
𝑀1

𝑀̂1
 )  +

 𝑀2 

Clearly, V1: R+
3 → R is a C1 positive definite function. 

Now, by differentiating V1 with regard to time t, and performing some algebraic 

manipulation, gives that 

        
𝑑V1

𝑑𝑡
=

𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
 −

(𝐵1−𝑙1)𝑁𝑀1

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)
 − ℎ1𝑁 −

𝑙1𝑁𝑀̂1

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)
−

                   
(𝐵2−𝑙2)𝑀1𝑀2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
+ 

𝐵2𝑀̂1𝑀2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
 − ℎ2(𝑀1 − 𝑀̂1)

2
+ (𝜂𝛽 − 𝑑2)𝑀2 −

ℎ3𝑀2
2. 

Now, due to the biological facts  𝑙𝑖< 𝐵𝑖 , 𝑖 = 1,2, so 

    
𝑑V1

𝑑𝑡
<

𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
 +

𝐵2𝑀̂1𝑀2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
− (

𝑙1𝑁𝑀̂1

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)
+ ℎ2(𝑀1 − 𝑀̂1)

2
+

              (𝑑2 − 𝜂𝛽)𝑀2)  

            = 𝑄̂1 − 𝑄̂2,                                                                                                                                          
 

hence 
𝑑V1

𝑑𝑡
< 0 in the region 𝜓1 , by reversing condition (5) and using conditions 

(33 and 35) then V1 is strictly Lyapunov function. Therefore,  𝐸3 is a (GAS) in the 

region 𝜓1 ⊂ R+
3 .        

Theorem 5.3: The (EP) 𝐸4 = (0 ,0 , 𝑀̌2) of system (1) is (GAS) in the sub region 𝜓2 ⊂ 𝑅+
3  .  

In addition to condition (33) and reversing condition (4) the following condition holds:  

 

       𝑄̌1 < 𝑄̌2,                                                                                                                                (36)   

where  

      𝑄̌1 = ( 
𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
), 

      𝑄̌2 = (
𝑙2𝑀1𝑀̌2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
+ ℎ1𝑁 + (𝑑1 − (1 −  𝜂)𝛽) 𝑀1).   

Proof:  Consider the following function 𝑉2(𝑁 ,𝑀1, 𝑀2 ) =  𝑁 + 𝑀1  +  ( 𝑀2 − 𝑀̌2 −

𝑀̌2 𝑙𝑛
𝑀2

𝑀̌2
 ). 

 

     Clearly, V2: R+
3 → R is a C1 positive definite function. 

     Now, by differentiating V2 with regard to time, t and performing some algebraic 

manipulation, gives that 

      
𝑑V2

𝑑𝑡
=

𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
−

(𝐵1−𝑙1)𝑁𝑀1

(1+ 𝑛1𝑁)(1+ 𝑛2𝑀1)
 − ℎ1𝑁 −

(𝐵2−𝑙2)𝑀1𝑀2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
−

𝑙2𝑀1𝑀̌2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
+               ((1 −  𝜂)𝛽 − 𝑑1) 𝑀1  − ℎ2 𝑀1

2 − ℎ3 ((𝑀2 − 𝑀̌2)
2
). 

Now, due to the biological facts 𝑙𝑖< 𝐵𝑖 , 𝑖 = 1,2 so: 

       
𝑑V2

𝑑𝑡
<

𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
− (

𝑙2𝑀1𝑀̌2

(1+ 𝑛3𝑀1)(1+ 𝑛4𝑀2)
+ ℎ1𝑁 + (𝑑1 − (1 −  𝜂)𝛽) 𝑀1) 

               = 𝑄̌1 − 𝑄̌2, 

hence 
𝑑V2

𝑑𝑡
< 0 in the region 𝜓2 , by reversing condition (4) using conditions (33, 36) then V2 

is strictly Lyapunov function. Therefore,  𝐸4 is a (GAS) in the region 𝜓2 ⊂ R+
3 .       

Theorem 5.4: The (EP) 𝐸5 = (𝑁̃ , 𝑀̃1 ,0 ) of system (1) is (GAS) in the sub region 𝜓3 ⊂ 𝑅+
3   

if In addition to condition (33) the following condition holds  

        𝑄̃1 < 𝑄̃2 ,                                                                                                                                      (37) 

where 
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        𝑄̃1 =
𝑏𝑁(𝐾−𝑁)𝑁

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
+

𝐵1𝑁̃𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

𝑏𝑁̃(𝐾−𝑁̃)𝑁̃

𝐾(𝑓𝑀̃1+1)(𝑁̃+𝐴)
+

𝐵1𝑁𝑀̃1

(1+𝑛1𝑁̃)(1+𝑛2𝑀̃1)
+

                   
𝐵2𝑀̃1𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
, 

        𝑄̃2  =
𝑏𝑁(𝐾−𝑁)𝑁̃

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
+

𝑏𝑁̃(𝐾−𝑁̃)𝑁

𝐾(𝑓𝑀̃1+1)(𝑁̃+𝐴)
+

𝑙1𝑁𝑀̃1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

𝑙1𝑁̃𝑀1

(1+𝑛1𝑁̃)(1+𝑛2𝑀̃1)
+

                   ℎ2(𝑀2 − 𝑀̃2)
2
+ (𝑑2 − 𝑛𝛽)𝑀2 + ℎ2𝑀2

2. 
Proof:  Consider the following function 

         𝑉3(𝑁 ,𝑀1, 𝑀2 ) = ( 𝑁 − 𝑁̃ − 𝑁̃  𝑙𝑛
𝑁

𝑁̃
 ) + ( 𝑀1 − 𝑀̃1 − 𝑀̃1  𝑙𝑛

𝑀1

𝑀̃1
 ) + 𝑀2.  

Clearly V3: R+
3 → R is a C1 positive definite function. 

Now by differentiating V3 with regard to time t, and performing some algebraic manipulation, 

gives that 

      
d𝑉3

𝑑𝑡
=

𝑏𝑁(𝐾−𝑁)(𝑁−𝑁̃)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
−

(𝐵1−𝑙1)𝑁𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

𝐵1𝑁̃𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
−

𝑏𝑁̃(𝐾−𝑁̃)(𝑁−𝑁̃)

𝐾(𝑓𝑀̃1+1)(𝑁̃+𝐴)
+

                  
𝐵1𝑁𝑀̃1

(1+𝑛1𝑁̃)(1+𝑛2𝑀̃1)
−

(𝐵1−𝑙1)𝑁̃𝑀̃1

(1+𝑛1𝑁̃)(1+𝑛2𝑀̃1)
−

𝑙1𝑁𝑀̃1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
−

(𝐵2−𝑙2)𝑀1𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝜇2)
+

                  
𝐵2𝑀̃1𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
− 

𝑙1𝑁̃𝑀1

(1+𝑛1𝑁̃)(1+𝑛2𝑀̃1)
− ℎ2(𝑀2 − 𝑀̃2)

2
+ (𝑛𝐵 − 𝑑2)𝑀2 − ℎ2𝑀2

2. 

Now, due to the biological facts  𝑙𝑖< 𝐵𝑖 , 𝑖 = 1,2, so 

       
𝑑V3

𝑑𝑡
<  (

𝑏𝑁(𝐾−𝑁)𝑁

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
+

𝐵1𝑁̃𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

𝑏𝑁̃(𝐾−𝑁̃)𝑁̃

𝐾(𝑓𝑀̃1+1)(𝑁̃+𝐴)
+

𝐵1𝑁𝑀̃1

(1+𝑛1𝑁̃)(1+𝑛2𝑀̃1)
+

                   
𝐵2𝑀̃1𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
) (

𝑏𝑁(𝐾−𝑁)𝑁̃

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
+

𝑏𝑁̃(𝐾−𝑁̃)𝑁

𝐾(𝑓𝑀̃1+1)(𝑁̃+𝐴)
+

𝑙1𝑁𝑀̃1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

                   
𝑙1𝑁̃𝑀1

(1+𝑛1𝑁̃)(1+𝑛2𝑀̃1)
 + ℎ2(𝑀2 − 𝑀̃2)

2
+ (𝑑2 − 𝑛𝛽)𝑀2 + ℎ2𝑀2

2) 

       = 𝑄̃1 − 𝑄̃2, 

hence 
𝑑V3

𝑑𝑡
< 0 in the region 𝜓3, by conditions (33, 37) then V3 is strictly Lyapunov function. 

Therefore,  𝐸5 is a (GAS) in the region 𝜓3 ⊂ R+
3 .         

 

Also, it is not viable to use the Lyapunov function to examine the global stability of two 

equilibrium points (𝐸6 and 𝐸7) that are located in the interior of 𝑅+
3  and have distinct 

beginning points neighbourhood but the same local stability conditions. Consequently, as 

opposed to studying it analytically as demonstrated in the previous theorems, we shall 

investigate it numerically. 

 

Theorem 5.5: The (EP) 𝐸8 = (0 ,𝑀1
̇  , 𝑀2

̇  ) of system (1) is (GAS) in the sub region 𝜓4 ⊂

𝑅+
3  , If In addition to condition (33) the following condition holds:  

        𝑄1̇ < 𝑄2̇,                                                                                                                                       (38) 

 

 where        𝑄1̇ = (
𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
 +

𝐵2𝑀1̇ 𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+

𝑀1̇ (𝐵2𝑀1+𝑙2𝑀2̇ )

(1+𝑛3𝑀1̇ )(1+𝑛4𝑀2̇ )
 ), 

                   𝑄2̇  = (
𝑙1𝑁𝑀1̇

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

𝑙2𝑀1𝑀2̇

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+

𝑀1̇ (𝐵2𝑀1̇ +𝑙2𝑀2)

(1+𝑛3𝑀1̇ )(1+𝑛4𝑀2̇ )
). 

 

Proof:  Consider the following function 

         𝑉4(𝑁 , 𝑀1, 𝑀2) = 𝑁 + (𝑀1 − 𝑀1
̇ − 𝑀1

̇  𝑙𝑛
𝑀1

𝑀1̇
 ) + (𝑀2 − 𝑀2

̇ − 𝑀2
̇  𝑙𝑛

𝑀2 

𝑀2̇
 ) 

 

Clearly, V4: R+
3 → R is a C1 positive definite function. 

Now, by differentiating V4 with regard to time t, and performing some algebraic 

manipulation, gives that 
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𝑑V4

𝑑𝑡
=

𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
−

(𝐵1−𝑙1)𝑁𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
− ℎ1𝑀1 −

𝑙1𝑁𝑀1̇

(1+𝑛1𝑁)(1+𝑛2𝑀1)
−

(𝐵2−𝑙2)𝑀1𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+

                    
𝐵2𝑀1̇ 𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
− ℎ2(𝑀1 − 𝑀1

̇ )
2
+

𝐵2𝑀1̇ (𝑀1−𝑀1̇ )

(1+𝑛3𝑀1̇ )(1+𝑛4𝑀2̇ )
−

𝑙2𝑀1𝑀2̇

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
−

                   ℎ3(𝑀2 − 𝑀2
̇ )

2
− 

𝑙2𝑀1̇ (𝑀2−𝑀2̇ )

(1+𝑛3𝑀1̇ )(1+𝑛4𝑀2̇ )
. 

Now, due to the biological facts  𝑙𝑖< 𝐵𝑖 , 𝑖 = 1,2 so: 

       
𝑑V4

𝑑𝑡
< (

𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
 +

𝐵2𝑀1̇ 𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+

𝑀1̇ (𝐵2𝑀1+𝑙2𝑀2̇ )

(1+𝑛3𝑀1̇ )(1+𝑛4𝑀2̇ )
  ) − (

𝑙1𝑁𝑀1̇

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

                 
𝑙2𝑀1𝑀2̇

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+

𝑀1̇ (𝐵2𝑀1̇ +𝑙2𝑀2)

(1+𝑛3𝑀1̇ )(1+𝑛4𝑀2̇ )
)  

           = 𝑄1̇ − 𝑄2̇,       

hence 
𝑑V4

𝑑𝑡
< 0 in the region 𝜓4 , by conditions (33 and 38) then V4 is strictly Lyapunov 

function. Therefore,  𝐸8 is a (GAS) in the region 𝜓4 ⊂ R+
3 .         

 

Theorem 5.6: The (EP) 𝐸9 = (𝑁∗, 𝑀1
∗ , 𝑀2

∗)  of system (1) is (GAS) in the sub region 𝜓5 ⊂
𝑅+

3 ,  if in addition to condition (33) the following condition holds:  

 

          𝑄1
∗ < 𝑄2

∗,                                                                                                                               (39) 

 where 

          𝑄1
∗ = (

𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
+

𝐵1𝑁∗𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

𝑏𝑁∗2(𝐾−𝑁∗)

𝐾(𝑓𝑀1
∗+1)(𝑁∗+𝐴)

+
𝐵1𝑁𝑀1

∗

(1+𝑛1𝑁∗)(1+𝑛2𝑀1
∗)

+

                      
𝐵2𝑀1

∗𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+

𝐵2𝑀1𝑀2
∗

(1+𝑛2𝑀1
∗)(1+𝑛4𝑀2

∗)
), 

         𝑄2
∗ = (

𝑏𝑁𝑁∗(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
+

𝑏𝑁𝑁∗(𝐾−𝑁∗)

𝐾(𝑓𝑀1
∗+1)(𝑁∗+𝐴)

+
𝑙1𝑁𝑀1

∗

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

𝑙1𝑁∗𝑀1

(1+𝑛1𝑁∗)(1+𝑛2𝑀1
∗)

 +

                      
𝑙2𝑀1𝑀2

∗

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+

𝑙2𝑀1
∗𝑀2

(1+𝑛3𝑀1
∗)(1+𝑛4𝑀1)

). 

  

Proof:  Consider the following function  

 

        𝑉5(𝑁,𝑀1, 𝑀2) = (𝑁 − 𝑁∗ − 𝑁∗ 𝑙𝑛
𝑁

𝑁∗ ) + (𝑀1 − 𝑀1
∗ − 𝑀1

∗ 𝑙𝑛
𝑀1

𝑀1
∗ ) + (𝑀2 − 𝑀2

∗ −

𝑀2
∗  𝑙𝑛

𝑀2

𝑀2
∗ )  

Clearly V5: R+
3 → R is a C1 positive definite function. 

Now, by differentiating V5 with regard to time t, and performing some algebraic 

manipulation, gives that 

 

         
𝑑𝑉5

𝑑𝑡
=

𝑏𝑁(𝐾−𝑁)(𝑁−𝑁∗)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
−

(𝐵1−𝑙1)𝑁𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

𝐵1𝑁∗𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
 −

𝑏𝑁∗(𝐾−𝑁∗)(𝑁−𝑁∗)

𝐾(𝑓𝑀1
∗+1)(𝑁∗+𝐴)

+

                      
𝐵1𝑀1

∗𝑁

(1+𝑛1𝑁∗)(1+𝑛2𝑀1
∗)

−
(𝐵1−𝑙1)𝑁∗𝑀1

∗

(1+𝑛1𝑁∗)(1+𝑛2𝑀1
∗)

 −
𝑙1𝑁𝑀1

∗

(1+𝑛1𝑁)(1+𝑛2𝑀1)
−

(𝐵2−𝑙2)𝑀1𝑀2

(1+𝑛2𝑀1)(1+𝑛4𝑀2)
+

                      
𝐵2𝑀1

∗𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
 −

𝑙1𝑁∗𝑀1

(1+𝑛1𝑁∗)(1+𝑛2𝑀1
∗)

+
𝐵2𝑀1𝑀2

∗

(1+𝑛3𝑀1
∗)(1+𝑛4𝑀2

∗)
−

(𝐵2−𝑙2)𝑀1
∗𝑀2

∗

(1+𝑛3𝑀1
∗)(1+𝑛4𝑀2

∗)
 −

                     ℎ2(𝑀1 − 𝑀1
∗)2 −

𝑙2𝑀1𝑀2
∗

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
− ℎ3(𝑀2 − 𝑀2

∗)2 −
𝑙2𝑀1

∗𝑀2

(1+𝑛3𝑀1
∗)(1+𝑛4𝑀2

∗)
. 

Now, due to the biological facts  𝑙𝑖< 𝐵𝑖 , 𝑖 = 1,2, so  
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𝑑V5

𝑑𝑡
< (

𝑏𝑁2(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
+

𝐵1𝑁∗𝑀1

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

𝑏𝑁∗2(𝐾−𝑁∗)

𝐾(𝑓𝑀1
∗+1)(𝑁∗+𝐴)

+
𝐵1𝑁𝑀1

∗

(1+𝑛1𝑁∗)(1+𝑛2𝑀1
∗)

+

                       
𝐵2𝑀1

∗𝑀2

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+

𝐵2𝑀1𝑀2
∗

(1+𝑛2𝑀1
∗)(1+𝑛4𝑀2

∗)
) − (

𝑏𝑁𝑁∗(𝐾−𝑁)

𝐾(𝑓𝑀1+1)(𝑁+𝐴)
+

𝑏𝑁𝑁∗(𝐾−𝑁∗)

𝐾(𝑓𝑀1
∗+1)(𝑁∗+𝐴)

+

                       
𝑙1𝑁𝑀1

∗

(1+𝑛1𝑁)(1+𝑛2𝑀1)
+

𝑙1𝑁∗𝑀1

(1+𝑛1𝑁∗)(1+𝑛2𝑀1
∗)

 +
𝑙2𝑀1𝑀2

∗

(1+𝑛3𝑀1)(1+𝑛4𝑀2)
+

𝑙2𝑀1
∗𝑀2

(1+𝑛3𝑀1
∗)(1+𝑛4𝑀1)

) 

                = 𝑄1
∗ − 𝑄2

∗ ,     
 

     hence 
𝑑V5

𝑑𝑡
< 0 in the region 𝜓5 , by conditions (33 and 39) then V5 is strictly Lyapunov 

function. Therefore,  𝐸9 is a (GAS) in the region 𝜓5 ⊂ R+
3   

         

6. Numerical simulation: 

      In this section, the dynamical behaviour of system (1) is studied numerically using 

Mathematica in order to investigate the effect of varying the value of each parameter on the 

dynamical behaviour of the system as well as to confirm our obtained analytical results. It is 

observed that, for the following set of hypothetical parameters that satisfies stability 

conditions of the positive equilibrium point, system (1) has a (GAS) positive equilibrium 

point as shown in Figure (1). 

 

         𝑏 = 2, 𝐾 = 3, 𝑓 = 0.1, A = 0.01, 𝐵1 = 0.4, 𝑙1 = 0.2, 𝑛1 = 0.01, 𝑛2 = 0.01, 
         ℎ1 = 0.01, 𝐵2 = 0.09, 𝑙2 = 0.08, 𝑛3 = 0.03, 𝑛4 = 0.01, 𝜂 = 0.7, 𝛽 0.1,             (40)        

         ℎ2 = 0.04  , 𝑑1 = 0.01 , ℎ3 = 0.03  , 𝑑2 = 0.01.                                                           
             

 
Figure 1: The trajectories of system (1) that started from three different initial points 

 (0.5 , 0.9 , 0.4), (0.2 ,0.3 , 0.7)  and (1.8 , 1.5, 1.6) for the data given in (40). (a) the 

trajectory of  𝑁 as  a function of time,     (b) trajectory of 𝑀1 as a function of time, (c) 

trajectory of  𝑀2 as a function of time, (d) the trajectory  approaches  𝐸9 =
( 2.22414, 1.16637 , 4.86573 ). 

 

Clearly, Figure (1) shows that system (1) has a (GAS) as the solution of 

system (1) approaches asymptotically to the positive equilibrium point 𝐸9 =
( 2.22414, 1.16637 , 4.86573 ). 

 

𝐸9 = ( 2.22414, 1.16637 , 4.86573 ) 
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        Now, in order to discuss the effect of the parameters values on the dynamical behaviour 

of the system, we varying one parameter at each time keeping other parameters as a data 

given in  (40) and the obtained results show in Table   

 

Table 2: The dynamical behaviour of system (1) at each parameter of the system 
Range of Parameter Stable Point 

0.01 ≤ b < 0.03377815, 

0.03377815 ≤  b < 2. 

𝐸4 

𝐸9 

0.51 ≤ K <  0.803, 
K ≥  0.803. 

𝐸6 

𝐸9 

0.1 ≤ 𝑓 <  1. 𝐸9 

0.01 ≤ A < 2.1669, 

2.1669 ≤ A < 2.186, 

2.186 ≤ A <3, 

𝐸9 

𝐸9 

𝐸4 

0.2 ≤ 𝐵1<2.37289, 

2.37289 ≤ 𝐵1 <  2.37291, 
𝐵1 ≥  37291. 

𝐸9 

𝐸6 

𝐸4 

0.01 ≤ 𝑙1 < 0.05466, 
0.05466 ≤ 𝑙1 ≤ 0.4. 

𝐸6 

𝐸9 

0.08 ≤ 𝐵2 < 0.302, 
𝐵2 ≥ 0.302. 

𝐸9 

𝐸6 

0 <  𝑙2 < 0.09. 𝐸9 

0.01 ≤  𝑛1 < 0.9303, 
𝑛1 ≥ 0.9303. 

𝐸9 

𝐸6 

0.01 ≤  𝑛2 < 2. 𝐸9 

0.01 ≤  𝑛3 < 2. 𝐸9 

0.01 ≤  𝑛4 < 2 𝐸9 

0 < 𝛽 < 0.3625, 
0.3625 ≤ 𝛽 < 1. 

𝐸9 

𝐸6 

0 < 𝜂 < 1. 𝐸9 

0 < ℎ1 < 1. 𝐸9 

0 <  ℎ2 < 1. 𝐸9 

0 ≤  ℎ3  < 0.0086, 
0.0086 ≤  ℎ3 < 1. 

𝐸9 

𝐸6 

0 < 𝑑1 < 0.43021, 
0.43021 ≤ 𝑑1 < 1. 

𝐸9 

𝐸6 

0 ≤ 𝑑2 < 0.30326, 
0.30326 ≤ 𝑑2 < 1. 

𝐸9 

𝐸5 

 

     The effect of varying the growth rate of the prey population in the range  0.01 ≤ 𝑏 <
 0.03377815 is studied, it is observed that system (1) approach to 𝐸4, however increasing 

this parameter further 0.03377815 ≤  b ≤ 2  the system approach to  𝐸9 as shown in Figure 
(2). 
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Figure 2:  (𝑎) Time series of the solution of system (1) which  approaches to  𝐸4 = (0 , 0 ,2) 

when b = 0.01,  (𝑎1)  3D phase portrait of (𝑎), (𝑏) Time series of the solution of system (1) 

which  approaches 𝐸9 = (0.871729, 0.0627068, 2.16337) when   b = 0.05, (𝑏1) 3D phase 

portrait of (𝑏). 
 

     Furthermore varying the Allee effect in the range 0.01 ≤ 𝐴 <  2.16693 was studied, it is 

observed that system (1) still approach to 𝐸9 , however increasing this parameter further 

2.16693 ≤  A < 2.186  the system approach to  𝐸6, further increasing the parameter in the 

range 2.16693 ≤ 𝐴 < 3 then the system approach to  𝐸4  as shown in Figure (3). 
 

 

 
Figure 3: (𝑎) Time series of the solution of system (1) which  approaches to                                                  

𝐸9 = (1.85161 , 0.845711 ,4.11255 ) when A = 2, (𝑎1) 3D phase portrait of (𝑎), (𝑏) Time 

series of the solution of system (1) which  approaches to  𝐸6 = (2.97447, 0 ,2 ) when A = 

2.168, (𝑏1) 3D phase portrait of (𝑏).  
 

 𝐸6 = (2.97447, 0 ,2 ) 

 𝐸9 = (1.85161 , 0.845711 ,4.11255 ) 

 𝐸9 = (0.871729, 0.0627068, 2.16337 ) 

  𝐸4 = (0 , 0 ,2) 
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     The effect of varying the additional food for top predator in the range  
0 ≤ 𝛽 < 0.3625 was studied, it is observed that system (1) still approach asymptotically to 

the positive equilibrium point 𝐸9, however increasing this parameter further 0.3625 ≤ 𝛽 < 1 

causes extinction in the predator and the system will approach to  𝐸6 as shown in Figure (4). 

 

 

 
Figure 4: (𝑎) Time series of the solution of system (1) which  approaches to  𝐸9 =
(2.8098, 0.290723, 7.38239 ) when 𝛽 = 0.3,  (𝑎1) 3D phase portrait of (𝑎),  (𝑏 ) Time 

series of the solution of system (1) which  approaches to  𝐸6 = (2.98495, 0, 9 ) when  𝛽 =
0.4, (𝑏1) 3D phase portrait of (𝑏).  
  

The effect of varying the growth rate of prey population and the death rate of the predators 

was studied it is observed that system (1) will approach to the trivial equilibrium point 𝐸0 =
(0 ,0 ,0) as it shows in Figure (5). 

 

 
Figure 5: (𝑎)-Time series of solution of system (1) for the data given in (40) approaches to 

𝐸0 = (0 , 0 ,0 ) when  𝑏 = 0.016,  𝑑1 = 0.09 and  𝑑2 = 0.09,  (𝑏)- 3D phase portrait of (𝑎).  

 

     The effect of varying the growth rate of prey population, the death rate of the predators 

and harvesting rate of the prey population were studied, it is observed that system (1) will 

approach to the predators free equilibrium point 𝐸1 as it show in Figure (6). 

 

 

 𝐸9 = (2.8098, 0.290723, 7.38239 ) 

𝐸0 = (0,0,0) 

𝐸6 = (2.98495, 0, 9 ) 
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Figure 6: (𝑎)-Time series of solution of system (1) for the data given in (40) approaches to 

free equilibrium point 𝐸1 = (1.18481 ,0 ,0) when  𝑏 = 1,  𝑑1 = 0.3, 𝑑2 = 0.09  and  ℎ1 =
0.6,  (𝑏)- 3D phase portrait of (𝑎). 

 

     The effect of varying the death rate of the top predator and the additional food of the 

predators ( 𝜂 , 𝛽 ) were studied, it is observed that system (1) will approach to the predators 

free equilibrium point 𝐸3 as it show in Figure (7). 

 

 
Figure 7: (𝑎)-Time series of solution of system (1) for the data given in (40) approaches to 

𝐸3 = (0 , 2.75 ,0 ) when  𝑑2 = 0.9, 𝜂 = 0.4 and  𝛽 = 0.2 , (𝑏)- 3D phase portrait of (𝑎). 

 

     The effect of varying the harvesting rate, handling time of the predator population and (𝜂) 

were studied, it is observed that system (1) will approach to the prey free equilibrium point 

𝐸8 as it shows in Figure (8). 

 

 

 

 

 

 

 

𝐸1 = (1.18481 ,0 ,0) 

𝐸3 = (0 , 2.75 ,0 ) 
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Figure 8: (𝑎)-Time series of solution of system (1) for the data given in (40) approaches to 

prey free equilibrium point  𝐸8 = (0 ,0.489851 ,2.82371 ) when  ℎ2 = 0.01,  𝑛3 = 0.2 ,
𝜂 = 0.2  and  𝛽 = 0.3, (𝑏)- 3D phase portrait of (𝑎). 

 

7.Conclutions and Discussions: 

     In our present work, we proposed and analysed a predator-prey model consisting of three 

species the prey, predator and top predator, it is assumed that the prey growth logistic with 

fear of the predator, Allee effect and linear harvesting, while we are proposed a non-liner 

harvesting in the predator’s population as well as with additional food, the objectives of our 

work are to study: 

 

• The impact of fear, Allee effect and harvesting in prey population. 

• The impact of harvesting in predator population. 

• The impact of suppled additional food in the harvesting of top predator population. 

 

It is observed that system (1) has ten equilibria all of them are locally asymptotically stable 

under suitable conditions, six equilibria are studied globally because four of them having the 

same local stability conditions but with different neighbourhood of starting points. Finally, 

we verified our analytic result numerically for the data given in (40) and which are 

summarized 

 

1. The parameters  𝑏 , 𝐾, 𝐴 , 𝐵1,  𝑙1 ,  𝐵2 ,  𝑛1 ,  𝛽,  ℎ3 ,  𝑑1 and  𝑑2 have an important 

effect in controlling the stability of system (1). 

2. The parameters  f ,  𝑙2 ,  𝑛2 ,  𝑛3 ,  𝑛4 , 𝜂 ,  ℎ1  and  ℎ2 the solutions still approach to the 

positive equilibrium point.    
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