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Abstract

This research focused on studying the Toeplitz determinants for classes of
functions with bounded turnings. Before that, some previous studies of Hankel's
determinants have been discussed, due to their strong association with Toplitz
determinants. They share most of the mathematical features. For example, if the
transpose of both matrices is taken, then the original matrix is obtained. On the
other hand, for the set BT of univalent functions with bounded turnings, estimates
of the sixth-order Toeplitz determinants have been provided in the unit disc.
Besides, the sixth Toeplitz determinant for the BT? and BT* was found, which
subfamilies of the BT family.

Keywords: Toeplitz determinants, Hankel determinants, analytic functions,
Bounded Turnings function.

Bagaaall culdluaially ddadiyell CRiURGl cBUlal dalial) dapall (e Jialigh Cildaaa 393

20abdl o 2Aaas glalu gaal) e, * ey Jlaiu e
Ghal bl , L) deals Al oslell d gl IS clacaly )
Bhal sk, el dmals s aslell S, Cosalal) Gligkaiy il asle

dLadal)
Cadi clld JB Baganall clilpall iy Jlpall cldl Julis claase duhy e Gl S,
R b b Sl @il Lehlsy) e @lldg (ISl o Apladl Glaball asy Al
o dsanl pnd (Gidgieadl AL Jall 38T &5 13 (JBa dae oAbl ciledd) e 8
& esaganall lilyoall culd galSal) Aaalal Jlgall BT de ganal Lucailly (gl Zaals (pe ALY ddgaadl)
o el el ) AVl sasgll g dwalad) daall e Jubig Gl cilpadi g
BT alile (e ducjp cle a3 Ay (BT* 5 BT?J pealadl Fuligs aaae

“Email: oma22u2003@uoanbar.edu.iqg

5025


mailto:oma22u2003@uoanbar.edu.iq

Erzig et al. Iraqi Journal of Science, 2025, Vol. 66, No. 11, pp.: 5025- 5034

1. Introduction
Let A represent the class of function of the following form:
h(z) = z + X3, b z¥, (1)

which in the open unit disk D = {z: z € ¢: |z| < 1} is analytic. Moreover, the class of all
functions in A that are univalent in D will be indicated by f3. Furthermore, suppose that S*
and C* stand for the classes of starlike and convex functions, respectively, which are defined
as follows see [1]

. _ zh’'(z)
S —{hEB.Re[h(z) >0, (ZE'D)},
. . zh” (z)
cfrennfi O o)

when a starlike function g € S* exist and such a function h € A is close-to-convex

R th,(Z)l>0 (z€eD)
“Ie@ g '

Assume Q stands for the class of holomorphic functions q of the form:

q(z) =1+ X5, e z". (2)

Satisfies the condition {Re q(z) > 0, (z € D)}. Suppose that the class of functions h in
A fulfilling {Re h’'(z) > 0, (z € D)} is indicated by BT. Functions in BT are close-to-
convex, making them univalent, and this may be easily verified. Sometimes, functions in BT
are referred to as functions of bounded turnings. Furthermore, assume that n € N:n =
{1,2,--- }. Analytic function h in D is n-fold symmetric, if

2mi 2mi
h(e z)=emhe, (e
The Taylor series of the set of n-fold univalent functions is represented by 3"
h(z) =z+ XL bpji12W*,  (z€D). 3)

The set of n-fold symmetric functions with bounded turnings is called the sub-family
BT™ of 8. The family BT™ includes an analytic function h given by (1) if and only if

h'(z) = q(2),
where g € Q" such that Q™ is the set defined by
Q"={q€Q:q(2) =1+Xjl ez, (z€D). “4)

Hankel determinants were proposed by C. Pommmerenke [2, 3], who also defined them
as follows for univalent function h € 3:

bk bk+1 bk+p—1
H, (k) = bk;ﬂ bk§+2 bk+:p—2
bk+p—1 bk+p—2 bk+2(p—1)

One of the most researched issues in the theory of analytic functions is determining the upper
bound of |Hp (k) | For fixed values of p and k, several studies discovered the aforementioned

bound for various subclasses of univalent functions [4, 5, 6]. Janteng, Halim, and Darus [7, 8]
looked at the sharp boundaries of |H,(2)| for the subclasses S*, C*, and BT of the set . In
this way, they demonstrated the bounds as follows:
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1, for h e S*
|H,(2)] <40.125, forhecC*
0.4, forh€BT

Krishna and RamReddy [9] were able to acquire an accurate estimate of |H,(2)| for the
family of Bazilevic functions. Thomas’ conjecture [10] states that for subclasses of 3, if h €
3, then |Hp (2)| < 1. However, Li and Srivastava’s work [11] shows that this claim is false
for k = 4. The estimation of |H3(1)]| is far more challenging. In 2010, Babalola [12] released
the first article on H5(1)(h), in which he found the upper bound of |H5(1)]| for the subclasses
S*, C*,and BT. More recently, in 2017, Zaprawa [13] enhanced Babalola’s results by
demonstrating
1, forheS*
|H;(1)| <{0.091, forhec(C*

0.683, for h € BT

Regarding the classes of functions possessing bounded turnings, Arif, I. Ullah, Raza, and
Zaprawa [14] determined the upper bounds of |H,(1)| and |Hs(1)|. A tight relation exists
between Hankel determinants and Toeplitz determinants [15]. Along the diagonal, Toeplitz
matrices contain fixed entries. Applications for Toeplitz matrices maybe found in both
mathematics types pure and applied in [16].
The symmetric determinant T, (k) for analytic functions h given by (1) described by Thomas
and Halim [17], was introduced as follows:
by by+1 o bk+p—1

b b
Tp(k): k:+1 :k .
lbesp-s besp—z - b ]

bk+,p_2 p, k> 1.

Several authors have been drawn to the study of an accurate upper bound of T, (k) for various

subclasses of analytic functions. By Ali, Thomas, and Vasudevarao [18] the Toeplitz
determinant T, (k) for class f3 and subclasses of 3 of univalent functions was examined,

refined, and explored.
Lemma 1.1. [19, 20] For g € Q given by (2), then
|ek| < 21 (5)

|ek+j — ,uekej| <2, forue€[0,1]. (6)

Where k,j € N:N ={1,2,---}.
Lemma 1.2. [14] Let h € BT andu + v = s + t. Then

|by b, — bsb,| < %, for p = min{uv, st}. (7)
Lemma 1.3. Assume that h € BT has a form (1), then
2
bl <o, fork=2.

Proof. Let h € BT given by (1). Then there exists a function g € Q of the form (2) so that
h'(z) = q(2),
rearranging the above equation thus using the series representations for h’(z) and q(z), we
get
14 2byz +3bgz? + 4b,z3 + - = 1+ ez + ;2% + €323 + -,
By comparing the following equations, we find
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€3 €4 €s
<= < — < —
b4_4, b5_5andb6_6
From the above results, the Lemma proof deduced.

Theorem 1.3. [18] If h € BT given by (1), then

) IT,(k)| < 5+ s k= 2. ®)
b) IT;(1)] <2 ©)
o) ITs(2)] <2 (10)
Theorem 1.4. [21] If h € BT given by (1), then

2) T, ()] <22, (1)
b) ITs(D)] < 222, (12)

2. Bound of T¢(1) for the set BT
The upper bounds of the sixth-order Toeplitz determinants have been found in this part.

The Toeplitz matrix written as:

1 b, b3 by bs bg
b, 1 b, by by bs
b; b, 1 b, by b,

T =1y, by b, 1 b, b
bs b, b; b, 1 b,

lbg bs by by b, 1.

T (1) can be written in the format

T¢(1) = Ts(1) — byA + bsB — b,C + bsD — byE, (13)
where
Ts(l) = T4(1) — b6, + b36; — bybs + bsb,, (14)
A =b,T,(1) — b,85 + b38¢ — by87 + b, (15)
B = by89 — 819 + b3811 — byb1;, + bsby3, (16)
C = by614 — 615 + by816 — bsb17 + b5y, (17)
D = by619 — 820 + bp821 — b36y; + bsby3, (13)
E = by654 — 835 + by626 — b3637 + bybsg. (19)

From (13), T¢(1) will be considered that be a polynomial of five successive coefficients
by, bs, by, bs and, bg of a function h in a certain class. Also, each § in above has a certain
polynomial.

Several theorems have been written and proven to support our claim as follows:

Theorem 2.1. Let h € BT given by (1). Then
Al < 104353
— 3888
Proof. Since h € BT, using triangle inequality for each one and from (9) and (11) with all the
lemmas, we get
IT,(D)| = |T5(1) — by[b,(1 = b3) — by (b3 — byby) + b3(bybs — by)]
+ bs[by (b, — byb3) — (b3 — byby) Elbé’ébg — byby)] — ba[b, (b5 — bs)
— (bybs — by) + by (b5 — byby)| < 286"
85| = 1b3T5(1) — ba[by(1 — b3) — by (bs — bzbe) + b3(bybs — be)]
+ bs[ba(by = bybs) = (bs — bybg) + by(bsbs — bybe)] = balba(b3 — bs)

— (bybs — bg) + by (b3bs — bybg)]

~ 26.840.

|S_’
54
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|56| = |b3 [bz(l - b%) - bz(bs - b2b4) + b3(b2b3 - b4)]
— [b4(1 = b3) — by (bs — bybg) + b3 (bybs — bg)]
+ b3[bs (b3 — byby) — by(bs — bybg) + b3 (bybs — b3bg)]

— by[by(byb3 — by) — by(bybs — bg) + by(bybs — b3bg)]| <

|57| = |b3 [bz(bz - b2b3) - (b3 - b2b4) + b3(b32. - b2b4)]
— [b4(by — byb3) — (bs — bybg) + b3 (b3bs — bybg)]
+ by[by(b3 — bybs) — by(bs — bybg) + b3 (bybs — b3bg)] 6229

— by[by (b5 — byby) — by(bsbs — bybg) + (bybs — bsbe)]| <

< 1080’
|8g| = |b3[by(b5 — b3) — (bybs — by) + by (b — byby)]
— [by(b — b3) — (bzbs — bg) + ba(bsbs — bybs)]
# bolbalbabs = by) = by(bobs = bo) + babubs ~bsbo))
— b3[by(b3 — bybs) — by(bsbs — bybg) + (bsbs — bsbg)]| < 7
From (15), using some simple mathematical operations with the triangle inequality, the proof
is complete.

Theorem 2.2. Suppose that h € BT has the form (1), then

|B|<75947 23.440
= 3240  “UUTTT

Proof. Let h € BT and using the following equations, (5), (6), (7), and (9) and Lemma [1.3],
we find that
186 = |b,T5(1) — by[b3(1 — b3) — by(by — bybs) + b3(byby — bs)]
+ b3[b3(by — byb3) — (by — bybs) + bs(bsby — bybs)] — by[b3 (b3 — bs)

2489
— (byby — bs) + by(b3by — bybs)]| < —— 270"

1610] = |b3T5(1) — by[by(1 — b3) — by(bs — bybg) + bs(bybs — bg)]
+ b3[by(b; — byb3) — (bs — bybg) + b§g973b5 — bybg)] — by[by(b5 — bs)
— (bybs — bg) + by (b3bs — bybg)]| < =1
16111 = |b3[b3(1 — bZ) — by(by — bybs) + bs(byby — bs)]
— by[by(1 = b3) — by(bs — bybg) + b3(bybs — be)]
+ b3[by(by — bybs) — b3 (bs — bybg) + b3 (bZ — bybg)] 2903

— by[by(bsby — bs) — b3(bybs — bg) + by (b3 — babe)ll < ——

540
|612] = |b3[b3(by — byb3) — (by — bybs) + b3 (b3by — bybs)]
— by[by(by — byb3) — (bs — bybg) + b3(b3bs — bybg)]
+ by[by(by — bybs) — b3(bs — bybg) + b3 (bZ — bybg)] -

— by[by(b3by — bybs) — b3(bsbs — bybg) + (bé — bybg)]| <

<o
18131 = |b3[bs3 (b7 — b3) — (byby — bs) + by (b3by — bybs)]
— by[bs (b3 — b3) — (bybs — bg) + by (b3bs — bybg)]
+ by[bs(byby — bs) — by(bybs — bg) + by (b — babg)] 199
— b3[by(bsby — bybs) — b3(bsbs — bybg) + (b5 — bybe)]| < =
Finally, the stated bound was obtained using the triangle inequality again in equation (16).
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Theorem 2.3. Suppose that h € BT has the form (1), then

|C|<386621 23865
= 16200 U

Proof. Assume that h € BT, from Lemma 1.1-1.3 beside the triangle inequality, we obtain
1614 = |b2[b, (1 — b%) — by (b3 — byby) + b3 (bybs — by)]
— [b3(1 = b3) — by(bs — bybs) + b3(byby — bs)]
+ b3[b3 (b3 — bybs) — by(by — bybs) + b3 (b — b3bs)]

235
— by[b3(byb3 — by) — by(byby — bs) + by (bF — bsbs)]| < —7
|515| = |b3[b2(1 - b%) - bz(b3 - b2b4) + b3(b2b3 - b4)]
= [54(1 = b2) — by(bs — bybg) + by (bybg — by)]
#alba(5s = byb) = balbs = babe) ¥ brlbabs =bsb]
— by[bs(byb3 — by) — by(bybs — bg) + by(bybs — b3bg)]| < EVTR
|516| = |b3[b3(1 - bzz) - bz(b4 - bzbs) + b3(b2b4 - bs)]
— by[by(1 — b3) — by (bs — bybg) + b3(bybs — be)]
+ b3[by(by — bybs) — by(bs — bybg) + b3 (bZ — bybg)] 911
— by[by(byby — bs) — b3 (bybs — bg) + b, (bZ — bybg)]| < 180’
18171 = |b3[b3(bs — byb,) — by(by — bybs) + b3 (bz — bsbs)]
— by[bs(b3 — byby) — by (bs — bybg) + b3(bybs — b3bg)]
+ [by(by — bybs) — b3(bs — bybg) + b3(bé — byby)] o147

— by[by(bi — bsbs) — b3(bybs — b3bg) + by (bé — bybe)]l < ——

~ 540’
|518| = |b3 [b3(b2b3 - b4) - bz(b2b4 - bs) + b3(b2 - b3b5)]
— by [b4(bybs — by) — by (bybs — bg) + by (babs — bsbg)]
+ [by(byby — bs) — b3(bybs — bg) + by (b — byby)] 561

— b3[by(bF — b3bs) — b3(bybs — bsbe) + by (bg — bybg)]| < 205"
Using the values above in (17) produces the intended outcome. Thus, the proof is complete.

Theorem 2.4. Suppose that h € BT has the form (1), then
~ 21.957.

D| < 71141
— 3240

Proof. Let h € BT, using Lemmas 1.1, 1.2, and 1.3 with triangle inequality, we find that
1810] = |by[by (b — bybs) — (b3 — byby) + by(b3 — byb,)]
— [b3(by — byb3) — (by — bybs) + bs(bsby — bybs)]
+ by[bs (b3 — byby) — by (by — bybs) + b3(bi — b3bs)]

— by[b3(b3 — byby) — by(bsby — bybs) + (bi — bsbs)]| <

18201 = |b3[by(by — byb3) — (b3 — byby) + b3(b5 — byb,)]
— [by(by — bybs) — (bs — bybg) + b3(b3bs — bybg)]
+ by[by(b3 — bybs) — by(bs — bybg) + bz (bybs — b3b)]

— by[by (b3 — byby) — by(bsbs — bybg) + (bybs — b3bg)]| <

3
5 )

6229
1080’
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|621] = |b3[b3(by — byb3) — (by — bybs) + b3 (b3by — bybs)]
— by[by(by — byb3) — (bs — bybg) + b3(b3bs — bybg)]
+ by[by(by — bybs) — b3 (bs — bybg) + b3 (bZ — bybg)] -
2557
— by[by(b3by — bybs) — bs(bsbs — bybg) + (b5 — bybe)]| <
16221 = |b3[bs(bz — byby) — by(by — bybs) + bs(by — bsbs)]
— by[by (b3 — byby) — by (bs — bybg) + b3 (babs — b3bg)]
+ [by(by — bybs) — b3(bs — bybg) + b3(bé — byby)] 2147
— bylba(b = bsbs) — by(bubs — bsbe) + b(bE — bybll < =
16231 = |b3[b3(b3 — byby) — by (bsby — bybs) + (bf — bsbs)]
— by[by(b5 — byby) — by(b3bs — bybg) + (bybs — bsbg)]
+ [by(b3by — bybs) — b3 (bsbs — bybg) + (bE — bybg)]

271

— by[by(bF — bsbs) — b3 (bybs — bsbe) + by (bZ — bybg)]| < 108"

Now, using (18) and from the results obtained above, the proof of the theorem is complete
Theorem 2.5. Let h € BT, be given by (1). Then

|E|<205003 21.091
= 9720 U7

Proof. Since h € BT, from (5), (6), and (7) with Lemma 1.3, we have
18241 = |b2[by(b3 — b3) — (bybs — by) + by (b3 — byb,)]
— [b3(b7 — bs3) — (byby — bs) + by(b3by — bybs)]
+ b, [b3(bybs — by) — by(byby — bs) + by (bZ — bsbs)] 659
— b3[b3(b3 — byby) — by (bsby — bybs) + (bi — bsbs)]| < 90"
|855] = |b3[by(b — b3) — (bybs — by) + by (b3 — byby)]
— [by(b5 — b3) — (bybs — bg) + by (b3bs — bybe)]
+ by[by(byb3 — by) — by(bybs — bg) + by (bybs — b3bg)] 148
— b3[by (b5 — byby) — by(b3bs — bybg) + (bybs — b3be)]| < 7
18261 = |b3[b3(b3 — b3) — (byby — bs) + by (bsb, — bybs)]
— by[by (b5 — b3) — (bybs — bg) + by (bsbs — byby)]
+ by[by(byby — bs) — b3 (bybs — bg) + by (bZ — bybg)]
— b3[by(b3by — bybs) — bs(bsbs — bybg) + (bS — bybe)]
18571 = |b3[b3(bybs — by) — by(byby — bs) + by (bs — bsbs)]
— by[by(bybs — bs) — by (bybs — be) + by (bybs — bab)]
+ [b4(byby — bs) — b3 (bybs — be) + by (bg — byb)] 1561
— b3[by(bf — bsbs) — bs(bybs — b3bg) + by (b — bybg)]| < 205"
1626] = |b3[b3(b3 — byby) — by (bsby — bybs) + (bf — bsbs)]
— by[by (b5 — byby) — by(bsbs — bybg) + (bybs — bsbg)]
+ [by(b3by — bybs) — b3 (bsbs — bybg) + (bE — bybg)]

) ) 271
= by[b4(bs — b3bs) — b3 (babs — b3be) + by (bs — babe)]| <

| <=
54

108
Consequently, the proof has been found through using the above values in equation (19).
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Theorem 2.6. Let h € BT, be given by (1). Then

T, (1 |<14512211 99.535
s(DI = 145800 7T

Proof. Assume that h € BT, and from (13), then

ITe (D] < [Ts (D] + |b2||Al + |b3||B| + |balIC| + |bs||D]| + [bsl|E|.
Now, using the bounds obtained in the Theorems {2.1-2.5}. Also, from Lemma 1.3 and (12),
we have

ITe(D] <

59378 104353 (2 75947)+(1 386621) (2 71141)
*
2 16200

=025 " 3888 ' \3" 3240 +t\5* 3240
1 205003
+ (=%
(3 9720 )
Thus, the proof is complete.

3. T4 (1) bounds for BT? and BT*
In this part, Tz (1) bounds were obtained for subclasses BT? and BT*.
Theorem 3.1. Suppose that h € BT?, has the form (3), then

1
T, (1 )|_ cocze ~ 5781

Proof. Let h € BT?. Then there exists a function q € Q2 as follows:

h'(z) = q(2),
by equating the coefficients of the equations
€2

b, <0, b3y<=, by<0, bs<7 and bs <0, (20)
Through a simple calculation, T¢(1) may be expressed as:
T¢(1) = 1 — 4b3 + 4b3bg — 2bZ + 4b3 — 8b3bs + 4b2bZ + 4b3bE — 4b3b3 + b2,
From (20) and using triangle inequality, we obtain

4
Te(1) <1+- |ez|2 +— 45 EAREA + |e4| '|‘—|@2|4 +— 405 lea|*leg] + == 775 les|?|e]?
41, 12 3 4
+‘2025|92||e4| +‘1125| 2|| eyl +‘€§§| eql*.

It is evident from (5) that
(1)<1+16+32+ 8 +64+256+ 64 N 256 N 128 N 16
45 25 81 405 225 2025 1125 625
From a simple calculation the proof did deduce.

Theorem 3.2. Assume that h € BT*, submitted by (3), then

IT,(1)] < 84 1346

Proof. Let h € BT*, using the same steps as the previous Theorem, the following is
concluded
by =b;=b; =bs=0 and b; <= 1)
It’s easy to find the following
Te(1) = 1 — 2bZ + b2.
Therefore, the required proof can be obtained using triangle inequality and from (5).

4. Conclusions

The summary presented in this work continues previous studies of the Toeplitz selector
with BT function. A sixth-order Toeplitz determinant has been obtain for BT, BT?, and BT*.
It concluded that BT > BT? > BT*, meaning that as the force increases, the results decrease.
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Researchers later can study functions other than BT or evens find forces other than those
mentioned previously.

5. Disclosure and conflict of interest
“Conflict of Interest: The authors declare that they have no conflicts of interest.”

References

[1] A.R. S. Juma, A. Al-Fayadh, S. P. Vijayalakshmi, and T. V. Sudharsan, "Upper bound on the
third Hankel determinant for the class of univalent functions using an integral operator," Afrika
Matematika, vol. 33, no. 2, p. 10 pages, 2022.

[2] C. Pommerenke, "On the coefficients and Hankel determinants of univalent functions," Journal
of the London Mathematical Society, vol. 41, no. 1, pp. 111-122, 1966.

[3] C.Pommerenke, "On the Hankel determinants of univalent functions," Mathematika, vol. 14, no.
1, pp. 108-112, 1967.

[4] H. Rahmatan, H. Haji, and S. Najafzadeh, "Coefficient estimates and Fekete-Szeg\"{o}
coefficient inequality for new subclasses of Bi-univalent functions," Caspian J. Math. Sci, vol.
10, no. 1, pp. 39-50, 2021.

[5] F. Zulfigar, S. N. Malik, M. Raza, and M. S. Ali, "Fourth-order Hankel determinants and
Toeplitz determinants for convex functions connected with sine functions," Journal of
Mathematics, vol. 2022, no. 1, p. 12 pages, 2022.

[6] H. Rahmatan, A. Shokri, H. Ahmad, and T. Botmart, "Subordination Method for the Estimation
of Certain Subclass of Analytic Functions Defined by the q-Derivative Operator," Journal of
Function Spaces, vol. 2022, no. 3, p. 9 pages, 2022.

[7]1 A. Janteng, S. A. Halim, and M. Darus, "COEFFICIENT INEQUALITY FOR A FUNCTION
WHOSE DERIVATIVE HAS A POSITIVE REAL PART," J. Inequal. Pure and Appl. Math.,
vol. 7, no. 2, p. 5 pages, 2006.

[8] A. Janteng, S. A. Halim, and M. Darus, "Hankel Determinant for Starlike and Convex
Functions," Int. Journal of Math. Analysis, vol. 1, no. 13, pp. 619-625, 2007.

[9] D. V. Krishna and T. RamReddy, "Second Hankel determinant for the class of Bazilevic
functions," Stud. Univ. Babe,s-Bolyai Math., vol. 60, no. 3, pp. 413-420, 2015.

[10] R. Parvatham and S. Ponnusamy, "New Trends in Geometric Function Theory and
Applications," in International Conference on New Trends in Geometric, Madras, 1991.

[11] J. L. Li and H. M. Srivastava, "Some Questions and Conjectures in the Theory of Univalent
Functions," Rocky Mountain J. Math., vol. 28, no. 3, pp. 1035-1041, 1998.

[12] K. O. Babalola, "On H3(1) Hankel determinant for some classes of univalent functions," Inequl.
Theory Appl., vol. 6, pp. 1-7, 2010.

[13] P. Zaprawa, "Third Hankel determinants for subclasses of univalent functions," Mediterr. J.
Math., vol. 14, no. 1, p. 10 pages, 2017.

[14] M. Arif, 1. Ullah, M. Raza, and P. Zaprawa, "Investigation of the fifth Hankel determinant for a
family of functions with bounded turnings," Math. Slovaca, vol. 70, no. 2, pp. 319-328, 2020.

[15] S. Najafzadeh, H. Rahmatan, and H. Haji, "Application of subordination for estimating the
Hankel determinant for subclass of univalent functions," CREAT. MATH. INFORM., vol. 30, no.
1, pp. 69-74, 2021.

[16] K. Ye and L. H. Lim, "Every Matrix is a Product of Toeplitz Matrices," Foundations of
Computational Mathematics, vol. 16, no. 3, pp. 577-598, 2016.

[17] D. K. Thomas and S. A. Halim, "Toeplitz matrices whose elements are the coefficients of starlike
and close-to-convex functions," Bull. Malays. Math. Sci. Soc., vol. 40, no. 4, pp. 1781-1790,
2017.

[18] M. F. Ali, D. K. Thomas, and A. Vasudevarao, "Toeplitz determinants whose elements are the
coefficients of analytic and univalent functions," Bull. Aust. Math. Soc., vol. 97, no. 2, pp. 1-12,
2018.

5033



Erzig et al. Iraqi Journal of Science, 2025, Vol. 66, No. 11, pp.: 5025- 5034

[19] P. L. Duren, Univalent Functions, Grundlehren der mathematischen Wissenschaften, Springer
New York, NY, 1983, pp. XIV, 384.

[20] A. E. Livingston, "The coefficients of multivalent close-to-convex functions," Proc. Amer. Math.
Soc., vol. 21, pp. 545-552, 1969.

[21] H. Rahmatan, "Bounds of the fifth Toeplitz determinant for the classes of functions with bounded
turnings," Int. J. Nonlinear Anal. Appl., vol. 14, no. 7, p. 99-106, 2023.

5034



