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Abstract

For a commutative ring with identity 1#0. We denote the set of all zero divisors
of R by Z(R) and Z(R) — {0} = Z(R)*. Let I'(R) denote the zero-divisor graph of
R. Many authors have investigated zero-divisor graphs of commutative rings. In
particular, some authors gave all rings with realizable graph order less than or equal
to 22, the exploration of this classification for degrees 23, 24, and 25 is still a
subject of ongoing research. In this paper, we present all possible rings when zero
divisor graphs order 23, 24 and 25.

Keywords: zero divisor graph, local ring, order of a graph, direct product local
rings.
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1. Introduction

Let R be a commutative ring with identity 1. R is said to be local if it has only one proper
ideal L and it is noted by (R, L). A field with a degree S is represented by Fs. An element a €
R is referred to as nilpotent if it satisfies the condition a® = 0 for a non- negative integer
number t. The set of all nilpotent elements is called nil radical and symbolized by N(R). If
N(R) = 0, then the ring is said to be. Let Z,, represent the integer ring modulo n. It follows
that for each prime number p, Z, is a field and Z, = F,. Every set S has its cardinality
denoted by |A| and A* = A — {0}. The collection of zero divisors is represented as Z(R). An
element r in a ring R is said to be a unit or invertible if there is 1’ satisfied r.r’ = 1. The set
of all invertible elements is represented as U(R). When R is a finite, then R = U(R) U Z(R).
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In addition, the direct product of rings Ry, R,, ..., R is represented as R; X R, X ... X Ry
defined by (rury, e ts) + (1, ) =y + 1,7, + 15, ..., 15 + 1)) and
(ri, 1, o, ) X (1,15, ') = ((ry X 1,15 X1y, ..., 7 X 1), for every 1,1 € Ryand 1 <
t < s.If R finite ring, then R is isomorphic to direct product local rings, see for example [1].
In [2], M. Behboodi and R. Beyranvand show if |Z(R)| = pil. pgz. .. pLs where p;'s are prime
numbers and t;'s positive integers for 1 < i <s. Thus, R = Ry X R, X ... X Rg such that
|R;| = pl.m !, satisfied t; < m;. We denote R[T] as a polynomial ring over coefficient T, which
can be defined as {¥52,a;T*: a; € R}, and R/I is denoted by a quotient ring or (factor ring).
For more details, see [1 <3].

The relation between abstract algebra and graph theory is given in [4] when 1. Beck
associates an undirected graph whose vertex set is R and distinct x,y € R are adjacent in
this graph if and only if xy = 0. In [5] D. F. Anderson and P. Livingston modified the graph
introduced by Beck and called the modified graph introduced by them the zero-divisor graph
of R and denoted it by I'(R) this graph have vertices V(I'(R)) = Z(R)" satisfying distinct
vertices r; and 1, are adjacent if and only if 7y, = 0. D. F. Anderson and P. Livingston
showed that this graph is linked with a diameter of less than four I'(R) is empty if R is an
integral domain.

This field has been studied by numerous authors for instance, refer to sources [6, 7, 8].

After that, researchers gave several expanded to this. For example, Redmond [9] defined an
ideal based zero divisor and D. Bennis, j. Mikram, f. Taraza in [10] gave an extended zero
divisor graph. Also, E. Mehdi-Nezhad and A. M. Rahimi defined k-zero-divisor hypergraphs
[11]. Later, many authors defined the idea of relating ring theory to graph theory and have
given rise to the evolution of many new relationships between these two important
mathematical theories, for example [12, 13, 14].
Every ring has a zero-divisor graph. However, the converse is not true in general; for
example, any graph with a diameter greater than or equal to 4 is not a realized ring. In
addition, if R; = R,, where R; and R, are two rings, then I'(R;) = I'(R,), while there are
non-isomorphic rings R; and R, satisfied I'(R1) = I'(R,). For example Zy % Zg but (Z¢) =
I'(Zg) , see Figures (a) and (b) as follows.

Figure -a I'(Z;) Figure -b I'(Zg)

The authors in [5], investigated graphs whose order is less than or equal. Subsequently, as
shown in [15] several writers classified the graphs with order less than or equal to 14. Some
authors have categorized graphs with an order of 22 or less, see [16]. In this study, we
categorize graphs as realizable rings with an order of 23, 24 and 25 vertices.

2. Rings where |Z(R)"| = 23

In this section, we investigate commutative rings where |Z(R)*| = 23. First, we give
some basic lemmas that are important in our current work.
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Lemma 2.1: [17] For every finite local ring (Ry,L;) and (R,, L), |Z(R; X Ry)*| =
| Ry |- [L2| + [Rz | [Lq| = [Lq]. |L2| = 1.

Corollary 2.2: [17] Assume that Fy, , F;, are fields, then |Z(FS1 X FSZ)*| =85 +S5,—2.

Lemma 2.3: [16] For every finite local rings (Ry,L1), (R, Ly) and (R3, L3), |Z(Ry X R, X
R3)*| = |Ry|. |R:|- |Ls| + |Z(Ry X RY)|. (IRs| — |Ls]) — 1 whenever  |Z(Ry X Ry)| =
| Ry | |Lz| + |Rz |- |L1| = |L1]. |Lz].

Corollary 2.4: [16]Let F; , F;, and F;, are finite fields, then |Z(FS1 X F, X FSS)*|= F . F, +
F:gl'F:gS + F:gz'F.'g:g - F.'gl - F‘Sz - F;S'
Lemma 2.5: [16] Assume that R is a ring isomorphic to direct product three local rings
Rl' Rzand Rg, then
i.|Z(R)"| = 27 whenever R; and R;, not field for 1 < i;,i, < 3 or
|R,|,|R;| = 3 and R; not field.
ii.|Z(R)*| = 26, whenever R; not field satisfying |R;| # 4 and i € {1,2,3}.

Lemma 2.6: [16]Let R isomorphic direct product four local ringsR;, R, R; and R,, then
1- |Z(R)*| = 30,as |R;] = 4forsomel < i < 4.
2- |Z(R)*| = 34,as |R; | and |R;,| = 3 for some iy, i, € {1,2,3,4}.

Remark2.7: If we assume that R = R; X R, X R; X R, and |Z(R)| = 23,24 or 25, then
Lemma 2.6 leads to a contradiction. As well if R = R; X R, X R3 X Ry X Rg, then |Z(R)| =
30.

It is well known that a ring R is finite if and only if Z(R) is finite [5]. Additionally, if R is a
finite ring, then it is an isomorphic direct product of local rings. Therefore, if |Z(R)*| = 23,
then |Z(R)| = 24. Consequently, R = R; X R, X ... X R, where each R; is a local and t €
{1,2,...,s}. Since there are no local rings with |Z(R)| = 24, then t € {2,3,...,s}, by
Remarked 2.7, we get 2 < s < 3.

Theorem2.8: Let R be isomorphic to a direct product of local rings Ryand R,, and |Z(R)*| =
23 , then R=2Z,XZg,Z4 X Zy [T/ (T1>), Z4 X Zy [Ty, T,/ (T12, Ti Ty, To%), Zy X
(Z4 [T/ Q2T T2 ), Z,[T1)/(Th?) X Zg , Z5[T1]/ (Th?) X (Zy [T/ (T2°), Z,[T:1/

(T:*), Zo[X1/(T1*) X Z5 [T1, Tol/ (T2 %, Ta T, T2 *), Zo[Ta]/(Th*) X (Z4 [T2])/(2T0, To* ), Zs X
Zy ,(Zo[TaD/(Ti%) X Zg, Zy X (Z3 [T1])/(T1?) or (Zo[T1])/(Th?) X (Z3 [T1])/(T1%)

Proof: If we assume that R; and R, are local but not fields, then |R,|,|R,| =4 ,and |L,|,
|L,| = 2. We claim that either |R,| or |R,| equal 4. If not, then |R; | = 8 and we get |L; | =
3. fori=1,2

So, Lemma 2.1 leads to |Z(Ry X Ry)*| = |Ry||Ly| + |R,||L1| — |L1] X |L,] —1 = 83 +
8.3 —3.3 —1 = 38 which is a contradiction. Therefore, |R;| = 4 and by [18], R, = Z, or
Z,[T1]/(Ty*)and  |Ly| =2. Whence 23 = |Z(Ry X Ry)*| = [Ryl|L;| + |R,|ILs1| -
|Lq| X |Ly| — 1= 4[L;| + 2|Ry| — 2]L,| — 1

Which implies that

|L2| + |R2| =12 (1)

Now to solve eq. (1), where |R,| = 8.

5037



Shukur and Mohammad Iraqi Journal of Science, 2025, Vol. 66, No. 11, pp: 5035- 5044

If |R;| = 8, then by [18], R, = Zg,Z, [T1]/(T13) y Ly [T1’T2]/(T12’T1T2'T22) or Zy [T1]/
(2T, T;*) and |L,| = 4. Therefore
R=ZyXZg,Z4 X 25 [T1)/(T1*), Za X Z3 [T1, To) /(T2 i T2, To?), Za X Zy [T1]/
(2T, T1?), Z5[Th]/(Th?) X Zg , Z,[T11/(T1?) X Zo [T11/(T1°), Z2[T1)/(T1?), Z,[T1] / (Ty?) X
Z; [To, TRl /(T2 TiTo, To?) or Zo[Ty]/(Ty) X Zy [T1)/ (2T, Ti?).
If |R,] =9,then by [18], R, =Zy or Z3[T;]/(Ty?)and |L,| =3. So that R, =
Zyor Zs[T;]/(Ty?). Therefore R =Z, X Zy ,(Zy[T1)/(T1?) X Zg, Z4 X Z3 [T1]/(T1?)
or Z,[T1]/(T1%) x Z3 [T1]/(Ty) . If |Ly| =5 , then |R,| < 7 that is a contradicts.
If R; local not field and R, field, then |L,| = 1. Consequently, |R;| + |R,|.|L,| — |L1| —
1=23o0r

|R1| + IR |- [Lq| — L4 | = 24 (2)
The only solution of eq. (2) is |R;| =4, |R,| = 11. Therefore |L;| =2 and we have
IRy | = Z, or Z,[Ty]/(T;%) and R, = Z,,. So that
R=Z,xZy or Z,[Ty1/(T,*) Finally, if R, and R, are fields of orders S; and S,
respectively, then |Z(R)*| = S; + S, — 2 = 23 Corollary 2.2, implies that S; + S, = 25 . For
that reason, §; =2, S, =23,5,=8, S, =17 0r §; =9,5, =16. So R =7, X Z,3, Fg X
Zizor Fg X Fig.m

Theorem2.9: If R is isomorphic to a direct product of three local rings R;, R,and R; and

|Z(R)*| = 23 , then R = Z5 X Z3 X F,.

Proof: Let R be a ring isomorphic to direct product of three local rings R;, R,and R3, then

there are three cases:

Case (1): Let R; be a field of order S; for i = 1,2, or 3. Then by Corollary 2.4
S1.8;+851.53+5,.5; -5, —5,—5;=23 3)

Without loss of generality, let S; = 2, then eq. (3) gives 25, + 253 + 5,.5; —2 =5, — S3 =

23,0r S, = 255 This leads to an inconsistency. So, S; = 3 forall 1 <i<3.1f§5;,S, =
(1+S3)

3and S; = 5, then we have |Z(R)*| =23 X3 +3x5+3%x5—-3—-3—-5=28 Whichisa
contradiction. Thus, the only solution for eq. (3) S; =S, =3 and S3 = 4. Therefor R =
Z3 X Z3 X F,.

Case(2): If Ry ,R, are fields of order S; and S, respectively and R; is not field. If we assume
S$1,S2 =3, then |[Z(Ry XR, XR3)*| =332+ B3+3—-1).(4—2)—12>27 which is a
contradiction. So that either S; =S, =2 orS; =2and S, =3

If $4=S,=2. Then |Z(R{XRy)|=85+S,—1=24+2—-1=3and |Z(Ry XR, X
R3)"| = 4|L3| + 3(IR3| — |L3]) =1 =23 or

3|R5| + |L3| = 24 or |R3| = 8 — |L3—3| Since |R3| = p® and |L;| = pt, where p prime number
and s, t positive integer with t < s. There’s an issue here. Likewise, if §; = 2and S, = 3 we
get a contradiction.

Case (3): If R; is not field for all i = 1,2, or 3. By Lemma 2.5 we get a contradiction.
Therefore for all cases R = Z3 X Z3 X F,.

We denote that K, is a complete graph of order n and K, ,, is a complete bipartite graph

order n + m [19]. From the results above, we can get all graphs order 23 realized rings R.

Theorem 2.10: Assume that R is a ring such that | Z(R)* |= 23, then the given graph can be
represented as I'(R) in the following table.
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Table 1: Ring with I'(R) = 23

Ring type Graph
Fig (1
ZyxZy LIT1/(T7) X Zo, Zox 23 [L/(T7) or Zu[T)/(T3*) X 23 [T3)/ ig (1)
(1,9
Fig (2
Zy X Zg,Zy X Zy [Tl]/(T13)'Z4 X Z, [Ty, TZ]/(leleTZv Tzz):Z4 X (@

Z, [T1]/ T, T %), Z2[T1 )/ (Th%) X Zg , Z,[Th]/(Th?) X Z5 [T11/ (T2 ), Z,[T11/
(T1%), Z5[T1)/(T1?) X Zy [Ty, T2l /(Ty?, T To, To2)or Z,[Ty]/(T2%) X Zy [Th]/

(2T, ;%)

Zy X Zys

K1,22
Fy X Zy;

K7,16
Fy X Fyg

KB,IS
Zs X Zs X F,

Fig 3)

Proof: Directly by Theorems 2.8 and 2.9, we have

R=Z,xZg,Zy X Zy [T1)/(T1°), Zy X Z5 [Ty, To/ (Th, Ta T2, T2%), Zy X (Z4 [T1])/

2Ty, T1?), Z3[T1]/(Th?) X Zg , Z,[T1]/(T1?) X (Z [T1])/(T1%), Z2[T11/(Th?), Z2[T4]/

(T1%) X Z, [Ty, T21/(T1%, Ty T2, T2 %), Zo[Ta]/(Ty?) X (Zy [To])/ RT1, Ty? ), Zy X

Zy ,(Zo[TaD)/(T1?) X Zo, Zy X (Z3 [TA])/(T1?) ot (Zo[Ti]D/(Th?) X (Zs [T/ (T2
and R=R=7Z;XZ3XE,.

Figure 1: I'(Z, X Zy)

Figure 2: I'(Z, X Zg)
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Figure 3: I'(Z3 X Z3 X F,)

3. Rings where |Z(R)*| = 24

In this section, we investigate all possible rings to realize zero divisor graph order 24.
Firstly, when R local ring, since |Z(R)| = 25 = p? then by [18, 20].
R = Z; [T1]/(T13) ’ Z5[T1,T2]/(T12,T1T2 'T12) ’ Z52[T1]/(5T1 :le) A [T1]/(5Ty »T12 -
5) , Zs2[Ty1/(5Ty,T,* —10) , Zss , Fs2[Ty]/(T,%). Additionally, from Remark 2.7, if
|Z(R)*| = 24, thenR = R; X R, X...X R, where s = 1,2 or 3. Therefore, it is enough to
study whenever R direct product two or three local rings.
Theorem 3.1: If R = R; X R,, where R; is a local ring for i = 1,2 and |Z(R)"*| = 24, then
R = Zy X Zys, Z7 X Z1o, Fog X Z17 O Zy3 X Zq3.
Proof: We claim that R; and R, are fields. If not, then there are two cases:
Case (1): When R;and R, not fields, then |R;|,|R;| = 4. If |R;|,|R;] =8 , then by
Lemma2.1, |Z(R, X R,)| = 38, that is a contradiction. Similarly, if |R;| = |R,| = 4, then
|Z(R; X R,)| = 11 # 24. Therefore |R;| = 4,|L;| = 2 and |R,| = 8. So that

|Z(Ry X Ry)| = 4.|Ly| + |R;[.2 — 2.|L,| —1 =24
or

2|L,| + 2|R,| = 25

But |L,| and |R,| are integers. This leads to an equation that cannot be solved.

Case (2): If Rqlocal not field and R, field by Lemma 2.1

|Z(Ry X R)| = [Rq[-1La| + |Ry|. [L1| = |L]- |Lo| — 1 = 24
= [Ry| + [L1]|(IR,] = 1) = 25 “4)
Since R, is local but not field, then |R,| = p* and |L;| = pt, where 1 < t < s. Therefore,
eq. (4) leads to p° + p*(p® — 1) = 25 or p° + pt*s — pt = 52
We get no solution to this equation where p is a prime number and positive integers s and t
satisfy 1 <t <s.
Therefore R, and R, must be fields, so Z(R; X R,) = S; + S, = 26, where S; the order of
the field R; ,i = 1 or 2.
It entails S; =3,5, =23, §,=7,5,=19,5,=9,5, =17 or §; =85, = 13. Therefore
R=Zy%XZys,
Z;XZhg , FoXZyyorZis X Zis. m

Theorem 3.2: Let R = R; X R, X R3, where R; local ring for i = 1,2 or 3 and |Z(R)*| = 24,
thenR = Z, X Z, X Fg .
Proof: Firstly, if R; is a field of order S; for i = 1,2,3. Then by Corollary 2.4

|Z(Ry X Ry X R3)| = 8,.85, +5,.53 +5,.5:— S, — S, — S = 24 (5)
Now, to solve eq. (5)

If Si = 2, Say.S'l =2 ,then 252 + 253 +Sz.53 -2 _SZ _53 =262§ or
_ —93
27 148,

(6)
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So that S, = 2 and S3 = 8, which implies R = Z, X Z, X Fg

Additionally, if S; = 3, then we have a contradiction. Therefore S; > 4 for i = 1,2,3, with
substituting in eq. (5) we get |Z(R; X R, X R3)| = 36 which contradicts the fact |Z(R; X
R, X R3)| = 24. So the only solution of eq. (5)is R = Z, X Z, X Fg

Secondly, if R, , R, are fields order §;, S, respectively and R not field. As S; and S, = 3,
then by Lemma 2.5 we get a contradiction. So that either S; =S, =2 or S; =2and S, =
3.If S =S, =2, then |Z(R; X Ry X R3)*| = 81.5,.|Ls| + |Z(Ry X Ry)|(|R3| — |Ls]) — 1,
where |Z(RyXR,)|=S;+S,—1= 2+ 2—-1=3. This implies that 4|Ls|+
3(1Rs| — 1Lsl) — 1 = 24 or |Rs| = 22!

Since L; = p® and R; = p° , where p prime number and ¢,s positive integer with 1 < t <
s, we get a contradiction. Finally, if |R;| not field for some 1 < iy ,i, < 3, then by Lemma

2.5 (i) we get |Z(R)"| = 27 a contradiction. g

Theorem 3.3: Let R be a ring such that Z(R)* |= 24, then the given I'(R) represents the
graph or the opposite for the following table:

Table 2: Ring with I'(R) = 24

Ring type Graph
ZS[TI]/(TIS) ’ ZS3 Flg (4)
ZS[TlﬁTZ]/(le; T1T2 ,Tzz) K24
Fs2[Ty]/(T1%)
Zg2 [T1]/(5T1 ’ T12)
Z2[Ty1/(5Ty , T, = 5) Fig (5)
Zs[T1]/ (5T, Ty* = 10)
Zy X Zy X Fg Fig (6)
Z3 X Zy3 K20
Zy X Zyg Ke18
Fo X Zy, Ko
Zy3 X Zy3 K212

Proof : Let R be a local ring, then R = Zg[T,1/(T:®) , Zs[Ty, T,)/ (T2, TiT, , To2) , Zs2[Ty1/
(5T :T12) , Z52[T1]/(5Ty »T12 —5),Zs2[T1]/ (5T} :T12 —10),Zs , Fse [Tl]/(T12)- If Ris
not local, then applying Theorems 3.1 and 3.2, then we have:
R=73X7Zy3,27XZ19,FgXZy7,2Z13XZiz0rZy; XZ; XFg. m

Figure 4: ['(Zs[T,1/(T,?)) or T'(Zs3)
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Figure 5: '(Z:2[T;1/(5Ty, 12 — 5)or ['(Zs2[T,1/(5Ty, T, — 10))

Figure 6: I'(Z, X Z, X Fg)

4. Rings where |Z(R)*| = 25
Since |Z(R)*| = 25, then |Z(R)| = 26 so that R not local. Therefore R = Ry X R, X ... X R,
,where 2 < s < 3 and R; local. First, we begin when R direct product two local rings.

Theorem 4.1: Let R isomorphic direct product two local rings R;and R,, and |Z(R)*| = 25,
then R = Zz X F25, F4 X 223, F8 X Zl9 or le X F16

Proof: There are three cases independent on R; and R;.
Case (1): If R, and R, are not fields, in a similar way to the proof of Case 1 of Theorem3.1
we obtain a contradiction.
Case (2): If R, local not field and R, is a field order S, , then by Lemma 2.1

|Z(Ry X R)| = [Rq| + S5 |L1| = |L| =1 =25
or |Ry| + |L{|(S; — 1) = 26 we get a contradiction
Case (3): If Ry, R, are fields order S; and S, respectively, then |Z(R; X Ry)| = S; + S, —
2=250rS; +5, =27
Therefore S; =2, S, =25, 5, =4,5,=23, §,=8, 5, =19 or §; =11, S, = 16. Which
implies that R = Z, X Fy5,Fy X Zp3,Fg X Z1gor Z1; X Fi4. @

Theorem4.2: If R = R; X R, X R3, where Ry, R, and R are local rings and |Z(R)*| = 25,
then

R=F,x F,xZ, or F, X F, X Z,[T11/(T,%)

Proof: We will discuss three cases.
If R, ,R, and R5 are fields order Sy, S, and S5 respectively, then
|Z(Ry X R, X R3)*| = 5.5, + 5.5+ 5,.5; -85, —S5,—S3 =25 (7
If we take S; = 2, then eq. (7) leads
|Z(Ry X Ry X R3)*| =28, + 255 +5,.5;—2—S, —S3 =25

27-S3 . . . : .
1+53 this equation has no solution when R, and R3 equal a prime number with a
3

pawer integer number. So that §; =3 forall 1 <i < 3. We note that no solution in this

or 52:
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equation. If R, , R, are fields of order S;, S, respectively and R; not field, then by the same

way prove theorem 3.2 we have the only solution is S; = 2,5, = |R3| = 4 and |L3| = 2
R=F, xF, X Z, or F, X Fy X Z,[T;1/(T,%)

Finally, if R; not field for some 1 < iy ,i, < 3, then by Lemma 2.5

|Z(R)*| = 27 that is a contradiction. gy

Theorem 4.3: Let R be a ring such that | Z(R)* |= 25, then the given graph can be
represented as I'(R) for the following table:

Table 3: Ring with I'(R) = 25

Ring type Graph
Zy X Fpg Kiza
Fy X Zy3 K322
Fg X Z1q K718
Zyy X Fig K105
Fy X Fy X Zy or Fy X Fy X Z,[T1/ (1) Fig (7)

Proof: By applying Theorems 4.1 and 4.2. g9

Figure 7: I'(F, X Fy, X Z,) or T'(F, X Fy X Z,[T11/(T1%))

Conclusion

First, when |T'(R)| = 23, then the only six graphs (Fig. (1), Fig. (2), K1 22, K7 16, Kg 15 and
Fig. (3)) realized a ring R. Second, when |['(R)| = 24, then only eight graphs (Fig. (4), Fig
(5), Fig. (6), k24, K3 22, K¢ 18 » Kg 16 and Kj; 1) realized a ring. Finally, when |I'(R)| = 25,
then only five graphs (K 4, K3 22, K7 18, K10,15 and Fig. (7)) realized a ring. In addition, we
note that if |['(R)| = 23, then R is not necessarily a reduced ring, while if |['(R)| = 24, then
R is either a reduced or local ring. Additional if [T'(R)| = 25, then all rings are reduced.
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