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Abstract:

In this work, we present the notion of sp[y,y* ]-open set, sp[y,y*]-closed, and
sply,y* ]-closure such that several properties are obtained. By using this concept,
we define a new type of spaces named sp[y, y* ]-compact space.
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1-Introduction
Levine [1] defined the semi-open set in topological space and investigated some properties of semi-
continuous functions. Mashhour. [2] introduced the notion of pre-open set such that several results are
obtained. The concept of operation was initiated by Kasahara [3] and discussed a-closed graphs. Van
and others [4] studied the operation pre-open sets in topological space and investigated several
properties of y,,-T; spaces (i = 0, 1/2,1). Hariwan [5] defined the concept of y-semi open set and
used it to define new types of functions such as y-semi continuous and weakly y-semi continuous
functions. Later, Maki and Noiri [6] introduced the notion [y,y*]-open set in topological space.
Carpintro, Rajesh, and Rosas [7] defined [y, y* ]-semi open sets and studied[y, y* ]-semi continuous
functions such that several important properties are given.
In this work, we present a new type of bi-operation open sets that we named as sp[y, y* ]-open set,
by using operation y defined on the collection of semi-open sets and operationy* defined on the
collection of pre-open sets. We studied the relations between sp[y, y* ]-open sets with other types of

bi-operation open sets. Moreover, the present work introduced sp[y,y”* ]-compact spaces and sets,
then investigated some important results from these spaces.
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2-Preliminaries
Definition 2.1A subset A of topological space (X, t) is named semi-open [1] (resp., pre-open set [2] if
A C clint (A)(resp., A € int cl(A)). We use SO(X) and PO(X) to denote, respectively, the family of
semi-open and pre-open sets on topological space X.
Definition 2.2 [8]. A topological space (X, t) is called extremally disconnected if the closure of any
open subset of X is open.
Proposition 2.3 [8]. In extremally disconnected space, every semi-open set is pre-open.
Definition 2.4 [9]. An operation y on topology t is mapping y:7 = P(X) from 7 to the power set
P(X) of X suchthatV < VY foreach V € t, where V¥denotes the value of y at V.
Definition 2.5 [10]. Let (X,t) be a topological space and let y:PO(X) — P(X) be an operation
defined on PO(X, 7). A non empty subset A of (X, t) is called y pre-open if for each point x € A, there
exists a pre-open set U such that x € U and UY <€ A
Definition 2.6 [5]. Let(X, t) be a topological space and let y: SO(X) — P(X) be an operation defined
on SO(X, 7). A non empty subset A of (X, 1) is called y semi-open if for each point x € A, there exists
a semi-open set U suchthat x € Uand UY € A
Definition 2.7 [11]. Let(X,7) be a topological space, an operationy:SO(X) — P(X)is named by
semi- y-regular, if for every semi-open sets S and T containing x, there exists a semi-openV
containing x such that V¥ € SYNT?.
Definition 2.8 [10]. Let(X, t) be a topological space, an operation y: PO(X) — P(X) is named by pre-
y-regular, if for every pre-open sets U and V' containing x, there exists a pre-open P containing x such
that PY € UYNVY .
Definition 2.9 [6]. Let (X,7) be a topological space and A be a non-empty subset of X, we named
Ais[y,y* ]-open if there are two open sets Uand V containing x such that UYNVY" < A.
Definition 2.10. Let (X, 1) be a topological space and A be a non-empty subset of X, we named 4 is
pre [y, y* ]-open if there are two pre-open sets Uand V containing x such that UY VY™ C A.
Definition 2.11 [6]. A function f: (X,7) — (Y,¢) is said to be ([a,a” ], [y,y" ])-continuous if for
each point x € X and each open neighborhood W and S of f(x), there exists open neighborhoods U
and V of x such that f(U*NV*" ) € WYNSY’
Theorem 2.12 [6]. A function f:(X,7) — (Y,4) is said to be ([a,a”],[y,y" ])-continuous if the
inverse image of every [y,y* ]-opensetinY is [, a* ] - open set in X
Definition 2.13. Let (X, 7) be a topological space and A be a non-empty subset of X, we named A is
pre [y, y* ]-open if there are two pre-open sets Uand V containing x such that UY VY™ C A.
Definition 2.14. Let (X, 1) be a topological space and A be a non-empty subset of X, we named 4 is
semi [y, y* ]-open if there are two semi-open sets Uand V containing x such that UYNVY™ < A.
3-sply,y* ]-open set
Definition 3.1. Let (X, ) be a topological space and A be a non-empty subset of X, we named A4 is
sply,y™ ]-open if for each x € A, there are a semi-open set Uand pre-open set VV containing x such that
urnvY’ c A.
Proposition 3.2. In extremely disconnected, every sp[y,y* ]-open is semi[y,y* ]-open (resp., pre
[v,y" ]-open set).
Proof: Follows from Proposition 2.3.
Proposition 3.3. Every [y, y* ]-open set is sp[y, y* ]-open.
Proof: Follows from the fact that every open set is semi-open (resp., pre-open).
But the converse is not true generally as showed in the next example
Example 3.4. Let X ={a,b,c} and let 7= {¢$,X {a},{b,c}} be a topology defined on. Let
y:S0(X) — P(X) and y*:PO(X) — P(X) be two operators defined as follows
A — {cl(A) if A= {a}}

A if A+ {a}
o :{ A if A={b} }

AU{a} if A # {b}
Then {b} is sp[y, y* ]-open set, however, it is not [y, y* ]-open set
Proposition 3.5. The union of sp[y,y* ]-open sets is also sp[y, y* ]-open set.

133



Jamil Iragi Journal of Science, 2020, Vol. 61, No.1, pp: 132-138

Proof: Let {V;:i € Ilbe the collection of sp[y,y* ]-open sets of topological space (X,7) . Let x €
U;er Vi, then there is sp[y,y* ]-open set V;containing x and so, there are semi-open set S and pre-
open set P containing x such that SYNPY" S V; € U;¢; Vi. Hence U;e; Vi is sply, v* ]-open set.
Proposition 3.6. Let(X, 1) be a topological space. If A isy semi-open and y* pre-open subsets of X,
thenitis sp[y, y* ]-open set
Proof: Let x € X and since Aisy semi-open containing x, then there exists a semi-open set U
containing x such that x € UY < A. And, since A is y* pre-open set, then there exists a pre-open set V
such that x € VY™ C A. It follows that x € UYNVY" < A. Hence A is sp[y,y* ]-open set.
Proposition 3.7. LetA and B are non-empty subsets of X. If A is y semi-open set and B isy* pre-open
set, then ANB is sply, y* ]-open set.
Proof: Similar to the proof of Proposition 3.6.
Proposition 3.8. Let y: SO(X) — P(X) be semi- y-regular and y*: PO(X) — P(X) be pre-y* -regular
operation. If A and B are sp[y,y* ]-open sets, then ANB is sp[y,y* ]-open set.
Proof: Let x € X such that x € ANB. Since x € A, and A is sp[y, y* ]-open, then there are a semi-open
S, and pre-open P; containing x such that SY NP/ c 4
and since, x € B, and B is sp[y,y”]-open, then there exists a semi-open S, and pre-open P,
containing x such that SY NP’ < B.
By hypothesis, y is semi- y-regular, thus there exists a semi-open set S; containing x such that
sYy csrnsy.
Similarly, y*is pre-y* -regular operation, then there exists a pre-open set P; containing x such that
P <P/ NE. It follows that SYNP < (SYNP )N (SJNP) ) < ANB. Hence ANB is
sply,y* ]-open set.
Proposition 3.9. If y:SO(X) — P(X) be semi-y-regular and y*: PO(X) — P(X) be pre-y* -regular
operations, then the collection of sp[y,y* ]-open sets forms a topology.
Proof: Obviously ¢is sp[y,y*]-open set. Letx € X and since XYNXY" < X. The union and
intersection conditions follow from Proposition 3.5 and Proposition 3.8.
Example 3.10. Let X = {a, b, c} and let T = {¢, X, {a}} be a topology defined on . Let y:SO(X) —
P(X) and y*:PO(X) — P(X)are two operations defined as followingAY = A and
s {A if A= {b}}

¢ if A+ {b}
Clearly, y and y*aresemi- y-regular andpre-y* -regular operations, respectively. Then, the family of
sply,y* ]-open setswhich listed as ¢, X, {a}, {a, b}, {a, c} forms a topology defined on X.

Definition 3.11. A topological space(X, t) is named by sp[y,y* ]-regular space if for each x € X and
every semi-open set A containing x, there are semi-open set S and pre-open set P containing x such
that SYNPY" c A.

Proposition 3.12. A topological space(X, ) issply,y* ]-regular space if and only if for each x € X
and every semi-open set U of X, there a sp[y,y* ]-open set V such thatx e VandV <€ U.

Proof: Let x € X and let U be a semi-open set containing x. Since X is sp[y, y* ]-regular space, then
there are a semi-open S and pre-open P containing x such that (SVﬂPV*) cUu.

Conversely, suppose that A is a semi-open set containing x.By hypothesis, there is sp[y,y* ]-open
setV such thatx € V and V < A. So, there are a semi-open S and pre-open Pcontaining x such that
SYNPY SV € A. Hence (X,7) issply,y* ]-regular space.

Proposition 3.13A topological space(X,t) issply,y*]-regular space if and only if SO(X) =
sply,y*10(X).

Proof: straightforward.

Proposition 3.14. Let idy: SO(X) = P(X) and idy”*: PO(X) — P(X)be two identity operators, then
every semi-open and pre-open set is sp[y, y* ]-open set.

Proof: obvious.

Definition 3.15. Let y and y* be two operations defined on SO(X) and PO(X), respectively, then a
subset A ofXis namedsp[y, y* ]-closed if its complement is sp[y, y* ]-open set.
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Definition 3.16. Let A be a subset of topological space (X, t), the intersection of all sp[y,y* ]-closed
sets containing A is named sp[y, y* |-closure of A and is denoted by sp[y,y* | — cl(A).

Proposition 3.17. The intersection of any sp[y, y* ]-closed sets is also sp[y, y* ]-closed set.

Proof: Follows from Proposition 3.5.

Proposition 3.18. Let A and B are two sets in topological space (X,7)and let y and y* be two
operations defined on SO(X) and PO (X), respectively, then we have the following

DA S sply,y*] —cl(4).

2)A is sply,y*]-closed if and only if A = sp[y,y*] —cl(4)

3) If € B, thensply,y*] —cl(A) < sply,y*] — cl(B)

Dsply,y"] = cl(ANB) < sply, v | — cl(A)Nsply,y™ ] — cl(B)

S)sply,y"1—cl(4) € [y,y"] — cl(4)

6)sply,y*1—cl(sply,y*1 - cl(A) = sply,y*1 - cl(4)

Proposition 3.19. For each ax € X, x € sp[y,y*] — cl(4) ifand only if VNA # ¢ for each sp[y,y* |-
open V containing x.

Proof: Obvious.

Proposition 3.20. If y and y* are semi- y-regular and pre-y* -regular operations defined on SO(X)
and PO(X)respectiver, then sply,y* 1 — cl(AUB) = sply,y* ]| — cl(A)Usply,y* | — cl(B).

Proof: Clearly sply,y* 1 — cl(A)Usply,y* 1 —cl(B) S sply,y*] — cl(AUB). Assume that x ¢
[sply,v ] —cl(A)Usply,y* 1 —cl(B)]. Since x & sply,y*]— cl(4), then by proposition, there
is sply,y” ]-open set U containing x such that UNA = ¢. Similarly, x & sp[y,y*]— cl(B), then by
Proposition 3.19, there is sp[y,y* ]-open set V containing x such that VNA = ¢. By Proposition 3.8,
UNV issply,y*]-open set containing x such that (UNV)N(AUB) = ¢. It follows that sp[y,y*] —
cl(AUB).

Definition 3.21. Let A be a subset of topological space (X,t), then x € spcl — [y,y*]1(4) if
(SY npY’ )ﬂA + ¢ for every semi-open S and pre-open P containing x .

Proposition 3.22. Let A be a subset of topological space (X, ), then

1) spcl = [y,y"1(4) € sply,y*] —cl(A)

2) sply, X] — cl(A) C Sycl(A)

3)spcl — [y,y" 1(AUB) < scl, (A)Upcl,- (B)

4) If y and y* are semi-open and pre-open operations defined onspcl — [y, y* 1(spcl — [y, y*]) =
spel = [y, y*1(4)

Proof: 1) letx & sply,y* ] — cl(A), then there exists a sp[y,y* ]-open set U containing x such that
UNA = ¢. , then there are semi-open S and pre-open Pcontaining x such that SYNPY" € U and
so,(SVﬂPV* )ﬂA = ¢. Hence x & spcl — [y, y* 1(A4).

2) Letx & Sycl(A), then there is y-semi open U containing x such that UNA = ¢, and
since(UNX)NA = ¢ by proposition 3.6, UNX is sp[y,y* ]-open set containing x and so, x &
wly, X] — cl(4).

3) Follows from Definition 3.21.

4) Follows from Proposition 3.23 and Proposition 3.18.

Proposition 3.23. Let y and y* are semi-open and pre-open operations defined on SO(X) and PO(X),
respectively, then spcl — [y, y*1(A) = sply,y* ] — cl(4)

Proof: By Proposition 3.22 (1), spcl — [y,y* 1(A) € sply,y*] — cl(A). It is remaining to prove that
sply,y* 1 — cl(A) € spcl — [y, y* 1(A). Letx & spcl — [y,y* 1(A), then there are semi-open set S and
pre-open set Pcontaining x such that(SV npY’ )ﬂA = ¢. Since y is a semi-open operation, then there
is y-semi open set U containing x such that U < SYand since y*is a pre-open operation, then there
isy*-pre open set V containing x such that V € PY . It follows that UNV S SYNPY and by
Proposition 3.6, UNV is sp[y,y*]-open set containing x such that(UNV)NA = ¢. Hence x ¢
sply, vy ] = cl(A).

sply, Y ]-compact space and set4-

Definition 4.1. A subset A of topological space (X, t)is sp[y,y* ]-compact set, if every cover {V;:i €
I} of X by [y, v ]-open sets, there exists a finite subset I, of I such that A € Ue, sply,v™ ] — cl(V)).
And topological space (X, t) is named sp[y,y " ]-compact if X = Uje,, sply,v" ] — cl(Vy).
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Definition 4.2. A subset A of topological space (X, t)is[y,y* ]-compact set if every cover {V;:i € I} of
X by [y,y" ]-open sets, there exists a finite subset I, of I such that A € U;¢;, V;. And topological
space (X,t) is named [y,y" ]-compact space if X = U;¢, V;

It is clear that every [y, y* ]-compact is sp[y, y* ]-compact space

Proposition 4.3. Let y and y* be two operations defined on SO(X) and PO(X) and let A be any
proper subset of X. If A and X / A are sp[y,y* ]-compact sets, then X is sp[y, y* ]-compact.

Proof: Let ¢ = {U;:i € I} be [y,y* ]-open cover of X, then ¢ = {U;:i € I} is[y,y* ]-open cover of A
and X / A. Since A and X / A are sp[y,y* ]-compact sets, then there are finite sub-collection I, and
Iiof I such that A C U, sply,y™] —cl(Uy) and X /A S Uey sply,v™ ] —cl(Uy), therefore
X =AUX /A S Uiy, u1, sply, "] = cl(U;). Hence X is sp[y,y™ ]-compact.

Proposition 4.4. The finite union of any sp[y, y* ]-compact sets is sp[y, y* ]-compact set.

Proof: Similar to the proof of Proposition 4.3.

Proposition 4.5. Let y and y* be two operations defined on SO(X) and (X) , then a topological space
(X,7) is sply,y* ]-compact if and only if every proper [y,y*]-closed subset of X is sp[y,y*]-
compact.

Proof: Let F be a proper [y,y* ]-closed set in X and let ¢ = {U;:i € I} be [y,y" ]-open cover of F,
then{U;:i € I}UX / F is [y,y* ]-open cover of X. Since X is sp[y,y” ]-compact, then there is finite
sub-collectionloof I such thatX = U, sply, v ] — cl(U;UX / F) = Ujeq, sply, v ] — cl(UHUX /
F and so, F € U;ey, sply, ™ ] — cl(U;). Hence F is sp[y,y™ ]-compact.

Conversely, suppose that every proper [y,y*]-closed subset of X is sp[y,y*]-compact and let
Y ={V;:i € I} be [y,y" ]-open cover of X such that V; is a proper [y, y " ]-open subset of X for j, € I,
then X / V; isa proper [y,y " ]-closed set and by hypothesis X / V; is sply,y" ]-compact, then there is
finite sub-collection I,0f I such thatX /V; < Ule 1, sply,y* 1 — cl(Vy), it follows that X = V; U X /

Vi, € Vj,U Ulezo sply,y*1—=cl(V) € sply,v*1 = cl(V;,)U Uiey, sply, v 1 = cl (V) €

Uier,uj, sPLy, ¥™ 1 — cl(V;). Hence X is sply,y ] compact.

Proposition 4.6. Let K be a subset of topological space (X, ), and let y and y* be two operations
defined on SO(X) and PO(X), such thatw[y,y* |x — cl(GNK) = sp[y,y* ] — cl(G)NK for every G
is [y,y* ]-open setin X, then K is sp[y, y* ]-compact if and only if K is sp[y,y™ ]x-compact.

Proof: Suppose that K is sp[y,y* ]-compact and let ¢ = {G;NK:i € I} be[y,y* ]x —open cover of K,
thenK < U;(G;NK) € U;G;. But K is sply,y* ]-compact, thus there is a finite subset I,of I such
thatK' € Uje, sply, v™ ] — cl(G)). It follows
that K € Uje, sply, v™ ] — cl(G) NK = Uiy, sply, v" 1k — cl(GiNK)and  so K is  sply,y" k-
compact.

Conversely, suppose that y = {U;: i € I}be is[y,y* ]-open cover of , then go* ={U;NK:i €I} be
sply,y™ 1,-open cover of K. Since K is [y,y™* ],-compact set, thenthere is a finite subset I,0f I such
thatK' < Uje, sply, v* ] — cl(U;NK) € Ujey, sply, v* 1 — cl(UDNK S Ugey, sply, v™ 1 — cl(Uy).
Hence K is sply, y* ]-compact.

Definition 4.7. A topological space (X, ) is named sp[y,y* ]-Urysohn space if for every two distinct
points x and y, there are two[y,y* ]-open sets U and V containing x and y such that sp[y,y*] —
cl(@)Nsply,y* 1 —cl(V) = ¢

Proposition 4.8. Let y be semi- y-regular and y* be pre-y* -regular operators defined on SO(X) and
PO(X). If Xis sp[y, y* ]-Urysohn space and K besp[y,y* ]-compact subset of topological space(X, 1),
then K is sp[y, y* ]-closed.

Proof: We want to prove that X / K is sp[y,y* ]-open set. Let x € X / K, then for each y € K, there
are two [y,y” ]-open sets U andV containing x and y such that sply,y*]— cl(Uy)Nsply,y* ] —
() = ¢

Take ¢ = {Vy:y € K} be [y,y* ]-open cover of Kand since K is sp[y,y* ]-compact, then there is a
finite sub-collection of I,of Isuch thatK < U;e;, sply,y*1— cl(Vyi), let User, sply,v* 1 —cl(Vy;) =
sp[y,y*]—cl(V)and let U= N}, Uy, such thatUnsp[y, *1—cl(V) = ¢ then by Proposition
2.8,U is [y,y* ]-open set and so, x eUCX/K, thatis X /K is [y,y"]-open set. Hence K is
sply,y* ]-closed.
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Proposition 4.9. Let y be semi- y-regular and y* be pre-y* -regular operators defined on SO(X) and
PO(X). If A is sp[y,y*]-compact and U is [y,y* ]-open and sp[y,y* ]-closed sets in topological
space(X,t)suchthat U € A, then A / U is sp[y,y* ]-compact.

Proof: Let ¢ = {V;:i € I} be [y,y* ]-open cover of A /U.Since U is [y,y*]-open set, then oUU is
[v,y* ]-open cover of A, and since A is w[y,y* ]-compact, then there is a finite sub-collection of I, of
Isuch that A S Uje, soly, v ] = cl(V;UU) = Uiy, sply, v™ ] = cl(V)U sply,y* ] — cl(U) =
Uier, sply, v™ ] —cl(VDUU and so,A /U E Usey, sply,y™ 1 —cl(V;). Hence A/ U issply,y”]-
compact.

Proposition 4.10. Let y be semi- y-regular and y* be pre-y* -regular operators defined on SO(X) and
PO(X) and let U be sply, y* ]-compact subset of sp[y, y* ]-Urysohn spaceX, for every x € U and any
[v,y* ]-open, sply,y* ]-closed setV such that x € V € U, then there is [y, y* ]-open setG such that
X€GCsply,y*l—-cl(G)cV.

Proof: Letx € U and let V any [y, y* ]-open, and sp[y,y* ]-closed set in X such that x € V < U. For
everyy € U /V in sp[y,y" ]-Urysohn space X, then there are [y, y" ]-open sets G,and H,containing x
and , thus {Hy:y ev/ V} is [y,y* ]-open cover of U /V and since V is [y, y* ]-open, and w[y, y* |-
closed set, then by Proposition 39,U/V is sply,y*]-compact, and soU /V < U, sply,v*]—
cl(Hyi)=sply,y*]1— cl(ULy Hy;)=sply,y* ] — cl(H). Assume thatG,; S A, set G = N}L, G, S A
with sply,y ]—cl(G)ﬂsp[y, “1=cl(H) = ¢. It follows sp[y,y*]—cl(G)NH = ¢. Since U is
sply,y* ]-compact subset of sp[y,y*]-Urysohn spaceX, then U is sp[y,y*]-closed and since G <
V c U, then sply,y*] —cl(G) € U , therefore U/V € UN sply,y* ] —cl(H) S Bﬂ(X/sp[y,y*] —
cl(G)) =B /X/sply,y*]—cl(G).Hence x € G S sply,y* ] —cl(G) €V

Proposition 4.11. Let y be semi- y-regular and y* be pre-y* -regular operators defined on SO(X) and
(X) , and let A and B are two subsets of topological space X. If A is sp[y,y”]-compact and B is
ly,y* ]-closed, then ANB is sp[y,y ™ ]-compact

Proof: Let {U;:i € I} be [y,y*]-open cover of ANB. Since B is [y,y*]-closed, then X / B is [y,y* |-
open set and so,{U;:i € I}UX / B is [y,y" ]-open cover of A.But Ais sp[y,y* ]-compact, thus there is
a finite sub-collection/, of Isuch that A € Uje;, sply,y™] — cl(U;UX / B) = Ujey, sply, v™ ] —
cl(U) Usply,y*] — cl(X/B) = Ujey, spoly, v ] — cl(U)) UX/B

Thatis ANB S Uje, sply, ™ ] — cl(U;). Hence ANB is sply, y™ ]-compact.

Definition 4.12. A function f:(X,t) — (Y,y) is said to be sp([a,a” ], [y,y" ])-continuous if the
inverse image of eachsp[y,y* ]-open set in Y is sp[a,a*] - open set in X. Equivalently, the inverse
image of eachspl[y, y* ]-closed set in Y is sp[a, a* ] - closed set inX.

Lemma 4.13. A function f:(X,7) — (Y,¥) is sp([a,a” ], [y,y" ])-continuous if and only if
f(sp[a, a*]— cl(U)) csply,y']— cl(f(U))for each subset U of X.

Proof: Suppose that f is ([a, a* ], [y, y* ])-continuous. Since f(U) S sply,y*1— cl(f(U)), thenU <

! (sp[y,y*] —cl(f(U))). Since sply,y*]1— cl(f(U)) is sply,y*]-closed inY and since f is

sp([a, a1, [y, ¥* D-continuous, thenf ! (Sp[)/, — cl(f(U))) is wly,y*]-closed inX and so,
spla,a*]—cl(U) c 1 (sp[y,y*] - cl(f(U))). Hence  f(spla,a*]—cl(U)) S sply,v*]—
cl(f(U))

Conversely, suppose that f(sp[a, a*] — cl(U)) < sply,y* ] — cl(f (U))for each subset U of X. Let F
be sp[y,y*]-closed inY, and so f~1(F) be a subset of X. By hypothesis, f(sp[a,a*]—

cl(f_l(F))) c sply,y*]—cl (f(f_l(F))). It follows f(w[a,a*] — cl(f_l(F))) c sply,y*]—
cl(F) and so, spla,a*] — cl(f1(F)) € f~*(F). Then f~1(F) is sp[y,y*]-closed in X, Hence f is
([, a* ], [¥, " ])-continuous.

Proposition 4.14 Letf:(X,7) — (Y,¢) is ([a,a*], [y,y* ])-continuous, sp([a, a* ], [y, v* ])-
continuous, and one to one function. If K is sp[a,a®]-compact set inX , then f(K) is sply,y" |-
compact setinY.

Proof: Let ¢ = {V;:i € I} be [y, y* ]-open cover of f(K), then V; = U;Nf(K)where U; is [y,y* ]-open
set inY. Since f is ([a,a*],[y,y* ])-continuous, then f~1(V,) = F~Y(UHNK, F~1U;) is[y,y*]-
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open set in X, it follows {f~1(V;):i € I}is[a, a* ]-open cover of K. Since K is sp[a, a* ]-compact,
then there is finite sub-collection/, of I such that K S Uy, spla,a*]—cl(f7*(V;)) and so,

fFK) € f(Uier, spla,a*1—cl(f1())) = Uiy, f (Sp[a,a*] - cl(f‘l(Vi))) € Ujer, sply, v* 1 -

cl (f(f‘l(Vi))) S Uiy, sply, ¥* 1 — cl(Vy). hence f(K) is sp[y,y* ]-compact set.

Corollary 4.15 Let y be semi- y-regular and y* be pre-y* -regular operators defined on SO(X) and
PO(X), and let f: (X,7) — (Y,¥) is ([a,a* ], [y,y* ])-continuous, sp([a, a* ], [y, y* ])-continuous,
and one to one function. If A is sp[y,y* ]-compact and B is [y, y* ]-closed sets in topological space X,
f(ANB) is sply,y* ]-compact setinY.

Proof: Follows from Proposition 4.11, and Proposition 4.14.

Definition 4.16 A function f: (X,7) — (Y, ) is said to be ([a, a™ ], [y, ¥* ])-continuous, if the image
of each[a,a* ] - open setin X is [y, y* ]-open setinY

Proposition 4.17 Let f: (X,t) — (Y,y) be ([a,a*],[y,y”*]1)- continuous and bijective function, If
K is [y,y* ]-compact set in Y, then f~1(K) is sp[a, a* ]-compact set in X.

Proof: Suppose thatg = {V;:i € I} be [a,a*]-open cover of f~1(K), then (p* ={f(V):i€l}is
[y, y* ]-open cover of K and since K is [y,y* ]-compact set, then there is a finite sub-collection I, of I
such that K € Ujer, f(V)) then  f'(K) € f'(User, f (VD)) = Useso f T (f (VD)) S Uier, Vi €
Uier, sply,v* ] — cl(V;). Hence f~*(K) is sp[a, a* ]-compact set in X.
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