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Abstract 
      Let H be an infinite dimensional separable complex Hilbert space and  B(H) be  
the Banach algebra of all bounded linear operators on H. 

In this paper we introduce a mapping   : B(H) → B(H)   .   By (T)=AT-

T*B , T B(H). 
ABN ABN

We study some properties of it , and  we study surjectivity of this mapping  when A 
is pseudonormal  operator whose spectrum satisfies  certain properties if the analytic 

function f(A) that belongs to the  *AA
RangeN  then  f(A) is the zero function 

.Also we generalize  some results for the Jordan * derivation    and the derivation 

when A is normal operator and prove it when A is   pseudonormal operator.  
AJ

AD

 
 الخلا صة

جبر بناخ لكافـة المـؤثرات الخطيـة المقيـدة المعرفـة علـى فـضاء هلبـرت القابـل للفـصل و غيـر B(H)ليكن       
  بالـصيغة    . B(H) → B(H) :فـي هـذا البحـث  نعـرف الدالـة. منتهـي علـى حقـل الاعـداد العقديـة  

(T)=AT-T*B ,     B(H). .                      
ABN

ABN

*

  مـن صـنف المـؤثرات A حيث تم دراسة بعض خواص هذه الدالة ،ودراسة مدى هذه الدالة عندما يكون المـؤثر
   تقــع فــي مــدى f(A)وطيفــه يحقــق موصــفات معينــة فــأذا كانــت الدالــة التحليلــة  )  الــشبه ســوية(الــسوية الكاذبــة

AAالدالـــة 

AJAD

Nون  الدالــــة الـــصفرية كـــذ لـــك قمنــــا بتعمـــيم بعـــض النتـــائج الخاصــــة بمـــدى  كـــل مــــن  فأنهـــا تكـــ
) الشبه سوية( لصنف المؤثرات السوية الكاذبةوالدالةالاشتقاقية*  من النمط جوردان الدالةالاشتقاقية  

.  
  

Introduction 
     Let H be a separable complex Hilbert space 
and B(H) be the Banach algebra of all bounded 
linear operators on H as is customary , let )(A  

, σp(A) ,and ) (Aap  denote  the spectrum of 

the operator A, the set of all eigenvalue of the 
operator A and approximate eigenvalue  of the 
operator A respectively. The operator A is called   
normal if  A*A =AA*  , T is called a dominant 
operator  if for each ¢ there exists a number 
M > 0 such that 

(T*-)x M (T-)x for all x  H [1]. 

Furthermore if the constants M are bounded by 
a positive number M, then T is called M-
hyponormal operator [2] , and if M=1 , T is 

called  hyponormal  operator [3] , A is called  a 

*- paranormal operator if A* x 2                   

 A2x  for every unit vector x in H  [4] .  

Finally the operator T is called a pseudonormal 
operator if Tx =x for some x H , ¢ ,     

then T*x =  i.e., if x is an eigenvector for T 
with the eigenvalue  then x is an eigenvector 

for T* with eigenvalue  . [5,p59].  In  this  
paper we introduce a mapping : B(H) → 

B(H) , by  (T)=AT-T*B , T B(H). 
ABN

ABN
   We study some properties of it and its  
surjectivity. Also  we  generalize some theorems 
when A is a normal operator  ,  pseudonormal  
operator , *- paranormal ,dominant operator , M-
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hyponormal operator , and hyponormal  
operator. 
 We also recall the definition of derivation 
mapping   : B(H)→B(H) defined by 

=TA-AT, T   B(H). [6]. Also the 

maping (T)=TA-AT* is called Jordan *-
derivation [7] .We study conditions   under  
which range of    ,  and  contain 
analytic operators when A is a pseudonormal 
operator.  

)(TDA

AJ

)(TDA

AJ

AD ABN

Propositoin (1) 
1- The mapping      is  bounded in the sense 
that it maps bounded sets in B(H) in to bounded 
sets in B(H) and it is clear that it is not a linear 
mapping.  

ABN

2- =   *
AB

RangeN ** AB
RangeN

3-Let S denote  the set of all normal operators 
defined  on H .  If   A*=B then  

AB
RangeN  

S.  
4-let  denote the set of all skew- Hermition 
operators defined on H.   If   A*=B then 

1S

 
AB

RangeN  . Moreover if A is an 

invertible operator   then   =

1S

1S  
AB

RangeN . 

 proof   (1)    
It is clear that    

( )ABN X AX X B AX X B                

≤

       

   [ ]X A B . 

Hence if M is arbitrary bounded  subset of B(H) 
we have its image (M) is bounded. ABN

 Thus   is   bounded  . ABN

2- = {  : X 

B(H)}                                                                                     

={

 *
AB

RangeN  )( BXAX

X A B X    : X B(H)}    

let    * *
1 1,  -X X X X    

thus   ={ 
*

AB
RangeN 1 1B X X A  

: X1 

B(H)}   
3- Let T   

AB
RangeN  then there exists an    

operator  X B(H) such that  T=AX- X*B  
hence   T*= X* A*- B*X .          Now  
TT*=( AX- X*B) (X* A*- B*X) 
=AXX*A*-AX B*X- X*B X*A*+ X* B B*X 
= T*T. 
4- Let  T (Range ) then there exists an 

operator XB(H) such that T=AX- X*B , hence        

T*= X* A*- B*X=-( B*X- X* A*)=-T and 
,

ABN
  

 
AB

RangeN

1S

  . 1S

Let AB(H) be an invertible operator and Let 

T ,consider X=(1/2) T then T=AX- X*B. 1A
Lemma (2) 
Let AB(H)  if  ( )ap A  then 

(n
ap )nA 

nA

  for each positive integer  n. 

Proof   See [8.p.71]. 
 
Theorem (3) 
Let A B(H) be a normal operator and  

 
AA

RangeN  for an integer n ≥2  then  

   1nA

)(A

iR . If  n=1 , then  A=0. 

proof : 
Let   then by a theorem in [9.p44] ,  

 )(Aap  , hence  there exists a unit vector 

xH 

Such that  (Ax- x) <, 1x  ……(1) 

Since  )(A  then , by spectral 
mapping theorem. And by   lemma (2) 

)( nn A 

)( n
ap

n A   thus ( )n nA x x q  

1x   . Hence       nA ,nx x x   q.            

Thus nA , nx x   q       ……           .(2) 

But nA  
AA

A

RangeN
n

, hence there exists 

TB(H) such that - (AT-T*A)=0    and  thus  
n *A , , , 0x x ATx x T Ax x         ….(3) 

We can assume from inequality (1)                   

that A x x T  and 

x x T


*A , Now 

A x  ,T x ,x T x     <      and 

*Tx ,A x ,Tx x     <        ……….(4)  

By adding inequality (2),equation (3),and 
inequality  (4)  , we get  

n *- ( ) ,T T x x     <   (2+q) 

Since is a skew - Hermitian                 

Thus 

*(T T
*(T T x

)

) ,x     is pure imaginary say z , 

ziR , Thus   zn   <(2+q) , ziR. 

Since  is arbitrary, then =0        

That is either  =0 or  

 1n z   
n-1 =z ,    ziR 
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Thus  iR and  if =0 then 0iR ,   and  1n  
 iR. 1( ( ))nA  
Now  if n=1 ,then by the same way in above  we 
have ( ) 0,z z    iR thus (1 ) 0z   , 

It is obvious that (1-z)≠0 , hence 0   and 
( ) {0}A  , then A is quasinilpotent operator 

since the only normal quasinilpotent operator is 
zero operator hence A=0. 

Lemma (4) 

 Let f be an analytic function defined on        

{ z¢: 

     

z <r , r>o} and AB(H) such that   

A <r  . If )(Ap  ))(( Af then f() p . 

Moreover if x is an eigenvector corresponding to 
, then x is also an eigenvector for f(A) 
corresponding to f (). 
Proof :       See [8,p80]. 
 
The next theorem is  proved  in [1,p81]  for  
normal operator A .we prove it for 
pseudonormal operator . 
 
Theorem(5) 
   Let A  B(H) be a pseudonormal operator and  
let f be analytic function defined on a 

neighborhood rB of zero such that A  <r ,    

r>0  
1-if f(A)  Range( ) then for each AJ

 Ap   , if =0 then f()=0 and  in general 

f()/ is pure imaginary number. 
2-If f(A)Range( ) then for each *A

J

 Ap  , f() is pure imaginary number .  

Proof (1) 
Suppose that f(A)  Range( )={TA-AT*; T 

B(H)}. 
AJ

Let  Ap   then there exist x≠0 H , 

x =1 ,such that Ax = x by spectral 

mapping theorem  f() is an eigenvalue  for f(A) 
with the same  eigenvector , hence f(A)x= f()x. 
Thus f(A )x-f()x ,x=0 . 
And   f(A)x ,x-f()=0       ………….......(1) 
but f(A)  Range( ) hence  there is T B(H) 
such that     f(A)-(TA-A T*)=0.Thus 

AJ

  f(A)x ,x-TAx ,x+AT*x ,x = 0…...(2) 

 Since A is pseudonormal then A*x=x     
,hence Ax-x, T*x=0   , and  
T*x , A*x-x=0.  
Thus   Ax ,T*x-x ,T*x = 0    …...(3) 
And   T*x ,A*x-T*x ,x=0……….(4) 
By adding the equations (1),  (2) ,(3) and (4) 
 we get      f()-(x ,T*x-T*x ,x)=0. 
Thus        f ()-((T-T*)x ,x)=0. 
This implies f() -c=0, c  iR . and f()=c 
If =0 then f()=0 , other wise f()/=c , c iR 
In a similar manner one  can prove (2).  
 Theorem (6) 
  let A  B(H)  be a  pseudonormal operator and  
let  f  be analytic function defined on a  

neighborhood rB of zero such that A  <r  ,  r>0 

If  )(Ap  contains a simple closed contour 

then 
1-f(A)Range( )  if and only if f(x)=cx,c iR  AJ

2- f(A)      if and only if      f=0 *)( AJRange
Proof 1   : 
Suppose f(A)Range( ) then by  theorem(5) 

for each  
AJ

 Ap   ,  f()/=c,    c iR 

Since   AA    and f is analytic on Br and       

A  <r then f is analytic on  Ap . Moreover   

if   ≠0 , f()/ is analytic on  Ap  . 

Hence  f()/ is constant function and  for all x, 
f(x)= xc ,   c iR. 
Conversely   let f(x)= cx , hence f(A)=cA  we 
check thet    f(A)Range( ) AJ

Observe that if T=(1/2)cI , then  (T)=TA-
AT*=(1/2)cIA-A(c\2I)*     
=(1/2)cA+(1/2)cA=cA . Hence  cARange( ) 

AJ

AJ

2- Let f(A)   then by theorem(5) 

for each 

*)( AJRange

 Ap   , f()=c , c iR 

Since f() is analytic  on   Ap  and  Ap  

contains  a simple closed contour , then by 
lemma in [8,p78] it is constant  function ,  
clearly this is possible only if  f()=0. 
Conversely if  f=0 then f(A)=0A  ,observe that        

if  T=0  then *AJ (T)= A T =0,    hence  * * *TA

f(A)   *)( AJRange
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Remark And  Tx ,Bx- Tx , x=0……….(4) 
we can prove theorem (5) and theorem(6)  in a 
similar manner if we replace  by the 

derivation mapping .  
AJ

AD

By adding the equations (1),  (2) ,(3), and (4)   

we get   f()-(Tx ,x- *T x ,x)=0. 

Thus f ()- ((T - *T )x ,x)=0 
 This implies f() -c=0, c iR . and  f()=c 
In next  theorem we study conditions under 
which  

AB
RangeN  contains analytic  

operators when  A is a pseudonormal operator . 

Now if we multiply the  sides of the  above  

equation by  we arrive at f()=
2

 c. 

Since 
2

  is real number hence f()  is a pure 

imaginary number. 

Theorem (7) 
Let A  B(H) be a pseudonormal operator then  
1- If  f(A)  

AB
RangeN

 B

  then for each  

 A    such that    is an eigenvalue  
Theorem(8)  
Let A  B(H)  be a  pseudonormal operator and  
Let f be analytic function defined on a 

neighborhood rB of zero such that A  <r ,   

r>0 

of  A and B with the same corresponding 
eigenvector, if =0 then f()=0 . Moreover  
f()/ is a pure imaginary number.  

2-  if f(A)    then for each 



*
AB

RangeN

)(Ap   f() is a pure imaginary number  

If  )(Ap  contains a simple closed contour 

then 
1-f(A)Range( ) if and only if f(x)=cx  , c 

iR . 
AANProof  (1): 

 Since  is an eigenvalue of A and B with the 
same eigenvector then  Ax=x  and Bx=x .  2- f(A)   if and only  if   f=0 *)( AANRange
 If  f(A)  

AB
RangeN   then there exists   T 

B(H) such that f(A)-(AT-T*B)=0        
so f(A)x,x-ATx,x+T*Bx,x=0…..(1). 

                    

  Since  Ap   then f(A)x=f()x .             

This  implies  that    f(A)x,x-f()=0......(2) 

The proof theorem(8) is similar to the 
proof of theorem(6) and hence is 
omitted.  
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