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Abstract

This work concerns with the study of the continuous classical quaternary
boundary optimal control problem or, for brief quaternary boundary optimal control
problem (QBOCP) controlling by quaternary nonlinear hyperbolic system
(QNLHS). The theorem for existence a unique quaternary state vector solution
(QSVS) for the weak formulation (WFO) of the QNLHS is proved in an infinite
dimensional space via the method of Galerkin, and the help of the Aubin’s Theorem
with given a continuous boundary control quaternary vector (CBCQV). The
continuity of the operator of Lipschitz between the quaternary state vector and the
conforming quaternary boundary control vector is demonstrated. The existence
theorem of a continuous boundary optimal control quaternary vector (CBOCQV)
which is minimized the objective function (OF), and is controlled by the QNLHS is
demonstrated in an infinite dimensional space.

Keywords: Aubin’s Theorem, Quaternary Boundary Optimal Control, Quaternary
Nonlinear Hyperbolic System, Objective Function.
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1. Introduction

Various real-life applications are classified as ideal optimal control problems (OCPs). It
has been used in many fields, like robotics [1, 2], thermostats [3, 4], aircrafts [5, 6],
automobile cruise [7, 8], environmental control [9,10], transportation [11,12], electricity
distribution system [13,14], medical dieses [15,16], management [17,18] and in chemistry
[19, 20]. In the field of applied mathematics OCPs usually are controlled by ODEs and PDEs.
They were investigated by numerous researchers, as [21-28]. Other investigators [29-31]
interested about OCPs controlled by one of the three famous kinds for PDES; elliptic,
parabolic and hyperbolic, respectively. Whilst other authors interested about studding
boundary OCPs which are controlled by couple [32-34], and triple [35-37], PDES of the
above three mentioned kinds, besides the investigation of the quaternary boundary OCP
controlling by quaternary PDES of the kind parabolic by [38]. The previous mentioned
investigations heartened us to discover the study of QBOCP controlling by QNLHS. This
paper is beginning by giving a description about the problem, the weak formulation (WFO)
for the QNLHS is formulated, and then the method of Galerkin (MG) [39] is employed with
the help of the Aubin’s Theorem to demonstrate the theorem of existence a unique QSVS for
the WFO of the QNLHS. The continuity of the operator of Lipschitz between the quaternary
state vector and the conforming quaternary boundary control vector is demonstrated. The
theorem of existence CBOCQV that minimizing the OF and controlling by the QNLHS is
demonstrated too.

2. Problem description
Consider Qc R%2,1=[0,T,Q=1%xQ, £=0Q =090 xI, the QBOCP consists of the
QNLHS which is given by:

) a

Yite — Z?,j:l o (au] ayl) + a;y1 — byys + b3ys — bays = f1(y1). (1)
a

Yott — Z%j:l a_xi(aZU Y ) + azy; + byy; — bsys + beys = f2(32). (2)
) )

V3tt — Zi2,j= o (a3” ay3> + azy; — b3y, + bsy, + byys = f3(y3). (3)
a )

Yate — ZU 1 5, (a4u ay4> + ayys + bay1 — beyz — b7ys = f4(ya). (4)

y1(x,0) = y2(x), v,:(x,0) =yl(x),onQ, [ =1,2,3,4. (5)

ony, = X7 -y ayj 0x;y, cos(ny, x;) = wy(x,t),0n9Q, 1=1,2,3,4. (6)

Where x = (x1,x;), n; (I =1,2,3,4) refers to outer normal vector on 9Q, (ny, x;) refers
to the angle between the n; and x; — axis. Further, y = (y1,¥2,¥3,Ys) € (I-IZ(Q))4 =
H%(Q) refers to the QSVS, and U = (uy, up, us,us) € (L2(9Q ))4 = L%(0Q) refers the
QCBCV, (fu, fo. fofs) € (12(Q))" = L2(Q) is given. As well as, a,;; = a;(x,t) € L°(Q),
a; = a;(x,t) € L(Q),by, = bi(x,t) € L(Q) withk = 2,3,4,5,7,i =1,2and j=1,2.
The admissible set of the QCBCV is W = {i e 12(0Q):u € U aeUcRYU convex}.
The objective functions are

G@W) =X 1(f (9:(x, t, 1) )dxdt + faQ(hl(x t,u))do). (7
Define V € (H1(Q)* = HY(Q) = {#: % = (vy, 5, V3, 1,) € HL(Q) }.
2.1 The weak formulation

The WFO of ((1)-(6)) is
(Vieo V1) + 116y, v) + (agys, V1)L2(Q) — (b2y2, vl)Lz(Q) +
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(b33, v1)12¢0y — (haYa, 1) 120y = (Fi(¥1), v1)12(q) + (U1, V1) 12000 (3)
(Vater V2) + 12(8,y2,V2) + (a2Y2,V2) 120y + (b2Y1,V2) 1200y —
(bsys, v2)i2(q) + (beYa V2)12(0) = (f2(¥2), V2) 120y + (U2, V2)12(90) 9)
(Vate» V3) + 13(8, y3,v3) + (a3y3,v3) 120y — (b3y1, V3) 1200y +
(bsy2, 173)L2(Q) + (b7, v3)L2(Q) = (f3 (yS)'US)LZ(Q) + (us, v3)L2(6Q)’ (10)
(Vater Va) + 12 (6, Y4, 4) + (QaYa, Va) 120y + (BaY1, Va) 12(q) —
(bey2, V4)L2(Q) - (b7Y3»U4)L2(Q) = (f4(J’4)rU4)L2(Q) + (uy, v4)L2(6(2)7 (11)
O v)e@ = 0(0),v1)2¢q) » VI =1,2,3,4, (12a)
WHv)iz) = 0 (0), v1) 12y, VI = 1,2,3,4, (12b)
where 1y(t,y,v) = [[, X721 ay; Zi’ﬁ—g’;;dx, for | = 1,2,3,4.
== ,,vbmbmbbn/bg;

2.1.1 Hypotheses:
)f; (x, t, (yl)), VI =1,2,3,4 is of a Carathéodory type on Q X R, with
a) 1) < vi(xt) + ¢y, where (x,t) € Q,y, € L*(Q,R),y, € R,c; > 0.
b) If(x, t'yl) _f(x' tJ:)Tl)l < Lllyl - }Tlla where ylr:)Tl € ]R, and Ll > 0.
i) s(t,y,V) = 11(t,y1,v1) + (@1y1, V1) 12¢0) + 12(6 Y2, V2) + (a2Y2, V2) 120) + 13(8, V3, V3)
+(a3y3,V3)12(0) + 14 (t, Y4, Va) + (A4Ya, Va) 12(q)-
- - Ja ij v
St(tryr U) = foZiZ,j=1 #Z_ﬁ%d%
|S(t! 5}1 "?)l S a”_’)_])”Hl(Q)”ﬁllHl(Q) FS(t) }7!5}) 2 5_1“37”21(9), a;d € R+-
|5¢(6, 3, DI < blIFll g1 19l gy » 5¢ (& 5,5 = bllylI gy, with b, b € R*.
In this work, the notations , ( , ) will be referred to the convergent
2@ LA(@ CLA@v) LEUV)

strongly in L*(Q) , L*(Q) ,(LZ(I, V), L%, V)), respectively. And 200 2@
to the convergent weakly in L?(Q) , L*(Q) (LZ(I, V), L3, V)),

( L2(LV) "’ 12 (I,V))
respectively.

3. The QSVS for the WFO
The next theorem deals with the existence of a unique QSVS of ((8) — (12)).
Theorem 3.1: If U € L?(Q), then the WFO ((8) — (12)) has a unique QSVS y €

4 - x
(LZ(I» V)) = L*(LV) and J; = Vit Y26 Vaer Yar) € LE(LV?).
Proof: For any n, take V,, =V, X V,,, X V3, XV, €V, represents the set of piecewise
affine function in Q, {V;}nzl be a sequence of subspaces of V, then by the MG Vv € V, there

is a sequence {ﬁnel_/,;}, with ﬁnm v ( thus ﬁnmsﬁ ). Assume {7 =

(vljfUZjl v3jlv4j):j = 1'2' """ 'M(n)} spans I_/;l and 5}71 = (3’1n'}’2n’3’3n'}’4n) be QSVS,
such that
Vin = Z}l=1 cj (v (x), (13)
Zi = Nj=1 dij (v (x), (14)
where ¢;;(t) , d;;(t) are unknown functions of t, VIl = 1,2,3,4, j =1,...,n.
Utilizing y;, (with v, = z3,), V1 = (1,2,3,4) in ((8) — (12)) with v; € I, for [ = 1,2,3,4,
they yield to
(Zine» V1) + 11 (8 Y10, v1) + (@110 Vl)LZ(n) — (b2Yzn, 171)L2(Q) + (b3Y3n, 171)1,2(9)
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—(bsYan, V1)L2(n) = (f1(}’1n),771)L2(Q) + (u1,v1)L2(aQ)- (15)
(Zane V2) + 12(6, Yo, V2) + (@2Y2n, V2)12(0) + (D2Y1n V2)12(0) — (BsVan, V2)12(0)
+(b6Yan, VZ)LZ(Q) = (f2 (YZn):vz)LZ(Q) + (uZIUZ)LZ(OQ)' (16)
(Zane, V3) + 13(8, Yan, V3) + (@3Y3n, V3)12(0) — (D3Vin V3)12(q) + (DsVan, V3)12(0)
+(b7Yan v3) 120y = (Fs(V3n), V3 120y + (U3, V3)12(90)- (17)
(Zant) Va) + 14(t, Yan, Va) + (@aYan, Va) 12(q) + (DaYin, Va) 120y — (B6Y2n, Va) 12 (0
—(b7Y3n, V4)L2(Q) = (ﬁ}(ﬂn)»m)lﬁ(n) + (Ug, 174)L2(aﬂ)- (13)
(ylon' vl)LZ(Q) = (yloivl)Lz(Q)J Vo eV, l=1234, (19a)
(Zi VD12 = O )2 Vi E VL, L= 1,234, (19b)

where ¥, (%) = yin(x,0) € Vi (21, = ¥ (X) = Y1e (%, 0) € L?(Q)) be the projection of y;
onto V (ofyl = }’zt onto L2(Q)), vl =1,2,3,4, e,
v, T )yl , with ”yn”LZ(V) < by, VIl = 1,2,3,4, (20)

Yin 5 TS yi, with |[¥ll 2y < by, VI =1,2,3,4. @1)

Replacing (13)-(14) in ((15) - (19)), respectively with inserting v; = v;;, Vi = 1,2,3,4, ..., n,
then the secured equations will be equivalent to the following 1% order nonlinear ODEs
system with ICs

A1Dy(t) + My C1(t) — FCy(t) + GC3(t) — HCy(t) = dy, (22)
AyDy (1) + MyCy(t) + FC1() — 0C5(t) + RC4(t) = dy, (23)
AsD3(t) + M3C3(t) — GC,(t) + 0C,(t) + PCy(t) = ds, (24)
AD4 () + MyCy(t) + HC () — RC, () — PC5(E) = dy, (25)
AC(0) =m] & AD(0) =mj, (26)

where
A= (ay) = wjou), M = (my;)  =n(tvv)+ (alvljfvli)Lz(m:
F= (fu) = (bZVZj'Uzi)Lz(m'G = (gij)nxn = (b3v3j'v1i)Lz(Q)a
H = (hij)nxn = (bavaj, V1i)L2(Q) , 0 = (0i))nxn = (bsv2j, v3i)L2(Q)'
P =(@ij)nxn = (b7v4jrv3i)Lz(m R = (rij)nxn = (bevsy;, v4i)L2
dij = (i), vi) 12y + Wi Vi) 12 a0y Mi; = V0, i) 12 ()
mi; = 0h vz, G0 = (e;(0), .+ G@©) = (cy(®)
D,(0) = (dlj(O)) ,D(t) = (dlj(t)) WVI=1234,j=1.2,...,n
Since A7 texists VI = 1,2,3,4 and f;(y,), L0 o l(”) V1 =1,2,34 are continuous. Then ((22)—

(26)) has a unique QSVS 3y, .

In the next steps the following norms will be proved bounded

Iy ” LZ(Q) ’ ”yn(t)”LZ(Q) and ”yn(t)”LZ(Iv)

Since y? = y2(x) € L2(Q), VI =1,2,3,4, then the following result secured from the
Projection theorem }’zn yl with || yﬁl”L2 @ S

nxn

o’

Setting v; = Y, VI = 1 2 3 4 in ((12) — (15)), respectively and then gathering the outcome
equations, i.e.,
Y1nee» Yine) + 116 Vi YVine) + (@110 }’1nt)L2(Q) - (beZn'ylnt)LZ(Q)

+ (b3Ysn—b4Yan, ylnt)LZ(Q) = (fi (yln)'ylnt)LZ(Q) + (uliylnt)LZ(BQ) (27)
(Vanttr Yane) + 12(6 Yon, Yone) + (aZyZn’yZnt)Lz(Q) + (bzyln'yZnt)Lz(Q)'
+(bsYsn + beYan Yantd 12y = (fz(Van)s Yaned 12y + (U2, Yaned 12(00) (28)

(Vantt» Yane) + 13(6 Yan Yane) + (@3V3n Yane) 12¢0) — (03Y1n Yane) 12(0)-
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+(bsyan + b7Yan, Yane) 12y = (F3V3n) Yane) 2@y + (U3, Vane) 1200) (29)
(Vante Yant) + 146 Yan, Yane) + (@aYan Yane)12(0) + (PaY1n Yane) 12q)-

—(beYan + b7Y3n Yantd 2@y = (faWan) Yane) 12y + (Uar Yane) 1200y (30)

()’zon» J’lnt)LZ(n) = (}’zn(o)»}’mt)Lz(ma vi=1234, (31a)

Vi J’lnt)LZ(n) = (ylnt(o):ylnt)Lz(Q) V1=1234. (31b)

By applying Lemma 2.1 in [40] for the first two term in the LHS for each equality, to bring
= 1Fe (N2 gy + S T F) | = 52, T Fi) =
2[(f1 (yln)'ylnt)Lz(Q) + (ulfylnt)Lz(aﬂ) + (b2Y2n + b3Y3n — baYan, ylnt)LZ(Q)
+(f2(V2n) Yone) 12 + (U2s Yone) 1200y T (02Y1n — bsY3n + beYan, Yant) 12(0)
+(f3(V30)s Y3ne) 12yt WUz, Yane) 12a0) + (BsYan — b3Yin + b7Yan, Yane) 12()

+(fa Van)s Yane) 12@) + Was Yane) 12(00) T BaYin — beYan — b7¥V3n, Yane) 12(0) - (32)
Employing Hypotheses 2.1.1 after take the absolute values of (32), it yields to:
4 1Fne (O 22y + @NTullZa gy | < BUFlZ1q) + 20 B2Yan Vind) 2]
+|(B3Y3n Yined 12| + | Bayan Yin) 12| + | (Bsyan Yane) 12| + |(B7Yan, y3nt)L2(Q)|
+|(b3y1n, Yane) 12| + | B2y 1ns Yaned 2| + | BeYan Yan) 12| + |(Bs¥an, Yane) 12|
+|(bayin, y4nt)L2(Q)| + |(b6y2nﬂy4nt)L2(Q)| + |(b7y3n'y4nt)L2(Q)| + |(f1(y1n)'Y1nt)L2(Q)|
+|(wn Yined) 2oy + |G V2n) Yand) 2| + |2, Y2 2oay| + | (s Dan)s Yane) 12|

+| (s, Yane) 2oy | + | Faands Yane) i2cy| + | (as Yane) 1200 | )- (33)
Applying the inequality of Shwartz for the RHS of (33), then integrating on (0,t), and take in
account that  ||yinell20) < ||}7nt||L2(g), IVinell o) < El”ﬁnt”yl(ﬂ): lwlliz0q) < &

> ”fz”LZ(aQ) < e, ”yln”Lz(Q) < ”yln”Hl(Q) < ||37ln||H1(Q)-
Then utilizing the Trace theorem, and Hypotheses 2.1.1, to secure

t
J, %[tnint(t)||§2(m+a||in||f,1(m] at
S fO [hz ||37nt||2L2(Q)+EB ||yn||2H1(Q)]dt + Z?’zl(”fl”é + ||ul||22(aQ))
1 'R t - -

< B + hy fy (IFne 220y + 1Fne g, ) dt. ) ) (34)
where |b;| < h;,i =2,3,45,6,7, hg = 32rna)é hi, hg = max ¢, h, = {nla)ic_l, h, = hg + hg +
— — _ =16 sl=4 <ls<
h1+1,h3:h8+h9+b,h5:4el+4e_l,h4:1;naX(h2,h3). _
Since (197 lly1gy < b1 and [IYall 2y < bo With hg = bg + by + hs , hence (34) turn into

- - 1 1 t - -

15e 1122 gy + 17O 1) < s + a1 1TnelZ2gqy + 13l g e
Applying the inequality for Belman-Gronwall in [41], it yields that V t € [0, T]
||5;Tlt(t)||i2(ﬂ) + ”}_}n(t)”iﬂ(g) =< ?68}14 = bZ(C) =
||5;Tlt(t)||i2(ﬂ) =< bz(c) and ”yn”Hl(Q) =< bz(c); vVt € [O,T]

Therefore, [|[Yn:(t)ll12¢9) < b1(c) and [|3, (Ol 21y < b(C).
The strongly convergence for the QSVS:

— — %0 > — .
Assume V' has a sequence of subspace {Vn}n=1 , such that Vv = (v, v,,v3,v,) €V, there is
a subsequence {#,} with B, = (V1p, Van, Van, Van) € V, C V,Vn, for which 3, m v and

ﬁ"%ﬁ . problem ((8)-(12)) has a unique QSVS ¥y, = (Vin, Y2n Yan Yan), hence

conforming to the sequence of spaces {I_/;l}:):l, there is a sequence of problems like ((8) —

(12)), so replacing ﬁl = ﬁln = (V1n, Van, V3n, Van) and 5}1 = 5}ln = (Y1n» Y2n» Y3n Yan) in these
equations, to secure
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(Vinte Vind + 116 Yin V1) + (@1V10 Vind 12(0) — (B2Y2n Vind 12y +

(b3Y3n — bsYan, vln)Lz(Q) = (/1) vl‘n)LZ(Q) + (uy, vln)Lz(aﬂ)' (35)
(Vantt» Von) + 12(8, Yon, Van) + (@2Y2n, Van) 12() + (B2Y1n, Van) 12(q) —

(bsYsn + beYan, Vandiz) = (F2(V2n) Vandi2(a) + (U2, V2n)12(a0)- (36)
(Vantt» Van) + 138 Yan, V3n) + (@3Y3n Van) 120y — (B3Y1n Van)12(q) +

(bsyan + b7Yan, V3n)L2(Q) = (f3(V3n), v3n)L2(Q) + (us, v3n)L2(60)' (37)
(Vantt> Van) + 72 (6, Van, Van) + (@4Yan, Vand12@) + (BaY1n Van)12(q) —

(bgY2n + b7Y3n, 17411)1}(9) = (fa(Van), v4n)L2(Q) + (uy, v4n)L2(6(2)' (38)

(ylow vln)LZ(Q) = (yln(o)» vln)LZ(Q) »vvln € Vln rl = 1'2'3'4‘a (393)

(YLln' vln)LZ(Q) = (YInt(O);vln)LZ(Q) VUi, €V 1= 12,34 (39b)

Problem ((35) — (39)) has a sequence of QSVS  {y.}7; with [|3,(t)ll;2¢p) and
19, (Ol 21y are bounded, by applying of Alaglou’s Theorem in [40] we found there is a
subsequence of {J,, }nen, let for simplicity be {¥,, },en, such that 3y, mﬁ and y, ZZ(I—V)TI

And since

L*(L,V) < L*(Q) = (L*(Q)" < L* (1, V™).

Then by applying the Aubin’s Theorem in [39], there is a subsequence of {¥,},en let for
simplicity be {},, }nen such that ¥, 7@ y.

Now, multiplying both sides of ((35) — (39)) by ¢,(t) € C?[0,T], V1= 1,2,3,4, such that
@ (T) = ¢;(T) = 0,¢,(0) # 0 ¢;(0) # 0. By taking the integral on [0,T], then integrating
"twice" by part for the 1% expression in each acquired equalities, to bring

- OT% V1nt» Vin) @1 (£)dt + foT[ﬁ(t: Yin»Vin) + (@Y1 Vin)12(q) + (—b2Y2n + b3Y3n
—baYam Vi) 2@ 101 (Dt = [ (A0, vindizgay + (U, Vindizon) P2 (Dt
+Win V1n)12(0)®1(0). (40)
Jy Oinevin)@” (©)dt + [ [ (6 Vi, V1n) + (@1 vind 2y + (—b2Yan + bsyan
—byYan, Vin) 12y 1 (t)dt = foT((f1 V1n) Vindi2@@) + (Ue, Vind 12(a0)) 1 (DAt +
Wi V1) 12 91(0) = (V2n, Vind 12 ()@ 1 (0)- (41)
—Jy & Gane V2n)B2(O)dt + [ [ra(6 Y2n s V2n) + (@2Y2n Van) 2y + (B2Yin = bsYan
+beYan, Van) 12y P2 (t)dt = fOT((fz (V2n) Vandizca) + (U2, V2n) 12(00)) 92 () dE +
()’21n' Uzn)LZ(Q)(Pz(O)- (42)
f(;r(yZntrUZn)(pnz(t)dt + foT[Tz (t, Y2n, Van) + (A2Y2n Van)12(q) T (D2Y1n — PsY3n
+b6Yan Van) 12|92 (0)dt = fOT((fz (V2n), Vand 2y + (U2, V2n) 12(00) ) @2 (D) dt +
(}’2111' V2n)L2(Q€02(0) - (ygn' vZn)LZ(Q)q),Z (0). (43)
- OT% (V3ner Van) @3 (t)dt + fOT[T3 (t,Y3n,Van) + (@3Y3n, V3n)12q) + (—b3Yin + bsyan
+b7Yan, Van) 12y P3(t)dt = fOT((fs (V3n) Vandiz() + (Us, V3n) 12(00)) 93 (E)dE +
(}’3111’ V3n)L2(Q)§03(0)- (44)
fOT (V3nt, Vzn) @ "3(D)dt + fOT[rs (6, Y3n, Van) + (@3Y3n Van)i2(q) + (—b3Y1n + bsYan
+b7Yan, Van) 12yl 3 (D)dt = fOT((f3 (V3n), Vand 2y + (U3, Van)12(a0)) @3 (D)dE +
V3n V3n) 12y ©3(0) — (V3 V3n) 120y @ "3 (0). (45)
- OT% (Vant Van) P4 (t)dt + fOT[T4(t: Yan»Van) + (@aYan, v4n)(L2(Q) + (baY1n — beY2n
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—b7Y3n, Van) @2l @a(t)dt = f()T((f4(Y4n)» Vand12() T (Us, Vand 12(90)) P4 (D)t +

Vi V4n)(L2(Q) ©4(0). (46)
fOT (Vane Van)@” 4 (D)dt fOT[r4(t, Yan» Van) + (@aYan, Vand12(q) + baYin — beYan
—b7Y3n, Van) 12yl pa(t)dt = fOT((f4(Y4n)» Vand12() T (Ua, Vand 12(00)) Pa(t)dt +

YVans Van) 120y 04 (0) — (Vs Van) 120y @ 4(0). 47)
First, since v, -V and vy, Ts v; VI =1,2,3,4, then following are respectively held

Vi@ (t) LZ(T; Vl‘Pl(t) Vi@ (1) 522 2 V"1 (1) Vin®:1(0) 5= 20 v;¢0;(0)
Vin @ l(t) 7 0" 1 (D) (Vin@”1(D) 72 Q) (21 l(t) V@1 (0) 5= P V0 (0)

Second, J’mtm Yie  and Yin gyyi and yim me3 v

Third , since vy, ¢; OMALL then from the assumptions on f; , VI = 1,2,3,4 , and through
Proposition 2.1 in [37], it acquires the continuity of | o(filx. t,y) dxdt  on L?(Q) but
Vin 7@ )yl , therefore

T
fo (i) Vi) 2@ () dt — [ (), v)2y@i()dt, v 1 = 1,2,3,4
In addition, since v}, = v; in L?(8Q), and hence

T T
Jo vm)@ayei(®)dt — [ (u, v) e (t)dt, VI =1234
The above three points helps us to passage the limits in ((40) — (47)), to get

T , T
—Jy & Qv (Odt + [ [y, v1) + (@11, V1) 12y + (—b2y2 + bsys
T
—byYs, V1) 121 (D)dE = fo ((f1(r1), v1)12() +(Up,v1)1290)) 01 (DAt
+(y11'171)L2(Q)(P1(0)- (48)
T . T
Jo GuvDe”@®)dt + [ [ri(t,y1,v1) + (@Y1, v1) 120y + (=b2yz + b3ys
—bays, V1) 21 (D)dt = fOT((f1(J’1)»V1)L2(Q) + (Ug, 1) 12(90)) 02 (O)dt +
(1, Ul)LZ(Q)fpl(O) - (3’{)' U1)L2(Q)¢1(0)- (49)
T , T
— fy & G20 v2) P2 (At + [ [12(t, ¥2,v2) + (@252, V2) 120y + (b1 — bsys
T
+b6Ya, v2) 12yl 02(D)dt = [ (2(02), v2)12(0) + (U2, V2) 12(00)) 02 (D) dE +
(J’zlrvz)Lz(n)fpz(O)- (50)
T . T
Jo 02,v2)9 2 (O)dt + [ [1r2(t, y2,v2) + (@22, V2) 120y + (b2y1 — bsys
+b6Ya, V2) 12yl @2(t)dt = fOT((fz (V2), V2120 + (Uz, V2) 12(90)) 02 (D)dE +
(3, Uz)LZ(n(PZ 0) — (J’g» vZ)LZ(Q)(pZ(O)' (S1)
T , T
—Jo & ae, va)Ps(t)dt + fo [r3(t,y3,v3) + (a3Y3,V3) 12(q) + (—b3y1 + bsy,
T
+b7Y4,v3) 12 |3 (D) dt = [ (5(73),v3) 1200y + (Us, V3) 12(00)) 03 (E)dE +
(y%'US)LZ(Q)¢3(0)- (52)
T . T
Jo 03,v3)0 3(O)dt + [ [13(t, Y3n, V3n) + (@3Y3n, Van)12(q) + (—D3Y1n + bsy2
T
+b7Y4, V3n) 2] @3 (t)dt = fo ((f3(r3), v3)12¢0y + (U3, V3)12(90)) 3 (E)dt +
- , . (}’31» Vs)LZ(Q)<P3 0) — (yB(‘)'UB)LZ(Q)qI)S(O)' (53)
~Jy & Oap va)Pa(®)dt + [ [12(t, ¥4, va) + (@sYa V4) 120y + (Day1 — beY2
T
—b7Y3, V4) 12l pa(D)dt = fo ((fa(Va), va) 12(q) + (Ua, Va) 1200 Pa(B)dE +
Va) U4)(L2(Q)<P4(O)- (54)
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T . T
Jo Oav)e”s(Odt+ [ [1a(t, v, va) + (@4Ya va) 12(q) + (bay1 — by,
T
—b7y3,V4) 12yl @a(t)dt = fo ((fa(Va), va) 12(q) + (U, Va) 1200)) Pa(B)dE +
()’i»V4)L2(Q)<P4(0) - (}’2»774)1,2(9)‘[’4(0)- (55)

At this point, the following cases are presented

Casel:Pick out ¢, € C%[0,T] (I = 1,2,3,4), in (49), (51), (53) and (55) with ¢;(0) = ¢,(0) =
@ (T) = @,;(T) = 0 then integrating "twice" by part the 1 expression in their LHS, they
yield to

T T
Jo Qe v)e@®dt + [ [r1(t,y1,v1) + (@Y1, V1) 120y + (=b2yz + b3ys

~bsy1, 1) 201 (Dt = [ (L) )2y + (1, V1) 20091 (DL (56)
fOT (Y2t V2) P2 (D)dt + fOT[rz (t,y2,v2) + (a2y2,v2)12(q) + (b2y1 — bsys

+b6Ya, V2) 12| P2 (£)dt = fOT((fz (72), v2)12(q) T (U2, V2) 12(a0) ) @2 (D) dt. (57)
fOT (V3ee, v3) @3 (t)dt + fOT[r3(t, Yan»V3n) + (a3Ysn Van) 2y + (—bsyin + bsy

+b7Y4, Van) 120 @3 (D)dt = fOT((f3(J’3):v3)L2(Q) + (us, v3)12(a0)) 03 (D) dt. (53)
foT (Vate, Va) P4 (t)dt + fOT[T4(t» Ya,4) + (A4Y2,Va) 2) + (bay1 — DeY2

—b7Y3,V4) 12| @a(t)dt = fOT((f4()’4)'U4)L2(Q) + (Us, V4)12(a0)) P4 (D)dL. (59)

Hence,y is a QSVS of ((8)-(11)) almost everywhere on 1.

Case2: Pick out ¢, € C?[0,T], Vvl = 1,2,3,4, suchthat ¢,;(T) = ¢;(0) = ¢,(T) =
0 & @;(0) # 0, multiplying both sides of ((8)-(11)) by ¢@1(t), p,(t), 3(t) and @, (t),
respectively then take the integral on [0, 7], utilizing integrating by parts for the 1%
expression in LHS in each acquired equalities, then subtracting each equality from the each
corresponding one of (48),(50), (52) and (54), respectively to acquire

316(0), v 12(0)P1(0) = (¥, v) 120y 91 (0), VI=123,4.

Case3: Pick out ¢; € C2[0,T], VIl = 1,2,3,4, with ¢,(0) = ¢,(T) = ¢ (T) =0,

¢"(0) # 0, multiplying ((8)-(11)) by ¢;, VIl = 1,2,3,4, then take the integral on [0, 7], and
then integrating "twice" by part the 1% expression in LHS in each acquired equality, then
subtracting each equality from the each conforming one of (49), (51), (53) and (55)
respectively, to acquire

O v) 2@ #1(0) = (1:(0),v) 129" (0), VI=1234.

From the above two previous cases, one acquires the ICs (12).

To prove y, m y , take the integral for (32) on [0, 7], to acquire that

150 (T2 gy = Une (O 122y + 5Ct, s ) (T) =

56, Jn F)(0) = [ 5:(t Fns Fne)dt = [ ((60a) + (60b))d, (60)

where

(602)=2((b2Y2n, Yine) 12(@) — (b3Y3m Yine)12() + (DaYan Yine)12ca) + (bsYan, Yant)12()
+(b2Y1n Yane)12@) — BsYan Yane)12(@) T (B6Yan Yant)12@) — (B3Y1n Yane) 12(0)
+(b7Yan, y3nt)L2(Q) - (b4y1n'y4nt)L2(Q) + (b6y2n'y4nt)L2(Q) — (b7Y3n, y4nt)L2(Q) )

(60b)=2((f1 (yln):ylnt)Lz(Q) + (ulfylnt)LZ(BQ) + (f2 (yZn)'yZnt)Lz(Q)+(u2'yZnt)Lz(BQ)

+(f3(y3n)Jy3nt)L2(Q) + (u3'y3nt)L2(69.) + (f4—(y4n)'y4nt)L2(Q) + (u4'y4-nt)L2(BQ))'
Now, replace y;, = y;, VI = 1,2,3,4, in (32), then take the integral on [0, 7] to acquire
17T 122qy — 17 (O 2qy + 5C 5 F)(T) -

s(t7,9)(©0) = [} se(t,5,5)dt = J, ((61a) + (61b))d. (61)
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(61a) = 2((b2y2 Y1612y — (b3¥a Y1ed12qa) + (BaYa Y112y + (BsY2, Y312 ()
+(b23’1'3’2t)L2(n) - (bSY3»J’2t)L2(Q) + (b6Yar Yae) 120y — (B3Y1, ¥3e)12(q) +
(b7}’4»)’3t)L2(9) - (b43’1»3’4t)L2(Q) - (b7y3'y4t)L2(Q))
(61b) = 2((f1(V1) Y1) 12y + (e, Y1) 12a0) + (Fa(V2), Y2 12y + (W) Vae) 12 (a0)
+(fs(r3), Y3120y + (U, Vaed12a0) + (fa(Va), Yar) 120y + (Uar Yar) 1200))-
Since

19 (T) = Fe (D172 = 17ne (0) = Fe(0)I}2q) + 5t I = 3,3 = (T
=5(t,Jn = F,Tn = DO0) = [ (6,5 — F, Fe — Jo)dt = (62a) — (62b) — (62c).  (62)
(62a) = 17t (M 2(g) = 1Fa (O 2y + 5 I, Fn) (T) =
St F $2)(0) = [ 5¢(t, Ty Fe) L.
(62b) = (Jne(T), e(T)) = (¥ (0),5:(0)) + s(t, 0, (T) —
s(t, Fn 3)(0) = [ 5¢(t, F, Fo)dt.
(62c) = (yt(T)'j;nt - yt(T)) - (yt(o):ynt(o) - yt(o))

> o - > o - T > o -
+5(t, Y Yo = YI(T) = (&, Yy Y — ¥)(0) = [ 5t(E, Y, Yr — Vo)L
Since yi, 1%3 Yy & Ynt LZ—(Q)j}t, thus by (60) and Hypotheses 2.1.1 one acquires that

(62a) = [ [(60a) + (60b)]dt - [, [(61a) + (61b)]dL.
A similar manner which utilized to get (21), utilizes also here to obtain

Ve (T) m Ve (T). (63)

On the other hand, since y,, ) y , then utilizing (21) and (63) in (62b), it yields that
(62b) - [, (61a) + (61b)dt.

From ¥, m y and the continuity of |, OT( filVin), Yin)12(q) At with respect to y; , one has:
(60b) — (61b).

Beside these convergences, all the expressions in (62¢) imply to zero, in addition the first two
expressions in LHS of (62); hence (62) gives

fOTIIfIn(t) —J(O)llf1gdt = 0 as n - oo s0 we get that j, v, y.

The Uniqueness of the QSVS:

Assume that § = (y1,¥2, Vs, Va) & ¥ = (J1, Va2, V3, ¥a) are two QSVS of the WFO ((8) -
(12)), then subtracting each equality form its conforming one and letting v; = y; — y; forl =
1,2,3,4, utilizing Lemma 2.1 in [40] for the 1*" expression in each equality and then gathering
all the above equalities, and Hypothesis 2.1.1, (ib) to acquire

G-, +56G=7G -9 =5 (G-7).G-7))

+2 fQ [Lilys = 7117 + Lalyz = 721% + L3l (ys = 7312 + Lalys — 9l?].
Using Hypothesis 2.1.1 (ii) and take the integral from O to ¢,

t 5 2 2 — N

fo %[ (y _y)t”Lz(Q) ta | (y - yz ||H1(Q)] dt <
t t L =

Utilizing the ICs,

2

5 2 5 2 2 ~ 5 =2 p2
|G-9).0] ., +1G=9)® lyuq <0+ LI 169 g + 1 = 9,2

L*(@)
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Where L = 2max{L,, Ly, L3, L,}, L = max {L,b},L = min{1,a},and L = %
Employing the inequality of Belman-Gronwal in [20], to acquire

= 2 = = 2 > =2
| (y — y) (t)”Hl(Q) =0,vtel = ”(y - y) (t)”LZ(I,V) = = y=9.

Thus, the QSVS is unique.

4. Existence of a CBOCQV:
Lemma 4.1: Besides to Hypothesis 2.1.1, consider y and y + 6y are the QSVS conforming

to the bounded CBCQV # and % + 6u respectively, then for K € R*

”65;||L°°(1‘L2(Q)) < KllgﬂllLZ(aQ) 5 ”65}”LZ(Q) < K”&_i”LZ(aq), ”55’)”1,2(1,[/) < K”&_i”LZ(aQ)-
Proof: Assume % = (uy, Uy, Uz, uy) and @ = (i, Uy, Uz, i) € L2(0Q), then U, =1 +
o8 € L2(8Q), with du = & — % and > 0 , then by Theorem 3.1, ¥ = ¥z = (V1, V2, V3, V),
and Y, = Vi, = (Vig» Y200 Y30 Yac) are their conforming QSVS, and ((8) — (12)) for y,,
they turns to with 1, = U + 081 which are held ((8) — (12)), i.e.,

(Viott» V1) + 11(6, Y16, V1) + (@1Y10, V1) 12(0) — (B2Y20, V1) 12() +

(b3Y30,) V1)L2(n) — (b4Yso 171)L2(n) = (f1 (3’10);171)L2(Q) + (W6 V1)L2(an)- (64)
(Vaote V2) + 12(t, Y20, V2) + (a2Y20, V2) 12(0) + (b2Y16, V2D 12(0) —

(bsy3o, Vz)LZ(Q) + (bY4o> Vz)LZ(Q) = (f2 (yZG)'UZ)LZ(Q) + (uz5, Vz)LZ(aQ)- (65)
(Y3t V3) + 13(L, Y30, V3) + (@3Y30, V3)12(0) — (D310 V3)12(0) T

(bsy20, V3)12(0) + (B7Ya0) V3) 120y = (Fs(V35), V3) 120y + (Ussr V3) 12 (00)- (66)
(Vaote» Va) + 1a(t, Yag) Va) + (@4Yao) Va) 120y + (BaY10) Va) 120y —

(b6Y20)Va) 12(0) — (b7Y30) Vad 20y = (fa(Vao) V) 12(q) + (Uag, Va) 1200y (67)
Wi )12 = 01(0),v1) 2(qy and

Wi V)2 = 01e(0),v1) 120y » YV €V 1 =1,2,34. (68)

By subtracting each one of ((8) — (12)) from its conforming one of ((64) — (68)), putting y, —
Y = 6Y5 = (V101 Y20+ Y30+ Y1), they acquire
(6Y16tt, V1) + 11(8, 6Y14,v1) + (@10Y14, vl)LZ(Q) — (b26Y20,) V1)L2(Q) + (b36Y30,) V1)L2(Q)

—(b46Y45,v1)12(0) = (F1 (V1 + 6Y16) — [1(71), V1) 12(0) + (UL, V1) 12¢90)- (69)
(0Y20tt: V2) + 12(t, Y24, V2) + (a20Y26,V2) 12(0) + (b26Y16,V2)12¢0) T (B56Y36, V2) 12¢0) +
(b66Ya0,V2)12(0) = (F2(V2 + 8Y25) + [2(V2), v2)12(q) + (0Uz, V2) 290 (70)
(8Y30tt, V3) + 13(¢, 0Y30,V3) + (A36Y30, v3)L2(Q) — (b36Y16,v3)12(0) + (b50Y20, 173)L2(Q) +
(b78Y40,V3)12(0) = (fs(V3 + 6Y35) — f3(¥3), V3)12(q) + (OUs, V3) 12 (00 (71)
(8Yaote Va) + 14(t, 6Yag, Va) + (@46Ys0, Va) 12(q) + (B46Y10,Va) 12(0) — (B66Y20) Va) 12(q)
—(b76y34, v4-)L2(Q) = (fa(Vs + 6Ya5) — fa(Va), V4)L2(Q) + (ouy, V4)L2(aQ)- (72)
8y V) 12y = 0 and (8Yi5, v) 20y = 0,V €V 1 =1,2,3,4. (73)

Using v; = 8y;e¢ , for 1 =1,2,3,41in ((69) — (73)), employ Lemma 2.1 in [40] for the
1** expressions in the LHS of each resulting equality, then employing the same steps which
utilized to acquire (32), ones get analogs equality with 8y, in position of ¥, , and by
employing Hypothesis 2.1.1, (ii) for the 2" expression in the LHS, after take the absolute
values of (32), it yields to:

— 2 —s 2
% [||5YUt||L2(Q) + allgyﬂllyl(g)] =
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b”@o‘”j{l(ﬂ) + 2(|(b26Y25 + b36Y35 + babYac, 5}’1at)LZ(Q)| +
|(b25)’1o + b56Y35 + b6Yas, 5)’20t)L2(Q)| + |(b353’1m 6y30t)L2(Q)| +
|(b55J’2cr + b76Y46, 6y3at)L2(Q)| + |(b453’1o + bg6Y24) 53’4at)L2(Q)| +
|(b75)’3m 5)’4at)L2(Q)| + |(f1(Y1 + 6y15) — f1(J’1):53’1ot)L2(Q)| +
|(05u1;5)’1at)L2(aQ)| + |(f2(YZ + 6Y20) — f2(2), 6y20t)L2(9.)| +
|(O-6u216y20't)L2(aQ)| + |(f3(}’3 +6Y30) — f3(y3)'6y3at)L2(Q)| +
|(06u3, 53’3ot)L2(aQ)| + |(f4(J’4 + 6Ya0) — fa(Va), 6y4at)L2(Q)| +

|(06u4, 5)’4at)L2(aQ)| )-
Taking the integral on [0, t], the inequality of Shwartz and Hypothesis 2.1.1, (ib) on the f; in
RHS, setting |b;| < ¢; >0, i = 2,3,4,5,6,7, to acquire

— 2 = 2
1350l gy + 155 O g <
tn— n2
b I3 g e +

2 fot[ Cz||53’2a||L2(Q)||53’1ot||L2(9) + C3||5y3a||L2(9)||5}’1ot||L2(n) + C4||5y4a||L2(n)||5Y1at||L2(Q)
+ Lill6y16 12y 10V16tll 12y + 06Uyl 1200) 16V16¢ Il 12(00)]dE +

2 fot[ Cz||5}’1a||L2(Q)||5J’20t||L2(Q) + CS||6y30||L2(Q)||6y20't“L2(.Q.) +
Cs||5y4a||L2(Q)”53’2at||1,2(9) + Lz||5J’20||L2(Q)||5J’20t||L2(Q) + lloduzll 200 l16Y20tll 1200y 1 dE
+2 fot[ C3||53’1o||L2(Q)||53’3at||L2(Q) + Cs||5J’20||L2(Q)||5y3at||L2(Q) +
C7||5}’4a||L2(Q)||5)’3at||L2(Q) + L3||5}’3a||L2(Q)||5J’3at||L2(Q) + ||05u3||L2(am||5)’3at||L2(aQ)]dt
+2 fot[ C4||53’1a||L2(Q)||5}’4at||L2(Q) + C6||53’20||L2(Q)||5)’4ac||L2(m +
C7||5}’3a||L2(Q)||53’4at||L2(9) + C6||5J’20||L2(Q)||5)’4ot||L2(n) + C7||5}’3o||L2(Q)||5}’4at||L2(Q) +
L4||53’4a||L2(Q)||53’4at||L2(Q) + ||05u4||L2(aQ)||5y4ot||L2(aQ))]dt-

Utilizing the trace operator, Young’s inequality, the relations between the norms and then
gathering the same terms and the definition of the vector norm, it yields to

— 2 | 2 tneo 2 tr— 2 ~ 2
1856t (Ol + @IBVo Ol 10 < b I3 18l + Sy 161169112y + Call8yagliZe
+E3||6y30”22(g) + 54”53’40”%2(9) + 0'”5111”%2(39) + 58”53’10t”i2(g) + C9||53I20t||32(g) +

— 2
C10”5y3at”§2(9) + C11||SY4ot||i2(g)]dt + 0”511 (t)”Lz(aQ)'
Where ¢; =cy; + Ly +c3+¢y, o =cy+Ly+c5+cg, C3=cC3+C5+C7+ L3, C4 =cC4+
CetCy+Ly,cg=C1+0,cg=Cy+0,c1g=C3+0,c11 =C4+o0.
Hence,

— 2 — 2 —2 _t[y— 12 — 2
6 (1855 Ol gy + 15 O ng ] < AN gy + 6 1 (15 gy + Nl gy |
where ¢z = max(cg, Cq, C10,C11), Cg = Max(Cy, Cy, C3,Cy, b), ¢; = max (1, @),
Cg = max (Cs, Cg).

Therefore, with L = 2_—8 , it becomes
7

— 2 — 2 — 2 — 2 — 2
||5y0't(t)||L2(_Q) + ||6y0'(t)||H1(n) S %llé\u(t)”Lz(aQ) +L fot (||6yat||L2(ﬂ) + ”53’(7””1(9)) dt.
By employing the BGI, with K? = C_i et > 0, it yields

7

— 2 — 2 = 2
1850tz ) + 350 Ol1 ) < K2EUD L2 0 VEET

— 2 P T 2 — 2 = 2
= (1655 Ol 1, < K2[|6u®]| 259, 20d 675Dl 20y < K2 [[6u®)]] 254y VEET
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The other results acquire immediately.

Hypotheses 4.2:

Consider g; , h; , 1 =1,2,3,4 is of Carathéodory Type on (Q X R) and on (3Q X R),
respectively and satisfy the following condition with respect to y;, u;

1906, 6,y < Vil t) + ¢ (y)? and |hy(x, t,u)| < 6,(x,t) + dy(w)?

Where Yi,U; € R , Y1 € Ll(Q) , 6[ € Ll(aﬂ)

Lemma 4.3: The OF G (%) is continuous on L2 ().

Proof: From Hypotheses 4.2,

19:Ce, & yDIl < vi(x,0) + cillyll? and [Ihy(x, tu)ll < 8,(x, ) + dyllwl® .

Hence, the continuity of [ 0910, t, y)dxdt and ) aq i Cx. t,u)do on L*(Q) & L*(0Q)
respectively, VI = 1,2,3,4 are secured after applying Proposition 2.1 in [14], and thus G (i)
is continuous on L?(9Q) .

Theorem 4.4: If U compact, W # @ , G (i) is convex with resp. to % for fixed (x,t,7).

Then there exists a CBOCQV.

Proof: The assumptions on U give that W is compact weakly, but W # @, then a minimizing

sequence {t}xey € W, Vk exists, such that lim G (@) = inf 5 G (@), hence
n—-oo

12 || 12(a0) < ¢, Vk, and by Alaglou’s Theorem {ii; }xen has a subsequence say again

{ﬁk}keN such that I_L)k m u.

Then by Theorem 3.1, there exists a sequence {Vi}rey Oof QSVS corresponding to the

sequence of the QBOCV {ty}ren and that [Yiell 2q) 1Villpori2ay and 1Yl g2y are

bounded, hence by Alaglou’s Theorem there exists a subsequence of {yi}ren, let for

simplicity be {Vx}xen and {Viclren such that y, =y, Wf’ =yz and Yy =

}_}ﬁ)kt W}_}t = }_}'L_l)t

But we have L2(1,V) c L?(Q) = (L*(Q))* c L?(1,V*), hence by Aubin’s Theorem in [40]

there exists a subsequence of {yy }xen, let for simplicity be {y; }xen such that y, m y.

Now, since ¥y, is the QSVS corresponding to the 4y, , then the WFO in ((8) — (11)) become as
Vikee V1) + 1108 Vi V1) + (@Y1 v1)12(0) = (B2Y210 V1) 12(0) + (B3Y3k, V1) 12(q)

—(baYar, v 12) = (i) vi)izca) + (ks V1) 12¢00)- (74)
(Vakee V2) + 12(8 Yok, V2) + (@221, V2) 12(0) + (D2Y1k0 V2D 1200) — (PsYai V2) 12(q)
+(beYair V2) 120y = (F2(V21) V2D 120y + (Uzks V2) 1290y (75)
(Vakee V3) + 13(8 Yar, v3) + (A3yar V3)i2) — (B3Y1r Y32y + (BsYar V3)12(q)

+(b7Yar, 32y = (Fs(3r) v3) 12y + (Wak, V3) 12(90)- (76)
(Vakee» Va) + 12 (8 Yarr Va) + (QaYar U4)L2(Q) + (bay1r 174)1](9) — (b6Y21, 174)L2(Q)

—(b7Y3k) V4)L2(Q) = (f4(}’4k),174)L2(n) + (u4k'v4-)L2(69)' (77)

Let ¢, € C%[0, T], such that ¢,(T) = ¢;(T) = 0,¢,;(0) # 0and ¢,(0) # 0,VI = 1,2,3,4.
Multiply of ((74) — (77)) by @1, @5, 3 & @,, respectively such that take the integral on [0, 77,
and applying integrating by parts for the 1* term in each acquired equalities, to bring

T d T
J — Wike v @adt + Jo 11 (6, y11,v1) + (@1Y1k — b2Yak + b3y

—b4Yak, V1) 12()le1 (D)dt = fOT((f1(Y1k)»V1)L2(Q) + (Uik, V1) 200y P2 () dE +
(71£(0), V1)L2(Q)<P1(O)- (78)
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T T
Jo & Oake v2) 02 (O)dt + [ [12(t, Y2r , v2) + (@221 + baYik — bsysk

+beYak, V2) 12l @2 (D) dt = fOT((fZ(ka)rvz)Lz(Q) + (Uak, V2) 12(00)) P2 (D)dE +
2k Vz)LZ(Q)fpz (0). (79)

T T
Jo & Wsker v3)@s(®)dt + [ [r3(t, Y3, v3) + (a3Ysk — bsYik + bsyak

T
+b7Yai, V3) 12y |3 ()dt = [ (s 31), v3) 12y + (Wsko V3) 1200y @3 () dt +
3k V3)L2(Q)‘P3(O)- (80)

T T

fo 2t Dake» V) @a(D)dt + fo [14(t, Yar » Va) + (@4Yar + baY1k — DeYar

T
—b7Y31, Va) 12l @4 (D) dt = fo ((Fa(Var), vad 12cay + (Uak, Va) 12(90)) P4 (D) dE +
(Var Va) (12 () P4 (0). (81)
In this point, one can utilize the same manner that was utilized in the proof of Theorem 3.1 to
passage the limits. So, in the LHS of ((83)-(86)) and in the first expression of the RHS of

them, to passage the limit in the remaining expressions in the RHS of them, since
Wik m w; then

JoqWiwdxdt — [, waudxdt , Vu, € C[Q], for I = 1,2,3,4. (82)
This convergence is held also for every v; € V , since C[Q] is dense in V.
Hence, y is the QSVS of the WFO ((8) — (11)), V v; € V, almost everywhere on 1.
Finally, to show the passage to the limit in the IC, the same steps that employed in the proof
of Theorem 3.1 also they can be utilized here and hence y is the QSVS of the WFO of the
NLHPBVP.

Beside these, from the proof of Lemma 4.3, [ 0 91y )dxdtis continuous with respect to y;y,
vl =1,2,3,4 , and but y;; m ¥; , hence through Proposition 1 in [33], it acquires that

fQ 91yp)dxdt — fQ g1(y))dxadt. (83)

From the continuity of h;(u;) by Lemma 4.3 and h;(u;) has the convex property, its result is
weakly lower semi continuous (WLSC) with respect to u; , VI = 1,2,3,4, then

fQ 91(y )dxdt + fthl(uz)dU = ,ll_{{)lo inffaQ hi (uy)do + fQ 91 (yu)dxdt

= lim inffaQ h(uy)do + Jim fQ(gl(YZ) — g1(yu))dxdt + fQ 91(Yu)dxdt

= ’11_{210 inffaQ h;(uy)do + lll_)ngo info g1y dxdt, (by (83))

ie, G@) < lim infG (3, = lim G(t) = infy 5 G(1) = G@) = minz i G(2).

el T W
Therefore, 1 is a CBCOQV.

5. Conclusions

From the study of the QBOCP controlling by QNLHS one can conclude that; the theorem
of existence a unique QSVS for the WFO of the QNLHS is proved in infinite dimensional
space via the MG and the help of the theorem of Aubin with given CBCQV. The continuity of
the operator of Lipchitz between the QSVS and the conforming CBOCQV is demonstrated.
The theorem of existence a CBOCQV which is minimized the OF and is controlled by the
QNLHS is demonstrated in infinite dimensional space.
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