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Abstract  

     This work concerns with the study of the continuous classical quaternary 

boundary optimal control problem or, for brief quaternary boundary optimal control 

problem (QBOCP) controlling by quaternary nonlinear hyperbolic system 

(QNLHS).  The theorem for existence a unique quaternary state vector solution 

(QSVS) for the weak formulation (WFO) of the QNLHS is proved in an infinite 

dimensional space via the method of Galerkin, and the help of the Aubin’s Theorem 

with given a continuous boundary control quaternary vector (CBCQV). The 

continuity of the operator of Lipschitz between the quaternary state vector and the 

conforming quaternary boundary control vector is demonstrated. The existence 

theorem of a continuous boundary optimal control quaternary vector (CBOCQV) 

which is minimized the objective function (OF), and is controlled by the QNLHS is 

demonstrated in an infinite dimensional space.     

 

Keywords:  Aubin’s Theorem, Quaternary Boundary Optimal Control, Quaternary 

Nonlinear Hyperbolic System, Objective Function.  

 

لنظام زائدي رباعي غير خطي الحدودية التقليدية لة السيطرة الامثلية مسأ  
 

 جميل امير علي الهواسي*,  محمود عمار ف اضل 

عراق , البغداد, المستنصرية , الجامعةالعلوم , كلية الرياضيات قسم  
 

  الخلاصة 
العمل  يهتم      ا  هذا  الامثلية  السيطرة  مسألة  أوبدراسة  المستمرة  التقليدية  الرباعية  مسألة    باختصار لحدود 

نظام زائدي رباعي غير خطي . تم اثبات نظرية    التي يسيطرعلى    السيطرة الامثلية للحدود الرباعية المختصرة 
الرباعية  وحدانية   الحالة  متجه  لحل  لالوجود  الضعيفة  غير خطي من خلال  الرباعي  الزائدي  اللنظام  للصيغة 

و ك  طريقة  أوبين  باليركين  نظرية  ا مساعدة  متجه  يكون  معلوما لسيطرة  عندما  المستمر  الرباعي  تم    الحدودي   .
م اثبات  . ت  لهلمطابق  السيطرة بالحدود الرباعية اليبشيتز بين متجة الحالة الرباعية ومتجة  مؤثر اثبات استمرارية  

امثلية   سيطرة  متجه  وجود  رباعية  حدود نظرية  خطي  الذي  مستمرة  ية  غير  رباعي  زائدي  نظام  عليه  يسطر 
 .    يجعل لدالة الهدف قيمة صغرى  و 
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1. Introduction 

     Various real-life applications are classified as ideal optimal control problems (OCPs). It 

has been used in many fields, like robotics [1, 2], thermostats [3, 4], aircrafts [5, 6], 

automobile cruise [7, 8], environmental control [9,10], transportation [11,12], electricity 

distribution system [13,14], medical dieses [15,16], management [17,18] and in chemistry 

[19, 20]. In the field of applied mathematics OCPs usually are controlled by ODEs and PDEs. 

They were investigated by numerous researchers, as [21-28]. Other investigators [29-31] 

interested about OCPs controlled by one of the three famous kinds for PDES; elliptic, 

parabolic and hyperbolic, respectively. Whilst other authors interested about studding 

boundary OCPs which are controlled by couple [32-34], and triple [35-37], PDES of the 

above three mentioned kinds, besides the investigation of the quaternary boundary OCP 

controlling by quaternary PDES of the kind parabolic by [38].  The previous mentioned 

investigations heartened us to discover the study of QBOCP controlling by QNLHS. This 

paper is beginning by giving a description about the problem, the weak formulation (WFO) 

for the QNLHS is formulated, and then the method of Galerkin (MG) [39] is employed with 

the help of the Aubin’s Theorem to demonstrate the theorem of existence a unique QSVS for 

the WFO of the QNLHS. The continuity of the operator of Lipschitz between the quaternary 

state vector and the conforming quaternary boundary control vector is demonstrated. The 

theorem of existence CBOCQV that minimizing the OF and controlling by the QNLHS is 

demonstrated too.     

 

2.  Problem description   

Consider Ω ⊂ 𝑅2, 𝐼 = [0, 𝑇], 𝑄 = 𝐼 × Ω , Σ = 𝜕𝑄 = 𝜕Ω × 𝐼, the QBOCP consists of the  

QNLHS which is given by:   

𝑦1𝑡𝑡 − ∑
𝜕

𝜕𝑥𝑖

2
𝑖,𝑗=1  (𝑎1𝑖𝑗

𝜕𝑦1

𝜕𝑥𝑗
) + 𝑎1𝑦1 − 𝑏2𝑦2 + 𝑏3𝑦3 − 𝑏4𝑦4 = 𝑓1(𝑦1).                 (1)  

𝑦2𝑡𝑡 − ∑
𝜕

𝜕𝑥𝑖

2
𝑖,𝑗=1  (𝑎2𝑖𝑗

𝜕𝑦2

𝜕𝑥𝑗
) + 𝑎2𝑦2 + 𝑏2𝑦1 − 𝑏5𝑦3 + 𝑏6𝑦4 = 𝑓2(𝑦2).                (2) 

 𝑦3𝑡𝑡 − ∑
𝜕

𝜕𝑥𝑖

2
𝑖,𝑗=1  (𝑎3𝑖𝑗

𝜕𝑦3

𝜕𝑥𝑗
) + 𝑎3𝑦3 − 𝑏3𝑦1 + 𝑏5𝑦2 + 𝑏7𝑦4 = 𝑓3(𝑦3).               (3) 

 𝑦4𝑡𝑡 − ∑
𝜕

𝜕𝑥𝑖

2
𝑖,𝑗=1  (𝑎4𝑖𝑗

𝜕𝑦4

𝜕𝑥𝑗
) + 𝑎4𝑦4 + 𝑏4𝑦1 − 𝑏6𝑦2 − 𝑏7𝑦3 = 𝑓4(𝑦4).                (4) 

 𝑦𝑙(𝑥, 0) = 𝑦𝑙
0(𝑥) ,   𝑦𝑙𝑡(𝑥, 0) = 𝑦𝑙

1(𝑥) , on Ω,   𝑙 = 1, 2, 3, 4.                               (5) 

 𝜕𝑛𝑙𝑦𝑙 = ∑ 𝑎𝑙𝑖𝑗   𝜕𝑥𝑗𝑦𝑙
2
𝑖,𝑗=1 cos(𝑛𝑙 , 𝑥𝑗) = 𝑢𝑙(𝑥, 𝑡), on 𝜕𝑄,   𝑙 = 1, 2, 3, 4.             (6) 

 
     Where  𝑥 = (𝑥1, 𝑥2),   𝑛𝑙 (𝑙 = 1,2,3,4) refers to outer normal vector on  𝜕𝑄,  (𝑛𝑙 , 𝑥𝑗) refers 

to the angle between the 𝑛𝑙 and  𝑥𝑗 − 𝑎𝑥𝑖𝑠. Further,  𝑦⃗ = (𝑦1, 𝑦2, 𝑦3, 𝑦4) ∈ (𝐻
2(𝑄))

4
=

𝑯𝟐(𝑸)  refers to  the QSVS, and 𝑢⃗⃗ = (𝑢1, 𝑢2, 𝑢3, 𝑢4)  ∈ (𝐿2(𝜕𝑄 ))
4
= 𝑳𝟐(𝝏𝑸) refers the 

QCBCV, (𝑓1, 𝑓2, 𝑓3,𝑓4) ∈ (𝐿
2(𝑄 ))

4
= 𝑳𝟐(𝑸) is given. As well as, 𝑎𝑙.𝑖𝑗 = 𝑎𝑙𝑖𝑗(𝑥, 𝑡) ∈ 𝐿

∞(𝑄), 

𝑎𝑙 = 𝑎𝑙(𝑥, 𝑡) ∈ 𝐿
∞(𝑄),𝑏𝑘 = 𝑏𝑘(𝑥, 𝑡) ∈ 𝐿

∞(𝑄) with 𝑘 = 2, 3, 4, 5, 7, 𝑖 = 1, 2 and   𝑗 = 1, 2 . 

The admissible set of the QCBCV is  𝑊⃗⃗⃗⃗ = {𝑢⃗⃗ ∈ 𝐿2(𝜕𝑄): 𝑢⃗⃗ ∈ 𝑈⃗⃗⃗    𝑎. 𝑒  𝑈⃗⃗⃗ ⊂ ℛ4, 𝑈⃗⃗⃗ convex}.    
The objective functions are   

 𝐺 (𝑢⃗⃗) = ∑ (∫ (𝑔𝑙(𝑥, 𝑡, 𝑦𝑙) )𝑑𝑥𝑑𝑡
 

𝑄
+ ∫ (ℎ𝑙(𝑥, 𝑡, 𝑢𝑙))𝑑𝜎

 

𝜕𝑄
)4

𝑙=1 .                              (7)  

Define 𝑉⃗⃗ ∈ (𝐻1(Ω))4 = 𝑯𝟏(𝛀) = {𝑣⃗: 𝑣⃗ = (𝑣1, 𝑣2, 𝑣3, 𝑣4) ∈ 𝑯
𝟏(𝛀) }. 

 

2.1 The weak formulation  

The WFO of ((1)-(6)) is  
〈𝑦1𝑡𝑡, 𝑣1〉 + 𝑟1(𝑡, 𝑦1, 𝑣1) + (𝑎1𝑦1, 𝑣1)𝐿2(Ω) − (𝑏2𝑦2, 𝑣1)𝐿2(Ω) +  
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(𝑏3𝑦3, 𝑣1)𝐿2(Ω) − (𝑏4𝑦4, 𝑣1)𝐿2(Ω)  = (𝑓1(𝑦1), 𝑣1)𝐿2(Ω) + (𝑢1, 𝑣1)𝐿2(𝜕Ω),                (8)  

〈𝑦2𝑡𝑡, 𝑣2〉 + 𝑟2(𝑡, 𝑦2, 𝑣2) + (𝑎2𝑦2, 𝑣2)𝐿2(Ω) + (𝑏2𝑦1, 𝑣2)𝐿2(Ω) − 

(𝑏5𝑦3, 𝑣2)𝐿2(Ω)  + (𝑏6𝑦4, 𝑣2)𝐿2(Ω) = (𝑓2(𝑦2), 𝑣2)𝐿2(Ω) + (𝑢2, 𝑣2)𝐿2(𝜕Ω),                (9) 

〈𝑦3𝑡𝑡, 𝑣3〉 + 𝑟3(𝑡, 𝑦3, 𝑣3) + (𝑎3𝑦3, 𝑣3)𝐿2(Ω) − (𝑏3𝑦1, 𝑣3)𝐿2(Ω) + 

(𝑏5𝑦2, 𝑣3)𝐿2(Ω) + (𝑏7𝑦4, 𝑣3)𝐿2(Ω)  = (𝑓3(𝑦3), 𝑣3)𝐿2(Ω) + (𝑢3, 𝑣3)𝐿2(𝜕Ω),                 (10) 

〈𝑦4𝑡𝑡, 𝑣4〉 + 𝑟4(𝑡, 𝑦4, 𝑣4) + (𝑎4𝑦4, 𝑣4)𝐿2(Ω) + (𝑏4𝑦1, 𝑣4)𝐿2(Ω) − 

(𝑏6𝑦2, 𝑣4)𝐿2(Ω) − (𝑏7𝑦3, 𝑣4)𝐿2(Ω)  = (𝑓4(𝑦4), 𝑣4)𝐿2(Ω) + (𝑢4, 𝑣4)𝐿2(𝜕Ω),                  (11)  

(𝑦𝑙
0, 𝑣𝑙)𝐿2(Ω) = (𝑦𝑙(0), 𝑣1)𝐿2(Ω)   ,  ∀𝑙 = 1, 2, 3, 4 ,                                                       (12a) 

(𝑦𝑙
1, 𝑣𝑙)𝐿2(Ω) = (𝑦𝑙𝑡(0), 𝑣1)𝐿2(Ω) , ∀𝑙 = 1, 2, 3, 4,                                                        (12b) 

where   𝑟𝑙(𝑡, 𝑦𝑙, 𝑣𝑙) = ∬ ∑ 𝛼𝑙𝑖𝑗
2
𝑖,𝑗=1

𝜕𝑦𝑙
𝜕𝑥𝑖

𝜕𝑣𝑙
𝜕𝑥𝑗
𝑑𝑥

 

Ω
, for  𝑙 = 1,2,3,4. 

== ,,vbmbmbbn/bg; 

 
2.1.1 Hypotheses:  

i)𝑓𝑙(𝑥, 𝑡, (𝑦𝑙)), ∀𝑙 = 1,2,3,4  is of a Carathéodory type on 𝑄 × ℝ , with 

𝑎)  |𝑓𝑙(𝑦𝑙)| ≤ 𝛾𝑙(𝑥, 𝑡) + 𝑐𝑙|𝑦𝑙|, where  (𝑥, 𝑡) ∈ 𝑄, 𝛾𝑙 ∈ 𝐿
2(𝑄, ℛ) , 𝑦𝑙 ∈ ℝ, 𝑐𝑙 > 0.   

b) |𝑓(𝑥, 𝑡, 𝑦𝑙) − 𝑓(𝑥, 𝑡, 𝑦𝑙̅)| ≤ 𝐿𝑙|𝑦𝑙 − 𝑦𝑙̅|, where 𝑦𝑙 , 𝑦𝑙̅ ∈ ℝ , and 𝐿𝑙 > 0.   
ii)  𝑠(𝑡, 𝑦⃗, 𝑣⃗) = 𝑟1(𝑡, 𝑦1, 𝑣1) + (𝑎1𝑦1, 𝑣1)𝐿2(Ω) + 𝑟2(𝑡, 𝑦2, 𝑣2) + (𝑎2𝑦2, 𝑣2)𝐿2(Ω) + 𝑟3(𝑡, 𝑦3, 𝑣3)   

                         +(𝑎3𝑦3, 𝑣3)𝐿2(Ω) + 𝑟4(𝑡, 𝑦4, 𝑣4) + (𝑎4𝑦4, 𝑣4)𝐿2(Ω). 

     𝑠𝑡(𝑡, 𝑦⃗, 𝑣⃗) = ∬ ∑  2
𝑖,𝑗=1

 

Ω

𝜕𝛼𝑙𝑖𝑗

𝜕𝑡

𝜕𝑦𝑙
𝜕𝑥𝑖

𝜕𝑣𝑙
𝜕𝑥𝑗
𝑑𝑥,  

|𝑠(𝑡, 𝑦⃗, 𝑣⃗)| ≤ 𝑎‖𝑦⃗‖𝑯𝟏(Ω)‖𝑣⃗‖𝑯𝟏(Ω) , 𝑠(𝑡, 𝑦⃗, 𝑦⃗) ≥ 𝑎̅‖𝑦⃗‖𝑯𝟏(Ω)
2 ,  𝑎, 𝑎̅ ∈ ℛ+. 

|𝑠𝑡(𝑡, 𝑦⃗, 𝑣⃗)| ≤ 𝑏‖𝑦⃗‖𝑯𝟏(Ω)‖𝑣⃗‖𝑯𝟏(Ω) , 𝑠𝑡(𝑡, 𝑦⃗, 𝑦⃗) ≥ 𝑏̅‖𝑦⃗‖𝑯𝟏(Ω)
2 , with 𝑏, 𝑏̅ ∈ ℛ+. 

In this work, the notations  
𝐿2(𝑄)
→    , 

𝑳𝟐(𝑸)
→      (

𝐿2(𝐼,𝑉)
→     ,

𝑳𝟐(𝑰,𝑽)
→    )   will be referred to the convergent 

strongly in   𝐿2(𝑄) , 𝑳𝟐(𝑸) , (𝐿2(𝐼, 𝑉), 𝑳𝟐(𝑰, 𝑽)), respectively. And    
𝐿2(𝑄)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ,  𝑳𝟐(𝑸)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗    

( 
𝐿2(𝐼,𝑉)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ ,  𝑳𝟐(𝑰,𝑽)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗)  to the convergent weakly in 𝐿2(𝑄) , 𝑳𝟐(𝑸)  (𝐿2(𝐼, 𝑉), 𝑳𝟐(𝑰, 𝑽)), 

respectively.  

 

3. The QSVS for the WFO 

     The next theorem deals with the existence of a unique QSVS of ((8) – (12)). 

Theorem 3.1: If  𝑢⃗⃗ ∈ 𝑳𝟐(𝑸), then the  WFO ((8) – (12)) has a unique QSVS  𝑦⃗ ∈

(𝐿2(𝐼, 𝑉))
4
= 𝑳𝟐(𝑰, 𝑽)  and  𝑦⃗𝑡 = (𝑦1𝑡, 𝑦2𝑡, 𝑦3𝑡, 𝑦4𝑡) ∈ 𝑳

𝟐(𝑰, 𝑽∗).  

Proof:  For any 𝑛, take 𝑉⃗⃗𝑛 = 𝑉1𝑛 × 𝑉2𝑛 × 𝑉3𝑛 × 𝑉4𝑛 ⊂ 𝑉⃗⃗,  represents the set of piecewise 

affine function in Ω,  {𝑉⃗⃗𝑛}𝑛=1
∞

 be a sequence of subspaces of 𝑉⃗⃗, then by the MG ∀𝑣⃗ ∈ 𝑉⃗⃗, there 

is a sequence  {𝑣⃗𝑛 ∈ 𝑉⃗⃗𝑛 }, with 𝑣⃗𝑛
𝑯𝟏(Ω)
→    𝑣⃗ ( thus  𝑣⃗𝑛

 𝑳𝟐(Ω)
→   𝑣⃗ ). Assume  {𝑣⃗𝑗 =

(𝑣1𝑗 , 𝑣2𝑗 , 𝑣3𝑗 , 𝑣4𝑗): 𝑗 = 1,2, …… ,𝑀(𝑛)}  spans  𝑉⃗⃗𝑛  and 𝑦⃗𝑛 = (𝑦1𝑛, 𝑦2𝑛, 𝑦3𝑛, 𝑦4𝑛)   be  QSVS, 

such that  

𝑦𝑙𝑛 = ∑ 𝑐𝑙𝑗(𝑡)𝑣𝑙𝑗(𝑥),
𝑛
𝑗=1                                   (13) 

𝑧𝑙𝑛 = ∑ 𝑑𝑙𝑗(𝑡)𝑣𝑙𝑗(𝑥),
𝑛
𝑗=1                               (14) 

where 𝑐𝑙𝑗(𝑡) , 𝑑𝑙𝑗(𝑡) are unknown functions of 𝑡, ∀𝑙 = 1,2,3,4 , 𝑗 = 1,… , n. 

Utilizing 𝑦𝑙𝑛 (with 𝑦𝑙𝑛𝑡 = 𝑧𝑙𝑛), ∀𝑙 = (1,2,3,4) in ((8) – (12)) with 𝑣𝑙 ∈ 𝑉𝑛, for 𝑙 = 1,2,3,4, 

they yield to 
〈𝑧1𝑛𝑡, 𝑣1〉 + 𝑟1(𝑡, 𝑦1𝑛, 𝑣1) + (𝑎1𝑦1𝑛, 𝑣1)𝐿2(Ω) − (𝑏2𝑦2𝑛, 𝑣1)𝐿2(Ω) + (𝑏3𝑦3𝑛, 𝑣1)𝐿2(Ω) 
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−(𝑏4𝑦4𝑛, 𝑣1)𝐿2(Ω) = (𝑓1(𝑦1𝑛), 𝑣1)𝐿2(Ω) + (𝑢1, 𝑣1)𝐿2(𝜕Ω).                                   (15) 

〈𝑧2𝑛𝑡, 𝑣2〉 + 𝑟2(𝑡, 𝑦2𝑛, 𝑣2) + (𝑎2𝑦2𝑛, 𝑣2)𝐿2(Ω) + (𝑏2𝑦1𝑛, 𝑣2)𝐿2(Ω) − (𝑏5𝑦3𝑛, 𝑣2)𝐿2(Ω)  

+(𝑏6𝑦4𝑛, 𝑣2)𝐿2(Ω)  = (𝑓2(𝑦2𝑛), 𝑣2)𝐿2(Ω) + (𝑢2, 𝑣2)𝐿2(𝜕Ω).                                     (16) 

〈𝑧3𝑛𝑡, 𝑣3〉 + 𝑟3(𝑡, 𝑦3𝑛, 𝑣3) + (𝑎3𝑦3𝑛, 𝑣3)𝐿2(Ω) − (𝑏3𝑦1𝑛, 𝑣3)𝐿2(Ω) + (𝑏5𝑦2𝑛, 𝑣3)𝐿2(Ω) 

 +(𝑏7𝑦4𝑛, 𝑣3)𝐿2(Ω) = (𝑓3(𝑦3𝑛), 𝑣3)𝐿2(Ω) + (𝑢3, 𝑣3)𝐿2(𝜕Ω).                                   (17) 

〈𝑧4𝑛𝑡, 𝑣4〉 + 𝑟4(𝑡, 𝑦4𝑛, 𝑣4) + (𝑎4𝑦4𝑛, 𝑣4)𝐿2(Ω) + (𝑏4𝑦1𝑛, 𝑣4)𝐿2(Ω) − (𝑏6𝑦2𝑛, 𝑣4)𝐿2(Ω) 

  −(𝑏7𝑦3𝑛, 𝑣4)𝐿2(Ω)  = (𝑓4(𝑦4𝑛), 𝑣4)𝐿2(Ω) + (𝑢4, 𝑣4)𝐿2(𝜕Ω).                                   (18)  

(𝑦𝑙𝑛
0 , 𝑣𝑙)𝐿2(Ω) = (𝑦𝑙

0, 𝑣1)𝐿2(Ω),  ∀𝑣𝑙 ∈ 𝑉𝑙  , 𝑙 = 1,2,3,4,                                     (19a) 

(𝑧𝑙𝑛
1 , 𝑣𝑙)𝐿2(Ω) = (𝑦𝑙

1, 𝑣1)𝐿2(Ω),∀𝑣𝑙 ∈ 𝑉𝑙  , 𝑙 = 1,2,3,4,                                      (19b) 

where 𝑦𝑙𝑛
0 (𝑥) = 𝑦𝑙𝑛(𝑥, 0) ∈ 𝑉𝑛 (𝑧𝑙𝑛

0 = 𝑦𝑙𝑛
1 (𝑥) = 𝑦𝑙𝑛𝑡(𝑥, 0) ∈ 𝐿

2(Ω)) be the projection of 𝑦𝑙
0  

onto  V (of 𝑦𝑙
1 = 𝑦𝑙𝑡   onto 𝐿2(Ω)), ∀𝑙 = 1,2,3,4,       i.e.,  

𝑦𝑙𝑛
0

𝐿2(𝑉)
→   𝑦𝑙

0, with    ‖𝑦⃗𝑛
0‖𝑳𝟐(𝑽) ≤ 𝑏0, ∀𝑙 = 1,2,3,4,                         (20)  

𝑦𝑙𝑛
1

𝐿2(Ω)
→   𝑦𝑙

1, with   ‖𝑦⃗𝑛
1‖𝑳𝟐(𝛀) ≤ 𝑏1, ∀𝑙 = 1,2,3,4.                               (21)     

Replacing (13)-(14) in ((15) - (19)), respectively   with inserting 𝑣𝑙 = 𝑣𝑙𝑖, ∀𝑖 = 1,2,3,4, … , 𝑛, 
then the secured equations will be equivalent to the following 1st order nonlinear ODEs 

system with ICs  

𝐴1𝐷́1(𝑡) + 𝑀1𝐶1(𝑡) − 𝐹𝐶2(𝑡) + 𝐺𝐶3(𝑡) − 𝐻𝐶4(𝑡) = 𝑑1,                     (22) 

𝐴2𝐷́2(𝑡) + 𝑀2𝐶2(𝑡) + 𝐹𝐶1(𝑡) − 𝑂𝐶3(𝑡) + 𝑅𝐶4(𝑡) = 𝑑2,                                (23) 

𝐴3𝐷́3(𝑡) + 𝑀3𝐶3(𝑡) − 𝐺𝐶1(𝑡) + 𝑂𝐶2(𝑡) + 𝑃𝐶4(𝑡) = 𝑑3,                     (24) 

𝐴4𝐷́4(𝑡) + 𝑀4𝐶4(𝑡) + 𝐻𝐶1(𝑡) − 𝑅𝐶2(𝑡) − 𝑃𝐶3(𝑡) = 𝑑4,                                (25) 

𝐴𝑙𝐶𝑙(0) = 𝑚𝑙
0    &  𝐴𝑙𝐷𝑙(0) = 𝑚𝑙

1,                                                                    (26) 

where 

 𝐴𝑙 = (𝑎𝑙𝑖𝑗)𝑛×𝑛 = (𝑣𝑙𝑗 , 𝑣𝑙𝑖), 𝑀𝑙 = (𝑚𝑙𝑖𝑗)𝑛×𝑛 = 𝑟𝑙(𝑡, 𝑣𝑙𝑗 , 𝑣𝑙𝑖) + (𝑎𝑙𝑣𝑙𝑗 , 𝑣𝑙𝑖)𝐿2(Ω), 

𝐹 = (𝑓𝑖𝑗)𝑛×𝑛 = (𝑏2𝑣2𝑗 , 𝑣2𝑖)𝐿2(Ω), 𝐺 = (𝑔𝑖𝑗)𝑛×𝑛 = (𝑏3𝑣3𝑗 , 𝑣1𝑖)𝐿2(Ω), 

𝐻 = (ℎ𝑖𝑗)𝑛×𝑛 = (𝑏4𝑣4𝑗, 𝑣1𝑖)𝐿2(Ω) , 𝑂 = (𝑜𝑖𝑗)𝑛×𝑛 = (𝑏5𝑣2𝑗 , 𝑣3𝑖)𝐿2(Ω), 

 𝑃 = (𝑝𝑖𝑗)𝑛×𝑛 = (𝑏7𝑣4𝑗 , 𝑣3𝑖)𝐿2(Ω) , 𝑅 = (𝑟𝑖𝑗)𝑛×𝑛 = (𝑏6𝑣2𝑗 , 𝑣4𝑖)𝐿2(Ω) , 

𝑑𝑙𝑗 = (𝑓𝑙(𝑦𝑙), 𝑣𝑙𝑖)𝐿2(Ω) + (𝑢𝑙, 𝑣𝑙𝑖)𝐿2(𝜕Ω), 𝑚𝑙𝑖
0 = (𝑦𝑙

0, 𝑣𝑙𝑖)𝐿2(Ω), 

  𝑚𝑙𝑖
1 = (𝑦𝑙

1, 𝑣𝑙𝑖)𝐿2(Ω) , 𝐶𝑙(0) = (𝑐𝑙𝑗(0))𝑛×1 ,  𝐶𝑙
(𝑡) = (𝑐𝑙𝑗(0))𝑛×1, 

 𝐷𝑙(0) = (𝑑𝑙𝑗(0))𝑛×1 , 𝐷𝑙
(𝑡) = (𝑑𝑙𝑗(𝑡))𝑛×1, ∀𝑙 = 1,2,3,4 , 𝑗 = 1,2, … . , 𝑛.  

Since 𝐴𝑙
−1exists  ∀𝑙 = 1,2,3,4 and  𝑓𝑙(𝑦𝑙),

𝜕𝑓𝑙(𝑦𝑙)

𝜕𝑦𝑙
 , ∀𝑙 = 1,2,3,4   are continuous.   Then ((22) – 

(26)) has a unique QSVS  𝑦⃗𝑛 . 

In the next steps the following norms will be proved bounded  

 ‖𝑦⃗𝑛
0‖ 𝑳𝟐(Ω) , ‖𝑦⃗𝑛(𝑡)‖𝑳𝟐(Ω) and ‖𝑦⃗𝑛(𝑡)‖𝑳𝟐(𝑰,𝑽). 

Since   𝑦𝑙
0 = 𝑦𝑙

0(𝑥) ∈ 𝐿2(Ω) ,  ∀𝑙 = 1,2,3,4 ,   then the following result secured from the  

Projection theorem  𝑦𝑙𝑛
0

𝐿2(𝑄)
→    𝑦𝑙

0    with      ‖𝑦𝑙𝑛
0 ‖

𝐿2(Ω)
 ≤ 𝑑𝑙. 

Setting 𝑣𝑙 = 𝑦𝑙𝑛𝑡 , ∀𝑙 = 1,2,3,4   in ((12) – (15)), respectively and then gathering the outcome 

equations, i.e., 
〈𝑦1𝑛𝑡𝑡, 𝑦1𝑛𝑡〉 + 𝑟1(𝑡, 𝑦1𝑛, 𝑦1𝑛𝑡) + (𝑎1𝑦1𝑛, 𝑦1𝑛𝑡)𝐿2(Ω) − (𝑏2𝑦2𝑛, 𝑦1𝑛𝑡)𝐿2(Ω) 

+ (𝑏3𝑦3𝑛−𝑏4𝑦4𝑛, 𝑦1𝑛𝑡)𝐿2(Ω) = (𝑓1(𝑦1𝑛), 𝑦1𝑛𝑡)𝐿2(Ω) + (𝑢1, 𝑦1𝑛𝑡)𝐿2(𝜕Ω)           (27) 

〈𝑦2𝑛𝑡𝑡, 𝑦2𝑛𝑡〉 + 𝑟2(𝑡, 𝑦2𝑛, 𝑦2𝑛𝑡) + (𝑎2𝑦2𝑛, 𝑦2𝑛𝑡)𝐿2(Ω) + (𝑏2𝑦1𝑛, 𝑦2𝑛𝑡)𝐿2(Ω).   

+(𝑏5𝑦3𝑛 + 𝑏6𝑦4𝑛, 𝑦2𝑛𝑡)𝐿2(Ω)  = (𝑓2(𝑦2𝑛), 𝑦2𝑛𝑡)𝐿2(Ω) + (𝑢2, 𝑦2𝑛𝑡)𝐿2(𝜕Ω)          (28) 

〈𝑦3𝑛𝑡𝑡, 𝑦3𝑛𝑡〉 + 𝑟3(𝑡, 𝑦3𝑛, 𝑦3𝑛𝑡) + (𝑎3𝑦3𝑛, 𝑦3𝑛𝑡)𝐿2(Ω) − (𝑏3𝑦1𝑛, 𝑦3𝑛𝑡)𝐿2(Ω). 
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+(𝑏5𝑦2𝑛 + 𝑏7𝑦4𝑛, 𝑦3𝑛𝑡)𝐿2(Ω)  = (𝑓3(𝑦3𝑛), 𝑦3𝑛𝑡)𝐿2(Ω) + (𝑢3, 𝑦3𝑛𝑡)𝐿2(𝜕Ω)           (29) 

〈𝑦4𝑛𝑡𝑡, 𝑦4𝑛𝑡〉 + 𝑟4(𝑡, 𝑦4𝑛, 𝑦4𝑛𝑡) + (𝑎4𝑦4𝑛, 𝑦4𝑛𝑡)𝐿2(Ω) + (𝑏4𝑦1𝑛, 𝑦4𝑛𝑡)𝐿2(Ω).   

−(𝑏6𝑦2𝑛 + 𝑏7𝑦3𝑛, 𝑦4𝑛𝑡)𝐿2(Ω)   = (𝑓4(𝑦4𝑛), 𝑦4𝑛𝑡)𝐿2(Ω) + (𝑢4, 𝑦4𝑛𝑡)𝐿2(𝜕Ω).           (30)   

(𝑦𝑙𝑛
0 , 𝑦𝑙𝑛𝑡)𝐿2(Ω) = (𝑦𝑙𝑛(0), 𝑦1𝑛𝑡)𝐿2(Ω) ,   ∀ 𝑙 = 1,2,3,4,                                        (31a) 

(𝑦𝑙𝑛
1 , 𝑦𝑙𝑛𝑡)𝐿2(Ω) = (𝑦𝑙𝑛𝑡(0), 𝑦1𝑛𝑡)𝐿2(Ω)   , ∀ 𝑙 = 1,2,3,4.                                 (31b) 

By applying Lemma 2.1 in [40] for the first two term in the LHS for each equality, to bring 
𝑑

𝑑𝑡
[‖𝑦⃗𝑛𝑡(𝑡)‖𝑳𝟐(𝛀)

2 + 𝑠(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑛)] − 𝑠𝑡(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑛) =  

2[(𝑓1(𝑦1𝑛), 𝑦1𝑛𝑡)𝐿2(Ω) + (𝑢1, 𝑦1𝑛𝑡)𝐿2(𝜕Ω) + (𝑏2𝑦2𝑛 + 𝑏3𝑦3𝑛 − 𝑏4𝑦4𝑛, 𝑦1𝑛𝑡)𝐿2(Ω)       

+(𝑓2(𝑦2𝑛), 𝑦2𝑛𝑡)𝐿2(Ω) + (𝑢2, 𝑦2𝑛𝑡)𝐿2(𝜕Ω)+(𝑏2𝑦1𝑛 − 𝑏5𝑦3𝑛 + 𝑏6𝑦4𝑛, 𝑦2𝑛𝑡)𝐿2(Ω)     

+(𝑓3(𝑦3𝑛), 𝑦3𝑛𝑡)𝐿2(Ω)+(𝑢3, 𝑦3𝑛𝑡)𝐿2(𝜕Ω) + (𝑏5𝑦2𝑛 − 𝑏3𝑦1𝑛 + 𝑏7𝑦4𝑛, 𝑦3𝑛𝑡)𝐿2(Ω)    

+(𝑓4(𝑦4𝑛), 𝑦4𝑛𝑡)𝐿2(Ω) + (𝑢4, 𝑦4𝑛𝑡)𝐿2(𝜕Ω)+(𝑏4𝑦1𝑛 − 𝑏6𝑦2𝑛 − 𝑏7𝑦3𝑛, 𝑦4𝑛𝑡)𝐿2(Ω)].             (32)  

Employing Hypotheses 2.1.1 after take the absolute values of (32), it yields to: 
𝑑

𝑑𝑡
[‖𝑦⃗𝑛𝑡(𝑡)‖𝑳𝟐(𝛀)

2 + 𝑎̅‖𝑦⃗𝑛‖𝑯𝟏(𝛀)
2 ] ≤ 𝑏‖𝑦⃗𝑛‖𝑯𝟏(𝛀)

2 + 2(|(𝑏2𝑦2𝑛, 𝑦1𝑛𝑡)𝐿2(Ω)|  

+|(𝑏3𝑦3𝑛, 𝑦1𝑛𝑡)𝐿2(Ω)| + |(𝑏4𝑦4𝑛, 𝑦1𝑛𝑡)𝐿2(Ω)| + |(𝑏5𝑦2𝑛, 𝑦3𝑛𝑡)𝐿2(Ω)| + |(𝑏7𝑦4𝑛, 𝑦3𝑛𝑡)𝐿2(Ω)|  

+|(𝑏3𝑦1𝑛, 𝑦3𝑛𝑡)𝐿2(Ω)| + |(𝑏2𝑦1𝑛, 𝑦2𝑛𝑡)𝐿2(Ω)| + |(𝑏6𝑦4𝑛, 𝑦2𝑛𝑡)𝐿2(Ω)| +  |(𝑏5𝑦3𝑛, 𝑦2𝑛𝑡)𝐿2(Ω)| 

+|(𝑏4𝑦1𝑛, 𝑦4𝑛𝑡)𝐿2(Ω)| + |(𝑏6𝑦2𝑛, 𝑦4𝑛𝑡)𝐿2(Ω)| + |(𝑏7𝑦3𝑛, 𝑦4𝑛𝑡)𝐿2(Ω)| + |(𝑓1(𝑦1𝑛), 𝑦1𝑛𝑡)𝐿2(Ω)| 

+|(𝑢1, 𝑦1𝑛𝑡)𝐿2(𝜕Ω)| + |(f2(𝑦2𝑛), y2nt)𝐿2(Ω)| +  |(u2, y2nt)𝐿2(𝜕Ω)| + |(𝑓3(𝑦3𝑛), 𝑦3𝑛𝑡)𝐿2(Ω)|  

+|(𝑢3, 𝑦3𝑛𝑡)𝐿2(𝜕Ω)| + |(𝑓4(𝑦4𝑛), 𝑦4𝑛𝑡)𝐿2(Ω)| + |(𝑢4, 𝑦4𝑛𝑡)𝐿2(𝜕Ω)| ).                                  (33) 

Applying the inequality of Shwartz for the RHS  of (33), then integrating on (0,t), and take in 

account that   ‖𝑦𝑙𝑛𝑡‖𝐿2(Ω) ≤ ‖𝑦⃗𝑛𝑡‖𝑳𝟐(𝛀),  ‖𝑦𝑙𝑛𝑡‖𝐿2(𝜕Ω) ≤ 𝑐𝑙̅‖𝑦⃗𝑛𝑡‖𝑯𝟏(𝛀), ‖𝑢𝑙‖𝐿2(𝜕Q) ≤ 𝑒̅𝑙 

, ‖𝑓𝑙‖𝐿2(𝜕Q) ≤ 𝑒𝑙,  ‖𝑦𝑙𝑛‖𝐿2(Ω) ≤ ‖𝑦𝑙𝑛‖𝐻1(Ω) ≤ ‖𝑦⃗𝑙𝑛‖𝑯𝟏(𝛀). 

Then utilizing the Trace theorem, and Hypotheses 2.1.1, to secure  

∫ 𝑑
𝑑𝑡
[‖𝑦⃗⃗𝑛𝑡(𝑡)‖𝑳𝟐(𝛀)

2 +𝑎̅‖𝑦⃗⃗𝑛‖𝑯𝟏(𝛀)
2 ] 𝑑𝑡

𝑡

0
   

 ≤ ∫ [ℎ̅2‖𝑦⃗⃗𝑛𝑡‖2𝑳𝟐(𝛀)+ℎ̅3 ‖𝑦⃗⃗𝑛‖
2
𝑯𝟏(𝛀)

]𝑑𝑡 + ∑ (‖𝑓𝑙‖𝑄
24

𝑙=1 + ‖𝑢𝑙‖𝐿2(𝜕Q)
2 ) 

𝑡

0
  

 ≤ ℎ̅5 + ℎ̅4 ∫ (‖𝑦⃗𝑛𝑡‖𝑳𝟐(𝛀)
2 + ‖𝑦⃗𝑛𝑡‖𝑯𝟏(𝛀)

2 ) 𝑑𝑡
𝑡

0
,                                 (34) 

where  |𝑏𝑖| ≤ ℎ𝑖  , 𝑖 = 2,3,4,5,6,7, ℎ8 = 3max
2≤𝑖≤6

ℎ𝑖, ℎ9= max
1≤𝑙≤4

𝑐𝑙, ℎ̅1 = max
1≤𝑙≤4

𝑐𝑙̅, ℎ̅2 = ℎ8 + ℎ9 +

ℎ̅1 + 1 , ℎ̅3 = ℎ8 + ℎ9 + 𝑏, ℎ̅5 = 4𝑒𝑙 + 4𝑒̅𝑙, ℎ̅4 = max (ℎ̅2, ℎ̅3).   
Since ‖𝑦⃗𝑛

0‖𝑯𝟏(𝑸) ≤ 𝑏1   and  ‖𝑦⃗𝑛
1‖𝑳𝟐(𝛀) ≤ 𝑏0  with ℎ̅6 = 𝑏0 + 𝑏1 + ℎ̅5 , hence (34) turn into 

‖𝑦⃗𝑛𝑡(𝑡)‖𝑳𝟐(𝛀)
2 + ‖𝑦⃗𝑛(𝑡)‖𝑯𝟏(𝑸)

2 ≤ ℎ̅6 + ℎ̅4 ∫ [ ‖𝑦⃗𝑛𝑡‖𝑳𝟐(𝛀)
2 + ‖𝑦⃗𝑛‖𝑯𝟏(𝑸)

2𝑡

0
]𝑑𝑡.   

Applying the inequality for Belman-Gronwall in [41], it yields that ∀ 𝑡 ∈ [0, 𝑇]  

‖𝑦⃗𝑛𝑡(𝑡)‖𝑳𝟐(𝛀)
2 + ‖𝑦⃗𝑛(𝑡)‖𝑯𝟏(𝑸)

2 ≤ ℎ̅6𝑒
ℎ̅4 = 𝑏2(𝑐) ⇒ 

‖𝑦⃗𝑛𝑡(𝑡)‖𝑳𝟐(𝛀)
2 ≤ 𝑏2(𝑐) and  ‖𝑦⃗𝑛‖𝑯𝟏(𝑸)

2 ≤ 𝑏2(𝑐), ∀𝑡 ∈ [0, 𝑇]. 

Therefore, ‖𝑦⃗𝑛𝑡(𝑡)‖𝑳𝟐(𝑸) ≤ 𝑏1(𝑐)  and ‖𝑦⃗𝑛(𝑡)‖𝑳𝟐(𝑰,𝑽) ≤ 𝑏(𝑐). 

The strongly convergence for the QSVS: 

Assume 𝑉⃗⃗  has   a sequence of subspace {𝑉⃗⃗𝑛}𝑛=1
∞
 , such that  ∀𝑣⃗ = (𝑣1, 𝑣2, 𝑣3, 𝑣4) ∈ 𝑉⃗⃗, there is 

a subsequence {𝑣⃗𝑛} with 𝑣⃗𝑛 = (𝑣1𝑛, 𝑣2𝑛, 𝑣3𝑛, 𝑣4𝑛) ∈ 𝑉⃗⃗𝑛  ⊂ 𝑉, ∀𝑛, for which   𝑣⃗𝑛
𝑯𝟏(𝛀)
→   𝑣⃗  and 

𝑣⃗𝑛
𝑳𝟐(𝑸)
→   𝑣⃗  ,  problem ((8)-(12)) has a  unique  QSVS   𝑦⃗𝑛 = (𝑦1𝑛, 𝑦2𝑛, 𝑦3𝑛, 𝑦4𝑛), hence 

conforming  to the sequence of spaces {𝑉⃗⃗𝑛}𝑛=1
∞

, there is a  sequence of problems like ((8) – 

(12)), so replacing 𝑣⃗𝑙 = 𝑣⃗𝑙𝑛 = (𝑣1𝑛, 𝑣2𝑛, 𝑣3𝑛, 𝑣4𝑛) and 𝑦⃗𝑙 = 𝑦⃗𝑙𝑛 = (𝑦1𝑛, 𝑦2𝑛, 𝑦3𝑛, 𝑦4𝑛) in these 

equations, to secure 
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〈𝑦1𝑛𝑡𝑡, 𝑣1𝑛〉 + 𝑟1(𝑡, 𝑦1𝑛, 𝑣1𝑛) + (𝑎1𝑦1𝑛, 𝑣1𝑛)𝐿2(Ω) − (𝑏2𝑦2𝑛, 𝑣1𝑛)𝐿2(Ω) + 

(𝑏3𝑦3𝑛 − 𝑏4𝑦4𝑛, 𝑣1𝑛)𝐿2(Ω) = (𝑓1(𝑦1𝑛), 𝑣1𝑛)𝐿2(Ω) + (𝑢1, 𝑣1𝑛)𝐿2(𝜕Ω).                (35) 

〈𝑦2𝑛𝑡𝑡, 𝑣2𝑛〉 + 𝑟2(𝑡, 𝑦2𝑛, 𝑣2𝑛) + (𝑎2𝑦2𝑛, 𝑣2𝑛)𝐿2(Ω) + (𝑏2𝑦1𝑛, 𝑣2𝑛)𝐿2(Ω) − 

(𝑏5𝑦3𝑛 + 𝑏6𝑦4𝑛, 𝑣2𝑛)𝐿2(Ω)  = (𝑓2(𝑦2𝑛), 𝑣2𝑛)𝐿2(Ω) + (𝑢2, 𝑣2𝑛)𝐿2(𝜕Ω).               (36) 

〈𝑦3𝑛𝑡𝑡, 𝑣3𝑛〉 + 𝑟3(𝑡, 𝑦3𝑛, 𝑣3𝑛) + (𝑎3𝑦3𝑛, 𝑣3𝑛)𝐿2(Ω) − (𝑏3𝑦1𝑛, 𝑣3𝑛)𝐿2(Ω) +  

(𝑏5𝑦2𝑛 + 𝑏7𝑦4𝑛, 𝑣3𝑛)𝐿2(Ω)  = (𝑓3(𝑦3𝑛), 𝑣3𝑛)𝐿2(Ω) + (𝑢3, 𝑣3𝑛)𝐿2(𝜕Ω).              (37) 

〈𝑦4𝑛𝑡𝑡, 𝑣4𝑛〉 + 𝑟4(𝑡, 𝑦4𝑛, 𝑣4𝑛) + (𝑎4𝑦4𝑛, 𝑣4𝑛)𝐿2(Ω) + (𝑏4𝑦1𝑛, 𝑣4𝑛)𝐿2(Ω) −  

(𝑏6𝑦2𝑛 + 𝑏7𝑦3𝑛, 𝑣4𝑛)𝐿2(Ω)  = (𝑓4(𝑦4𝑛), 𝑣4𝑛)𝐿2(Ω) + (𝑢4, 𝑣4𝑛)𝐿2(𝜕Ω).                (38) 

(𝑦𝑙𝑛
0 , 𝑣𝑙𝑛)𝑳𝟐(Ω) = (𝑦𝑙𝑛(0), 𝑣1𝑛)𝑳𝟐(Ω)   , ∀𝑣𝑙𝑛 ∈ 𝑉𝑙𝑛  , 𝑙 = 1,2,3,4,                      (39a) 

(𝑦𝑙𝑛
1 , 𝑣𝑙𝑛)𝑳𝟐(Ω) = (𝑦𝑙𝑛𝑡(0), 𝑣1𝑛)𝑳𝟐(Ω)     , ∀𝑣𝑙𝑛 ∈ 𝑉𝑙𝑛  , 𝑙 = 1,2,3,4.          (39b) 

 

Problem ((35) – (39)) has a sequence  of   QSVS   {𝑦⃗𝑛}𝑛=1
∞  with ‖𝑦⃗𝑛(𝑡)‖𝑳𝟐(𝑸)  and 

‖𝑦⃗𝑛(𝑡)‖𝑳𝟐(𝑰,𝑽) are bounded, by applying of Alaglou’s Theorem in [40] we found there is a 

subsequence of {𝑦⃗𝑛}𝑛∈𝑁,  let for simplicity be {𝑦⃗𝑛}𝑛∈𝑁, such that   𝑦⃗𝑛  𝑳𝟐(𝑸)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝑦⃗   and 𝑦⃗𝑛  𝑳𝟐(𝑰,𝑽)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗𝑦⃗. 

And since 

𝑳𝟐(𝑰, 𝑽) ⊂ 𝑳𝟐(𝑸) ≅ (𝑳𝟐(𝑸))∗ ⊂ 𝑳𝟐(𝑰, 𝑽∗). 
Then by applying the Aubin’s Theorem in [39], there is a subsequence of {𝑦⃗𝑛}𝑛∈𝑁 let for 

simplicity be {𝑦⃗𝑛}𝑛∈𝑁 such that   𝑦⃗𝑛
𝑳𝟐(𝑸)
→      𝑦⃗.  

Now, multiplying both sides of ((35) – (39)) by 𝜑𝑙(𝑡) ∈ 𝐶
2[0, 𝑇], ∀ 𝑙 = 1,2,3,4, such that 

 𝜑𝑙(𝑇) = 𝜑́𝑙(𝑇) = 0 ,𝜑𝑙(0) ≠ 0 𝜑́𝑙(0) ≠ 0. By taking the integral on [0,T], then integrating 

"twice" by part for the 1st  expression in each acquired equalities, to bring   

−∫ 𝑑
𝑑𝑡
 

𝑇

0
(𝑦1𝑛𝑡, 𝑣1𝑛)𝜑́1(𝑡)dt + ∫ [𝑟1(𝑡, 𝑦1𝑛

𝑇

0
, 𝑣1𝑛) + (𝑎1𝑦1𝑛, 𝑣1𝑛)𝐿2(Ω) + (−𝑏2𝑦2𝑛 + 𝑏3𝑦3𝑛  

−𝑏4𝑦4𝑛, 𝑣1𝑛)𝐿2(Ω)]𝜑1(𝑡)𝑑𝑡 = ∫ ((𝑓1(𝑦1𝑛), 𝑣1𝑛)𝐿2(Ω) + (𝑢1, 𝑣1𝑛)𝐿2(𝜕Ω))𝜑1(𝑡)𝑑𝑡
𝑇

0
  

      +(𝑦1𝑛
1 , 𝑣1𝑛)𝐿2(Ω)𝜑1(0).                    (40) 

∫   
𝑇

0
(𝑦1𝑛𝑡, 𝑣1𝑛)𝜑´´(𝑡)𝑑𝑡 + ∫ [𝑟1(𝑡, 𝑦1𝑛

𝑇

0
, 𝑣1𝑛) + (𝑎1𝑦1𝑛, 𝑣1𝑛)𝐿2(Ω) + (−𝑏2𝑦2𝑛 + 𝑏3𝑦3𝑛   

−𝑏4𝑦4𝑛, 𝑣1𝑛)𝐿2(Ω)]𝜑1(𝑡)𝑑𝑡 =  ∫ ((𝑓1(𝑦1𝑛), 𝑣1𝑛)𝐿2(Ω) + (𝑢1, 𝑣1𝑛)𝐿2(𝜕Ω))𝜑1(𝑡)𝑑𝑡
𝑇

0
+  

       (𝑦1𝑛
1 , 𝑣1𝑛)𝐿2(Ω)𝜑1(0) − (𝑦1𝑛

0 , 𝑣1𝑛)𝐿2(Ω)𝜑´1(0).             (41) 

−∫ 𝑑
𝑑𝑡
 

𝑇

0
(𝑦2𝑛𝑡, 𝑣2𝑛)𝜑́2(𝑡)dt + ∫ [𝑟2(𝑡, 𝑦2𝑛

𝑇

0
, 𝑣2𝑛) + (𝑎2𝑦2𝑛, 𝑣2𝑛)𝐿2(Ω) + (𝑏2𝑦1𝑛 − 𝑏5𝑦3𝑛  

+𝑏6𝑦4𝑛, 𝑣2𝑛)𝐿2(Ω)]𝜑2(𝑡)𝑑𝑡 = ∫ ((𝑓2(𝑦2𝑛), 𝑣2𝑛)𝐿2(Ω) + (𝑢2, 𝑣2𝑛)𝐿2(𝜕Ω))𝜑2(𝑡)𝑑𝑡
𝑇

0
+  

        (𝑦2𝑛
1 , 𝑣2𝑛)𝐿2(Ω)𝜑2(0).                               (42) 

∫ (𝑦2𝑛𝑡, 𝑣2𝑛)𝜑´´2(𝑡)dt  
𝑇

0
+ ∫ [𝑟2(𝑡, 𝑦2𝑛

𝑇

0
, 𝑣2𝑛) + (𝑎2𝑦2𝑛, 𝑣2𝑛)𝐿2(Ω) + (𝑏2𝑦1𝑛 − 𝑏5𝑦3𝑛  

+𝑏6𝑦4𝑛, 𝑣2𝑛)𝐿2(Ω)]𝜑2(𝑡)𝑑𝑡 = ∫ ((𝑓2(𝑦2𝑛), 𝑣2𝑛)𝐿2(Ω) + (𝑢2, 𝑣2𝑛)𝐿2(𝜕Ω))𝜑2(𝑡)𝑑𝑡
𝑇

0
+  

     (𝑦2𝑛
1 , 𝑣2𝑛)𝐿2(Ω𝜑2(0) − (𝑦2𝑛

0 , 𝑣2𝑛)𝐿2(Ω)𝜑´2(0).       (43) 

−∫ 𝑑
𝑑𝑡
 

𝑇

0
(𝑦3𝑛𝑡, 𝑣3𝑛)𝜑́3(𝑡)dt + ∫ [𝑟3(𝑡, 𝑦3𝑛

𝑇

0
, 𝑣3𝑛) + (𝑎3𝑦3𝑛, 𝑣3𝑛)𝐿2(Ω) + (−𝑏3𝑦1𝑛 + 𝑏5𝑦2𝑛  

+𝑏7𝑦4𝑛, 𝑣3𝑛)𝐿2(Ω)]𝜑3(𝑡)𝑑𝑡 = ∫ ((𝑓3(𝑦3𝑛), 𝑣3𝑛)𝐿2(Ω) + (𝑢3, 𝑣3𝑛)𝐿2(𝜕Ω))𝜑3(𝑡)𝑑𝑡
𝑇

0
+  

       (𝑦3𝑛
1 , 𝑣3𝑛)𝐿2(Ω)𝜑3(0).                                                   (44)  

∫  
𝑇

0
(𝑦3𝑛𝑡, 𝑣3𝑛)𝜑´´3(𝑡)dt + ∫ [𝑟3(𝑡, 𝑦3𝑛

𝑇

0
, 𝑣3𝑛) + (𝑎3𝑦3𝑛, 𝑣3𝑛)𝐿2(Ω) + (−𝑏3𝑦1𝑛 + 𝑏5𝑦2𝑛  

+𝑏7𝑦4𝑛, 𝑣3𝑛)𝐿2(Ω)]𝜑3(𝑡)𝑑𝑡 = ∫ ((𝑓3(𝑦3𝑛), 𝑣3𝑛)𝐿2(Ω) + (𝑢3, 𝑣3𝑛)𝐿2(𝜕Ω))𝜑3(𝑡)𝑑𝑡
𝑇

0
+   

 (𝑦3𝑛
1 , 𝑣3𝑛)𝐿2(Ω)𝜑3(0) − (𝑦3𝑛

0 , 𝑣3𝑛)𝐿2(Ω)𝜑´3(0).                                                                    (45)  

−∫ 𝑑
𝑑𝑡
 

𝑇

0
(𝑦4𝑛𝑡, 𝑣4𝑛)𝜑́4(𝑡)dt + ∫ [𝑟4(𝑡, 𝑦4𝑛

𝑇

0
, 𝑣4𝑛) + (𝑎4𝑦4𝑛, 𝑣4𝑛)(𝐿2(Ω) + (𝑏4𝑦1𝑛 − 𝑏6𝑦2𝑛  
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−𝑏7𝑦3𝑛, 𝑣4𝑛)(𝐿2(Ω)]𝜑4(𝑡)𝑑𝑡 = ∫ ((𝑓4(𝑦4𝑛), 𝑣4𝑛)𝐿2(Ω) + (𝑢4, 𝑣4𝑛)𝐿2(𝜕Ω))𝜑4(𝑡)𝑑𝑡
𝑇

0
+  

  (𝑦4𝑛
1 , 𝑣4𝑛)(𝐿2(Ω)𝜑4(0).                                                                                                         (46)  

∫  
𝑇

0
(𝑦4𝑛𝑡, 𝑣4𝑛)𝜑´´4(𝑡)dt ∫ [𝑟4(𝑡, 𝑦4𝑛

𝑇

0
, 𝑣4𝑛) + (𝑎4𝑦4𝑛, 𝑣4𝑛)𝐿2(Ω) + 𝑏4𝑦1𝑛 − 𝑏6𝑦2𝑛  

−𝑏7𝑦3𝑛, 𝑣4𝑛)𝐿2(Ω)]𝜑4(𝑡)𝑑𝑡 = ∫ ((𝑓4(𝑦4𝑛), 𝑣4𝑛)𝐿2(Ω) + (𝑢4, 𝑣4𝑛)𝐿2(𝜕Ω))𝜑4(𝑡)𝑑𝑡
𝑇

0
+  

  (𝑦4𝑛
1 , 𝑣4𝑛)𝐿2(Ω)𝜑4(0) − (𝑦4𝑛

0 , 𝑣4𝑛)𝐿2(Ω)𝜑´4(0).                                                                   (47) 

First, since   𝑣𝑙n
    𝑉   
→  𝑣𝑙  and  𝑣𝑙𝑛

𝐿2(Ω)
→   𝑣𝑙  ∀𝑙 = 1,2,3,4 ,  then following are respectively held  

{

𝑣𝑙nφ𝑙(t)
𝐿2(𝐼,𝑉⃗⃗⃗)
→     𝑣𝑙φ𝑙(t)

𝑣𝑙nφ´𝑙(t)
𝐿2(𝐼,𝑉⃗⃗⃗)
→     𝑣𝑙φ´𝑙(t)

 , {
𝑣𝑙𝑛𝜑´𝑙(𝑡)

L2(Q)
→   𝑣𝑙𝜑´𝑙(𝑡)

𝑣𝑙𝑛𝜑´´𝑙(𝑡)
L2(Q)
→   𝑣𝑙𝜑´´𝑙(𝑡)

  and  {
𝑣𝑙nφ𝑙(0)

L2(Ω)
→    𝑣𝑙φ𝑙(0)

𝑣𝑙𝑛𝜑´𝑙(0)
𝐿2(Ω)
→   𝑣𝑙𝜑´𝑙(0)

 .           

Second, 𝑦𝑙𝑛𝑡  
𝐿2(𝑄)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

  𝑦𝑙𝑡      and   𝑦𝑙𝑛 𝐿2(𝐼,𝑉)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗𝑦𝑖   and  𝑦𝑙𝑛  
 

𝐿2(𝑄)
→    𝑦𝑙 .   

Third , since  𝑣𝑙𝑛𝜑𝑙  𝐿2(𝑄)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝑣𝑙𝜑𝑙,  then from the assumptions  on 𝑓𝑙 , ∀ 𝑙 = 1,2,3,4  , and through  

Proposition 2.1 in [37],  it acquires the continuity of ∫ (𝑓𝑙(𝑥, 𝑡, 𝑦𝑙)
 

𝑄
𝑑𝑥𝑑𝑡   on 𝐿2(Q) but 

𝑦𝑙𝑛
𝐿2(𝑄)
→   𝑦𝑙  , therefore   

∫ (𝑓𝑙(𝑦𝑙𝑛), 𝑣𝑙𝑛)𝐿2(Ω)𝜑𝑙(𝑡)𝑑𝑡 ⟶ 
 𝑇

0
∫ (𝑓𝑙(𝑦𝑙), 𝑣𝑙)𝐿2(Ω)𝜑𝑙(𝑡)𝑑𝑡
 𝑇

0
, ∀ 𝑙 = 1,2,3,4 

In addition, since 𝑣𝑙𝑛 → 𝑣𝑙    in  𝐿2(∂Q), and hence   

∫ (𝑢𝑙 , 𝑣𝑙𝑛)(𝜕Ω)𝜑𝑙(𝑡)𝑑𝑡 
𝑇

0
 ⟶ ∫ (𝑢𝑙, 𝑣𝑙)(𝜕Ω)𝜑𝑙(𝑡)𝑑𝑡

𝑇

0
 , ∀𝑙 = 1,2,3,4 

The above three points helps us to passage the limits in ((40) – (47)), to get 

−∫ 𝑑
𝑑𝑡
 

𝑇

0
(𝑦1𝑡, 𝑣1)𝜑́1(𝑡)𝑑𝑡 + ∫ [𝑟1(𝑡, 𝑦1

𝑇

0
, 𝑣1) + (𝑎1𝑦1, 𝑣1)𝐿2(Ω) + (−𝑏2𝑦2 + 𝑏3𝑦3  

−𝑏4𝑦4, 𝑣1)𝐿2(Ω)]𝜑1(𝑡)𝑑𝑡 = ∫ ((𝑓1(𝑦1), 𝑣1)𝐿2(Ω)
𝑇

0
 +(𝑢1, 𝑣1)𝐿2(𝜕Ω))𝜑1(𝑡)𝑑𝑡  

+(𝑦1
1, 𝑣1)𝐿2(Ω)𝜑1(0).                                                                                                              (48) 

 ∫  
𝑇

0
(𝑦1, 𝑣1)𝜑´´(𝑡)𝑑𝑡 + ∫ [𝑟1(𝑡, 𝑦1

𝑇

0
, 𝑣1) + (𝑎1𝑦1, 𝑣1)𝐿2(Ω) + (−𝑏2𝑦2 + 𝑏3𝑦3 

  −𝑏4𝑦4, 𝑣1)𝐿2(Ω)]𝜑1(𝑡)𝑑𝑡 = ∫ ((𝑓1(𝑦1), 𝑣1)𝐿2(Ω) + (𝑢1, 𝑣1)𝐿2(𝜕Ω))𝜑1(𝑡)𝑑𝑡
𝑇

0
+   

(𝑦1
1, 𝑣1)𝐿2(Ω)𝜑1(0) − (𝑦1

0, 𝑣1)𝐿2(Ω)𝜑́1(0).                                                                              (49) 

−∫ 𝑑
𝑑𝑡
 

𝑇

0
(𝑦2𝑡, 𝑣2)𝜑́2(𝑡)dt + ∫ [𝑟2(𝑡, 𝑦2

𝑇

0
, 𝑣2) + (𝑎2𝑦2, 𝑣2)𝐿2(Ω) + (𝑏2𝑦1 − 𝑏5𝑦3  

+𝑏6𝑦4, 𝑣2)𝐿2(Ω)]𝜑2(𝑡)𝑑𝑡 = ∫ ((𝑓2(𝑦2), 𝑣2)𝐿2(Ω) + (𝑢2, 𝑣2)𝐿2(𝜕Ω))𝜑2(𝑡)𝑑𝑡
𝑇

0
+  

     (𝑦2
1, 𝑣2)𝐿2(Ω)𝜑2(0).                                                                                 (50) 

 ∫  
𝑇

0
(𝑦2, 𝑣2)𝜑´´2(𝑡)dt + ∫ [𝑟2(𝑡, 𝑦2

𝑇

0
, 𝑣2) + (𝑎2𝑦2, 𝑣2)𝐿2(Ω) + (𝑏2𝑦1 − 𝑏5𝑦3 

+𝑏6𝑦4, 𝑣2)𝐿2(Ω)]𝜑2(𝑡)𝑑𝑡 = ∫ ((𝑓2(𝑦2), 𝑣2)𝐿2(Ω) + (𝑢2, 𝑣2)𝐿2(𝜕Ω))𝜑2(𝑡)𝑑𝑡
𝑇

0
+  

(𝑦2
1, 𝑣2)𝐿2(Ω𝜑2(0) − (𝑦2

0, 𝑣2)𝐿2(Ω)𝜑́2(0).                                                                              (51) 

−∫ 𝑑
𝑑𝑡
 

𝑇

0
(𝑦3𝑡, 𝑣3)𝜑́3(𝑡)𝑑𝑡 + ∫ [𝑟3(𝑡, 𝑦3

𝑇

0
, 𝑣3) + (𝑎3𝑦3, 𝑣3)𝐿2(Ω) + (−𝑏3𝑦1 + 𝑏5𝑦2  

+𝑏7𝑦4, 𝑣3)𝐿2(Ω)]𝜑3(𝑡)𝑑𝑡 = ∫ ((𝑓3(𝑦3), 𝑣3)𝐿2(Ω) + (𝑢3, 𝑣3)𝐿2(𝜕Ω))𝜑3(𝑡)𝑑𝑡
𝑇

0
+      

         (𝑦3
1, 𝑣3)𝐿2(Ω)𝜑3(0).                                                              (52) 

 ∫ (𝑦3, 𝑣3)𝜑´´3(𝑡)dt
𝑇

0
+ ∫ [𝑟3(𝑡, 𝑦3𝑛

𝑇

0
, 𝑣3𝑛) + (𝑎3𝑦3𝑛, 𝑣3𝑛)𝐿2(Ω) + (−𝑏3𝑦1𝑛 + 𝑏5𝑦2 

+𝑏7𝑦4, 𝑣3𝑛)𝐿2(Ω)]𝜑3(𝑡)𝑑𝑡 = ∫ ((𝑓3(𝑦3), 𝑣3)𝐿2(Ω) + (𝑢3, 𝑣3)𝐿2(𝜕Ω))𝜑3(𝑡)𝑑𝑡
𝑇

0
+  

           (𝑦3
1, 𝑣3)𝐿2(Ω)𝜑3(0) − (𝑦3

0, 𝑣3)𝐿2(Ω)𝜑́3(0).                         (53) 

−∫ 𝑑
𝑑𝑡
 

𝑇

0
(𝑦4𝑡, 𝑣4)𝜑́4(𝑡)dt + ∫ [𝑟4(𝑡, 𝑦4

𝑇

0
, 𝑣4) + (𝑎4𝑦4, 𝑣4)𝐿2(Ω) + (𝑏4𝑦1 − 𝑏6𝑦2  

−𝑏7𝑦3, 𝑣4)𝐿2(Ω)]𝜑4(𝑡)𝑑𝑡 = ∫ ((𝑓4(𝑦4), 𝑣4)𝐿2(Ω) + (𝑢4, 𝑣4)𝐿2(𝜕Ω))𝜑4(𝑡)𝑑𝑡
𝑇

0
+        

          (𝑦4
1, 𝑣4)(𝐿2(Ω)𝜑4(0).                                                              (54) 
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∫  
𝑇

0
(𝑦4, 𝑣4)𝜑´´4(𝑡)dt + ∫ [𝑟4(𝑡, 𝑦4

𝑇

0
, 𝑣4) + (𝑎4𝑦4, 𝑣4)𝐿2(Ω) + (𝑏4𝑦1 − 𝑏6𝑦2  

−𝑏7𝑦3, 𝑣4)𝐿2(Ω)]𝜑4(𝑡)𝑑𝑡 = ∫ ((𝑓4(𝑦4), 𝑣4)𝐿2(Ω) + (𝑢4, 𝑣4)𝐿2(𝜕Ω))𝜑4(𝑡)𝑑𝑡
𝑇

0
+  

(𝑦4
1, 𝑣4)𝐿2(Ω)𝜑4(0) − (𝑦4

0, 𝑣4)𝐿2(Ω)𝜑́4(0).                                                                    (55)  

 

At this point, the following cases are presented  

Case1:Pick out 𝜑𝑙 ∈ 𝐶
2[0, 𝑇] (𝑙 = 1,2,3,4), in (49), (51), (53) and (55) with 𝜑𝑙(0) = 𝜑́𝑙(0) =

𝜑́𝑙(𝑇) = 𝜑𝑙(𝑇) = 0 then integrating "twice" by part the 1st  expression in their LHS, they 

yield to 

∫ (𝑦1𝑡𝑡, 𝑣1)𝜑(𝑡)dt
𝑇

0
+ ∫ [𝑟1(𝑡, 𝑦1

𝑇

0
, 𝑣1) + (𝑎1𝑦1, 𝑣1)𝐿2(Ω) + (−𝑏2𝑦2 + 𝑏3𝑦3  

−𝑏4𝑦4, 𝑣1)𝐿2(Ω)]𝜑1(𝑡)𝑑𝑡 = ∫ ((𝑓1(𝑦1), 𝑣1)𝐿2(Ω) + (𝑢1, 𝑣1)𝐿2(𝜕Ω))𝜑1(𝑡)𝑑𝑡
𝑇

0
.                        (56) 

∫  
𝑇

0
(𝑦2𝑡𝑡, 𝑣2)𝜑2(𝑡)dt + ∫ [𝑟2(𝑡, 𝑦2

𝑇

0
, 𝑣2) + (𝑎2𝑦2, 𝑣2)𝐿2(Ω) + (𝑏2𝑦1 − 𝑏5𝑦3  

+𝑏6𝑦4, 𝑣2)𝐿2(Ω)]𝜑2(𝑡)𝑑𝑡 = ∫ ((𝑓2(𝑦2), 𝑣2)𝐿2(Ω) + (𝑢2, 𝑣2)𝐿2(𝜕Ω))𝜑2(𝑡)𝑑𝑡.
𝑇

0
                       (57) 

∫  
𝑇

0
(𝑦3𝑡𝑡, 𝑣3)𝜑3(𝑡)dt + ∫ [𝑟3(𝑡, 𝑦3𝑛

𝑇

0
, 𝑣3𝑛) + (𝑎3𝑦3𝑛, 𝑣3𝑛)𝐿2(Ω) + (−𝑏3𝑦1𝑛 + 𝑏5𝑦2  

+𝑏7𝑦4, 𝑣3𝑛)𝐿2(Ω)]𝜑3(𝑡)𝑑𝑡 = ∫ ((𝑓3(𝑦3), 𝑣3)𝐿2(Ω) + (𝑢3, 𝑣3)𝐿2(𝜕Ω))𝜑3(𝑡)𝑑𝑡
𝑇

0
.                     (58)    

∫   
𝑇

0
(𝑦4𝑡𝑡, 𝑣4)𝜑4(𝑡)dt + ∫ [𝑟4(𝑡, 𝑦4

𝑇

0
, 𝑣4) + (𝑎4𝑦4, 𝑣4)𝐿2(Ω) + (𝑏4𝑦1 − 𝑏6𝑦2  

−𝑏7𝑦3, 𝑣4)𝐿2(Ω)]𝜑4(𝑡)𝑑𝑡 = ∫ ((𝑓4(𝑦4), 𝑣4)𝐿2(Ω) + (𝑢4, 𝑣4)𝐿2(𝜕Ω))𝜑4(𝑡)𝑑𝑡.
𝑇

0
                        (59) 

Hence, 𝑦⃗  is    a   QSVS of ((8)-(11)) almost everywhere on I. 

Case2: Pick out φ𝑙 ∈ C
2[0, 𝑇], ∀𝑙 = 1,2,3,4, such that  φ𝑙(𝑇) = φ́𝑙(0) = φ́𝑙(𝑇) =

0  & φ𝑙(0) ≠ 0, multiplying both sides of ((8)-(11)) by 𝜑1(𝑡), 𝜑2(𝑡), 𝜑3(𝑡) and 𝜑4(𝑡), 
respectively then take the integral on [0, T], utilizing  integrating by parts for the 1st 

expression in LHS in each acquired equalities, then subtracting each equality from the each 

corresponding one of (48),(50), (52)  and (54), respectively  to acquire  

(𝑦𝑙𝑡(0), 𝑣𝑙)𝐿2(Ω)𝜑𝑙(0) = (𝑦𝑙
1, 𝑣𝑙)𝐿2(Ω)𝜑𝑙(0),   ∀𝑙 = 1,2,3,4 . 

Case3:  Pick out 𝜑𝑙 ∈ 𝐶
2[0, 𝑇], ∀𝑙 = 1,2,3,4, with   𝜑𝑙(0) = 𝜑𝑙(𝑇) = 𝜑´𝑙(𝑇) = 0  ,   

𝜑´𝑙(0) ≠ 0, multiplying ((8)-(11)) by 𝜑𝑙, ∀𝑙 = 1,2,3,4, then take the integral on [0, T], and 

then integrating "twice" by part the 1st expression in LHS in each acquired equality, then 

subtracting each equality from the each conforming one of (49), (51), (53) and (55)   

respectively, to acquire 

 (𝑦𝑙
0, 𝑣𝑙)𝐿2(Ω)𝜑́𝑙(0) = (𝑦𝑙(0), 𝑣𝑙)𝐿2(Ω)𝜑´𝑙(0) , ∀𝑙 = 1,2,3,4 .  

From the above two previous cases, one acquires the ICs (12). 

To prove 𝑦⃗𝑛  
𝑳𝟐(𝑰,𝑽)
→    𝑦⃗ , take the integral for (32) on [0, T], to acquire that  

‖𝑦⃗𝑛𝑡(𝑇)‖𝑳𝟐(𝑸)
2 − ‖𝑦⃗𝑛𝑡(0)‖𝑳𝟐(𝑸)

2 + 𝑠(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑛)(𝑇) −  

𝑠(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑛)(0) − ∫ 𝑠𝑡(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑛𝑡)𝑑𝑡
𝑇

0
= ∫ (

𝑇

0
(60a) + (60b))𝑑𝑡,                                           (60) 

where  

(60a)=2((𝑏2𝑦2𝑛, 𝑦1𝑛𝑡)𝐿2(Ω) − (𝑏3𝑦3𝑛, 𝑦1𝑛𝑡)𝐿2(Ω) + (𝑏4𝑦4𝑛, 𝑦1𝑛𝑡)𝐿2(Ω) + (𝑏5𝑦2𝑛, 𝑦3𝑛𝑡)𝐿2(Ω) 

             +(𝑏2𝑦1𝑛, 𝑦2𝑛𝑡)𝐿2(Ω) − (𝑏5𝑦3𝑛, 𝑦2𝑛𝑡)𝐿2(Ω) + (𝑏6𝑦4𝑛, 𝑦2𝑛𝑡)𝐿2(Ω) − (𝑏3𝑦1𝑛, 𝑦3𝑛𝑡)𝐿2(Ω) 

             +(𝑏7𝑦4𝑛, 𝑦3𝑛𝑡)𝐿2(Ω) − (𝑏4𝑦1𝑛, 𝑦4𝑛𝑡)𝐿2(Ω) + (𝑏6𝑦2𝑛, 𝑦4𝑛𝑡)𝐿2(Ω) − (𝑏7𝑦3𝑛, 𝑦4𝑛𝑡)𝐿2(Ω) ) 

(60b)=2((𝑓1(𝑦1𝑛), 𝑦1𝑛𝑡)𝐿2(Ω) + (𝑢1, 𝑦1𝑛𝑡)𝐿2(𝜕Ω) + (𝑓2(𝑦2𝑛), 𝑦2𝑛𝑡)𝐿2(Ω)+(𝑢2, 𝑦2𝑛𝑡)𝐿2(𝜕Ω) 

          +(𝑓3(𝑦3𝑛), 𝑦3𝑛𝑡)𝐿2(Ω) + (𝑢3, 𝑦3𝑛𝑡)𝐿2(𝜕Ω) + (𝑓4(𝑦4𝑛), 𝑦4𝑛𝑡)𝐿2(Ω) + (𝑢4, 𝑦4𝑛𝑡)𝐿2(𝜕Ω)). 

Now, replace  𝑦𝑙𝑛 = 𝑦𝑙, ∀𝑙 = 1,2,3,4, in (32), then take the integral on [0, T] to acquire 

‖𝑦⃗𝑡(𝑇)‖𝑳𝟐(𝑸)
2 − ‖𝑦⃗𝑡(0)‖𝑳𝟐(𝑸)

2 + 𝑠(𝑡, 𝑦⃗, 𝑦⃗)(𝑇) − 

𝑠(𝑡, 𝑦⃗, 𝑦⃗)(0) − ∫ 𝑠𝑡(𝑡, 𝑦⃗, 𝑦⃗𝑡)𝑑𝑡
𝑇

0
= ∫ (

𝑇

0
(61𝑎) + (61𝑏))𝑑𝑡.                                                 (61) 
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(61𝑎) = 2((𝑏2𝑦2, 𝑦1𝑡)𝐿2(Ω) − (𝑏3𝑦3, 𝑦1𝑡)𝐿2(Ω) + (𝑏4𝑦4, 𝑦1𝑡)𝐿2(Ω) + (𝑏5𝑦2, 𝑦3𝑡)𝐿2(Ω)     

              +(𝑏2𝑦1, 𝑦2𝑡)𝐿2(Ω) − (𝑏5𝑦3, 𝑦2𝑡)𝐿2(Ω) + (𝑏6𝑦4, 𝑦2𝑡)𝐿2(Ω) − (𝑏3𝑦1, 𝑦3𝑡)𝐿2(Ω) + 

                 (𝑏7𝑦4, 𝑦3𝑡)𝐿2(Ω) − (𝑏4𝑦1, 𝑦4𝑡)𝐿2(Ω) − (𝑏7𝑦3, 𝑦4𝑡)𝐿2(Ω)) 

(61𝑏) = 2((𝑓1(𝑦1), 𝑦1𝑡)𝐿2(Ω) + (𝑢1, 𝑦1𝑡)𝐿2(𝜕Ω) + (𝑓2(𝑦2), 𝑦2𝑡)𝐿2(Ω) + (𝑢2, 𝑦2𝑡)𝐿2(𝜕Ω) 

                 +(𝑓3(𝑦3), 𝑦3𝑡)𝐿2(Ω) + (𝑢3, 𝑦3𝑡)𝐿2(𝜕Ω) + (𝑓4(𝑦4), 𝑦4𝑡)𝐿2(Ω) + (𝑢4, 𝑦4𝑡)𝐿2(𝜕Ω)). 

 Since  

 ‖𝑦⃗𝑛𝑡(𝑇) − 𝑦⃗𝑡(𝑇)‖𝑳𝟐(Ω)
2 − ‖𝑦⃗𝑛𝑡(0) − 𝑦⃗𝑡(0)‖𝑳𝟐(Ω)

2 + 𝑠(𝑡, 𝑦⃗𝑛 − 𝑦⃗, 𝑦⃗𝑛 − 𝑦⃗)(𝑇) 

−𝑠(𝑡, 𝑦⃗𝑛 − 𝑦⃗, 𝑦⃗𝑛 − 𝑦⃗)(0) − ∫ 𝑠𝑡(𝑡, 𝑦⃗𝑛 − 𝑦⃗, 𝑦⃗𝑛𝑡 − 𝑦⃗𝑡)𝑑𝑡
𝑇

0
= (62𝑎) − (62𝑏) − (62𝑐).      (62) 

(62𝑎) = ‖𝑦⃗𝑛𝑡(𝑇)‖𝑳𝟐(𝑸)
2 − ‖𝑦⃗𝑛(0)‖𝑳𝟐(Ω)

2 + 𝑠(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑛)(𝑇) − 

              𝑠(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑛)(0) − ∫ 𝑠𝑡(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑛𝑡)𝑑𝑡
𝑇

0
.  

(62𝑏) = (𝑦⃗𝑛𝑡(𝑇), 𝑦⃗𝑡(𝑇)) − (𝑦⃗𝑛𝑡(0), 𝑦⃗𝑡(0)) + 𝑠(𝑡, 𝑦⃗𝑛, 𝑦⃗)(𝑇) −     

               𝑠(𝑡, 𝑦⃗𝑛, 𝑦⃗)(0) − ∫ 𝑠𝑡(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑡)𝑑𝑡
𝑇

0
. 

(62𝑐) = (𝑦⃗𝑡(𝑇), 𝑦⃗𝑛𝑡 − 𝑦⃗𝑡(𝑇)) − (𝑦⃗𝑡(0), 𝑦⃗𝑛𝑡(0) − 𝑦⃗𝑡(0)) 

           +𝑠(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑛 − 𝑦⃗)(𝑇) − 𝑠(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑛 − 𝑦⃗)(0) − ∫ 𝑠𝑡(𝑡, 𝑦⃗𝑛, 𝑦⃗𝑛𝑡 − 𝑦⃗𝑡)𝑑𝑡
𝑇

0
.  

Since 𝑦⃗𝑛
𝑳𝟐(𝑸)
→   𝑦⃗  &    𝑦⃗𝑛𝑡 𝑳𝟐(𝑸)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝑦⃗𝑡, thus by (60) and Hypotheses 2.1.1 one acquires that  

(62𝑎) = ∫ [(60𝑎) + (60𝑏)]𝑑𝑡 → ∫ [(61𝑎) + (61𝑏)]𝑑𝑡
𝑇

0

𝑇

0
.  

A similar manner which utilized to get (21), utilizes also here to obtain 

      𝑦⃗𝑛𝑡(𝑇)
𝐋𝟐(Ω)
→   𝑦⃗𝑡(𝑇).                                                        (63)  

On the other hand, since 𝑦⃗𝑛 𝑳𝟐(𝑰,𝑽)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ 𝑦⃗ , then utilizing (21) and (63) in (62b), it yields that  

(62𝑏) → ∫ (61𝑎) + (61𝑏)𝑑𝑡
𝑇

0
.  

From  𝑦⃗𝑛
𝑳𝟐(𝑸)
→   𝑦⃗ and the continuity of  ∫ (𝑓𝑙(𝑦𝑙𝑛), 𝑦𝑙𝑛)𝐿2(Ω)

𝑇

0
𝑑𝑡  with respect to   𝑦𝑙 , one has: 

 (60𝑏) → (61𝑏). 
Beside these convergences, all the expressions in (62c) imply to zero, in addition the first two 

expressions in LHS of (62); hence (62) gives  

∫ ‖𝑦⃗𝑛(𝑡) − 𝑦⃗(𝑡)‖𝑯𝟏(𝑸)
2 𝑑𝑡

𝑇

0
→ 0   as  𝑛 → ∞ so we get that  𝑦⃗𝑛

𝑳𝟐(𝐈,𝐕)
→    𝑦⃗ . 

 

The Uniqueness of the QSVS:  

Assume that  𝑦⃗ = (𝑦1, 𝑦2, 𝑦3, 𝑦4) &  𝑦⃗̅ = (𝑦̅1, 𝑦̅2, 𝑦̅3, 𝑦̅4)  are two QSVS of  the WFO ((8) - 

(12)), then subtracting each equality form its conforming one and letting 𝑣𝑙 = 𝑦𝑙 − 𝑦 ̅𝑙  for 𝑙 =
1,2,3,4, utilizing Lemma 2.1 in [40] for the 1st expression in each equality and then gathering 

all the above equalities, and Hypothesis 2.1.1, (ib) to acquire  
𝑑

𝑑𝑡
[‖(𝑦⃗ − 𝑦⃗̅)

𝑡
‖
𝑳𝟐(𝛀)

2

+ 𝑠(𝑡, (𝑦⃗ − 𝑦⃗̅), (𝑦⃗ − 𝑦⃗̅)] ≤ 𝑠𝑡 (𝑡, (𝑦⃗ − 𝑦⃗̅), (𝑦⃗ − 𝑦⃗̅))  

+2∫  
 

Ω
[𝐿1|𝑦1 − 𝑦̅1|

2 + 𝐿2|𝑦2 − 𝑦̅2|
2 + 𝐿3|(𝑦3 − 𝑦̅3)|

2 + 𝐿4|𝑦4 − 𝑦̅4|
2].  

Using Hypothesis 2.1.1 (ii) and take the integral from 0 to 𝑡,  

∫ 𝑑
𝑑𝑡

𝑡

0
[‖(𝑦⃗ − 𝑦⃗̅)

𝑡
‖
𝑳𝟐(𝑸)

2

+ 𝑎̅ ‖(𝑦⃗ − 𝑦⃗̅)
 
‖
𝑯𝟏(Ω)

2

]  𝑑𝑡 ≤   

∫ 𝑏‖(𝑦⃗⃗⃗−𝑦⃗⃗⃗̅) ‖𝑯𝟏(Ω)

2𝑡

0
 𝑑𝑡 + ∫ 𝐿

𝑡

0
‖(𝑦⃗ − 𝑦⃗̅)‖

𝑳𝟐(𝑸)

2
𝑑𝑡.         

Utilizing the ICs,  

‖(𝑦⃗ − 𝑦⃗̅)
𝑡
(𝑡)‖

𝑳𝟐(𝑸)

2

+ ‖(𝑦⃗ − 𝑦⃗̅)(𝑡) ‖𝑯𝟏(Ω)
2

≤ 0 + 𝐿̃ ∫ [‖(𝑦⃗⃗⃗−𝑦⃗⃗⃗̅) ‖𝑯𝟏(Ω)

2𝑡

0
+ ‖(𝑦⃗ − 𝑦⃗̅)‖

𝑳𝟐(𝑸)

2
] 𝑑𝑡.  
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Where  𝐿 = 2max{𝐿1, 𝐿2, 𝐿3, 𝐿4}, 𝐿̿ = max {𝐿, 𝑏}, 𝐿̅ = min {1, 𝑎̅}, and  𝐿̃ =
𝐿̿

𝐿̅
. 

Employing the inequality of Belman-Gronwal in [20], to acquire 

‖(𝑦⃗ − 𝑦⃗̅)
 
(𝑡)‖

𝑯𝟏(Ω)

2

= 0 , ∀𝑡 ∈ 𝐼   ⟹ ‖(𝑦⃗ − 𝑦⃗̅)
 
(𝑡)‖

𝑳𝟐(𝑰,𝑽)

2

= 0      ⟹   𝑦⃗ = 𝑦⃗̅.        

Thus, the QSVS is unique. 

 

 

4.  Existence of a CBOCQV:  

Lemma 4.1: Besides to Hypothesis 2.1.1, consider 𝑦⃗ and  𝑦⃗ + 𝛿𝑦⃗  are the QSVS conforming 

to the bounded CBCQV 𝑢⃗⃗  and  𝑢⃗⃗ + 𝛿𝑢⃗⃗⃗⃗⃗  respectively, then for 𝐾 ∈ ℛ+ 
‖𝛿𝑦⃗‖𝑳∞(𝑰,𝑳𝟐(𝛀)) ≤ 𝐾‖𝛿𝑢⃗⃗‖𝑳𝟐(𝛛𝑸) , ‖𝛿𝑦⃗‖𝑳𝟐(𝑸) ≤ 𝐾 ‖𝛿𝑢⃗⃗‖𝑳𝟐(𝛛𝑸),  ‖𝛿𝑦⃗‖𝑳𝟐(𝑰,𝑽) ≤ 𝐾 ‖𝛿𝑢⃗⃗‖𝑳𝟐(𝛛𝑸).    

Proof:  Assume 𝑢⃗⃗ = (𝑢1, 𝑢2, 𝑢3, 𝑢4) and  𝑢⃗⃗̅ = (𝑢̅1, 𝑢̅2, 𝑢̅3, 𝑢̅4) ∈  𝑳
𝟐(𝛛𝑸), then  𝑢⃗⃗𝜎 = 𝑢⃗⃗ +

𝜎𝛿𝑢⃗⃗ ∈ 𝑳𝟐(𝛛𝑸), with 𝛿𝑢⃗⃗⃗⃗⃗ = 𝑢⃗⃗̅ − 𝑢⃗⃗ and > 0 , then by Theorem 3.1, 𝑦⃗ = 𝑦⃗𝑢⃗⃗⃗ = (𝑦1, 𝑦2, 𝑦3, 𝑦4), 

and  𝑦⃗𝜎 = 𝑦⃗𝑢⃗⃗⃗𝜎 = (𝑦1𝜎, 𝑦2𝜎 , 𝑦3𝜎, 𝑦4𝜎)  are their conforming QSVS, and ((8) – (12)) for  𝑦⃗𝜎, 

they turns to with   𝑢⃗⃗𝜎 = 𝑢⃗⃗ + 𝜎𝛿𝑢⃗⃗  which are held ((8) – (12)), i.e.,    
〈𝑦1𝜎𝑡𝑡, 𝑣1〉 + 𝑟1(𝑡, 𝑦1𝜎, 𝑣1) + (𝑎1𝑦1𝜎, 𝑣1)𝐿2(Ω) − (𝑏2𝑦2𝜎, 𝑣1)𝐿2(Ω) +  

(𝑏3𝑦3𝜎, 𝑣1)𝐿2(Ω) − (𝑏4𝑦4𝜎, 𝑣1)𝐿2(Ω) = (𝑓1(𝑦1𝜎), 𝑣1)𝐿2(Ω) + (𝑢1𝜎 , 𝑣1)𝐿2(𝜕Ω).                 (64)  

〈𝑦2𝜎𝑡𝑡, 𝑣2〉 + 𝑟2(𝑡, 𝑦2𝜎, 𝑣2) + (𝑎2𝑦2𝜎, 𝑣2)𝐿2(Ω) + (𝑏2𝑦1𝜎, 𝑣2)𝐿2(Ω) −  

 (𝑏5𝑦3𝜎, 𝑣2)𝐿2(Ω) + (𝑏6𝑦4𝜎, 𝑣2)𝐿2(Ω) = (𝑓2(𝑦2𝜎), 𝑣2)𝐿2(Ω) + (𝑢2𝜎, 𝑣2)𝐿2(𝜕Ω).                (65) 

〈𝑦3𝜎𝑡𝑡, 𝑣3〉 + 𝑟3(𝑡, 𝑦3𝜎, 𝑣3) + (𝑎3𝑦3𝜎, 𝑣3)𝐿2(Ω) − (𝑏3𝑦1𝜎, 𝑣3)𝐿2(Ω) +  

(𝑏5𝑦2𝜎, 𝑣3)𝐿2(Ω) + (𝑏7𝑦4𝜎, 𝑣3)𝐿2(Ω) = (𝑓3(𝑦3𝜎), 𝑣3)𝐿2(Ω) + (𝑢3𝜎, 𝑣3)𝐿2(𝜕Ω).                 (66) 

〈𝑦4𝜎𝑡𝑡, 𝑣4〉 + 𝑟4(𝑡, 𝑦4𝜎, 𝑣4) + (𝑎4𝑦4𝜎, 𝑣4)𝐿2(Ω) + (𝑏4𝑦1𝜎, 𝑣4)𝐿2(Ω) −   

(𝑏6𝑦2𝜎, 𝑣4)𝐿2(Ω) − (𝑏7𝑦3𝜎, 𝑣4)𝐿2(Ω) = (𝑓4(𝑦4𝜎), 𝑣4)𝐿2(Ω) + (𝑢4𝜎 , 𝑣4)𝐿2(𝜕Ω).                   (67)  

(𝑦𝑙𝜎
0 , 𝑣𝑙)𝐿2(Ω) = (𝑦𝑙(0), 𝑣1)𝐿2(Ω)   and  

(𝑦𝑙𝜎
1 , 𝑣𝑙)𝐿2(Ω) = (𝑦𝑙𝑡(0), 𝑣1)𝐿2(Ω)   , ∀𝑣𝑙 ∈ 𝑉𝑙  , 𝑙 = 1,2,3,4.                                         (68)  

By subtracting each one of ((8) – (12)) from its conforming one of ((64) – (68)), putting 𝑦⃗𝜎 −
𝑦⃗ = 𝛿𝑦⃗𝜎 = (𝑦1𝜎, 𝑦2𝜎 , 𝑦3𝜎 , 𝑦4𝜎), they acquire 
〈𝛿𝑦1𝜎𝑡𝑡, 𝑣1〉 + 𝑟1(𝑡, 𝛿𝑦1𝜎, 𝑣1) + (𝑎1𝛿𝑦1𝜎, 𝑣1)𝐿2(Ω) − (𝑏2𝛿𝑦2𝜎, 𝑣1)𝐿2(Ω) + (𝑏3𝛿𝑦3𝜎, 𝑣1)𝐿2(Ω) 

−(𝑏4𝛿𝑦4𝜎, 𝑣1)𝐿2(Ω) = (𝑓1(𝑦1 + 𝛿𝑦1𝜎) − 𝑓1(𝑦1), 𝑣1)𝐿2(Ω) + (𝜎𝑢1, 𝑣1)𝐿2(𝜕Ω).    (69)  

〈𝛿𝑦2𝜎𝑡𝑡, 𝑣2〉 + 𝑟2(𝑡, 𝛿𝑦2𝜎 , 𝑣2) + (𝑎2𝛿𝑦2𝜎, 𝑣2)𝐿2(Ω) + (𝑏2𝛿𝑦1𝜎, 𝑣2)𝐿2(Ω) + (𝑏5𝛿𝑦3𝜎, 𝑣2)𝐿2(Ω) +                         

(𝑏6𝛿𝑦4𝜎, 𝑣2)𝐿2(Ω) = (𝑓2(𝑦2 + 𝛿𝑦2𝜎) + 𝑓2(𝑦2), 𝑣2)𝐿2(Ω) + (𝜎𝑢2, 𝑣2)𝐿2(𝜕Ω).                          (70) 

〈𝛿𝑦3𝜎𝑡𝑡, 𝑣3〉 + 𝑟3(𝑡, 𝛿𝑦3𝜎, 𝑣3) + (𝑎3𝛿𝑦3𝜎, 𝑣3)𝐿2(Ω) − (𝑏3𝛿𝑦1𝜎, 𝑣3)𝐿2(Ω) + (𝑏5𝛿𝑦2𝜎, 𝑣3)𝐿2(Ω) +                                                                               

(𝑏7𝛿𝑦4𝜎, 𝑣3)𝐿2(Ω) = (𝑓3(𝑦3 + 𝛿𝑦3𝜎) − 𝑓3(𝑦3), 𝑣3)𝐿2(Ω) + (𝜎𝑢3, 𝑣3)𝐿2(𝜕Ω).               (71) 

〈𝛿𝑦4𝜎𝑡𝑡, 𝑣4〉 + 𝑟4(𝑡, 𝛿𝑦4𝜎, 𝑣4) + (𝑎4𝛿𝑦4𝜎, 𝑣4)𝐿2(Ω) + (𝑏4𝛿𝑦1𝜎, 𝑣4)𝐿2(Ω) − (𝑏6𝛿𝑦2𝜎, 𝑣4)𝐿2(Ω) 

 −(𝑏7𝛿𝑦3𝜎, 𝑣4)𝐿2(Ω) = (𝑓4(𝑦4 + 𝛿𝑦4𝜎) − 𝑓4(𝑦4), 𝑣4)𝐿2(Ω) + (𝜎𝑢4, 𝑣4)𝐿2(𝜕Ω).                       (72)  

(𝛿𝑦𝑙𝜎
0 , 𝑣𝑙)𝐿2(Ω) = 0 and  (𝛿𝑦𝑙𝜎

1 , 𝑣𝑙)𝐿2(Ω) = 0 , ∀𝑣𝑙 ∈ 𝑉𝑙  , 𝑙 = 1,2,3,4.                                    (73) 

 
         Using   𝑣𝑙 = 𝛿𝑦𝑙𝜎𝑡  , for  𝑙 = 1,2,3,4 in  ((69) – (73)), employ Lemma 2.1 in [40] for the 

1st expressions  in  the LHS of each resulting equality, then employing the same steps which 

utilized to acquire (32),  ones get analogs equality with  𝛿𝑦⃗𝜎  in  position of  𝑦⃗𝑛 , and by 

employing Hypothesis  2.1.1, (ii) for the 2nd expression in the LHS, after take the absolute 

values of (32), it yields to: 

𝑑

𝑑𝑡
[‖𝛿𝑦⃗⃗⃗⃗⃗𝜎𝑡‖𝑳𝟐(𝛀)

2
+ 𝑎̅‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗‖𝑯𝟏(𝛀)

2
] ≤      
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𝑏‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗‖𝑯𝟏(𝛀)
2

+ 2(|(𝑏2𝛿𝑦2𝜎 + 𝑏3𝛿𝑦3𝜎 + 𝑏4𝛿𝑦4𝜎, 𝛿𝑦1𝜎𝑡)𝐿2(Ω)| +  

|(𝑏2𝛿𝑦1𝜎 + 𝑏5𝛿𝑦3𝜎 + 𝑏6𝛿𝑦4𝜎, 𝛿𝑦2𝜎𝑡)𝐿2(Ω)| + |(𝑏3𝛿𝑦1𝜎, 𝛿𝑦3𝜎𝑡)𝐿2(Ω)| +  

|(𝑏5𝛿𝑦2𝜎 + 𝑏7𝛿𝑦4𝜎, 𝛿𝑦3𝜎𝑡)𝐿2(Ω)| + |(𝑏4𝛿𝑦1𝜎 + 𝑏6𝛿𝑦2𝜎, 𝛿𝑦4𝜎𝑡)𝐿2(Ω)| +  

|(𝑏7𝛿𝑦3𝜎, 𝛿𝑦4𝜎𝑡)𝐿2(Ω)| + |(𝑓1(𝑦1 + 𝛿𝑦1𝜎) − 𝑓1(𝑦1), 𝛿𝑦1𝜎𝑡)𝐿2(Ω)| + 

|(𝜎𝛿𝑢1, 𝛿𝑦1𝜎𝑡)𝐿2(𝜕Ω)| + |(𝑓2(𝑦2 + 𝛿𝑦2𝜎) − 𝑓2(𝑦2), 𝛿𝑦2𝜎𝑡)𝐿2(Ω)| +  

 |(𝜎𝛿𝑢2, 𝛿𝑦2𝜎𝑡)𝐿2(𝜕Ω)| + |(𝑓3(𝑦3 + 𝛿𝑦3𝜎) − 𝑓3(𝑦3), 𝛿𝑦3𝜎𝑡)𝐿2(Ω)| + 

|(𝜎𝛿𝑢3, 𝛿𝑦3𝜎𝑡)𝐿2(𝜕Ω)| + |(𝑓4(𝑦4 + 𝛿𝑦4𝜎) − 𝑓4(𝑦4), 𝛿𝑦4𝜎𝑡)𝐿2(Ω)| + 

 |(𝜎𝛿𝑢4, 𝛿𝑦4𝜎𝑡)𝐿2(𝜕Ω)| ).  

Taking the integral on [0, t], the inequality of Shwartz and Hypothesis 2.1.1, (ib) on the 𝑓𝑙 in 

RHS, setting  |𝑏𝑖| ≤ 𝑐𝑖 > 0, 𝑖 = 2,3,4,5,6,7, to acquire     

‖𝛿𝑦⃗⃗⃗⃗⃗𝜎𝑡(𝑡)‖𝑳𝟐(𝛀)

2
+ 𝑎̅‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗(𝑡)‖𝑯𝟏(𝛀)

2
≤ 

𝑏 ∫ ‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗‖𝑯𝟏(𝛀)
2

𝑑𝑡
𝑡

0
+  

2∫ [ 𝑐2‖𝛿𝑦2𝜎‖𝐿2(Ω)‖𝛿𝑦1𝜎𝑡‖𝐿2(Ω) + 𝑐3‖𝛿𝑦3𝜎‖𝐿2(Ω)‖𝛿𝑦1𝜎𝑡‖𝐿2(Ω) +
𝑡

0
𝑐4‖𝛿𝑦4𝜎‖𝐿2(Ω)‖𝛿𝑦1𝜎𝑡‖𝐿2(Ω)  

+ 𝐿1‖𝛿𝑦1𝜎‖𝐿2(Ω)‖𝛿𝑦1𝜎𝑡‖𝐿2(Ω) + ‖𝜎𝛿𝑢1‖𝐿2(∂Ω)‖𝛿𝑦1𝜎𝑡‖𝐿2(∂Ω)]𝑑𝑡 +  

2∫ [ 𝑐2‖𝛿𝑦1𝜎‖𝐿2(Ω)‖𝛿𝑦2𝜎𝑡‖𝐿2(Ω) + 𝑐5‖𝛿𝑦3𝜎‖𝐿2(Ω)‖𝛿𝑦2𝜎𝑡‖𝐿2(Ω) +
𝑡

0
  

𝑐6‖𝛿𝑦4𝜎‖𝐿2(Ω)‖𝛿𝑦2𝜎𝑡‖𝐿2(Ω) + 𝐿2‖𝛿𝑦2𝜎‖𝐿2(Ω)‖𝛿𝑦2𝜎𝑡‖𝐿2(Ω) + ‖𝜎𝛿𝑢2‖𝐿2(∂Ω)‖𝛿𝑦2𝜎𝑡‖𝐿2(∂Ω)]𝑑𝑡 

+2∫ [ 𝑐3‖𝛿𝑦1𝜎‖𝐿2(Ω)‖𝛿𝑦3𝜎𝑡‖𝐿2(Ω)
𝑡

0
+  𝑐5‖𝛿𝑦2𝜎‖𝐿2(Ω)‖𝛿𝑦3𝜎𝑡‖𝐿2(Ω) +  

𝑐7‖𝛿𝑦4𝜎‖𝐿2(Ω)‖𝛿𝑦3𝜎𝑡‖𝐿2(Ω) + 𝐿3‖𝛿𝑦3𝜎‖𝐿2(Ω)‖𝛿𝑦3𝜎𝑡‖𝐿2(Ω) + ‖𝜎𝛿𝑢3‖𝐿2(∂Ω)‖𝛿𝑦3𝜎𝑡‖𝐿2(∂Ω)]𝑑𝑡  

+ 2 ∫ [ 𝑐4‖𝛿𝑦1𝜎‖𝐿2(Ω)‖𝛿𝑦4𝜎𝑡‖𝐿2(Ω) +
𝑡

0
𝑐6‖𝛿𝑦2𝜎‖𝐿2(Ω)‖𝛿𝑦4𝜎𝑡‖𝐿2(Ω) +  

𝑐7‖𝛿𝑦3𝜎‖𝐿2(Ω)‖𝛿𝑦4𝜎𝑡‖𝐿2(Ω) + 𝑐6‖𝛿𝑦2𝜎‖𝐿2(Ω)‖𝛿𝑦4𝜎𝑡‖𝐿2(Ω) + 𝑐7‖𝛿𝑦3𝜎‖𝐿2(Ω)‖𝛿𝑦4𝜎𝑡‖𝐿2(Ω) +  

𝐿4‖𝛿𝑦4𝜎‖𝐿2(Ω)‖𝛿𝑦4𝜎𝑡‖𝐿2(Ω) + ‖𝜎𝛿𝑢4‖𝐿2(∂Ω)‖𝛿𝑦4𝜎𝑡‖𝐿2(∂Ω))]𝑑𝑡.  

Utilizing the trace operator, Young’s inequality, the relations between the norms and then 

gathering the same terms and the definition of the vector norm, it yields to 

‖𝛿𝑦⃗⃗⃗⃗⃗𝜎𝑡(𝑡)‖𝑳𝟐(𝛀)

2
+ 𝑎̅‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗(𝑡)‖𝑯𝟏(𝛀)

2
≤ 𝑏 ∫ ‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗‖𝑯𝟏(𝛀)

2
𝑑𝑡

𝑡

0
+ ∫ [𝑐1̅‖𝛿𝑦1𝜎‖𝐿2(Ω)

2 + 𝑐2̅‖𝛿𝑦2𝜎‖𝐿2(Ω)
2𝑡

0
  

+𝑐3̅‖𝛿𝑦3𝜎‖𝐿2(Ω)
2 + 𝑐4̅‖𝛿𝑦4𝜎‖𝐿2(Ω)

2 + 𝜎‖𝛿𝑢1‖𝐿2(∂Ω)
2 + 𝑐8‖𝛿𝑦1𝜎𝑡‖𝐿2(Ω)

2 + 𝑐9‖𝛿𝑦2𝜎𝑡‖𝐿2(Ω)
2 +  

𝑐10‖𝛿𝑦3𝜎𝑡‖𝐿2(Ω)
2 + 𝑐11‖𝛿𝑦4𝜎𝑡‖𝐿2(Ω)

2 ]𝑑𝑡 + 𝜎‖𝛿𝑢⃗⃗⃗⃗⃗ (𝑡)‖𝐿2(∂Ω)
2

.  

Where 𝑐1̅ = 𝑐2 + 𝐿1 + 𝑐3 + 𝑐4, 𝑐2̅ = 𝑐2 + 𝐿2 + 𝑐5 + 𝑐6 ,  𝑐3̅ = 𝑐3 + 𝑐5 + 𝑐7 + 𝐿3, 𝑐4̅ = 𝑐4 +
𝑐6 + 𝑐7 + 𝐿4, 𝑐8 = 𝑐1̅ + 𝜎 , 𝑐9 = 𝑐2̅ + 𝜎 , 𝑐10 = 𝑐3̅ + 𝜎 , 𝑐11 = 𝑐4̅ + 𝜎. 

Hence,  

𝑐7̅ [‖𝛿𝑦⃗⃗⃗⃗⃗𝜎𝑡(𝑡)‖𝑳𝟐(𝛀)
2

+ ‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗(𝑡)‖𝑯𝟏(𝛀)
2

] ≤ 𝜎‖δu⃗⃗⃗⃗⃗‖
𝑳𝟐(𝛛𝛀)

2
+ 𝑐8̅ ∫ [‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗‖𝑯𝟏(𝛀)

2
+ ‖𝛿𝑦⃗⃗⃗⃗⃗𝜎𝑡‖𝑳𝟐(𝛀)

2
] 𝑑𝑡

𝑡

0
,  

where 𝑐5̅ = max(𝑐8, 𝑐9, 𝑐10, 𝑐11), 𝑐6̅ = max(𝑐1̅, 𝑐2̅, 𝑐3̅, 𝑐4̅, 𝑏), 𝑐7̅ = max (1, 𝑎̅), 
  𝑐8̅ = max (𝑐5̅, 𝑐6̅).     

Therefore, with 𝐿 =
𝑐8̅

𝑐7̅
 , it becomes     

 ‖𝛿𝑦⃗⃗⃗⃗⃗𝜎𝑡(𝑡)‖𝑳𝟐(𝜴)

2
+ ‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗(𝑡)‖𝑯𝟏(𝜴)

2
≤

𝜎

𝑐7̅
‖𝛿𝑢⃗⃗⃗⃗⃗(𝑡)‖

𝑳𝟐(𝝏𝑸)

2
+ 𝐿 ∫ (‖𝛿𝑦⃗⃗⃗⃗⃗𝜎𝑡‖𝑳𝟐(𝜴)

2
+ ‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗‖𝑯𝟏(𝜴)

2
) 𝑑𝑡

𝑡

0
.   

By employing the BGI, with 𝐾2 =
𝜎

𝑐7̅
𝑒𝑇𝐿 > 0, it yields  

‖𝛿𝑦⃗⃗⃗⃗⃗𝜎𝑡(𝑡)‖𝑳𝟐(𝜴)

2
+ ‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗(𝑡)‖𝑯𝟏(𝜴)

2
≤ 𝐾2‖𝛿𝑢⃗⃗⃗⃗⃗(𝑡)‖

𝑳𝟐(𝝏𝑸)

2
, ∀𝑡 ∈ 𝐼  

⇛ ‖𝛿𝑦⃗⃗⃗⃗ 𝜎⃗(𝑡)‖𝑯𝟏(𝜴)

2
≤ 𝐾2‖𝛿𝑢⃗⃗⃗⃗⃗(𝑡)‖

𝑳𝟐(𝝏𝑸)

2
 and  ‖𝛿𝑦⃗⃗⃗⃗⃗𝜎𝑡(𝑡)‖𝑳𝟐(𝜴)

2
≤ 𝐾2‖𝛿𝑢⃗⃗⃗⃗⃗(𝑡)‖

𝑳𝟐(𝝏𝑸)

2
,   ∀𝑡 ∈ 𝐼 
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The other results acquire immediately. 

 

Hypotheses 4.2:  

Consider 𝑔𝑙 , ℎ𝑙 , 𝑙 = 1,2,3,4   is of Carathéodory Type on  (𝑄 × ℝ) and on (∂Ω × ℝ), 
respectively and satisfy the following condition with respect to 𝑦𝑙 , 𝑢𝑙 
|𝑔𝑙(𝑥, 𝑡, 𝑦𝑙)| ≤ 𝛾𝑙(𝑥, 𝑡) + 𝑐𝑙(𝑦𝑙)

2  and   |ℎ𝑙(𝑥, 𝑡, 𝑢𝑙)| ≤ 𝛿𝑙(𝑥, 𝑡) + 𝑑𝑙(𝑢𝑙)
2  

Where 𝑦𝑙  , 𝑢𝑙 ∈ ℝ , 𝛾𝑙  ∈ 𝐿
1(Q) , 𝛿𝑙 ∈ 𝐿

1(∂Ω) 
 

 

Lemma 4.3: The OF 𝐺 (𝑢⃗⃗) is continuous on 𝐿2(∂Ω). 
Proof: From Hypotheses 4.2,  

‖𝑔𝑙(𝑥, 𝑡, 𝑦𝑙)‖ ≤ 𝛾𝑙(𝑥, 𝑡) + 𝑐𝑙‖𝑦𝑙‖
2   and  ‖ℎ𝑙(𝑥, 𝑡, 𝑢𝑙)‖ ≤ 𝛿𝑙(𝑥, 𝑡) + 𝑑𝑙‖𝑢𝑙‖

2 . 

Hence, the continuity of ∫ 𝑔𝑙(𝑥, 𝑡, 𝑦𝑙)𝑑𝑥𝑑𝑡
 

𝑄
 and  ∫ ℎ𝑙(𝑥, 𝑡, 𝑢𝑙)𝑑𝜎

 

∂Q
 on 𝐿2(Q) & 𝐿2(∂Q) 

respectively, ∀𝑙 = 1,2,3,4  are secured after applying Proposition 2.1 in [14], and thus  𝐺 (𝑢⃗⃗)  
is continuous on  𝐋𝟐(𝛛𝐐) . 
 

Theorem 4.4: If  𝑈⃗⃗⃗ compact,  𝑊⃗⃗⃗⃗ ≠ ∅ , 𝐺 (𝑢⃗⃗) is convex with resp. to 𝑢⃗⃗  for fixed (𝑥, 𝑡, 𝑦⃗). 
Then there exists a CBOCQV. 

Proof: The assumptions on 𝑈⃗⃗⃗ give that 𝑊⃗⃗⃗⃗ is compact weakly, but 𝑊⃗⃗⃗⃗ ≠ ∅, then a minimizing 

sequence {𝑢⃗⃗𝑘}𝑘∈𝑁 ∈ 𝑊⃗⃗⃗⃗, ∀𝑘 exists, such that  lim
𝑛→∞

𝐺 (𝑢⃗⃗𝑘) = inf  𝑢⃗⃗⃗𝑘∈𝑊⃗⃗⃗⃗  𝐺 (𝑢⃗⃗̅), hence 

‖𝑢⃗⃗𝑘‖𝑳𝟐(𝛛𝛀) ≤ 𝑐 , ∀𝑘, and by Alaglou’s Theorem   {𝑢⃗⃗𝑘}𝑘∈𝑁 has a subsequence say again 

{𝑢⃗⃗𝑘}𝑘∈𝑁  such that  𝑢⃗⃗𝑘 𝑳𝟐(𝛛𝛀)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ 𝑢⃗⃗ . 

Then by Theorem 3.1, there exists a sequence {𝑦⃗𝑘}𝑘∈𝑁 of QSVS corresponding to the 

sequence of the QBOCV {𝑢⃗⃗𝑘}𝑘∈𝑁 and that ‖𝑦⃗𝑘𝑡‖𝑳𝟐(𝑸) ‖𝑦⃗𝑘‖𝑳∞(𝑰,𝑳𝟐(𝛀)) and   ‖𝑦⃗𝑘‖𝑳𝟐(𝑰,𝑽) are 

bounded,  hence by Alaglou’s Theorem  there exists a subsequence of  {𝑦⃗𝑘}𝑘∈𝑁,  let for 

simplicity be {𝑦⃗𝑘}𝑘∈𝑁 and {𝑦⃗𝑘𝑡}𝑘∈𝑁 such that  𝑦⃗𝑘 = 𝑦⃗𝑢⃗⃗⃗𝑘    𝑳𝟐(𝑰,𝑽)   ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   𝑦⃗ = 𝑦⃗𝑢⃗⃗⃗   and  𝑦⃗𝑘𝑡 =

𝑦⃗𝑢⃗⃗⃗𝑘𝑡    𝑳𝟐(𝑸)   ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ 𝑦⃗𝑡 = 𝑦⃗𝑢⃗⃗⃗𝑡 .  

But we have 𝑳𝟐(𝑰, 𝑽) ⊂ 𝑳𝟐(𝑸) ≅ (𝑳𝟐(𝑸))∗ ⊂ 𝑳𝟐(𝑰, 𝑽∗), hence by  Aubin’s Theorem in [40] 

there exists a subsequence of  {𝑦⃗𝑘}𝑘∈𝑁, let for simplicity be {𝑦⃗𝑘}𝑘∈𝑁 such that  𝑦⃗𝑘
𝑳𝟐(𝐐)
→    𝑦⃗. 

Now, since  𝑦⃗𝑘 is the QSVS corresponding to the 𝑢⃗⃗𝑘 , then the WFO in ((8) – (11)) become as 
〈𝑦1𝑘𝑡𝑡, 𝑣1〉 + 𝑟1(𝑡, 𝑦1𝑘, 𝑣1) + (𝑎1𝑦1𝑘, 𝑣1)𝐿2(Ω) − (𝑏2𝑦2𝑘, 𝑣1)𝐿2(Ω) + (𝑏3𝑦3𝑘, 𝑣1)𝐿2(Ω) 

−(𝑏4𝑦4𝑘, 𝑣1)𝐿2(Ω)  = (𝑓1(𝑦1𝑘), 𝑣1)𝐿2(Ω) + (𝑢1𝑘, 𝑣1)𝐿2(𝜕Ω).                                                    (74) 

 〈𝑦2𝑘𝑡𝑡, 𝑣2〉 + 𝑟2(𝑡, 𝑦2𝑘, 𝑣2) + (𝑎2𝑦2𝑘, 𝑣2)𝐿2(Ω) + (𝑏2𝑦1𝑘, 𝑣2)𝐿2(Ω) − (𝑏5𝑦3𝑘, 𝑣2)𝐿2(Ω) 

 +(𝑏6𝑦4𝑘, 𝑣2)𝐿2(Ω) = (𝑓2(𝑦2𝑘), 𝑣2)𝐿2(Ω) + (𝑢2𝑘, 𝑣2)𝐿2(𝜕Ω).                                               (75) 

〈𝑦3𝑘𝑡𝑡, 𝑣3〉 + 𝑟3(𝑡, 𝑦3𝑘, 𝑣3) + (𝑎3𝑦3𝑘, 𝑣3)𝐿2(Ω) − (𝑏3𝑦1𝑘, 𝑣3)𝐿2(Ω) + (𝑏5𝑦2𝑘, 𝑣3)𝐿2(Ω)  

+(𝑏7𝑦4𝑘, 𝑣3)𝐿2(Ω)  = (𝑓3(𝑦3𝑘), 𝑣3)𝐿2(Ω) + (𝑢3𝑘, 𝑣3)𝐿2(𝜕Ω).                                                  (76) 

〈𝑦4𝑘𝑡𝑡, 𝑣4〉 + 𝑟4(𝑡, 𝑦4𝑘, 𝑣4) + (𝑎4𝑦4𝑘, 𝑣4)𝐿2(Ω) + (𝑏4𝑦1𝑘, 𝑣4)𝐿2(Ω) − (𝑏6𝑦2𝑘, 𝑣4)𝐿2(Ω)  

 −(𝑏7𝑦3𝑘, 𝑣4)𝐿2(Ω) = (𝑓4(𝑦4𝑘), 𝑣4)𝐿2(Ω) + (𝑢4𝑘, 𝑣4)𝐿2(𝜕Ω).                                           (77) 

Let 𝜑𝑙 ∈ 𝐶
2[0, 𝑇], such that 𝜑𝑙(𝑇) = 𝜑̀𝑙(𝑇) = 0 , 𝜑𝑙(0) ≠ 0 and  𝜑̀𝑙(0) ≠ 0, ∀𝑙 = 1,2,3,4. 

Multiply of ((74) – (77)) by 𝜑1, 𝜑2, 𝜑3 & 𝜑4, respectively such that take the integral on [0, T], 

and applying integrating by parts for the 1st  term in each acquired equalities, to bring 

∫
𝑑

𝑑𝑡

𝑇

0
(𝑦1𝑘𝑡, 𝑣1)𝜑1𝑑𝑡 + ∫ [𝑟1(𝑡, 𝑦1𝑘

𝑇

0
, 𝑣1) + (𝑎1𝑦1𝑘 − 𝑏2𝑦2𝑘 + 𝑏3𝑦3𝑘  

−𝑏4𝑦4𝑘, 𝑣1)𝐿2(Ω)]𝜑1(𝑡)𝑑𝑡 = ∫ ((𝑓1(𝑦1𝑘), 𝑣1)𝐿2(Ω) + (𝑢1𝑘, 𝑣1)𝐿2(𝜕Ω))𝜑1(𝑡)𝑑𝑡
𝑇

0
+  

(𝑦1𝑘
 (0), 𝑣1)𝐿2(Ω)𝜑1(0).                                                     (78) 
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∫ 𝑑
𝑑𝑡
 

𝑇

0
(𝑦2𝑘𝑡, 𝑣2)𝜑2(𝑡)dt + ∫ [𝑟2(𝑡, 𝑦2𝑘

𝑇

0
, 𝑣2) + (𝑎2𝑦2𝑘 + 𝑏2𝑦1𝑘 − 𝑏5𝑦3𝑘  

+𝑏6𝑦4𝑘, 𝑣2)𝐿2(Ω)]𝜑2(𝑡)𝑑𝑡 = ∫ ((𝑓2(𝑦2𝑘), 𝑣2)𝐿2(Ω) + (𝑢2𝑘, 𝑣2)𝐿2(𝜕Ω))𝜑2(𝑡)𝑑𝑡
𝑇

0
+  

(𝑦2𝑘
 , 𝑣2)𝐿2(Ω)𝜑2(0).                                                                (79) 

∫ 𝑑
𝑑𝑡
 

𝑇

0
(𝑦3𝑘𝑡, 𝑣3)𝜑3(𝑡)dt + ∫ [𝑟3(𝑡, 𝑦3𝑘

𝑇

0
, 𝑣3) + (𝑎3𝑦3𝑘 − 𝑏3𝑦1𝑘 + 𝑏5𝑦2𝑘  

+𝑏7𝑦4𝑘, 𝑣3)𝐿2(Ω)]𝜑3(𝑡)𝑑𝑡 = ∫ ((𝑓3(𝑦3𝑘), 𝑣3)𝐿2(Ω) + (𝑢3𝑘, 𝑣3)𝐿2(𝜕Ω))𝜑3(𝑡)𝑑𝑡
𝑇

0
+  

(𝑦3𝑘
 , 𝑣3)𝐿2(Ω)𝜑3(0).                                                                        (80) 

∫ 𝑑
𝑑𝑡
 

𝑇

0
(𝑦4𝑘𝑡, 𝑣4)𝜑4(𝑡)dt + ∫ [𝑟4(𝑡, 𝑦4𝑘

𝑇

0
, 𝑣4) + (𝑎4𝑦4𝑘 + 𝑏4𝑦1𝑘 − 𝑏6𝑦2𝑘  

−𝑏7𝑦3𝑘, 𝑣4)𝐿2(Ω)]𝜑4(𝑡)𝑑𝑡 = ∫ ((𝑓4(𝑦4𝑘), 𝑣4)𝐿2(Ω) + (𝑢4𝑘, 𝑣4)𝐿2(𝜕Ω))𝜑4(𝑡)𝑑𝑡
𝑇

0
+  

(𝑦4𝑘
 , 𝑣4)(𝐿2(Ω)𝜑4(0).                                                                      (81) 

In this point, one can utilize the same manner that was utilized in the proof of Theorem 3.1 to 

passage the limits. So, in the LHS of ((83)-(86)) and in the first expression of the RHS of 

them, to passage the limit in the remaining expressions in the RHS of them, since 

𝑤𝑙𝑘 𝐿2(∂Q)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ 𝑤𝑙  then  

∫ 𝑤𝑙𝑘𝑢𝑙𝑑𝑥𝑑𝑡
 

∂Ω
⟶ ∫ 𝑤𝑙𝑢𝑙𝑑𝑥𝑑𝑡

 

∂Ω
 , ∀𝑢𝑙 ∈ 𝐶[Ω̅], for 𝑙 = 1,2,3,4.                         (82) 

This convergence is held also for every 𝑣𝑙 ∈ 𝑉 , since 𝐶[Ω̅] is dense in 𝑉. 

Hence, 𝑦⃗   is the QSVS of the WFO ((8) – (11)), ∀ 𝑣𝑙 ∈ 𝑉, almost everywhere on I. 

Finally, to show the passage to the limit in the IC, the same steps that employed in the proof 

of Theorem 3.1 also they can be utilized here and hence 𝑦⃗ is the QSVS of the WFO of the 

NLHPBVP.  

Beside these, from the proof of Lemma 4.3, ∫ 𝑔𝑙(𝑦𝑙𝑘)𝑑𝑥𝑑𝑡
 

𝑄
is continuous with respect to  𝑦𝑙𝑘,  

∀𝑙 = 1,2,3,4  , and but 𝑦⃗𝑙𝑘
𝑳𝟐(𝐐)
→   𝑦⃗𝑙 , hence through Proposition 1 in [33], it acquires that  

 ∫ 𝑔𝑙(𝑦𝑙𝑘)𝑑𝑥𝑑𝑡
 

𝑄
  
          
→    ∫ 𝑔𝑙(𝑦𝑙)𝑑𝑥𝑑𝑡

 

𝑄
.                                                                          (83)  

From the continuity of ℎ𝑙(𝑢𝑙)  by Lemma 4.3 and  ℎ𝑙(𝑢𝑙) has the convex property, its result is 

weakly lower semi continuous (WLSC) with respect to  𝑢𝑙 , ∀𝑙 = 1,2,3,4, then 

∫ 𝑔𝑙(𝑦𝑙 )𝑑𝑥𝑑𝑡
 

𝑄
+ ∫ ℎ𝑙(𝑢𝑙)𝑑𝜎

 

∂Q
 ≤ lim

𝑘→∞
inf ∫ ℎ𝑙(𝑢𝑙𝑘)𝑑𝜎

 

∂Q
+ ∫ 𝑔𝑙(𝑦𝑙𝑘)𝑑𝑥𝑑𝑡

 

𝑄
  

= lim
𝑘→∞

inf ∫ ℎ𝑙(𝑢𝑙𝑘)𝑑𝜎
 

∂Q
+ lim
𝑘→∞

∫ (𝑔𝑙(𝑦𝑙) − 𝑔𝑙(𝑦𝑙𝑘))𝑑𝑥𝑑𝑡
 

𝑄
+ ∫ 𝑔𝑙(𝑦𝑙𝑘)𝑑𝑥𝑑𝑡

 

𝑄
                                                  

= lim
𝑘→∞

inf ∫ ℎ𝑙(𝑢𝑙𝑘)𝑑𝜎
 

∂Q
+ lim
𝑘→∞

inf ∫ 𝑔𝑙(𝑦𝑙𝑘)𝑑𝑥𝑑𝑡
 

𝑄
,  (by (83)) 

i.e.,  𝐺(𝑢⃗⃗) ≤ lim
𝑘→∞

inf 𝐺(𝑢⃗⃗𝑘) = lim
𝑘→∞

 𝐺(𝑢⃗⃗𝑘) = inf𝑢⃗⃗⃗∈𝑈⃗⃗⃗ 𝐺(𝑢⃗⃗̅𝑘) ⇒  𝐺(𝑢⃗⃗) = min𝑢⃗⃗⃗𝑘∈𝑊⃗⃗⃗⃗ 𝐺(𝑢⃗⃗̅).   

Therefore,  𝑢⃗⃗  is a CBCOQV. 

 

5. Conclusions 

     From the study of the QBOCP controlling by QNLHS one can conclude that; the theorem 

of existence a unique QSVS for the WFO of the QNLHS is proved in infinite dimensional 

space via the MG and the help of the theorem of Aubin with given CBCQV. The continuity of 

the operator of Lipchitz between the QSVS and the conforming CBOCQV is demonstrated. 

The theorem of existence a CBOCQV which is minimized the OF and is controlled by the 

QNLHS is demonstrated in infinite dimensional space.  
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