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Abstract
Let H and K be separable complex Hilbert spaces, and let B(H,K) be the space of
bounded linear operators from H to K. If H=K we write B(H) for B(H,H).In this note
we study separating vectors for separators on B(H®K) that have representations of

A C
the form (O BJ , where A€ B(H),BeB(K) and CeB(K,H).
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Introduction

Let H be separable complex Hilbert space,
and let B(H) be the algebra of bounded (linear)
operators on H. For T e B(H) , we let W(T) be the
weak closure of the sub algebra generated by T’
in B(H) .A vector xeH is called separating vector
for T if for each 40 W(T), Ax=0 implies A=0
,[12]. 4 vector xeH is called a cyclic vector for T
if for each A0 W(T) , Ax=0 implies A=0, [12].
A vector xeH is called cyclic vector for 7 if the
span of the set {x,7x,T"x,...}is norm dense in H
,[4]. It is known that every cyclic vector is a
separating vector [2,p289]. However the
converse is false in general.

This paper represents a portion of the Ph.D.
thesis written by the second author under the
supervision of the first .It was submitted to the
college of Science ,University of Baghdad in the
year 2001.
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In [11] an example is given of an operator that

does not have a separating vector. Thus the
question arises :which operators have separating
vectors, and when is the set of separating vectors
dense in B(H). It is known that normal operators,
algebraic operators and triangular operators have
separating vectors, [3],[11],[13].
In this not we study separating vectors for
operator matrices, operators represented by
matrices where entries are operators. For the
properties of such operators see[4]. For general
references of operators, see [1],[2],[3],[4],[7].

Preliminaries

Let H be a separable complex Hilbert space
and B(H) is the algebra of bounded linear
operators of H. Let A be a subalgebra of B(H) .
A vector xeH is called a separating vector for 4
is the map 7—7x is injective, i.e. if Tx=0 for
some 7T€A, then T7=0,[12]. A vector xeH is
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called a cyclic vector for A4 if the set {Tx\T'€A}is
dense in H in the norm topology[4].

Let T €eB(H), and let W(T) be the closure in the
weak operator topology of the subalgebra of
B(H) generated by T, [8]. We say that a vector
xeH is a separating vector for 7 if x is a
separating vector for W(T), we some times write
xe sep(w(T))=sep(T). And x is a cyclic vector for
T if x is a cyclic vector for W(T).

The following result is known:

Lemma 1.1 [5,p.289] Let TeB(H). If x is a
cyclic vector for 7, then x is a separating vector
for T.

The following example shows that the converse
of 1.1 is false.

Example 1.2. Let U be the unilateral shift

operator on H where H =/ ,(C) by U is defined
on the standard basis for /,(C) by Ue=e;,
Vi=l,2,... Tt is easily seen that e; is cyclic
vector for U because the span of the set
{U'e,n=0,1,2,...}is dense in H. Thus by 1.1, e; is
separating vector. on the other hand, one can
check easily that e,, n>2 is a separating vector
for U but are not cyclic vectors.

The following example shows even finite
dimensional algebras may not have separating
vectors.

Example 1.3. Let AcB(C?) such that

d a b
A= 0 d2 C :d1+d2+d3:0,b,CEC
0 0 d,

Note first that dim A4=5.Let T,,7,,75,T4,T5 be
five linearly indepent elements in 4. If x is a
separating vector for A, then the vector
T1x,Tx,T3x,T4x,Tsx would be linearly
indepented in C®. In fact if & C,T =0, theX
C[Ti=0,and C[ Vi.

The following is an example of an operator that
has separating vectors.

Example 1.4. Let H be finite dimensional
complex Hilbert space with dim H=n, n>2. Let
{ei,e2,...,en} be an orthonormal basis for H.
The backward shift operator 7 on H is defined
on the basis by Te,;=0, and Te;=e, | i>2.since H is
finite dimensional, then it can be seen easily
using Cayley-Hamilton theorem that

W(T) = {aol +a,T+...... +an I a; eC

We claim that x=(x1,x»,...,x,) €H is a separating
vector iff x,#0. To see this,
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A= agl+ a\T+.. +a,, T in W(T) and Ax=0. This
gives the system of equations
aoxit+ aix,t.. . +an1x,=0

apxyt.. tayx,=0

AoXp1t+ a1x,=0
aopx,=0

If x, 20, then a,=0 Vi, and 4 = 0. On the other
hand, one can see that if x,720, then
(x1,X2,...,x4.1,0) is not separating vector for T. in
fact 7" (x1,%2,....xn.1,0) =0 but 7"" #0(Note that
7"=0). In the following, we give another class of
operators that have separating vectors.

Example 1.5. Let H= /,(C) and let D be a

diagonal operator on H defined on the basis {e,}
by De,=a,e, , a,€C, n=1,23,... .It can be seen
easily that W(D) consist of all diagonal operators.
Thus, if AeW(D) then Ae,=f, e,
fneCn=123,....... It is clear now that if
x=(x1,x2,...) €H such that x;#0 Vi, thenxisa
separating vector.
Remark 1.6. An example is given in [10] of an
operator TeB(H) which does not have a
separating vector.
Remark 1.7. If an operator 7 in B(H) has a
separating vector, then the set of separating
vectors may not be dense in H. For this, see
Ex.14.
Next we discuss separating vectors of similar
operators. We first recall the following
definitions [5].
Definition 1.8. Let H and K be Hilbert spaces.
We say that an operator A €B(H) is quasiaffine of
an operator Be B(H) if BC=CA for some injective
dense range operator Ce B(H,K).
The operators 4 and Bquasisimilar if 4 is a
qusiaffine to B and B is a quasiaffine to 4.

It is clear that if A and B are similar ,then they
are quasisimilar.
Proposition 1.9. Let H and K be Hilbert spaces.
Assume AeB(H) is quasiaffint to BeB(K). If 4
has a separating vector, then B is a separating
vector.
Proof. Let xe H be a separating vector for 4. The
exist an operator QeB(H,K)such that QO is
injective with dense range and BO=0B. we claim
that Ox is a separating vector for B. It is easily
that P(B)Q =QP(A) for each polynomail P. This
implies that W(B)O=0W(A) .i.e. T,0=0QT, for all
T,eW(A) and T,eW(B). Assume T,#0, then
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T,Ox#0. In fact if 7,0x=0, then Q T1x=0, which
implies that 7,x=0 and hence 7,=0, and
T,=0.Since Q has dense range, then 7,=0.Hence
Ox is a separating vector for B.

Using a similar argument, one can prove the
following

Proposition 1.10. If 4 and B in the last
proposition, and if the set of separating vectors
for a is dense in H, then the set of separating
vectors of B is dense in K.

2. Separating Vectors of Operators Matrices
In this section we study separating vectors of

operator matrices [4]. We consider first the

operator A®B where AeB(H), BeB(K) and HK

are Hilbert spaces.

Proposition 2.1. For Hilbert space H, K, let

AeB(H), BeB(K), and let S=(g ZJ in B(H®K).

Then for each xeH,yeKz=x®yeSep(S) iff
xeSep(4) and yeSep(B).
Proof. Let xeSep(4) and yeSep(B) and z=x®y.

Assume  TeW(S), then T=(g gj for

CeW(A4),DeW(B).So

C 0)(x Cx
Tz= =

0 D)\y) \Dy
If 7z=0, then Cx=0, Dy=0 which imply C=0 and
D=0, and hence 7=0. Thus ze Sep(W(S)) .
On the other hand, if zeSep(W(S)),
z=x1®y, where x,€H, and y,ek.

Let Ce W(A) and Cx;=0.

then

C 0
Let T 1=(0 0], thus T, eW(S). Therefore

C 0)(x Cx,
T z= = and T7T,z=0. So,
0 0y 0

T:=0 and hence C=0, therefore x;
eSep(W(A)). Similarly if DeW(B) and Dy,=0,

0 0
we have y, eSep(W(B)) if T1=(0 Dj

The proof of the following is similar to the proof
of the last proposition.

Proposition 2.2. For Hilbert spaces H;, 1<i<n
,let A;eB(H;)).If we define SeB(®X".
H;) by
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S= ] . then W(S)has a
0 A,

separating vector if each W(4;) has a separating
vector.

The proof of the following is simple and hence is
omitted.

Proposition 2.3. For Hilbert spaces H, K, let
AeB(H),BeB(K). If the sets Sep(W(S)) and
Sep(W(B)) are dense in H and K respectively,
then Sep(W(S)) is dense in H®K, where

S 40, B(H®K)
= n .
0 B
Let us turn to separating vectors of operators

A E
matrices of the form (0 BJ in B(H®C").We

start by a special case.

Proposition 2.4. Let AeB(H) that have a
separating vector. Let yeH, A €C such that
yeRan(4-A1), where [ is the identity operator on
H. Define the operator S € B(H®C) by

A
S:(O i{] Then the Algebra W(S) has a

separating vector. Moreover, if Sep(4) is dense
in H, then Sep(S) is dense in HOC.
Proof. Let xe H such that y=( A-Al)x. Define Re

I x (4 0
B(H®C) as R= . Thus RSR™'= :
0 1 0 4

Hence RSR'=4 @ A. It is easy tosee that for
operator A:C—C, ever --y non zero element in C
is a separating vector. Thus by 2.1.4 @ A has a
separating vector, and thus by 1.9, S has a
separating vector. The last assertion follows from
1.10, and 2.3.

Corollary 2.5. Let AeB(H) such that Sep(4)#4,
and let AeC such that A& o(4). Then for each

A
yeH, the operator S—[O ;jj has a separating

vector.

Proof. Since A¢ o(A4), then A4-Al is invariable,
hence is surjective. The result now follows from
2.4.

Remark 2.6. The condition yeRan(4-Al)in
proposition 2.5 is sufficient but is not necessary,
as in seen by the following example.
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Example: let xeH such that y=( 4-ADx. Define

1 x
Re B(H®C) as R—[O lj'

A 0
Thus RSR'1=(O /J. Hence RSR'= A®A i.e.

the operator S is similar to the operator A®A. It
is easy that for the operator A1:C—C,every
nonzero element in C is a separating vector. Thus
by 2.1 A®A has a separating vector, and thus by
1.9, S has a separating vector. The last assertion
follows from 1.10 and 2.3.

Corollary 2.5. Let Ae B(H) such that Sep(4) #4,
and let AeC such that A¢ o(4). Then for each

A
yeH, the operator S= (0 j) has a separating

vector.

Proof. Since A¢ o(4), then A-Al is invariable,
hence is surjective. The result now follows from
24.

Remark 2.6. The condition yeRan(4-Al) in
proposition 2.5 is sufficient but is not necessary
,as is seen by the following example.

Example 2.7. Let D be a diagonal operator on
H=/,(C) with diagonal elements

1 1 1 1
I,—, —,..). Let x== (1,—, —,... d
( 5 3 ) et x= ( 5 3 ) an

D X
S= 0 0 in BH®C). It is clear that

x #Ran(D).

On the other hand, It easy to show that W(S) has
a cyclic vector and hence  has a separating
vector by 1.1 . In fact, let Z=0®1 € H®C. For
n>1,

SnH: Dn+l an
0 0

+1 (an] : :
Thus, S" z= 0 I By [4,p86], D is a cyclic
operator and hence span{D"x/n=0,1,2,...} is
dense in H. This implies that Z is cyclic vector
for S.
More generally. We prove the following.
Proposition 2.8. Let AeB(H) such that the
Sep(W(A))=¢. Let y;eH, and A;eC,i=1,2,...,n,
and let
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A Yy Yo e o Y,
0 4 0 0
0 0 4, O 0
S= 2
0
0 y)

n

Where Se B(H®C"). If A; & o(A) for all Lthen S
has a separating vector.

Proof. Since 4 & o(d), i=12,...n, then &t 22

operator (A4-A;D)are invertible and hence
yieRan(4-1;1). Let x;eH such that y=(4-4;])
Xi=12,...n.
Let
X| Xy e e X,
1 0 0
R= o 0 1 0 O
0
0 1
Then Re B(H®C"). Note that
A 0
z
RSR'= A
0 A

n

A 0
Hence RSR'1=(0 Dj’ when D is a diagonal

operator on C" with diagonal elements A, A,,...,
A..By 1.5, W(D") has a separating vector, thus by
2.2, RSR' has a separating vector. The result
follows from 1.9.

A E
Next we turn to the operator matrix [0 B in

B(H®K). We need the following theorem.
Theorem 2.9. Let AeB(H) and Be(K). If

A E
a(A)N o(B)=¢, then the operator (0 Bj is

o A 0
similar to the operator .
0 B

Proposition 2.10. Let AeB(H) and BeB(K) such
that ao(4) N o(B)=¢. Assume that each of 4 and B
has a separating vector in H and K respectively.

A E
Let S:(O BJ in B(H®K) where EcB(K,H).

Then S has a separating vector .
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Proof. By Th.2.9, the operator S is similar to the

operator S= € B(H®K). The result

follows from 1.9 and 1.4.
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