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Abstract

Let R be a commutative ring with identity. We call the proper submodule N of
M a coquasi - invertible submodule if HOM(M,N) =0 the main purpose of this

work is the study of the properties of coquasi - invertible submodules. and give
definithon of corational submodule. Then show that if M is self projective, then N
is coquasi - invertible submodule of M if and only if N is corational in M.
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Introduction:

Let R be a commutative ring with identity.
The concept of an invertible submodule of an R -
module was introduced in [1]. It was shown in
[1] that if N is an invertible submodule of M,

then Hom(%, M)=0 . In [5] this result was

adopted as a definition of quasi - invertible
submodule, i.e. a submodule N of an R - module

M
M is quasi - invertible if Hom(W, M)=0.In

this paper we introduce a dual of this concept .

Thus we call the proper submodule N of
M coquasi - invertible submodule if
Hom(M,N) =0 The main purpose of this
work is the study of the properties of coquasi -
invertible submodules Let N be a submodule of
an R - module M, we say that N is corational in
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N
M if Hom(M ,E) =0 for all submodules K of

M such that K © N = M . We show that if M

is self projective, then N is coquasi - invertible
submodule of M if and only if N is corational in
M.

§1.Basic properties: we start this section by the
following definition.

Definition 1-1:A proper submodule N of an R -
module M is called coquasi - invertible
submodule of M if HOM(M,N) =0.

Not that the zero submodule is a coquasi -
invertible submodule of any nonzero R - module
M.

It is clear that if N is a nonzero coquasi -
invertible submodule of an R - module M, then N
can not bea direct summand of M. In the
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following we give two examples, the first one is
of a coquasi - invertible submodule and the other
is not.

1- Consider Q, the set of rational number as a Z -
module. The submodule Z of Q is a coquasi -

invertible submodules, since Hom(Q,Z) =0.
2- Consider Z; as Z module. The submodule
{6,5} of Z, is not a coquasi - invertible
submodule of Z, since the homomorphism
f:Z, >{0,2} defined by f(1)=21is a

nonzero homomorphism

Proposition 1-2: Let N be a coquasi - invertible
submodule of an R - module M, then

ann(M) = ann(%).

M
Proof: Let I € ann(W) ,then rM < N .Define
f:M—>N by f(m)=rm , for
me M . N is a coquasi - invertible submodule

of M, therefore. T =0  Thus rM =0 ,this
implies that. r € annM The other inclusion is

every

clear.

The converse of proposition 1-2 is not true as is
shown by the following example.
Consider M =Z @ Z as a Z - module and let

N=Z® {0} . It is clear that
ann(Z @ Z2) = ann(ﬂ) , while
Z {0}

Hom(Z®Z,Z®{0})# 0 .ie. Z®{0} is not
coquasi - invertible submodule of Z @ Z .

Next we study the traces of coquasi - invertible
submodule. But first we need the following.
Remark 1-3: Let N be a coquasi - invertible

submodule of the R - module M. If
a € Hom(M,R) ,then (M) ckerg ,
[
¢ € HOm(R,N).
Proof: Suppose that (M) & Nker¢ ,
[

¢ € Hom(R, N) , then there exists ¢, : R = N
such that.g, ca#0 This is a contradiction
therefore (M) < Nker¢ .

¢

Recall that the trace of an R - module M, denoted
by TM) is  T(M)=) #(M) where
[
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¢ € Hom(M,R) Proposition 1-4: N is a

coquasi - invertible submodule of the R - module

M, then T(M)cann(N).

Proof: If T(M)=0 ,the result is
Suppose that T(M)=0 , then there exists
¢+#0, e Hom(M,R) . By Remark 1-3
#p(M) cNkery,y € HoOm(R,N) .For every

v

clear .

X e N define h, : R — N by h (r)=rx ,then
h,og=0,e(h og)(M)=g(M)x=0 thus
@#(M)N =0 and therefore g(M) < ann(N) ,
this implies that T(M )< ann(N).

The converse of proposition 1.-4 is not true.
Consider the following example.

Examplel-5: Consider V4 4 as Z - module ,then
{6,5} is a V4 4 But
Hom(Z,,Z) =0 , thus T(Z,) = 0 while{0,2}

submodule of

is not a coquasi - invertible submodule of Z 4

Recall that an R - module M is called torsionless
module if (1ker¢@ =0 where ¢ € Hom(M,R)
¢

In the following proposition we give a condition
under which a torsionless submodule becomes a
coquasi - invertible submodule.

Proposition1-6: Let N be a torsionless submodule
of the R - module M If T(M)=0 ,then N is a

coquasi - invertible submodule of M.

Proof:  Suppose that HOmM(M,N) # 0 Then
there exists a nonzero homomorphism
f:M — N .Therefore there exists me M

such that f(m)#0. N is torsionless

submodule, then f(m) & (ker¢ where
[

¢ € Hom(N,R) .Thus, there exists

@, :N — R such that f(m) ¢ kerg, . Hence

@, f #0 .This implies that T(M)#0 a
contradiction.

Corollary1-7: Let N be a torsionless submodule
of the R - module M If ann(N) =0 ,then N
is a coquasi - invertible submodule of M if and
only if T(M)=0.

The proof is clear from Proposition 1-4 and
Proposition 1-6 Recall that an R - module M is

called a multiplication module, if every
submodule N of M is of the form IM for some
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ideal | of R [7]. It is known that every faithful
multiplication module is torsionless [8], thus we
have.

Corollary 1-8: If N is a faithful multiplication
submodule of an R - module M, then N is a
coquasi - invertible submodule of M if and only
ifT(M)=0

Corollaryl-9: Let M be an R - module. If M
contains a faithful cyclic submodule which is a
coquasi - invertible submodule, then every
faithful cyclic submodule has this property.
Proof: Let N be a faithful cyclic submodule
which is a coquasi - invertible. And let K be a
faithful  cyclic  submodulethen K  is
multiplication [2]. By Prop. 1-4
T(M)cann(N) ,thenT(M)=0 .By corollary
1-8 K is coquasi - invertible submodule.

Recall that, for an integral domain R, an R -
module M is called torsion - free if every

me M,m =0 and for every I € R,r # 0 then
rm=0

Corollaryl-10: Let M be a torsion - free R -
module with T(M)=0 . Then every cyclic
submodule of M is invertible

submodule.

coquasi -

Let J be a proper ideal in the ring R. we say that J
i coquasi - invertible ideal of R, if J is a coquasi
- invertible R - submodule of R as R - module.
The following Proposition shows that the ideal J
is coquasi - invertible if and only if J =0.

Proposition 1-11: Let J be a Proper ideal of R,
then J is coquasi - invertible ideal if and only if

R
ann(—)=0.
( ] )
Proof: Suppose that J is coquasi - invertible ideal

R
of R. By propositionl-2 ,ann(j) =ann(R) ,

But ann(R) =0, therefore ann(?) =0. The

converse, let f € Hom(R,J) and let T € R |
fr+d)=fMHr+JcJ, thus

f()e ann(?) . But ann(?) =0 therefore
f(1)=0 and hence f =0.
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§2 Characterization for coquasi - invertible
submodule.

The following theorems gives some
characterizations for coquasi - invertible
submodule .

Theorem2-1: Let N be a nonzero proper

submodule of the R - module M. Then N is a
coquasi - invertible submodule if and only if for

every ¢ € End(M) such

have (I) is the identity homomorphism, where

that To =1 , we

M
M- W is the natural epimorphism.

Proof: Let ¢ End(M) and let me M then
(zog)m)=z(m)  and
gm-meN ie (g—1)meN .sop—1 is

a homomorphism from M into N, and N is
coquasi - invertible submodule of M, therefore

gp=1.
For the converse, let f € HOm(M,N) and let

i:N —>M be the inclusion homomorphism.
Foreach me M ,We have

[z (1 =io f)[m)=z(m- f(m))=
m—f(m)+N =m+N =z(m)

This implies that 7 o (I —1lo f)=7l‘ and thus
| —iof=1,ie f=0.

Theorem 2-2-: Let N be a submodule of the R -

module M. then N is a coquasi - invertible

hence

submodule of M if and only if for every
M
¢:M _)W if there exists ¥ : M — M such

that 7oy = ¢ , then \J is unique.
M M
Proof: Let ¢: M —)W and let 7: M —>W be

the natural homomorphism. If ¥ : M — M and

w':M —> M are such that 7oy =¢ and
moy'=¢ ,then for every me M ,we have
w(M)—y'(m)eN .But y—y' is a

homomorphism, and N is coquasi - invertible

submodule of M, therefore ¥ —y' =0 and
hence w =y'.
For the converse, let f:M — N and let

i:N—>M be the inclusion homomorphism,
then io f € End(M ) and

zoliof)my=zof(m=Ffm+N=0.



Naoum et.al.
Since 7 o (i o f ): o0 .this implies that
f=0.
§3. Coquasi - invertible submodule and

corational submodule.
It is well - known that every R - module can

~n

be embedded in an injective R - module M

with M essential in 1\7[ .M is called the

injective hull of M [4, P.128].A submodule U of
an R - module M is calledrational in M if

M A ~
Hom(U, M) =0 where M is the injective

hull of M. [3, P.33].The following is a useful
characterization of these kind of submodules.

Proposition 3-1: Let U be a submodule of an R -
module M, the following are equivalent;
1-U is rational in M.

2-Forany U cV ¢ M,Hom(%,M):O.

Proof: Let U be a rational submodule in M and
letVc M such that U cV <M . Suppose

there exists a nonzero homomorphism

ge Hom(l,M)., Where i:l—>M is the
U u U

inclusion homomorphism and J: M — M is
the inclusion homomorphism from M to M the

injective hull of M. Since M is injective
module, there exists a homomorphism

h:%—)l\)l such that hoi=jog . But

g # 0 hence h # 0 a contradiction. Suppose
there

feHom(%,l\?l) let f_l(l\/l):% for some

exists a nonzero homomorphism

UcVcM.
Deﬁneg:%—)l\/l by g(x+U)= f(X+U)
for every X €V . Since f #0 ,then there exists

m+U U e% such that

0# f(m+U)eM . But M is essential in M
, S0  there exists reR such  that
Oxrf(m+U)=f(rm+U)eM . This
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\Y
implies that rm+U € — and hence

rf(m+U)=g(rm+U) # 0 a contradiction .

Now, we introduce the dual of the concept of
rational submodule as follows.

Definition 3-2: A submodule N of an R - module
N
M is called corational in M if Hom(M ’E) =0

for all submodule K of M such that

KecNcM.
It is clear that if N is corational in M, then N is
proper submodule of M.

Example 3-3: Consider ZP°° as Z - module. It
is known that every proper submodule of ZP°°

is isomorphic to ZP“ for some integer n. It is

clear that

Hom(Z

PDO’

Z,
——)=0 .Then every
Z,

proper submodule of ZP“’ is corational in M.

It was shown [5, P.14] that every rational
submodule is quasi - invertible. Similarly we
have the following with clear proof.

Proposition 3-4Let N be a submodule of M. If N
is corational in M then N is coquasi - invertible
submodule of M.

In the following theorem we show that if M is a
multiplication module, the converse of Prop.3-4
is true.

Theorem 3-5: Let M be a multiplication R -
module, if N is a coquasi invertible submodule
of M, then N is corational submodule in M.

Proof: Let M be a submodule of M, such that
N
K < N and suppose that Hom(M ’E) =0 .

There exists a mnonzero homomorphism

f:M—)%.Now letmeM |, then

f(my=x+K =K ,for some xe N . But

n
N = [N :M ]M ,hence X = Z:t‘imi where
i=1
e [N : M] ,and Mm; € M thus there exists

1
1<i<n such that rm, ¢ K . Define
almeM .

h:M — N by h(m)=rm for



Naoum et.al.

In particularh(m;)=rm, ¢ K ,i. e rrm, #0 .
This is a contradiction thus f =0.

Recall that a submodule N of an R - module M is
said to be small in M if for every submodule U
of M with N+U =M we have U=M The
following proposition shows that every
corational submodule is small.

Proposition 3-6: Let N be a submodule of M. If
N is corational in M then N is small in M.
Proof:Let K be a submodule of M such that

N+K=M ,then%=N+K

. But

N+K _ N
K ~NNOK

and N is corational in M,

thus 0 = Hom(M, N
NNK

natural

M
~ Hom(M,—) .
) ( K)
In  particular the epimorphism
M
7:M —)? must be zero. This implies that
k=M.

The converse of proposition 3-6 is not true
consider the following example.

Example 3-7: Consider V4 4 asaZ-module. It is
easily seen that the submodule {6,5} is a small
submodule of Z 4 - On other hand {6,5} is not

02}

corational in Z4 since Hom(LA%—?) #0

Definition3-9: An R - module M is said to be self
- projective if for every submodule N of M, any

M
homomorphism ¢ : M _)W can be lifted to a

homomorphism 7 : M — M 1. e the following
diagram is commutative.

/M

o v

¥ "

M z 7 ) 0
N

Where 7T is the natural epimorphism the
following is a characterization of self - projective
modules.

Proposition 3-10:An R - module M is self -
projective if and only if for every epimorphism

Iragi Journal of Science, Vol.47, No.1, 2006, PP. 154-159

g:M —> M’ where M’ is any R - module any
homomorphism f :M — M’ can be lifted to a

homomorphism h:M — M | i. e the following
diagram is commutative.

M
hof
ML sM’ 0

Proof: Let M be a self - projective R - module
and let :M — M’ be an epimorphism. Thus

by first isomorphism theorem, there exists an

isomorphism y : M' — make the
ker g
diagram commutative.
M
h,” f
‘// v
M—>M’
Lo b4
R
M
kerg

Where TU is the natural epimorphism and for any
m'e M ,w(m’)=x+kerg whereg(x)=m" .
Since M is self - projective, then there exists a
homomorphism h:M — M such that
zoh=wof .Let meM then

h(m)+kerg = x+kerg where g(x)= f(m) . Now
h(m)—xekerg ie g(h(m)—x)=0,then
goh(m)—g(x) =0 thus g o h(m)=f(m) ,
therefore g o h=f .The other direction is clear.
The following theorem gives a condition under
which the converse of Proposition 3-4 is true.
Theorem 3-11: Let M be a self - projective R -
module and let N be a submodule of M, then N is
coquasi - invertible submodule of M if and only
if N is corational in M.

Proof: Suppose N is a is coquasi - invertible
submodule of the self - projective R - module M.
Let K be a submodule of M, such that K < N
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N
and  let h e Hom(M ’E) . Consider  the

following diagram.

\\\\
\\
- =< X|Z

y
M——-

M

. N
Where I :— —> — 1s the inclusion
K K

homomorphism. Since M is a self - projective
module, there exists a homomorphism
v:M — M such that 7oy =ioh .Let

m € M then h(m) = x+ K for some x € N

and  hence zow(m)=ioh(m).That is
w(Mm)+ K =X+ K ,hence w(m)—xe K .But
Xe N and K < N , therefore w(m) € N .This
implies that i € Hom(M , N) . Now, N is a
coquasi - invertible submodule, thus 7 =0 and

hence h=0.

The converse follows from Prop. 3-4.

Recall that for any ring R, the Jacobson radical
of R denoted by J(R) , is defined to be the

intersection of all maximal right ideals of R. It is
known that J(R) is the sum of all small right

ideal of R. Before we give the next proposition
we need the following lemma. [3-4, P.187[

Lemma 3-12: Let M be a self - projective R -
module and, then J(S) ={f € End(M)/ «Imf is

small submodule of M}

In the next theorem we give a condition under
which each small submodule of self - projective
module is coquasi - invertible submodule.
Theorem 3-13: Let M be a self - projective R -

module With J(End(M))=0 and letN be a
submodule of M. then N is a small submodule in
M if and only if N is coquasi - invertible
submodule of M

Proof: Suppose that N is a small submodule in

M. let f e Hom(M,N).Setio f =¢ where

Iragi Journal of Science, Vol.47, No.1, 2006, PP. 154-159

iI:N —>M is the inclusion homomorphism.
Now,Img=Imf <N ,but N is a small

submodule in M, thus Im¢ is small in M and
therefore ¢ € J (End(M )) Lemma 3-12. This
implies  that =0 and  hence f =0The
converse, since N is a coquasi - invertible
submodule of M, then by theorem 3-11, N is
corational submodule of M. thus by proposition
3-6 N is small in M.

Remark3-14: The condition J(End(M))ZO is
essential in the previous theorem. For
End(Z,)=Z, and J(End(Z,))=Z, and thus
the condition of theorem 1.2.14 is not satisfied in
the Z - module Z, Note that the submodule

{6,5} is small submodule, which is not coquasi -
invertible submodule.
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