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Abstract

Two-dimensional computer simulations are carried out to quantify the quality of
apodized square aperture (ASA) in terms of the diffraction limited resolution and the
efficiency of detection of faint companions. The study involve the quality of the
point spread function (psf), and the modulation transfer function (MTF) of a
reference star. Annular apodized square aperture (AASA) is also considered in this
study. The results are then compared with the classical circular aperture.
ASA shows high contrast which increases the possibility of detection of faint
companions and AASA demonstrates significant high frequency components which
leads to high resolution.
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Introduction

All telescopes have an inherent limitation to
their angular resolution due to the diffraction of
light at the telescope aperture. The diffraction of
electromagnetic waves causes an optical system
to behave as a low-pass filter in the formation of
an image. The cut-off frequency is directly
determined by the shape and size of the limiting
pupil in the optical system. Telescope aperture
and consequently the value of the cut-off
frequency or knowledge of the psf and
equivalently the MTF, is a fundamental
importance in optical imaging, and has long been
recognised as an important element in image
analysis. The MTF, a quantitative measure in
image quality, is describing the ability of a
system to transfer object contrast to the image.
The MTF describes the image structure as a
function of its spatial frequencies. In some cases,
we need to maximize the resolution of optical
system in the specific frequency range which we
are interested.
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There are several criteria for analysing the
performance of an optical imaging systems. The
Rayleigh criterion is generally regarded as a
fundamental limit in predicting the performance
of optical imaging systems. In addition to that
criterion, measurements of MTF, strehl ratio,
diffraction limited resolution are also very well
considered in quantifying optical systems [1-9].
The search to direct image an extrasolar planet
requires contrast levels of 10’ a few A/D from the
central star [10]. Scattered light in a telescope and
diffraction pattern of the telescope’s aperture
limit the contrast possible for direct detection of
faint companions. The circular aperture of
telescope creates a sub-optimal diffraction
pattern, the so called Airy pattern which is a
zimuthally symmetric.

Apodized square aperture is firstly proposed by
Nisenson & Papaliolios [11] in order to allow
efficient detection of terrestrial extrasolar planets
[12].
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The aim of this paper is to assess the quality of
ASA and the proposed AASA in terms of the
contrast and resolution.

Theory

In this section, we present a brief and simple
theory of the image formation model. The
fundamental equation to be used for the formation
of an image by an ideal optical system is given
by:

i(xy)=[[ o(x,y psf(x—x,y—y)ddy (1)

i(x,y) = 0(X, y) ® psf (x,y) )
Equation (1) and (2) are equivalent. They are
representing a convolution equation. Where i(X,y)
is the observed image intensity, 0(X,y) is the
object intensity, Ppsf(x,y) represents the image
blurring function caused by an optical system and
® denotes convolution operator. The Fourier
transform of eq.(2) is given by:

I(u,v) = O(u,v). T(u,v) 3)

where I(u,v) and O(u,v) are, complex Fourier
transforms of the image intensity i(X,y), and the
object intensity 0(x,y) respectively; T(u,v) which
represents the Fourier transform of the psf, is an
important function known as the optical transfer
function (OTF). The modulation or amplitude of
the complex function T(u,v) is called MTF. In
general, the resolution of an imaging system is
limited only by the luck of large optical elements
that are free from inherent distortions.

Now  consider an extremely  distant
quasimonochromatic point source located on the
optical axis of a simple imaging system. In the
absence of atmospheric turbulence, this source
would generates a plane wave normally incident
on the lens. In the presence of the atmosphere, the
plane wave incident on the inhomogeneous
medium propagates into the medium, and
ultimately a perturbed wave falls on the lens. The
field distribution incident on the lens can be
expressed as,

U(.y)=e""" (4)
where ¢(77,y) is the random phase of the incident

wavefront and the variables (7,y)represent

distances in the pupil function. The instantaneous
psf of the entire telescope atmosphere system is
given by:
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psfx, ¥) = [FT[H(n,v)U(m, 1] ©)
where H (5, ) represents the pupil function and

FT denotes Fourier Transform operator. The
corresponding OTF is the Fourier Transform of
the psf, thus

T(uv)=FT[psf(x,y)] (6)
Equation (6) can also be written in terms of the
pupil function and the field distribution incident
on the lens as,

T(u,v)=[ [ HH* (n-n'y—7")

Uy )U*(-n'y=y)dn'dy" (7)
where * denotes complex  conjugate. The
variables 77 and y are related to the Fourier

space variables u and v by
n=Afu, y = Afvo, where A s the
wavelength and f is the focal length [10,11].

Results and Discussions
The pupil function H(p,y) is taken to be a

two- dimensional circular function via the
following equation:

1

1if R <[(m-nJ+F-v.J] <R
H(n,y) =
0 elsewhere
(8)
Where R; & R are the radii of the inner and

outer circles. 1, Yy are 2-D coordinates in the
pupil plane, and 77,, y, represent the center of an

array.

The actual size of the array (M by N) is taken to
be 512 pixels by 512 pixels. This size is taken as
large as possible in order to keep the theoretical
diffraction limit of these apertures to be truncated
at zero values inside this array. In addition to that,
this size of array will reduce the error that
associated with the simulation of the aperture.
This error is due to the artifact that arise from the
rough edges of the aperture. Eq.(8) was used to
generate circular aperture at different values
of e as shown in Fig.(1). It should be pointed out
here that R is taken to be 128 pixels to generate
the results throughout this paper.
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Fig.1: Circular aperture at different values of € Fig.2-II: Central lines through Fig.2-1
a-€ =0, b- €=0.25, c- €=0.5, d- €=0.75

The apodized square aperture (ASA) is given by:

1NN v Y Y gy
H(n,y) =[1-( R ) = )1° )

Where v is taken to be 1,2,3, and 4 respectively. -a nb
The pupil transmission is zero everywhere except
inside R where the above equation is taken place.
Fig (2-1 & II) show the ASA at different values of
v and their normalised horizontal lines through
the centers of their corresponding arrays. ;
= 7

Fig.3: AASA (v=1) at different values
of € (0,0.25,0.5,0.75).

Now, if we consider the object to be imaged is an
extremely distant quasimonochromatic point
source located at the axis of an optical telescope.
_a_ 'h'
o d-

In the absence of atmospheric turbulence, this
source would generates a plane wave as
mentioned before and so that ¢(z,) in eq. (4)

becomes zero and consequently U(n,y)=1

The psfs of the above apertures are computed
following eq.(5). The perspective plots of the
central parts of the psfs are shown in Figs.(4 to
7). Figs.(8 to 11) show the central lines through

Fig.2-I: ASA at different values of v Figs(4 to 7) respectively.
a- v=1, b- v=2, ¢c- v=3 d- v=4
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Fig.7: Perspective plots of the psf of AASA

Fig.4: Perspective plots of the psf of (v=4) at different values of € (0,0.25,0.5,0.75).
circular aperture at different values of €
(0,0.25,0.5,0.75).
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Fig.8: Horizontal lines through the central part
of the actual psf of the circular aperture at
different values of € (0,0.25,0.5,0.75).

Fig.5: Perspective plots of the psf of ASA
at different values of v (1,2,3,4).
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Fig.6: Perspective plots of the psf of Fig.9: Horizontal lines through the central
AASA (V=1) at different values of € parts of the actual psfs of the ASA at different
(0,0.25,0.5,0.75). values of v (1,2,3,4).
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Fig.10: Horizontal lines through the central
parts of the actual psfs of the AASA (v=1) at
different values of < (0,0.25,0.5,0.75).
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Fig.11: Horizontal lines through the central
parts of the actual psfs of the AASA (v=4) at
different values of < (0,0.25,0.5,0.75).

The figures from 4 to 9 demonstrate significantly
the advantage of using ASA and AASA. The
central spike is very narrow as shown in Figs.(10-
d & 11-d) compared with all other central spikes
but the secondary spikes are larger that others. In
case of defining resolution, the radius of the
diffraction spike (central spike) is considered.

The contrast of the regions of the psf is defined
by:

Z=psf(x,y) / psf(0,0) (10)
Where psf(0,0) is the intensity of the center of the
array of the psf (peak intensity).
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The contrast along the horizantal line passing the
image center at different values of v and € are
shown in Figs.(12 to 15). It should be pointed out
here that the contrast is taken in logarithmic
scaling.
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Fig.12: Horizontal cuts along the intensity of the

psfs of the circular aperture at different values
of €(0,0.25,0.5,0.75).
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Fig.13: Horizontal cuts along the intensity of the
psfs of ASA at different values of v
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Fig.14: Horizontal cuts along the intensity of
the psfs of ASA (v=1) at different values of €

(0,0.25,0.5,0.75).
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Fig.15: Horizontal cuts along the intensity of
the psfs of ASA (v=4) at different values of €
(0,0.25,0.5,0.75).

The above figures show very clearly the locations
where high contrast occurs (i.e., image area is
much darker than other area) . ASA demonstrates
the superiority of producing high contrast image

20 40 BO 80 100120
.C.

with v > 3.

The MTF is computed via eq.(6) or eq.(7) which

represents the autocorrelation of the pupil

Fig.17: MTFs of ASA at different values
of v (1,2,3,4).
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function. The corresponding MTFs are shown in Fig.18: MTFs of AASA (v=1) at different
Figs.(16 to 19).

values of € (0,0.25,0.5,0.75).
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Fig.19: MTFs of AASA (v=4) at different

values of € (0,0.25,0.5,0.75).

The normalised central plots of MTF of Figs.(16
to 19) are shown in Figs.(20 to 23) respectively.

MTF

0.8+ b

06F

o Ooom

02t .

1DIEI 2EIID 3EIID lt;DD EDID
requency values
Fig.20: Horizontal lines through the central
images of Fig.16
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Fig.22: Horizontal lines through the central
images of Fig.18
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Fig.23: Horizontal lines through the central images
of Fig.19

Fig.(19) illustrates significantly the high
frequency components that produced by AASA
(v=1 & 4) at €=0.75

The average frequency components of the
M normalised MTF (AF) for each aperture is
08t 1 calculated via the equation,
M N
06t 1 —LZZMTF(x,y) an
MN (= ¢
0ar i Table (1): AF for the described apertures.
€ Circular AASA AASA v |ASA
aperture (v=1) (v=4)
L 1 0 0.1962 0.1605 _ [0.0759 |1 |0.1605
0.25 0.1840 0.1514 0.0723 2 10.1203
0 ’ ’ : : 0.5 0.1472 0.1235 0.0612 3 10.0935
100 200 300 400 500 0.75  10.0859 0.0744 0.0401 4 10.0759

frequency values
Fig.21: Horizontal lines through the central
images of Fig.17
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The table and fig.23 describe the essential amount
of high frequency components that produced with
AASA.

Conclusions

The following conclusions could be drawn:
1-As Vv increases, the actual width of the psf
increases.
2-The central spike of AASA (v=4) at €=0.75 is
sharper than any other central spikes.
3-The contrast of AASA becomes higher as v
increases. In this case, some of the image area is
much darker than the other areas. This will allow
deep search for faint companions. For v > 3, the
increases in contrast becomes insignificant.
4-AASA (v=1 & 4) show the build up of the high
frequency components as € increases. This may
be useful in stellar speckle interferometery.
5-Circular aperture with €=0 gives highest AF
while AASA (v=4) with €=0.75 gives lowest
AF.
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