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Action of S® on Homotopy 15-Spheres

Adill Naoum* & Nerjis A. J. Dawood**

*Department of Vathe

**Departmen! of A
Received: 8172003

matics, College of Science, U niversity of Baghdad, Baghdad, Iraq
fathematics, College of Education. University of Baghdad, Baghdad, Irag

Accepted: 23/3/2005

Abstract

In this paper. we establish are
spheres and (12.7) sphere pairs.

lation between differential S* actions on

homotopy 15-
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Introduction
Let R" be the Euclidean real n-space, and D"

~ixe R"| || x || 1} and s =(xe Rl || x ||
=1}. If n=2m, then R2" can be identified with e,
the Euclidean complex m-space, and S' = {zeC |
izl =1} 1f n=4m.R*" can be identified with Q™,
where Q is the algebra of quaternions, and g
—twe Q| || w || = 1}. There exists standard
free differentiable action of S' on ™! whose
orbit space is the complex projective space
CP(n), and any ‘differentiable manifold having the
homotopy type of CP(n) is called a homotopy
complex projective spacc HCP(n). Similarly,
there exits a standard free differentiabl
s% on $'™" whose orbit space is the quaternion
projective  m-space, QP(m), and  any
differentiable manifold having the homotopy type
of QP(m) is called a homotopy quaternion
projective space HQP(m). [4]. [5]

In [12], [13]. Montgomery and Yang established
a relation between g' actions on homeotopy 7-
heres and (6, 3) sphere pairs. In this paper, we

Sp

try to establish similar relation between S
actions on homotopy 15-spheres and (125 )
sphere pairs. However, our results are not

conclusive as the results of Montgomery and
Yang.

We remark that an action of
M is free it gx=x for some g € G, x €
M, implies g=e. And the action is semi-free if it
is free outside the fixed point set. Finally, we
note that all actions considered in this work are
differentiable. For general references for the

group G on a

manifold
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e action of
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(12, 7) Ll e B2y S 2 shadl g1y 30
basic concepts and results, see [1], [3]. [6]. 7]
(81, [10], [14]

1. Differentiable §' action on Homotopy 7-
Spheres.

In their papers [3] and [4]. Montgomery and
Yang gave two different standard examples of
differentiable actions of §' on 8’ such that one of
these actions is free and the other is semi-free
with fixed point set diffeomorphic to S* and orbit
space diffeomorphic to §°. From the free action
they gave two characterizations of HCP(3), the
first one is known, the second characterization is
one. They prove also [4] that there arc
exactly six unoriented homotopy 7-spheres, not
diffeomorphic to one another, such that on each
of them there is a free differentiable action of .
Moreover, on any homotopy 7-sphere, if there
exists a free differentiable action of ', then there
are infinitely many topologically distinet actions
[4]. Hence they proved the existence of infinitely
many manifolds of the homotopy type of CP(3)
but not diffeomorphic to CP(3).

On the other hand Montgomery and Yang used
the standard semi-free action to obtain a sphere
pair (6, 3), where in a pair (P, Q) P is a
differentiable 6-manifold diffeomorphic to S" and
Q is the image of an embedding of S* into P.
Then they proved that; if S! acts differentiably on
a homotopy 7-sphere X such that the action has
fixed point set F diffeomorphic to S3 and is free
otherwise, then (X/S', F) is a (6, 3)- sphere pair.
Conversely for any (6, 3)- sphere pair (P, Q)

anew
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there exists such action with (X/S', F)

diffeomorphic to (P, Q). [14]

Montgomery and Yang proved also that; on any
homotopy 7-sphere, there are infinitely many
distinct differentiable actions of S'.

2. Standard Action of s’ on 8%
There exist standard actions of s* on S"
defined as follows;
(1) ¢ g x §% — 8" such that ¢ (g.(u,
v)=(gu, v), g € gt uveQ,
¢, is free differentiable action of §" on
S' whose orbit space is  QP(3).
(2) o % x 8" — 8" such that @a(g.(u, v)
)=(gu, gv), £ € § uve O
- is a differentiable action of st on S",
however, it is not free, it is semi-free.
Under this action, S’ leaves all points {0}x
7 fixed and acts freely otherwise.
In order to find the orbit space of @2, we
give the following proposition.
2.1 Proposition: If the group S' acts
deferentially on a homotopy |5-sphere X
such that the action ¢ has a fixed point set
diffeomorphic to S” and free otherwise, then
the orbit space is diffeomprphic to g

Proof: let N be a closed tubular neighborhood of

the fix point set 87 in X. The vector normal
bundle defined by N characterized by an element.
ae [To (So(8))=0. Hence N is trivial bundle. That
N is diffeomorphic to 7 x D. Moreover, X-S’
has the homotopy type of X-int ($'xD*). But X-
int (S"xD®) has the homotopy type of D*S’. See
[1].

Now X-int (8'xD% / & is a 12-dimensional
manifold with boundary, and the boundary has
the homotopy type of (S'x8") / S%.it can be seen
that (S'xS™) / S is actually S'x8’. Now by
assumption we have S% acts differentially on X
with fixed point set diffeomorphic to S, that is S’
acts freely on X-S” and X-S has the homotopy
X-int (S7xD®) as we just said, and X-int (8'xD")
has the homotopy type of s*xD*. So (X-87) /S’
has the homotopy type of s*xD". On the other
hand S has the homotopy type of D'xS”. Hence

X / % has the homotopy type of $'xD*UD'xS".
s it

And this manifold is of the homotopy type of}:”.
see [1]. But 0,,=0 [9]. hence 3 "% is diffeomorphic
to S

Now. let us recall the following definition [3]:
2.2 Definition: By a (12, 7) sphere pair, we mean
a pair (P, Q) in which P is differentiable 12-
manifold diffeomorphic to S and Q is the image
of an embedding of 87 into P.
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For example, there is a natural embedding of R®
in R, this gives a natural embedding of S’ into
§" and hence a (12, 7) pair.

2.3 Corollary: If the group S* acts differentiably
on a homotopy 13- sphere X such that the action
has a fixed point set F diffeomorphic to S7 and is
free otherwise, then (’X/S". Fyisa(12,7) —sphere
pair,

Proof: the result follows immediately from (2.2
because by (2.1), X/S" is a differentiable
manifold of dimension 12,  which is
diffeomorphic to S'%.

The pair {Mf'S:'. F‘(SR, )] given earlier in
the action @, is another example of a (12, 7)-
sphere pair, where M/S’ is diffeomorphic to s"
agd F(S’, §'%)={01xS" which is deffeomorphic to
Denote by G the set of diffeomorphism classes of
(12, 7) -sphere pairs [That is (P, Q) is
diffeomorphic to (P, Q) if there is a
diffeomorphism f: P—P’ such that fQ)=Q’].
Then G can be made an abelian group by the
same way in [13] with a binary operation induced
by the connected sum operation.

3. Two Characterizations of HQP(3)’s

Recall that if M is an HOP(3). then Hi(M,
Z)=Z if i=0 (mod 4) i<12 and 0 otherwise. Next
we give a definition.
3. Definition: Let M be an HQP(3). By a primary
embedding of S* into M, we mean an embedding
_i:S4 —M such that j*B=Bx;, where B is a generator
of Hy(S").
3.1 Lemma: Whenever M is an HQP(3), there is
a primary embedding
j:St—-M.
Proof: Since M is connected, it follows from the
Hurewicz isomorphism theorem that [T(M)=0,
1<4 and []4(M) is isomorphic to H,(M)=Z. Let a
be a generator of [14(M), and let j:$*— M be a
representative of a. By Whitney embedding
theorm, one may assume that j is a smooth
embedding. But Hy(M)=Z. Thus if B is a
generator of Hy(M) and By is a generator of
H4(M). then it is clear that j* 3= By.
Next, we give a necessary condition under which
one can get an HQP(3) by pasting together two
copies of §'xD* along their boundaries.
“Let P:S'x8” —S', P" 5°x§"—8’ be projections
and let q:S—8*xS’ be defined by q(v)=(8’u, v),
where S’u is a preassignd point of §™.....(*)
3.2 Lemma: If there exists a diffeomorphism f:
$*x87—»S"xS’ such that pfq: §7S" represents a
generator of [1:(S" and pfq: §’— 8 is of
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then M= (S‘xDx)U(S"\DR) is an
HQP(3 Notuhlﬂ(q)/.o/ﬂ p.329].
Proof: LLI 1 S'xS'—$'XS” be the projection

defined by n(x, y)=(n'x, y), where ' is the Hopf

degree- I

map n:S'—S$". Now consider the following
diagram;
§'xs’
n

S"_\'ST B L 54);[)7
f

% a . ~ 7 4
Thus f induces a bundle over S'xS" and there
exists a diffeomorphism f° such that the
following diagram commutes;

ST\ST Iﬁ Sjj\sj

SJX S‘J ﬁ ‘1\ D"

R
Let X=(S" xD* =U. (§'xD%).
2

To show that X is simply connected we use Van
Kampen theorem. Thus let u;=§ "xD*=u,. Note

that u,Nu=8'xS’, then [Ti(uy)=
[Ti(u)={e}=[]i(u;Nu;) because it has the
homotopy type of 57, then
[Ti(uMus) 7{ txfel=le}, where * stands for the
free pmd uct of groups. Hence [[}(X)=

[TiwiNuy)={e}. Thus X is simply connected.

And there is a naunal S fibration g XHM that
is g (S’xD* U,, §'xD* — (S'xD) U (S xD®).

We denote by o ’md 3 the LIE‘I!]EHIS of H A(S7xS7)
represented by S'x{y} and {x} xS’ respectively.
Since pfg is a generator of [T(S") and p'fq is of

degree —1 then f, (a)= f,(B)= o B
Making use of Mayer-Vietoris sequence for the
third (X, u;, uy), we have;

CHi(uMug) SHu )+Hi(us) -

Hi(X) ., g](tm”'tr»)

Which implies Hi(X)= H(S"™) for all i
is a homotopy 15-sphere 3 5! and Con:ﬂ.quentl
is an HOQP(3).

a and

i. Hence X
M

(9]
(%]
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3.3 Lemma: If (P, Q) is a (12, 7)-sphere pair,
P.P" and q are the maps defined in(*), then there
are oriemalion- preserving embedding  k:
$*xD" —P, ki D stP such that;

(i) p(k”" k)g: S8 is homoloplc to constant
map and p(k”' k)q: §’—8" is of degreec -1
and;

(i) kK'({0}xST)=Q

Proof: Since (P, Q) is a (12, 7)-sphere pair, then

by [3, Th. 2.2], the normal bundle of Q in P is

trivial. So there is an orientation-preserving
embedding k" DxS8’— P which defines an
orientation-preserving diffeomorphism of {0}x8’

onto Q.

ts.ms, trfmweraaht) dlgulmnt it can be shown

that ml(D xS’) is 3-connected, hence Hi(P-

int(D’xS™))=0 for 1< i < 3. Moreover Hy(P-
int(D*xS)=Z=[14 (P-iny(D’xS")).

Let j: S*P be an embedding with j(S“)g P-

k'(D°xS"), and j represents a generator of []s (P-

int(D°xS™)), and such that j(8") has linking

number | with Q.

Now, since i: j(S*) —P- k'(E'xS") is a homotopy

equivalence, where E’=D’-S", it follows that the

induced homomaorphism i« : H,U(S“)) — Hi(P-

k'(ExS7)) is an isomorphism for every integer i.

Consider the homology exact sequence of the

pair (j(S"), (P- K'(E*xS")):

. HGES™” - Hi(P- K(E*xS") . Hy(P-
K(E>xS™), j(8) - ]
Ho (S HiP- K'(E’XST) ...

Since the two homomorphisms i. shown
above are isomorphisms, we have;
H(P- K'(E*xS")), j(8")=0 for all i. Therefore

i(S*) is a deformation retract of P- k'( E’xS).

By Smale’s theorem, there is an oncnlat[on-

preserving embedding  k: S'xD* P with
k(S*xD*)= P- k'(E’xS’) and such that;

(i) k(x, 0)=j(x) and;

(i) The orientation of k(S'x{0})

defined by x— k(x, 0) is orientation-
preserving and k(S’x{0}) has linking
number 1 with Q.
By our choice of k and k' above, it is easily seen
that P'( k"'k) k)g: §'— §7is of degree —1. However,
P(k"'k)q: §’— S md_\ represent a non Zzero
element @ of =[]«(S
In order ta have our assenion, we replace k' by an
embedding;

k',: D°xS”—P constructed as follows;

Let (:S’—S,(5) be differentiable map such
that the composite map,
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ﬁ-’—(i)— =8 represented - ©
Sp(4)

in [1+S"). Then for any (x. y) eS'x8’, we let

ki (x,y) =K' Ly, X, ¥)

Clearly p(k,"'k)g: §’—8" is homotopic to a
constant map.
3.4 Lemma: If k and k' are as in lemma (3.3) and
f is the diffeomorphism of lemma (3.2) and A:
k(S'xS") —S'xS” is defined by:

a=f k', then M=k(S'xD") U, (84.\’1_)3} is an
HQP(3).
Proof: By lemma (3.2) M is an HQP(3).

8 £y 8 (5] -
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