Hassan and Majeed Iraqi Journal of Science, 2026, Vol. xx, No. x, pp: xx
DOI: 10.24996/ijs.2026.67.7.29

N
Iraqi
Journal of

Science

ISSN: 0067-2904

Equilibrium points and their stability of food - chain prey - predator model
involving fear and toxin

Aya Qasim Hassan, Azhar Abbas Majeed”
Department of Mathematics, College of Science, University of Baghdad, Iraq

Received: 19/3/2025 Accepted: 29/ 7/2025 Published: xx

Abstract

This paper presents and analyses a food chain eco-toxicant model involving one
prey and two predators, incorporating a fear with linear and nonlinear harvesting,
utilizing two distinct functional responses (Lotka-Volterra and Sokol-Howell). Prey
species are directly exposed to environmental toxins, while first and second
predators encounter these toxins through consumption. The model's boundedness
and uniqueness have been established. All the equilibrium points of this model have
been found. All requisite conditions for achieving the local stability of equilibrium
points have been identified, leading to in the conclusion that all points E;, where
i =0,1,..5 are locally stable. Additionally, a global stability study has been
conducted using appropriate Lyapunov functions. Ultimately, numerical simulations
for a one set of parameters and varying initial conditions have been conducted to
validate the analytical results and to assess the effect of fear, toxins, linear and
nonlinear harvesting on the dynamics of the proposed model.
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1. Introduction

An ecological community is characterized as a collection of organisms that are either
currently or potentially interacting within their common environment. A community is
interconnected by the network of influences that species exert on one another, this perspective
posits that the impact on one species invariably influences many other species, embodying the
concept of the "balance of nature". Knowledge of communities have been developed by
analyzing two-way and subsequently multi-way interactions among pairs or groups of species
[1]. The relationship that sustains health is termed prey-predator. The interactions among
these key components pertain to the impact of predators on prey, as well as the flow of
resources and energy, which affect ecosystem structure [2].

Modeling is essential for studying applied mathematics and its influence on biological and
environmental processes, prompting biologists to consult mathematicians for solutions to
complex equations. As a result, many mathematical models have been proposed and studied
[3-6].

Lotka and Volterra's works intersected in the examination of predator-prey dynamics. The
issue was addressed by Lotka in 1920 [7] and by Volterra in 1926 [8], with both concluding
that the interaction between the two species would result in periodic oscillations in their
numbers. Volterra recognized Lotka's precedence, yet he noted the distinctions in their
respective papers. They corresponded with mutual respect. Regarding predator-prey
dynamics, Lotka's priority was unequivocally established, and the equations featuring periodic
solutions are referred to as Lotka-Volterra equations [9]. A multitude of researchers have
studied and developed mathematical models, including the Lotka-Volterra functional response
[10-12].

The dynamics of mathematical models representing predator-prey interactions are
mostly dependent on the functional response. Holling's type I, type II, and type III functional
responses are the most prevalent. Holling type IV has been employed in numerous
investigations [13]. This study examines a prey-predator framework utilizing a Sokol-Howell
functional response, which is a modification of Holling type IIl. The Sokol-Howell model
posits that predator consumption rates increase with prey density but eventually stabilize due
to constraints, such as the time required to locate and consume each prey item. Predators
cannot continuously increase their consumption rates, even when prey is abundant, see [14]
and [15].

Toxicology is a scientific discipline dedicated to the examination of harmful interactions
between chemicals and biological systems. It encompasses various categories of toxic
substances, including phytotoxins, zootoxins, bacterial toxins, and synthetic compounds.
Given the need for early humans to differentiate between consumable substances and those
that posed health risks, toxicology can be regarded as one of the oldest scientific fields [16].
There is a growing interest among researchers in the field of toxicology, leading to the
development of numerous mathematical models aimed at improving our understanding and
analysis of this critical area. For instance, the research conducted by Hallam et al. , [17]
focused on a significant toxicant-population model. This study investigated the ecological
uptake rates of toxicants and their impact on population dynamics, as well as the detrimental
effects of toxic substances in relation to the body weight of the population. Additionally,
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other studies have explored various models within toxic ecosystems, further contributing to
this important field of inquiry, for example [18] and [19].

Predators always influence prey populations through direct, indirect, or both types of
interactions, with the direct impact manifesting in their predatory behavior, which involves
capturing and killing prey. At the same time, the fear of the threat of predation can be
considered an indirect effect of predators on prey. Certain theoretical ecologists and biologists
have acknowledged that a prey-predator model must include not only direct mortality but also
the element of fear [20]. Pal et al., [21] have been investigated the impact of fear on the
stability of food chain models. Researchers have developed various models that explore the
impact of fear across multiple dimensions. Dubey et al., [22] proposed and studied a prey—
predator model with fear in prey due to predator and anti-predator behavior by prey against
the predator with fear response delay and gestation delay. Also, Pal et al., [23] and Pratama
[24] investigated the influence of fear on the growth of both prey and predator.

The effects of harvesting on prey-predator models have been the subject of extensive
investigation [25]. Chu et al., [26] examined fisheries model that includes prey harvesting,
considers price fluctuations, and accounts for marine protected zones. Assume that price
alterations occur at a substantially accelerated rate compared to other variables, such as
predation and population increase. Many studies used the same concept to study the harvest in
prey — predator models, see [27 - 30]

This paper proposed and studied a food chain model that includes prey, first and second
predators with Lotka-Volterra and Sokol-Howell functional responses to describe the feeding
processes. Our study includes the effect of fear, toxins, linear and nonlinear harvesting on the
dynamics of solutions.

2. Mathematical model

This paper proposed a model of (prey, first predator and second predator) with Sokol-
Howell functional response for analysis. The total population densities at time T represented
by P(T),B,(T),P,(T), respectively.

E — a, P - 2 _ _ _ 3

T Trm.p, bP*—cPP,—h,P—4, P

ar, _  a. B, 2 __ BB _ 2 _ 2 _
ar | 1+ m.p, b, Py a4yP? +1,PP, — 6,Py — hyPy
d,P,, (1)

ﬂ: l:P._P:: _53P.—| _IIEPE - dﬂpﬂ "

dl xt yFPy = = =" =

With the following initial condition P(0) = 0,P,(0) = 0 and P,(0) = 0. While the biological
meaning of the parameters in system (1) illustrated in Table 1:

Table 1: Biological description of system's (1) parameters

Parameters Biological description

g = 0,i=1,2 Intrinsic growth rates of the prey and first predator populations, respectively
Iy =0,i =12 Internal competition rates of the prey and first predator, respectively

m; = 0,i=1,2 Fear rates of the prey and the first predator, respectively

g =0,i=12 Attack rates of the prey and first predator, respectively

l;=0:=12 Food transfer rates for first and second predators, respectively

a = 0. Half-saturation constant

¥ = 0. Inverse measure of inhibitory effect

G =0,i=123 Rates of toxicity for the prey, first predator and second predator, respectively
hy =0,i =123 Harvesting rates of prey, first predator and second predator, respectively

d; =0,i =12 Natural death rates of first predator and second predator, respectively
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It is simple to check that all of system (1) interaction functions with partial derivatives are
continuous on RZ for the variables P, P, and P,. Therefore, they are Lipschitzian functions,
that is system (1) has a unique solution depending on the initial conditions. The next theorem
establishes the boundedness of the system.

Theorem 2.1: All solutions of system (1) that start in R are uniformly bounded.

Proof: Let [P (t) ,P,(t) P, (t]) be any solution of system (1) with non-negative initial
conditions ( P(0),P,(0),P,(0)) € R3.

Assume that V(t) = P(t) +P,(t) + P,(t), then by drive V(t) along the solution of system
(1), imply

T, a

L= —bF‘—[cl )PPl—hlP—n’ilP3+—=- b,P?

dt 1+m,P, 1+ m, P,
— (e, —1,) 2E i §,Pf —d,P,— h,P} — 8,P, — hyP; —d,P,.
Now, by the biological facts, always I.< ¢, ,i = 1,2 hence it is obtained that

<< alP(l—— P)+ a,ﬂpl{l—— P,)— (hyP+d,P, + (85 + dy)Py).

=< alP{l—— P)+a,P (1—— P,)—D,V,
where D, = min {hl ,dy 86y +d, }
Now, since the logistic function f(P) = alP(l - % P) is bounded above by the constant

ﬁ:

4B,

Also, since the logistic function g(P,) = a,P, (:L — % Pl) is bounded above by the constant

2 , S0 1t is observed that

@ _i(e, e
—-HJ V=<FE , where B—4(b_ +b").
Then by solving the above differential inequality for the initial value V(0) = V;, it is obtained

that
E & -D.t
v (£) gﬂ—__+[vﬂ—ﬂ—__) gDt
Then,
lim V(t) :‘: — .

t—oa

So, 0= V(t) £ D— , that is the solutions are uniformly bounded.

3. Existence of equilibrium points (EPs)
System (1) has six equilibrium points which are summarized below:
e The (EP) E, = (0,0,0 ) always exists.

e The(EP)E, = [ﬁ, 0,0 ), where P is a unique positive solution of the equation

§,P*+bP—(a,—h,)=0 (2)
exists if the following condition holds
a, =h,. (3)

e The (EP) E, =(0,P,,0) where P, = exists if the following condition holds

|Z:l+ -H"E:I

a, =d,. (4)
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e The (EP) E; = [15, B 0 ) exists uniquely in R7 if the following system:

a. n
1+m_._P._ - bP—c,P —6,P—hy =0, (5.1)

a, —b,P, + ,P—&§,P, —d, — h,P,_0, (5.2)

has a positive solution
From Equation (5.2) we have
'Pl
P+ (ay—d,)
(by+8,+hy)
Now, by substituting Equation (5.3) in Equation (5.1), we obtain the following equation

(5.3)

o, P® + 0,P* + 03P + 0,0, (5.4)
where:
g =dml, (b, + 8, +h,),

o, =mybly (b, + 8, +hy) +myc i +8,b, + 6,6, +8,h, +6,m((a;— dy) (b, + 8, +
hy)).

g3 = (b, + 8, +h,)[b; (b, +6,+h,) +mb(a,—d;) +mlh +c,1 ]+
2cymyly(a, — dy),

gy = —a, (b3 + 83 + h3) + (ay — d)[(by + hy +8,) (e + hymy) + eymy(a, — dy)] +
h, (b3 + 63 + h3),

Clearly, by Descartes’s rule, Equation (5.4) has a unique positive root, if in addition to
condition (4) the next condition hold

a,(b; +83 +hi) >N (5.5)
Where,

N =(a,—d,)[(b, +h, +6,)(c; + hym,)+ cym,(a, — d,)] + hy(bZ + 82+ h3),

So, the (EP) E; = [:15, P, D) where P, = P, [P) exists.

. The (EP) E, = (0, P,, B, ) exists uniquely in R? if the following system:
Zq _ _elB _ _ —
1+my B, b:.Pl ﬁ'+}l’_PE' 63P1 hfpl dl 0, (E.l)
L 5, —hP,—d, =0 (6.2)
e 3 alz 2 s i

has a positive solution
from Equation (6.2), we have

_ LBy _ (8g+ds )
Py = ngla+yP?l) hy (6.3)
Now, by substituting Equation (6.3) in Equation (6.1) we have
¥1'P1? + ¥2Pf + ¥3Pf + ¥4Pf + ¥5Pf + ¥E~Pf + ¥'.'-"P1 + ¥B = ﬂ’ (64}

where:
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¥ =y3hy(b, + 8, + h,)[m, (8, + d,) — hy],
¥, = ]”:h:a[}’(ﬂ: - dijha - m:‘]:(b: +4,+ h:) + ydym, (53 + d:]],
¥, =y hy[3a(b, + 8, + h,)(m,(8; + d,) — hy) — d;m, L],

¥, = ay’hy[3(a,— d,)hy — 2m, 1, (b, + 8, + h,)] + ¥y  hy(c, + ad,m,)[6; +d,] +
}’:m: [C: (53: - dzjj + 2ad153ha] + 2}’: My [d: (fxdlha — s 53)];

¥, = 3a’yhy(by + 8, + hy)[my (85 + dy) — hy] + y1,[(2¢,(8; + dy) — ad, hy) —
(e; + ad;m,)hy]

9

¥, = a’hy[3y(a, — dy)hy — myly(by + 8, + hy)] + 2ay (e, + adym,)hy[8; +d,] —
aym, (8, + d,)[2¢,(8; + d,) — ad,hy] — c,m, 13,

adim:]ha]]r

¥, =a’ [ha[fx(“: —dy)h; +(c; + ad;m;)(8; + dy)] — c;m,[6;(6; + 2d;) — d:?]]
Clearly, by Descartes’s rule, Equation (6.4) has a unique positive root, if condition (4) and
the next conditions hold

Egfy mglylbo+8,+R,) . Zegldgd,)
Max {:;d._ R — } < hy; < min {m: (6;+d,), SR }, (6.5)
hy(c, + ad;m,) < min{2¢,(6; +d,) — ad hy, 2c,m,(6; + d,)}, (6.6)

. a,—d, Jhy

m,l, (b, + 8, + h,) < min {F[a: —d,)hy +d m,(5; + d:),‘ﬂ—‘}, (6.7)
aym,(8, +d,)[2¢,(8;+ d,) —ad hy] + com,15 < a*hy[3y(a, —d, ) hy —
mjgj(b: + 5: + III-:)] + Efx}’(ﬂ': + ﬂ!dim:]ha [53 +
d,], (6.8)
d} < min {83, 8,(8; +2d,)}, (6.9)
ala,—d, Jhythglc,tad, m, ) (Sg+d,) <m,< EIrf':b=+5=+h=}':m=':53+d=}—ha}. (6.10)

co(Bg(8a42d,0—d3) d, 1,
So, the (EP) E, = [l] ,P,,P, ), where P, = P, [ﬁi) if in addition to the above conditions, the

next condition hold
(&g +d,)

hela+yBE) ~ g (6.11)
o The (EP) E; = (P*,P;, P; ) exists uniquely in RZ if the following system:
T, 1P — Py —8,PP—hy =0, (7.1)
Zo _ __eaB _ _ —
1+m,FB, byPy +1,P - G,P) — h,Py—d, =0, (7.2)
[
arypE hyP, =03 —d; =0, (7.3)

has a positive solution.
From Equation (7.1), we have
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Ly

(PP =T 5~
141

b,P—¢c,P,—h,—8,P*=0. (7.4)

Next from Equation (7.4), we observe that, when P, = 0, then P — P*, where P*' is a
unique positive root of the next equation

f(P)=68,P*+b,P—(a,—h,)=0. (7.5)
Moreover, from Equation (7.4) we have LA ((ai)f (ai)) So, 22 = 0 if either
’ ) dF, ar, gp ) T dp,

Z%}ﬂai:::ﬂor Ziezn Zi>0. (7.6)
Now, from Equation (7.3}, we have
P, =
1 :zp._-.:aaﬂ:}[m}rpfj]
g [ (e+yP]) (?'?]
Subtitling (7.7) in Equation (7.2), we get

ay czliEZP._—l:53+d=}[rr+}rPf:I}
K: (P’ Pl) [I. FPy-l8g+dsg |[nr+vP-'] bf Pl + El'F| - hg[ﬁ"f]-"P-:':I: B 5:F1 B dl B

[a+yP3) -

h,P, = 0, (7.8)
Further, from Equation (7.8) we observe that, when P, — 0, then P — P*"', where
NI —a, cylBgtd, )
pe= I, [1—?—‘(53“1:} T hs l+
2

= (7.9)

. ap 8K, /[ 8K, B o
Moreover, from Equation (7.8) we have TR ((a—{]f ( = }} So, a5, < 0if either
'Zpe:nﬂ:::nor “=:=uﬂ:=u (7.10)

Then the isocline (7.4) intersect the isocline (7.8) at a unique positive point (P*, P;) in the
int. RZ of PP, —space.

So, the (EP) E. = (P*,PJ,P;) exists where P; = P,( P;) if condition (3) and the next
conditions hold:
1,P{ > (6; + dy)(a+

yP{), (7.11)
’:—‘[63 +d,) =1, (7.12)
e (7.13)

4. Local stability (LS)

In this section, the local stability (LS) have been discussed at each equilibrium point by
obtaining the Jacobian matrix (JM), and determining the eigenvalues of system (1) at all
points.
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Note that, we denote the eigenvalues of (JM]) [, ;i = 0,1, ...5 that characterize the dynamics
in the P, P,, P, directions as 4,5, 4,,, and 4,5, respectively. The Jacobian matrix

J(P,P,,P,) of the system (1) at each point can be expressed as | = [Ui }.]3 o
- x
. -5
—a,m, P
U, = 1+ ,_,,,__J;__}: —aP, U;3=0, U,=LP,
_ g . _ r::P:l:rr—}fPE'} . _ _
_ "My Py e Py _ _ IBgia-yBEl)
Ufa T1e my B )% a+yRl’ Ual =0 UEE - (et }rPE':IZ !
1P,
Ugg = ﬁ;}f;__: — 83 —2hyP, — d,.
. The (JM) of system (1) at E, = (0, 0,0) can be written as
a, —h; 0 0
Jo = J(Ey) = 0 a, —d; 0 . (8)
So, the characteristic equation of J, is
(ay—hy— A)(a;—dy —A)(=(6;+d,)—4) =0, (9)

and hence the eigenvalues of [, are

Agp=a;—hy, Ayp =a,—d; and Ay =—(6;+d,)<0.
Hence Ej is a locally asympEotically stable, by revefsing conditions (3) and (4) and it is
unstable otherwise.

o The (JM) of system (1) at E, = [: P,0,0 ) can be written as
Ji= J(E) =
a, — [B(2b, +356,P)+ h,] —P(a,m, +¢,) 0
0 a,+1,P —d, 0 : (10)
':I ':l _(63 + d:)

So, the characteristic equation of J, is
(ay —[P(2by +368,P) + hy| — 2 )(a; +1,P —d; — 2)(—(85+d;) —4) =0, (11)
and hence the eigenvalues of [, are:
Aip = a, —[P(2b, + 36,P) + h,],
Ayp =a,+ LL,P—d, and A, =—(8;+d,) < 0.
Hence E'.-l is a locally asymptotically stable provided that

a, < P(2b, +35,P)+
hy, (12)

a,+1,P< d,. (13)
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It is unstable otherwise.
o The (JM) of system (1) at E, = (0,P,,0) where P, = 227 can be written as

(Batdthy)
I, = J(E;) = [”:‘j]axa
g~ (@Pi+hy) 0 0
— — = o, P
1P, a, — [2Py(b, + &, + h;) + d,] _ﬂzmzpl_ﬁ_:}d;: (14)
0 0 — }fF" — (63 +4d;)
where:
Uy, = 1+—_ —(eyPy+hy), u,=0, u;=0
Uy =LP,, Uy, =a,— [2B (b, +5,+h,) +4d,],
So, the characteristic equatio_n of J,is
(Hm' == (c,P +hy) - 2) [(a, = [2B, (b, + 0, + 1) +dy] = 1) (222 = (85 +dy) ~
A)] = 0. (15)
And hence the eigenvalues of J, are:
Agp = 1:; — (e +hy)
Ap, = a [EPl[bq+:’3 +hy)+d,] and A,y = pre— — (43 +d,).
Hence E, is locally asymptotically stable under the following conditions.
iy
— = .P
1+m,p, 1
+ hy, (16)
a, < 2P,(b, +8,+ h,) +d,, (17)
1B,
— =7 < (63 +d). (18)
a+y
It is unstable otherwise.
. The (JM) of system (1) at E; = [ﬁ, ﬁl J0 ) can be written as
= J(E) =[5;]__ (19)
where.
—a,m, F =
8, =1,B, Oy, =a,+1,B— [zﬁ. (bﬂ +8,+ hy) +d,)], B,y = —aymyB, — «Tfﬁw

Uy =0, U3, =0 ,0;; =

S — (654 dy).

So, the characteristic equation of J; is:
(835 — A [A% — (9 + 85504 +8,,8,, — 8,8, ] =0. (20)
So, either (8,, — 1) = 0,
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which gives Az = ﬁ (85+ dy),

or, [’12 — (0 +0,,)A +0, 8, —0,,8,,]=0
which gives

hop + g, = (22 5~ [B(2b, +36,8) + ¢, B + h])+
(ay +1,B— [2B)(by + 8, + hy) + dy]),

Agp.Agp, = (22 -~ [P(2b, +368,P) +c,By+ 1))
[ﬂ: + llp - [zpl[b: + 5: + h:] + dl]) - (_ﬁ_—m_P o clﬁ) Ulﬁl)'

(1+m,F, )=
Hence E, is locally asymptotically stable under the following conditions
- pd < (6; + d,), (21)
1+m._p._ < P(2b, + 36,P) + c,P, + h,, (22)
a, + 1,P < 2B, (b, + 6, + hy) +d,. (23)
It is unstable otherwise.
. The (JM) of system (1) at E, = (0,P,,B,) can be written as
=J(E) =[=;] .. (24)
where:
My = 1+m._£'5 — CLH hy, ®,=0, H;;=0, Hy = glﬁl’
o Fo e 00} _ —agmgF, e B,
Hzz = 1+m, 15 B (EP (bﬂ + 5 +I J ++fﬁf}"+ dl]’ M3 = (1+m, B,)*" N :r+}r£3.:"

LB (a—vED) _ IL,E ~
R T 2h,P, — (8, +4d,).

So, the characteristic equation of J, is:

(31 — D [A% — (Maz + Ha3)d + My Ha3 — HagHy ] =0, (25)
So, either (s,;, —4) = III,
which gives 4,, =

Hyy =0, My =

Tom — (e1Py+ hy),

or, [4% — (5 + Hgq ]..l-l- Mpy gz — HoyzHas] = 0,
which gives

_ Do _ - r:_.ﬁ_.l_:r }rfjl )
A'“}' + ‘;L'“}" o (1+m:x‘5: (Epj'(b: + 5: + hﬂ) + [ e }fP :I + d )-I_
3‘1 l
———— 2h,P,— (6, +d,) |
a+ yPy
o Fo o By LB, ~
‘;L‘!'P'_ ' ":L‘H?: = [l+m 15 - [:ZP (bﬂ + 5 +J ) ++fﬁf}"+ dl])(ﬁ+}rﬁ" P: - [:63 +
d,))
—a,my B, . c.F, !zﬁz[n'—}-'ﬁf'jl
B {':1+ mq P02 :r+}r.!5._:')( I::r+].r!5£'}= ]’
then E.' is locally asymptotically stable under the following conditions
T B (¢,Py + hy), (26)

J.+:I
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I.E, ~
o5 < (8,4 dy) + 2hyPy, (27)
}*ﬁ: < a, (28)
Pola—yBD)
mazpuh+5+1)+ oty B +d,. (29)
It is unstable otherwise.
o Finally, the (JM) of system (1) at E; = (P*,P;, P;) can be written as:
Js = J(Es) = [sy] . (30)
where:
Sy, = l+; v — [P*(2b, +358,P") + c,P; + h,],
—a,m, B" + _ _ +
212 :m_clp v 83 =0, s =1LP,
£ c_.P: l:r—}rP::}
22 T T, T LP [EP (b +8;+ hy) +=02 yPIE)E * dl]’
_ _—aymy Py _ £oPy — — ::P:-':ﬁ'_}‘PEZ:'
S23 = [14m, p:}= a+yBE Sa1 =0, 832 = (a+yB%y?
S33 = n«+ﬂ 5 - —((85+d,) + 2hyP3).
Then the characteristic equation of J; is given by:
A3+181"1:+182"1+183 =0, (31)

where:

= —(511 + 822 +533),
B> = 511(820 +S33) + 522833 — S12821 — a3 i32,
B3 = $11(523832 — $22833) + 512821 833,

So, by Routh-Hurwitz criteria, Equation (31) has real negative real parts, if 8, = 0,i = 1,3
and A=A, B, = 0, where A= §,5, — B;. Now, 5, = 0, i = 1,3 if the next conditions hold:

m‘if’ (Eb‘ +35P j+ClPJ_+-IlJ_, (32)
6P, (@ —yPLY)

—— + P = 2P (b, + &, + h, —— dy, 33

l—I-m,.F,.+ i(b2+8,+hy) + (@ + yP?)? +a, (33)

—{ &3+ d, 2hP;, 34

< Oyt )+ 2h, 34

Straight forward computation shows that:
Ay=pB; — B3 = —522 (Eil + 5.53:] — &a3 (Eh + EE:) — 822 (25115.33 - 5.:353:) -
En(%i: + Eéaj + 55 E:l(in + E::) + $23837 833~

Hence A= A,f3; = 0, if in addition to the conditions (32), (33), and (34) next condition is
satisfied:
a > yP;. (35)

So, eigenvalues of J. have a negative real part, which indicates that E; is locally stable,
and unstable otherwise.
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5. Global stability (GS)
In this section, the following theorems show that the (GS) of the equilibrium points, which
are (LAS) of system (1), have been analytically studied with the suitable Lyapunov functions.

Theorem 5.1: The equilibrium point E, = (0,0,0 ) is a globally asymptotically stable (GAS)
in the subregion ¢, = R that satisfies the next condition:

:T + ;T < 8,P3+d,P, + (8, + d,)P, (36)

Proof: Consider the following function: W, (P, P,,P,) = P + P, + P..
Clearly, W,: R3 — R where W, € C* is positive definite function,
Now, by deriving W, W.R.T. time t, and simplifying the terms, we get

W _aP _ pe 555 hyp— (e, —1)PP + —221 1} p2
dt 1+mp, 1 1 1 f17 4 1+m,p, 21
P.P i ) ,
— (e, — 1, )cx—I-l _F‘ —&,Pf — h,PF —d,P, — (6;+ d,)P, —h P;,
1

by the biological facts (food transfer rate less than attack rate), I.<¢; ,i = 1,2, so

dW, b, 5 b,
— :‘:alP(l—a—lF) §,P* + a,P (1—a—p) d,P, — (85 + d,)P,,

Now, since the logistic functions f,(P) = alF‘(l — % F‘) and £, (P,) = a:F‘l(l — % F‘l} are

bounded by constants (4: ) (:j ) respectively. So

dw, a® a2
&,P*+d,P 8.+ d,)P,
it <3 Tap, " 1P T APt (83 d)Py]

So, by condition (36) i‘:‘ < 0, and hence W, is a Lyapunov function which gives a global

asymptotic of Ej .
Theorem 5.2: The point E, = [:ﬁ, EI,IZI) is a globally asymptotically stable (GAS) in the
subregion ¢, < R: that satisfies the next conditions:

P=P, (37)

Z,>1Z,, (38)
where:

Z,= m— — +bl[P B)’ +a,P+ (6,4 d,)P,,

Z,=24

2" &b, | 1+m,p,
Proof: Consider the following function W, (P ,P,,P,) = (F‘ P — Pln= }—I— P,+P,

Clearly, W,: R — R where W, € C? is positive definite function.
Now, by deriving W, W.R.T. time t, and simplifying the terms, we get

F 1+ P(c,P, +a,)+ 6,P*(P- D).

d W, a. P a. B —— 2 i _
d_r-{ 1+:;1-_P-__ 1+:;1._P_ - bl[P _'P) - (Cl—fljF‘Pl— alp—ﬁlp-(p_ P) +
P(c,P, +a,) + 8, P* [F‘ P)-|- —b,PE— (c, —1,) L

a+yPy

(6, + d,)P,,
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by the biological facts, I,<¢; ,i = 1,2 and condition (37}, so

dW, a,p a, B vy 7 . - -

Tar o Limyp,  14m, P, b(P—P) —aP+ §,P*(P—P)+P(c,P +a,)+
a,P, (1 - 22p, ) — (8, +d,)P,

2

b

Now, since the logistic function f(P,) = a,P, (:L — ? Pl) is bounded by the constant (:j )
So ) )

i iy o, P =
. + Tm.p, +P(c,Py+a)+

% = [1:;;._ +by(P - ﬁ): ta,P+(8; + d:]F‘:] +

5,5%(p — B)

3

T:' < —Z, + Z,, where Z, and Z, are given in the state of theorem.

So, by condition (38) d—{:' < 0 ,and hence W, is a Lyapunov function which gives a global

asymptotic of E;.

Theorem 5.3: The point E, = (0,P,,0) is a globally asymptotically stable (GAS) in the
subregion @, = RZ that satisfies the next conditions:

Z,>1Z,, (39)
where
Z = (b, +6,+h,)(P, —Pl) + +a,P, + P(1, P+hl)+(6 +d,)P,,

Tom ng P..
e, F, Py a. P,
2 a+yP? | 1+mgP,

Proof: Consider the following function W, (P ,P,,P, )= P + (F‘l —P, - ﬁﬂn%) + P,

Clearly, W,: R3 — R where W, € C' is a positive definite function.
Now, by deriving W, W.R.T. time t, and simplifying the terms, we get

dW, 2Py

? J.+:l:n P, —b .F' + :P:_(Cl J_]F.F'J_ P[:E F+ -IIJ_?]— J.+ ..P.. -
(b, +6, + hﬂ](Fl_Plj + ;;p: — (e —13) iP;.._aﬂpl_ (63 + dy)P, +
a Py,

by the biological facts I .<¢, ,i =1,2,s0

d W, b, a. P, = a.F, =
“f—-&—aﬂpﬁaﬂﬂ (85 +d,)P,,

a+y Py

Now, since the logistic function f(P) = a,P (1 — : ) is bounded by the constant (4; ) So
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CLLE [(bﬂ +8, + hy)(P,

dr
c:FiPs | _aPy +(E'-;)+¢: 1

a+y Py 1+m, P,

2Py + P(L,P+R) + (83 + )P, | +

d:’r‘ < — Z, + Z,, where Z, and Z, are given in the state of theorem.

So, by condition (39) {'F* < 0 ,and hence W, is a Lyapunov function which gives a global
asymptotic of E,.

Theorem 5.4: The point E; = [fj,ﬁl,l:l) is a globally asymptotical stable (GAS) in the
subregion @, = R that satisfies the next conditions:

P> B,p, =B, (40)
Z,>Z, (41)
where:

Z,=b,(P - B)’ +——=—(P—B)+ 1,(PE, +F‘F‘l)+(5 +d,)P,,

Z,= 1+:._p. (P - p) + CJ_[FF +PPy)+8,P*(P—P) +7 [P — B+ ;f};;’:.
Proof: Consider the following function
. _ . wo D P X
Wy(P,P,P,)=(P—F—B i)+ (P —B —F ErtE)+P:
Clearly, Wy: R3 — R where W, € C' is a positive definite function.
Now, by deriving W, W.R.T. time t, and simplifying the terms, we get
d,:{: l.,.,,,,p[P P)_(Cl lepl—bl[P—fj):—(cl—lljﬁﬁ1+cl[Fﬁl+ﬁP1)—
§,P*(P—P)——> —B,)-
(b, + 6, + hy) (P, —B,) — 1,(PB, + BP,) — (c, — 1,) g ;f};;’; -
“:[Pi_ﬁi)_ (65 + dy)P,,
by the biological facts I,<¢, , i = 1,2 and condition (40)
ke [b (P—B) +—=—(P—B)+ 1,(PB, + BP,) + (5, +djpﬂ]
HP (P—B)+ cl[F'Fl +BP)+ 8,P (P~ B) + (P~ B)) + :f};ﬁ:
’ dW,

< —Z, + Z,, where Z, and Z, are given in the state of theorem.

So, by condition (41)

asymptotic of Ej.
Theorem 5.5: The point E, = [:D P, ﬁq) is a globally asymptotically stable (GAS) in the
subregion Py © R? that satisfies the next conditions:

P> B,P,> P, (42)

Z, =2, (43)

dﬁ:“ < 0 ,and hence W} is a Lyapunov function which gives a global
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where‘
A ) + (0 ) (2 )
~ = B B B E,
Z, = K + J.+i':r1 P, (P o Pl) T (rr+_}f;’-_: “+_}“;E)-

Proof: Consider the following function
: - = B, = = B,
W,(P,P,P,)=P+(P,— B,— B, .En;_]+ (P,— B, B, !nz)
Clearly, W,: R2 — R where W, € C'is a positive definite function.
Now, by deriving W, W.R.T. time t, and simplifying the terms, we get

%’4 < 2F = biP? = (e~ 1)PP + ﬁ[Pl— B,)— (b, +8,+ hy)(P,— B,)" —
P(1,P, + hl)—l-ﬁ—( 1,) ifp - H::ﬁ"( B,)+ Zf;iif _
(e, —1,) :ifﬁf - r}jpj— hy(P, — B,)’ —R*+—}:;
by the biological facts I.<¢, ,i = 1,2 and condition (42), so
LA p(l—:—__'—P]+HmP (Po—B,) = PPy + 1) — 25 (P = B)) +
(L + 2%) L2 2.

Now, since the logistic function f(P) = a,P (1 S P) is bounded by the constant [ﬁ) So,
v, B,p, a? i
o< =[PP )+ (- + f~( =+ )|+

+}rP"
. 15 F, P E,
l+m, Py [Pl N Pl) + €2 (rf+]-fPE‘ + rf+}r£"f)’
that is

dW,
dt

So, by conditions (43)
asymptotic of E,.

< —Z, + Z,, where Z, and Z, are given in the state of theorem.

dw" < 0 ,and hence W, is a Lyapunov function which gives a global

Theorem 5.6: The point E; = (P*,P; ,P;) is a globally asymptotically (GAS) in the
subregion ¢, = R that satisfies the next conditions:

P > P*,P, > P},P, > P}, (44)
Zi > 73, (45)

where:

¥ o 1 _ o+ 2
L= 14+m, P, (P—P%) + 14+m, Py

B, Py PP, )
a+yBl  aspE S

(P,—P)) +1,(PP{ +P'P) + 1, (
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z3 = (P—P)+8,P2(P—P)dey (2l D) S (p _pp)+

J.+:ln 1By atyPy atyP,” 1+m. P,
e, (PP} + P*P,).

Proof: Consider the following function
1 ¥ * £ ¥ ¥ E, ¥ ¥ E
W(P,P,P,) =(P—P =P InZ ) +(P,—P; - P} th—___]+ (p,—pP;—P; )

Clearly, W;: R% — R where W € C'is a positive definite function.
Now, by deriving W W.R.T. time t, and simplifying the terms, we get

d Wy
dt 1+m,

% __(p—p* )—&,PH(P—P)+8,P3(P—P)— (b, +68,+ h,)(P,—P})? +

1+m, P,

¥ ¥ ¥ B B, B B, p,p;
(l 'Plj_ji(P'Pi'FPPl)_(C:_E:) -+C:( z T -)—

at+yP; atyP] atyP”

(. — ] PP g (BPr , PiB ) _ p#)2
1+mp (P, —P) — (g~ 1) a+yP® E:(:r+}rP._:'+:r+}rP._-=) hs (P, = P3)*,

(P P*)+ ¢, (PP{ + P*P))— (c; —1})PP, — (c; — 1, )P*P| —

J.+:ln 0P

by the biological facts [.<¢;,i = 1,2 and condition (44), so

d Wy a, PP
% < _[Hm._p. (P=P) + 25 (P =P+ L(PPL+ P'P)+ 1, (25 +

2+ g -P+ Pt e (et mm (A

atyP,” aty Py at+yP,” 1+m, P,
P{)+c,(PP;+P*P),

dW,
dt

So, by condition (45)
asymptotic of E..

< —Z + Z;, where Z] and Z; are given in the state of theorem.

HWE“ < 0 ,and hence W, is a Lyapunov function which gives a global

6.Numerical simulation

In this section, numerical simulations are used to investigate the dynamical behaviour of
the system (1) dynamical behaviour. For a single collection of values and different initial
points. The objectives of this study are: (I) Study the influence of parameters on the dynamics
of our model. (IT) Confirm the analytical results that we obtained. It seems that at the assumed
parameter set (46) , the system has a globally positive equilibrium point, as shown in Figure

(1) (a-e)

a, = 2,m, = 0.01,b, = 0.001,¢, = 03,8, = 0.003,h, = 0.003,a, = 0.001,m, =1,
b, = 0.0001,1, = 0.3,c, = 0.5,@ = 0.1,y = 04,8, = 0.03,h, = 0.03,d, = 0.00001,
I, =04,5, =0.02,h, =0.03,d, = 0.00001. (46)
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Figure 1: Time series of the system solution (T.S.) started with different initial points
(1,2.5,0.8), (0.8,2,0.9) and (0.9,2.3,0.9). (a) The solution asymptotically approaches to
the positive equilibrium point E. = (1.738,6.229,4.648), (b) trajectories of P, P,,P, from
different initial points, (c) trajectory of P as a function of time, (d) trajectory of P, as a
function of time, (e) trajectory of P, as a function of time.
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Now, to examine the influence of parameter values on the system's dynamical behaviour,
by altering each parameter individually while keeping the other as specified in (46) and the
results are presented in Table 2.

Table 2: The dynamical behaviour of system (1) at each parameter of the system

Range of Parameter Stable Point
1.86 = a, = 3. Eg
0.01 =m, = 0.024, Eg
0,001 = b, = 0,26, Eg
0.3 =¢c =04 Eg
0.003 = &, = 0.5, Eg
0.003 = h, == 0.1, Eg
0.001 = a, = 0.8 E;
0.01 = m, =< 2 E;
0.0001 = b, = 2, E;
0.07 =1[, = 0.3, Eg
0.1 = ¢, = 0.65. Eg
01 =a=1 Eg
0.3610 = y = L, Eg
0.0167 = 4, = 0.8 Eg
0.0171 = h., = 0.7, Eg
0.00001 =d,; = 0.5 Eg
0.001 = 1. = 0.8, Eg
0.01 = &, = 0,230, Eg
0.230 = §; =< 1. E;
0.022 = hy = 2. Eg
0.00001 =d, = 0.17, Eg
0,17 =d, == 1, E;

The influence of altering the toxin rate (§;) of second predator population as in
0.01 = §; < 0.230 the solution goes to E, as illustrated in Figure (2) (a, a,) with the
typical value §; = 0.01 while, in the range 0.230 = §; < 1 the solution goes to the point E;,
as illustrated in Figure (2) (b, b,) with the typical value §; = 0.230.
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Figure 2: (a) (T.S.) of solution which goes to E.= (1.741,6.228,4.682) when
§; = 0.01,(al) 3D phase portrait of (a), (b) (T.S.) of the solution of system (1) which
goes to E; = (1.248,6.245,0) for the given values in equation (46) with §; =0.230, (b1)
3D phase portrait of (b).

Also, the influence of altering the natural death rate of second predator d, in the range
0.00001 = d, < 0.17 solution goes to E; as it is illustrated in Figure (3) (a,a,) with the
typical value d, = 0.00001 while, in the range of 0.17 < d, < 1 the solution goes to Ej, as
it is illustrated in Figure (3) (b, b, ), with the typical value d, = 0.17.



Hassan and Majeed
a
12 (.)
Prey
First predator
1ok Second predator|]
sk
c
2
©
S of
o
o
o
4 1
2
A~

0 100 200 300 400 500 600 700 800 900 1000
Time

(b)

Prey
First predator
Second predator

Population

AN

Time

N 1 N 1
200 400 600 800 1000

Iraqi Journal of Science, 2026, Vol. xx, No. x, pp: xx

(a1)
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Figure 3: (a) (T.S.) of the solution which goes to E. = (1.387,6.241,1.300) when
d, = 0.00001, (al) 3D phase portrait of (a), (b) (T.S.) of the solution which goes to
E, = (0.595,7.063,0) when d, = 0.17, (bl) 3D phase portrait of (b).

The influence of the growth rate, the internal competition rate of both the prey, the first
predator, the harvesting rate of the prey, the toxin rate of both the prey, the second predator
and the death rate of the predators (a,,a., by, b,, hy,8,,8;,d, and d,) the solution goes to E,,

as it 1s illustrated in Figure (4) (a,b) with the values
b,=02,h, =07,6,=03,6,=02,d, =07and d, = 0.1.

a, =01, a, =0.1, b, = 0.2,
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Figure 4: (a) (T.S.) of the solution which goes to E, = (0,0,0 ) when values a, = 0.1,
a,=01,b, =02, b, =02, h, =07,6,=03,8,=02,d, =07 and d, = 0.1, (b) 3D
phase portrait of (a).

The varying of the growth rate of prey population, the food transfer rate of the first
predator population and the death rate of the predators (a,,l,,d,, and d,) in the range of
005<a, <02 001<=1,<02, 0311=d, <099 and 03<d, <09 the solution
goes to E,, as it is illustrated in Figure (5)(a,b)  with the typical values
a, =01, I, =0.1,d, =09 and d, = 0.3.

Population

(?). . . . (b)
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First predator [ 144
Second predator 12

(1, 2.5, 0.8)

P2

E, = (5.522,0,0)

0 100 200 300 400 500 600 700 800 900 1000
Time

Figure 5: (a) (T.S.) of the solution which goes to E, = (5.522,0,0) when a, = 0.1,
I,=01,d, =09,and d, = 0.3, (b) 3D phase portrait of (a).

The varying of the growth rate of prey and first predator populations, the attack rate of

prey, the toxin rate and the death rate of second predator population (a,, a,, ¢, &3, and d,) at
the same time in the range 0.1 < a, < 1.6, 0.1 < a, < 0.370,0.3 < ¢, < 1.290,
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01<d;<1,and 0.1 < d, < 0.999 the solution goes to E,, as it is illustrated in Figure (6),
with

typical values a; = 0.5, a, = 0.1,¢; = 0.9, §; = 0.5,and d, = 0.5.
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0 L L 6 0 P
0 100 200 300 400 500 600 700 800 900 1000

Time
Figure 6: (a) (T.S.) of the solution which goes to E, = (0,1.664,0) when a, = 0.5,
a, =0.1,c, =09, §;=0.5,and d, = 0.5, (b) 3D Phase portrait of (a).

Moreover, varying the growth rate of both prey and first predator, the fear rate of the first
predator, the internal competition rate of the first predator, the half-saturation constant and the
food transfer rate of second predator (a,,a,,m,, b,, @ and I, the solution goes to E,, asitis
illustrated in Figure (7) with the values a; = 0.5, a, = 0.4, m, = 0.001, b, = 0.1, @ = 0.5,
and I, = 0.01.

a
3 ( .) T T T
Prey (b)
First predator
25 Second predator ||
/
1,2.5,08
.k ( )
c=> 0.6
2
K
>
8-1_5 - g g 0.4
o
0.2 4
1
0l
3 ———> E, =(0,2.369,0.109)
05
o N Y N . . L L P1 15 o : P
0 100 200 300 400 500 600 700 800 900 1000

Time
Figure 7: (a) (T.S.) of the solution which goes to E, =(0,2.369,0.109) when

a, = 0.5,a, = 0.4, m, =0.001,b, =0.1,@ = 0.5, [, =0.01, (b)- 3D phase portrait of
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7.Conclutions and Discussions

In this study, we proposed a food chain prey-predator model that encompasses three
species: the prey, the first predator, and the second predator, taking into account the effects of
fear, toxins, and harvesting on the populations of all three species. We have theoretically
established the uniqueness and boundedness of the system. The model features six
equilibrium points, each of which is locally and globally asymptotically stable under
appropriate conditions. Additionally, we have performed a numerical analysis of the model
using the specified dataset in Equation {(46) and various initial conditions. Identifying the
dynamics of the system presented several challenges, as it necessitated the simultaneous
adjustment of multiple parameters under specific conditions to locate all the equilibrium
points. In contrast, changing each parameter individually while keeping others constant led to
the following results which are summarized as follows:
1. System (1) does not have periodic solutions in Int. R3.
2. For parameters (a;, m;, b;, c;, §,1,,i=1,2, h,,i =1,2,3,, a,y, d,) the solution goes
to the positive (EP) E. while for §; and d, made extinction of second predator, that is the
solution approaches to E; as illustrated in Table (2).
3. Varying the parameters (a,,a,, by, b, hy,8,,85,d, and d,) at the same time causes
extinction of all species, that is the solution approaches to E, as illustrated in Figure (4).
4. Varying the parameters (a,,l,,d,, and d,) at the same time causes extinction of first and
second predators, that is the solution approaches to E, as illustrated in Figure (5).
5. Varying the parameters (a,, a,, ¢,, 85, and d,) at the same time causes extinction of prey
and second predator, that the solution approaches to E, as illustrated in Figure (&)
6. Varying the parameters (a,,a,,m,, b,, @ and I,) at the same time causes extinction of
prey, that the solution approaches to E, as illustrated in Figure (7).
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