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Abstract

Schlicht function theory is a subfield of complex analysis and falls within the
broader scope of geometric function theory, focusing on the relationship between
geometric transformations and one-to-one complex-valued functions. Inspired by the
promising applications of fractional g-calculus, we examine analytic functions in this
paper and investigate various subfamilies of regular, schlicht, and bi-schlicht
functions based on generalized conditions and fundamental geometric properties such
as starlikeness, convexity, and close-to-convexity. Furthermore, we determine
bounded values for Fekete-Szegd-type problems. Our findings contribute to the
growing structure of research on subfamilies of regular functions, with implications
for further studies in the geometric function theory of complex analysis.

Keywords: Regular function, Schlicht function, Bi-schlicht function, Bazilevi¢
function, Close-to-convex function, Fekete-Szego inequality.
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1. Introduction

A function ¢ that is regular in D: = {z € C: |z| < 1} is considered schlicht if it does not take
the same value more than once in D. The domain D is commonly chosen for studying regular
schlicht functions (RSF) because it simplifies computations and results in elegant formulae.
This choice does not restrict generality, as the Riemann Mapping Theorem states that any
proper simply connected domain (SCD) of C can be mapped onto D through a schlicht
transformation.

A family of regular functions P is referred to as a normal family if, for any sequence of
functions {¢,(2)},en in P, there exists a subsequence that converges uniformly on every
compact subset of . This concept is well established and can be found in standard references
on complex analysis.

We denote by A the family of all regular functions in ID that satisfy the normalization
conditions ¢ (0) = 0 and ¢'(0) = 1. Functions in this family are expressed in the form

o(z)=z+ Z Qnz™. (1.1)
n=2

From a geometric perspective, the condition ¢(0) = 0 corresponds to a simple translation of
the image domain, while ¢'(0) = 1 ensures that the function preserves the local orientation
and scale at the origin. The subset of A consisting of RS with these normalization conditions
is denoted by §. A fundamental example of a function in § is the Koebe function, defined as

¢(z) = z/(1 — z)?. This function maps ID onto C, excluding —oo to — %.

If a sequence of functions {¢,(2)},ey in S converges uniformly to a function ¢ on every
compact subset of ID, then ¢ must be either schlicht or constant in D. Another significant result
concerning normal families states that a family of regular functions is normal if and only if it is
locally bounded. In the complex plane, most simply connected domains can be conformally
mapped in a one-to-one manner onto D). This property is particularly useful as it allows many
mathematical problems to be transformed into equivalent problems within the unit disk. Let V
be a SCD that does not cover the entire complex plane, and let z, € V. Then, there exists a
unique conformal mapping ¢(z) that maps U onto D, satisfying the conditions ¢(z,) = 0 and

¢'(zy) > 0.

The origins of modern geometric function theory (GFT) can be traced back to Géttingen in
1851, when Riemann, at an inaugural conference, presented his well-known theorem on
conformal mappings of SCD. Later, in 1916, Bieberbach examined |¢,| of a function ¢ € §
and established that |¢@,| < 2, with equality occurring if and only if ¢ is a rotated version of
the function ¢ (z). He further suggested that the inequality |¢,| < n holds for all n € N \ {1}.
This assertion became known as the Bieberbach conjecture (BC).

In 1923, Lowner verified the BC for n = 3, and over time, numerous authors examined its
validity for specific values of n. Ultimately, in 1985, de Branges provided a complete proof of
the conjecture for all coefficients using hypergeometric functions. Due to the difficulty of
proving the BC, several researchers turned their attention to function subfamilies defined by
geometric properties. Among the most significant are the subfamilies of starlike, convex, and
close-to-convex functions [1]. These subfamilies are denoted by §*, C, and X, respectively,
and are defined as follows:
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S*= {(p € S:Re (Z"’IEZ)) >0,z€ IDD},
_ _ (Z(p’(Z)),
C—{(pESRG(W >0,ZE]D )

K = {(p ES:Re(Z(p’(Z)) >0, €eS*andz € ]D)}.

Y(2)
It is important to note that C € §* < K. Consider a function
Y(z)=z+ z Yrzk € S*. (1.2)
k=2
Then, as stated in [1], the following inequalities hold:
il <k k € N\ {1}, } (13)
s — oY3| < 2max{1, |40 - 3[},0 € C. '

Various subfamilies of normalized regular functions within GFT have been analyzed from
multiple perspectives. For example, Tayyah and Atshan [2] established several characteristic
properties for certain Ma—Minda families associated with a novel Carathéodory function,
including growth and distortion results, inclusion results, and radius estimates. Illafe et al., [3]
investigated specific subfamilies of regular functions, distinguished by the variation in the
arguments of their coefficients. Their work sheds light on the properties of these functions and
highlights their potential applications in the field of complex analysis. Hadi [4] investigated the
Toeplitz determinants associated with the inverses of analytic functions, examined their
structural properties and derived relevant mathematical formulations. Karthikeyan et al. [5]
examined geometric characteristics of close-to-convex functions, providing new insights into
their structural properties and expanding the understanding of this subfamily. Additionally, Ali
et al. [6] examined novel differential subordination and superordination relationships for a
specific subfamily of meromorphic univalent functions, introduced a new operator to establish
inclusion results, and derived necessary conditions for function properties within this regular
framework.

For 0 < a < 1, let H,, denotes the family of regular functions h that satisfies the condition
Re(h(z)) > a. These functions can be expressed through the Taylor-Maclaurin series
expansion as follows:

h(z) =1+ Z By 2. (1.4)

In particular, when a = 0, the family H, denoted simply by H, consists of functions whose
real part is positive, commonly known as Carathéodory functions. Moreover, for functions
h(z) € H given by (1.4), the following bounds hold [7]:

|hn| < 2ln e NI
2
H —g—
20 >

(1.5)

< 2max{l,|oc —1|},0 € C.

The families of starlike and convex functions of order (0 < @ < 1) are represented by §* (@)
and C(a), respectively. These families are defined as follows:

S (a) = {(p € S:Re (Zzég)) >,z € ]D)},

Cla) = {qo € S:Re (1 + Zz,’;z)) >a,z € ]D}.
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Another notable and well-established subfamily of § is the Bazilevi¢ function family as well as
the subfamily of close-to-convex functions of order 7(0 < T < m), which are defined as
follows, respectively:

z'779'(2)

B(r) = {(p € S:Re (((p(z))l_T

_ . i'rZ(p’(Z) *
7((1')—{(,0 ES.Re(e TN ) >0,pesS,0<T<mandz € ]D}.

BC served as the impetus for investigating the Taylor-Maclaurin expansion coefficients of
schlicht and later bi-schlicht functions (BSF). A function ¢ € A is defined as BSF if both ¢
and its inverse are schlicht in I, and this family is denoted by Z. In 1967, Lewin studied
subfamilies of functions in ¥ and established that for every ¢ € Z, |p,| < 1.51, which sparked
further exploration into the bounds of the coefficients. Additionally, in 1969, Netanyahu proved
that the maximum value of |, | is 4/3, with the maximum taken over all functions in X. Later,
in 1981, Styer and Wright demonstrated the existence of a function ¢ € X for which max|¢,| >
4/3.

The most precise estimate for the coefficients of functions was obtained by Tan [8], where it
was shown that max |¢,| < 1.485. Subsequently, Branan and Taha [9] introduced several
subfamilies of functions within the family ¥ and derived bounds for the second and third
coefficients of functions belonging to each of these subfamilies. The quest to find bounds for
the coefficients, particularly the second and third ones, gained further momentum following the
work of Srivastava et al., [10]. Their publication reignited interest in the study of functions in
¥ and laid the foundation for subsequent research. In general, little is known about the higher
coefficients of functions in X, noting that finding bounds for the coefficients |¢@,| where n > 3
remains an open problem, given that the BS condition complicates the behavior of higher
coefficients.

)>ar>azem}

Many other researchers have since investigated various function subfamilies within X,
following the path established by [10]. For instance, Tayyah and Atshan [11] derived
coefficient inequalities and Fekete—Szegd inequalities for a comprehensive family of bi-
Bazilevi¢ and bi-pseudo-starlike functions by employing the Tremblay fractional derivative
operator. Hidan et al., [12] studied the coefficient bounds for specific families of bi-Bazilevi¢
and bi-Ozaki-close-to-convex functions, contributing valuable insights to the field of
mathematical analysis. Lagad et al., [13] introduced a generalized subfamily of regular and
BSF, established coefficient bounds, and investigated properties relevant to function behavior
within GFT. Another work by Amini and Al-Omari [14] investigated the subordination
properties of BSIF that incorporate Horadam polynomials, providing a significant contribution
to the understanding of function theory within the context of complex analysis. Sabir and Ali
[15] examined the subordination properties of SF using a generalized derivative operator,
thereby expanding the application of subordination in this field. Al-Hawary et al., [16]
introduced a broad subfamily of BSF defined by error function and subject to subordination
conditions, providing a unified framework for their study. Sharma et al., [17] presented a new
family of concave BSF with bounded boundary rotation, advancing the geometric
understanding of these functions. Wanas et al., [18] applied (M, N)-Lucas polynomials to a
subfamily of BSF, linking t-pseudo-starlike functions to Sakaguchi-type functions, thus
bridging classical and modern approaches. Finally, Atshan et al., [19] analyzed the second
Hankel determinant for a specific subfamily of BSF, established new coefficient bounds, and
provided analytical insights.

Quantum (briefly, g-) calculus provides a more expansive framework than traditional
analysis, eliminating the necessity for limit notation. Since then, the g-calculus serves as a
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valuable tool for investigating various subfamilies within the families § and Z in the context of
GIFT, where properties like starlikeness and convexity are central. Srivastava [20] examines
various operators in basic (g-) calculus and fractional g-calculus, highlighting their importance
in GFT within complex analysis, while exploring their properties and applications to
characterize and analyze specific function subfamilies, and integrating fractional g-calculus
techniques to offer insights into function behavior, structural properties, and potential
extensions in mathematical analysis. Alqahtani et al., [21] characterized generalized g-convex
functions using g-calculus, contributing to the deeper understanding of convexity in quantum
calculus. Caglar et al., [22] examined coefficient bounds for g-starlike functions related to g-
Bernoulli numbers, bridging the gap between classical starlike functions and g-calculus. Louati
et al., [23] defined and analyzed new subfamilies linked to symmetrical functions and quantum
calculus, enriching the theoretical foundations of g-based function analysis. Furthermore,
Lupas [24] introduced a convolution operator of the g-hypergeometric type and studied
strongly differential subordination and superordination by analyzing distortion constraints, and
coefficient bounds.

For a function ¢ € A given by (1.1) and for 0 < g < 1, the g-derivative of ¢ is defined as
follows:

©(qz)-p(2)
Dyp(z) = {—m-m 2%,
@'(0), z=0.
Or, equivalently,
D@ =1+ ) [nlggnz"", (1.6)
n=2

where [n], in (1.8) is given by the formula [25]:
1+q+-+q"2+q"", neN,

={1—-qg" 1.7
[n]q 1_qq, n € C. 1.7

It is noteworthy that [0], = 0 and lir?_ [n]y =n.
q—)

Utilizing D, ¢(z), the subfamilies of g-starlike function of order & and g-convex function of
order a are defined, respectively, as follows:

Sq(a) = {(,0 € S:Re (ZD(ZT(Z;Z)) >aq,z € ]D},

_ e [Pa(72a9@)
C’q(a)—{prS.Re< e )>a,z€lD}.
As q - 17, we have §;(a) - §*(a) and C4(a) — C(a).

The Littlewood-Paley conjecture (see [26]), which suggested that the coefficients of odd
RSF are bounded by one, was disproved by Fekete and Szegd, a result widely recognized in
the field of GIFT. The Fekete—Szeg6 functional problems are vital tools in the study of schlicht
functions and are employed in the analysis of power series to verify whether a function
possesses certain bounded properties in D. For ¢ € S, the expression @3 — @3 is recognized as
the Fekete—Szegd functional problem, which was later generalized to the form @3 — ug3,
where u is a real or complex parameter, and has been extensively studied in various settings.
For instance, Mostafa and El-Hawsh [27] examined two subfamilies of regular meromorphic
functions associated with the g-derivative operator and studied the bounds for the Fekete—Szeg6
functional. Gagandeep Singh and Gurcharanjit Singh [28] used the g-derivative operator to
introduce two novel and unified subfamilies of BSF in D, and obtained bounds for the initial
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coefficients and the Fekete—Szeg6 inequality for these families. Al-Ityan et al., [29] introduced
a new operator based on the Salagean g-differential approach to define a new family of regular
functions, provided estimates for the first two Taylor—Maclaurin coefficients, and addressed the
Fekete—Szegd problems. Furthermore, numerous studies have examined and established the
Fekete-Szego inequality for various subfamilies of functions (see, for example, [30-36]).

Over the years, the renowned BC has been central to coefficient problems, leading to

numerous findings and significantly shaping the development of GFT. Although GFT has its
foundations in classical mathematics, it remains highly relevant across various fields, including
fluid dynamics, modern mathematical physics, partial differential equations, and nonlinear
integrable systems.
Motivated by the BC, prior research, and the crucial roles of starlikeness and convexity in GFT
within complex analysis, we integrate the concepts of Bazilevi¢ and close-to-convex functions.
Our focus is on establishing coefficient bounds and Fekete-Szegd inequalities for regular
functions within the designated function subfamilies. The remainder of this paper is structured
as follows: Section 2 explores the boundary values for schlicht and BSF within the defined
subfamilies. In Section 3, these results are utilized to establish the Fekete-Szegd inequalities.
Lastly, Section 4 provides the conclusions of our study.

2. Boundary values

In this section, by employing the g-derivative operator given in (1.6), we introduce several
unified subfamilies of Bazilevi¢ and close-to-convex functions and derive coefficient bounds
for analytic functions belonging to the defined families.

Definition 2.1. A function ¢(z) expressed in (1.1) is said to belong to the subfamily
Kila,))(0<a<1l,t>210<g<1),
if there exists a function (z) € §* such that the following condition holds:
zD,¢(2)(p(2))*1
Ki(a,1) = {(p € 5:Re< a9( )(¢(T)) ) >a,z € ]D)}.
¥(2))

Example 2.2. Let ¢(z) = z + az?, where |a| < i—z, and let Y(z) = z. Then, fort =1,

Re (Zqup(Z) (p@)™!

ZT

(2.1)

) =Re(1+al(g+1z) >1-(q+1lallz|

1—-«a
>1-— 1 >1-— 1)—=a.
(@+Dlal>1- @+ D =a
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Figure 1: Image of D under ¢(z) in Example 2.2 for various values of q.

Figure 2: Image of D under ¢(z) in Example 2.2 for various values of q.
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Theorem 2.3. Consider a function ¢@(z) of the form (1.1). If ¢(z) belongs to the subfamily
K% a, 1), then

20 —a+1)
o] <W,
and
sl

2|1 - (([Z]q +7—1)" +2¢(c]3 — 7 = 2[2]g| + 2[2]gT + (r — 1)? — 2)) +ry([2 + 71— 1)

h (121, +7—-1)*([3l, +T— 1)
where

1272t = 3) +47[2]q(r — 1) + 4t — 2t + 1)([2]q + T — 1)?| 22)

([2g +7—1)° ' '
Proof. From (2.1), there exists a function h(z) € H given by (1.4) such that
zDqp(z)(p(2)" 1)
—a)h 2.3
o = (- @) 23)

where ¢(z) and Y (z) are defined by (1.1) and (1.2), respectively.
We now find that:

D -1
Z qu((;)((zf,;?)(rz) ) =1+ (QDZT + [2]q§02 — Q2 — lpzT)Z

1 2.2 2 3 2 2 2 2
+(§<pzr + [Z]qQDZT_EQUZT_ [2]402 + @3 — @277 — @,7[2],

1 1
+TP Y, + T3 + [3]q§03 — @3 +§T27~/’§ + ET’J’% — T3 )ZZ + -
and
a+(1—-a)h(z) =1+ (1 —-a)hz+ (1 — a)hyz? + -
By equating the corresponding coefficients on both sides of (2.3), we derive
(1—a)hy + 1,
P2 = 2, +71-1 (2.4)
Taking the absolute value of (2.4), we obtain
(1 - )|l + tly,l
[2]lg+T1—1
Thus, by applying the first part of both (1.3) and (1.5), we obtain the required bound for |¢,|.
Further coefficient comparisons in (2.3) yield

lp2| <

L, . 3, 2 2 2
5 92T + [2]4p3T — 5 P27~ [2]qP3 + @3 — @227 — @,T[2] 4 + TP, + T3 (2.5)
2.

1 2.1, .. 1 5
+[3]gpz — @3 + Ell’z t57T Y3 + ET’JJZ — )3 = (1 — a)h,.
By substituting the expression for ¢, from (2.4) into (2.5), we obtain

_ 1 _20-a®)8 hz) 276+(1-1)([2]g+7-1)?
(Blg +7=1)p; = A=) (hz (121g+7-1)° 2 (1’[}3 2([2)q+7-1)? 1/)2) 2.6)
+r(1 a)(t+[2]q —1)h '
@lgrenz ¥
where
1 3
8= ETZ +([2]q—§)r— [2]q + 1. (2.7)

Since given that T > 1 and 0 < a < 1, by applying (1.3), (1.5), and (2.6), we get

)
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20— )5 - ([21, +7- 1)2|}

(Bl + 7= Dlgsl < 2(1 — @)max{ 1, >
! ([2]q +7—1)

(2.8)

418 — 2t + D([2], + - 1)° L _
|46 — 27 + 1)([2], - )| +4T(1_a)<'[|3 T 2[2]q|+2([22]q 1)+1>.
([2],+7-1) ([21,+7-1)
Therefore, for T > 1, simplifying Equation (2.8) leads to
<

(131 + 7= Dozl <201 - @)+ j:_l)z 416+ 201 — D) ([2]g +7—-1)" = 3([2) + T - 1)]

41(1-)
([2]q+‘r—1)2
This gives the required bound on |¢3|, completing the proof.

+2tmax {1,

(13 = 7 = 2[2]¢| + ([21)" + 2[2],7 + (r - 1) - 2).

Definition 2.4. A function ¢(z) defined by (1.1) is said to belong to the subfamily
Ki(a,)(0<a<1,7>10<qg<1),

if it fulfils the following conditions:

€Y@ €XKa,1),and ot € K(a,1). (2.9)
Theorem 2.5. Let ¢ (z) be a regular function in D, expressed in the form of (1.1). If ¢(z) €
K4 (@, 1), then

N R A )
P2l < 12 + (2[2]g — V)7 - 2[2]4 + 2[3]q

and
0] < 20-a) + 7t 4(3t2+27([2], - 1) + (1 — a)?)
@3l < .

[Bla+7-1 (121, +7—-1)°
Proof. Based on Expression (2.9), there exist functions h(z) =1+ Y5—; h,z" and s(w) =
14+ Y1 spw™, both belonging to H, such that
zDqp(2)(p(2))""

W@ =a+ (1—-a)h(2), (2.10)
and
-1
Wchb((l\;vszq;)(:v)) =a+ (1-a)s(w), (2.11)

where @ (z) and Y (z) are defined by (1.1) and (1.2), respectively, and their corresponding
inverses, ¢(w) and W (w), are given by
PW) =w — @,w? + (293 — pIW> + -+, (2.12)
P(w) :=w —P,w? + 29% — P3)wd + -, (2.13)
Clearly, we have
1+ (1 —-a)hiz+ (1 —a)hyz? + -,
and
1+ (1 —a)s;w+ (1 — a)sw? + -
We further find that
2Dy (2) (p(2)"™)

W(2))*

1 2.2 2 2 _E 2. 2 2 2 _ 2 _ 2
+(2<P2T + [2]q937 5 #2T [2]q02 + @3 — Q2277 — @057[2]4

=1+ (‘PzT + [2]402 — @2 — 1/)2'[)2

1 2,/0,2 1 2 2
+Tp Y, + T3 + [3]q(P3 — @3 +§T (VL +En/)2 —‘[1/)3>Z + o,
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and

el CIICIC)
(W w))” =1+ (=@t = [2]492 + @2 + PoT)W
3

1
+( §<p%f2 + [2]495T — §<p§r — [214905 — 95 — @272 — @21h,7[2],

1 1
+1QY, + T3 + [3]403 — @3 — 2[3]403 +§T21/)§ + ETIIJ% + T3 W2 + -,
By matching the corresponding coefficients in Equations (2.10) and (2.11), we obtain

Ty + [2]q02 — @2 — TP, = (1 — a)hy, (2.14)
1,, 2, 3 2 2
(18lg + 7= D3 = (1 - a)h, —57%0F — [214703 + 57903 + 21407 — 3
1 1
+721, + [2] 4T — TP, — ETZI/)% - ETI/)% + 15, (2.15)
—T@; — [2]q@2 + 2 + TP, = (1 — a)sy, (2.16)
and
1,5, 1,5 , 1
_([3]q +7 - 1)‘!’3 =1 —-a)s; — ET 03 + 170, _ET Y3 — [Z]qTQUZ _ET(»DZ
; (2.17)
+[2]gTo, — TP, + E‘UP% — T3 + [2]q<P§ - 2[3]q§0§ + @3
Utilizing Equations (2.14) and (2.16), we derive
hl = _51, (218)

nd

al

2([21g +7— 1) (([21g + 7 = 1)03 — 27) @0, = (1 — )* (R} + 1) — 20793, (2.19)
By summing Equations (2.15) and (2.17), we arrive at

, (A =a)(hy +55) — 1(r — D3 + 22([2]4 + 7 — 1) pa1h,
vz = (= D(z +2[21,) + 23], '

(2.20)

By considering the absolute value of (2.20) and applying (1.3) and (1.5), we derive the first
required bound.
Next, to establish the bound on |¢3|, we subtract (2.17) from (2.15), yielding
2([Blg + 7= 1)gs = (1 — a)(hy — 53) + 2([3]q + 7 — 1)93 + 22(h3 — ¥3). (2.21)
Upon substituting (2.19) into (2.21), we derive

_ (1= a)(hy = 53) + 2T(Yh3 — P3)

o N (1—a)*(hZ +s7) + 2t(2([2]4 + T — 1) @atp, — 13)
;=

[Blq+7—1 2([2]g +7—1)°

.(2.22)

Finally, by taking the absolute value of (2.22) and applying (1.3) and (1.5), we derive the second
required bound.

Definition 2.6. A function ¢(z) defined by (1.1) is classified under
KiB,1)0<p<KLt>10<g<1),
if there exists a function (z) € §* that satisfies the following condition:

SERE

< %”,z € ]D)}. (2.23)

Theorem 2.7. Let ¢ (z) € K9(B, T) be represented in the form (1.1). Then, we have:
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2(B + 1)
l@,| < W’
and
2|8+ r)((21q + 7 — 1)? + 216 (213 — 7 — 2[2]q] + ([2], +7)° — 21— 1))
sl < @la+ - D2Bla + -1 '
where y is given by (2.2).

Proof. From (2.23), there exists a function h(z) given by (1.4) such that

zDq(2) (p(2))" " 1
=1+ hz+(— (B—1Dh%+ h)zz-i----. 2.24
O Bhuz +(5B(8 — DS + Bhy (224)
By comparing the coefficients on both sides of Equation (2.24), we obtain:
_ Phy Ty,
(2.25)

LT
Now, taking the absolute value of (2.25) and applying the first part of both (1.3) and (1.5), we
obtain the required bound for |¢@,]|.

Furthermore, by comparing additional coefficients, we derive:

L, .. 3, 2 2 2
E(PZT + [2]4p3T — E‘PZT = [2]q@3 935 — Q20,77 — @ ,T[2]4 + TPY, + T@3

(2.26)
1 2.0,2 1 2 1 2
+[3]lg93 — @3 + 5T Y5 + ETIPZ — T3 = Bhy + Eﬁ(ﬁ — Dhi.
Upon substituting ¢, from (2.25) into (2.26) and simplifying, we obtain
2
266+ (1—=pB)([2],+7t—1) K2
(131q + 7 = Dz = B(ny — ql)z ) )
[2lg +7 (2.27)

3 0 _T—l 5 B2l —t—-1)
+T(1.b3 <([2]q+‘[_1)2 2 >7~/)2>+ [2]q+T—1 hi,.

where ¢ is defined by (2.7).
Considering that 78 > 0, and applying (1.3) and (1.5) to (2.27), we get:

B(28 - ([21, + 7 - 1)°)]
(121 +7—1)’
|426 — (21 + (2] + 7 - 1)2|} . 4tp

(2l +7—1)° (2] +7—1)
Thus, for T > 1, Equation (2.28) simplifies to:

([B]q +7—1)|ps| < 2fmax {1,
(2.28)

+21max{1, — (|3 -1t-2[2],t+7* - 21+ 1)

([31, + 7 — 1)lgsl < ﬁ 418 — 2t + 1)([2]4 + T - 1)2|
qtT—
(—[2]:418—1)2 <T|3 —1—=2[2],| + ([2], + T)Z -2t + 1)).

This gives the desired bound on |@3| as required. The proof is now concluded.

Definition 2.8. A function ¢(z) defined by (1.1) belongs to the subfamily
Ki(BDO<B<KLT>10<qg<1),

if it satisfies the following conditions:

@ EX, @ €KIPB,1)and ™! € KI(B, 7). (2.29)
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Theorem 2.9. Let ¢ be a function belonging to the subfamily JCZq (B, t), with the form given
by (1.1). Then,

4(p? +312 +1(2[2], - 3))

Wl [y, ) - 22, 28l

and

o < ZBHTT 4GB+ 3T+ 20(2)q — 20)
SBlgtr-1 (2l +7-1)"

Proof. Based on Expression (2.29), there exist functions h(z) = 1+ Y-, h,z" and s(w) =
1+ Y7, sp,w™, both belonging to H, such that

zZDqa9(2)(p(2))""

Gy = @V, (2:30)
and
wD p(w)(p(w))**

oy = S, (231)

where ¢(w) and W(w) have the forms given in (2.12) and (2.13), respectively.
Clearly, we have

[h(2)]? =1+ Bh,z + <@h% N ﬁh2> 224
and
[s(W)]f =1+ Bs;w + <@5f N ﬁ52> W2 4 e

By equating the corresponding coefficients in (2.30) and (2.31), we obtain:

@, + [2]q02 — @2 — TP, = Bhy, (2.32)
1 2 1, 2, 3 2 2
([3]q +7— 1)‘/’3 = ph, + Eﬁ(ﬁ — Dhi - ST 92— [2]4T3 +§T‘P2 + [2]493 — @3
2 1,5, 1
+T2Q Y, + [2]qTP2Y2 — TR, — 5T Y5 — 5“/’2 + 13, (2.33)
—TP, — [2]q@2 + @2 + TP, = Bsy, (2.34)
and

1 1 1 1
~([8lq + 7= Vo5 = Bs + 588 = Vst — 57203 + T2051, — =743 — 214793 — 5703
(2.35)

3
H21gT022 = T2z + ST YE — Ty + (21407 — 2[3]492 + @3-
By combining (2.32) and (2.34), we derive

hy = —s, (2.36)
and
(22 + [213 + 1+ 21[2] — 27 — 2[2],) 9} — 412 — 47([2], — 1)) 9292 (2.37)
= p2(hi + s7) — 2193,
By adding (2.33) to (2.35), we get
5 p(hy +s5) + %,3(,3 —1)(h2 +5s7) — (2 —D)yY5 + ZT([Z]q +7T— 1)‘P21/)2
Y2 = (2.38)

(t—1)(r +2[2],) + 2[3],
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Now, taking the absolute value of (2.38), and applying (1.3) and (1.5), we obtain the desired
first bound. Next, to find the bound on |¢@3|, we subtract Equation (2.35) from (2.33), resulting
in

1
2([3]g + 7= 1)@z = Bhy = 52) + 5 (B — D(hi — s7) + 2([8]q + 7 = 1) + 2t(hs — ¥7). (239)
By substituting Equation (2.37) into (2.39), we obtain
1

Bhy —s2) +5B(B —D(hE —sP)  B2(hZ + s7) — 2029% + 41([2]q + 7 — Doy,

$3 = + —_ 12
2(Bl;+7-1) 2([2]q +t—1) (2.40)

(Y3 — 1/1%)
B8] +7—-1"
Finally, by taking the absolute value of Equation (2.40) and using (1.3) and (1.5), we obtain the
second required result.

_|_

3. Fekete-Szego inequalities
In this section, we present Fekete—Szegd inequalities for analytic functions within the
previously defined subfamilies.

Theorem 3.1. Let ¢(z) € K9(a, T), where u is an arbitrary complex number. Then,

(05 — 193] < [ — )y + e + LD
Blg+7-1 ([2lg +7-1)

X (713 —7—2[2]q| + 2[2]gT + (r — D2 + 2|u|([3]; +T— 1) — 2),

where

n

o (0 0EE =3 +2[2qG D + 24 2u(Bla 7 - 1) ~ ([2]q + 7 - 1))
. ’ ([2]q + v = 1)? :

€

_ { |(4p — 3)7% + (4ul3lq — 4p + 4 — 2[2]q)T — [2]q° + 2[2]q — 1I}

= maxj 1, ,
([2]q + 7 - 1)?

Proof. From (2.4) and (2.6), it follows that

2(1—a) (8 +u([3], +7 - 1))h_g>

(1214 +7—1)° 2

(3.1)

—ypi=—_11- h, —
3 — 1P3 [3](1“_1( a)| h;

1 2
1) 3 -1 51— 2 -1
+T<¢3_T( +u([38ly+7 ))+2( D([2l;+7-1) ¢2>

(121, +7—1)° ?

1 —
—([Z]T(+ a)l)z (‘L’(3 —T— Z[Z]q) + 2([2]q -1)- 2#([3]q +T-1)+ ([Z]q tTT- 1)2) hllpz] -(32)
qT 1t~

By taking the absolute value of (3.2) and applying (1.3) and (1.5), we obtain the desired result.



Ali and Sabir Iraqi Journal of Science, 2026, Vol. xx, No. x, pp: xx

Theorem 3.2. Let ¢(z), defined by (1.1), belong to the class K (@, 7), and let u € C. Then,

- (e+2ul(Bl+1-1))+1) 214
lps — upsl < + —
([B]q +7- 1))(2 [B]g+7—1
8t(x, + lul([2]q + T — 1)?) N 4(1—a)?
([2lg+7— Dy, o
where
X1 = 2([2]g + - 1)?, (3.3)
X2 = (=1 (r+2[2],) +2[3], (3.4)
_ max{l 47(Blg+t—1) 4|ul(rt— 1)([3]q +7— 1) } 35)
X3 "(2lg+T-1D2 " (z-1)(r+2[2],) + 2[3],)’ '

2, (1-a)(Blg+7—-1)
X4 == max{1, -1

([21q +7 = 12 (32 + 2u([3]g + 7 — 1))

Proof. By combining Equations (2.20) and (2.22) in the functional @3 — u@3, we obtain
(1 - ) (x2 + 2u([3]g +7 - 1)) L (- a(Bl+7-1) B
2x2([3]g +7— 1) * (e +2u(3lg + 1 - 1)) 2

@3 — pps =

N T <1/J N X1X2 + (21)(2 + uy, (t — 1))([3]q +7-— 1) 1/)2) 1-a) ()(2 + 2#([3]q +7T— 1))5
[Blg +z—1\"" Xixz : 2x2([3]; + 71— 1) 2
2z([2]q + 7= 1)@xz + 1x1) (1-a)? ,
* X1X2 ¥zt X1 o (3.6)

By applying the absolute value to Equation (3.6) and utilizing inequalities (1.3) and (1.5), we
obtain the desired result.

Theorem 3.3. Let ¢(z) belong to the class K9(f,7) and let u € C. Then,

2tpB
03 =103l < G =T ST T s oo 2

X (7|3 =7 —2[2]q| + 2[2]qT + (t — D + 2|u|([3]; + T — 1) — 2)],
where € is given by (3.1) and
Bl — Dz + p([3], — 1) + 1

(2l +7—1)

Proof. From Equations (2.25) and (2.27), we obtain

¢ = maxy1,

26 (8 +u([3lg +7- 1)) h2
—ppi=——|p| - L _p+1|=
03— Up [3]q+T_1ﬁ (2 te-1) B >
vy, - 15+w([3]q+T;1)+%(1_T) 92
(2l +t—1)
+ i > ([212 + 2[2]47 — 2u[3], + 2u — 7% 4 31 — 2) Iy, | . (3.7)

(2], +7—-1)
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By taking the absolute value of (3.7) and applying (1.3) and (1.5), we obtain the desired result.

Theorem 3.4. Let ¢(z) € K (8,7) and p € C. Then

0n — 102 < Bl +2Iul(Blg +T— D)@ + 1) 2tx3
b3 THRIS (Blg +7 - Dz (138lq +7-1)
2BQBx2 + lux1(B—DD(3lg+7—-1) + % 1B —1xz  8t([2], +7—1)(2x2 + |ptlxs)
+ + )]
([8lg + 7= Dxixz X1X2

where x4, X2, and x5 are given by (3.3), (3.4), and (3.5), respectively, and

4Bx(Blg +7-1) }
9 = max{1, + B —2];¢.
X{ )(1()(2 +2u([3lg + 1 - 1)) g
Proof. From Equations (2.38) and (2.40), we obtain
B (x2 + 2u(13], +7-1)) L 2B -1+ 281)([Blg +7-1) + B~ Drixo b
2){2([3]q +T—1) 2 X1 ()(2 +2y([3]q +T—1)) 2
T < (2‘[)(2 + uy (T — 1))([3]q +7— 1) + x1X2 2> B ()(2 + 2#([3]q +7-— 1))
o~ (Y3t 2 |t
(Blg+7-1) X1xz 202(Blg +7—1)
1
BU(2Brz+ i (B=D)Blg+1-1)+56B - Dxixa) , @iy +pxa)
+ 2X1X2([3]q +7— 1) S1 + XiX2 q)le]Z- (38)
By taking the absolute value of (3.8) and applying the inequalities (1.3) and (1.5), the desired

@3 — ps =

+ Sy

result is obtained.

4. Corollaries and consequences
In this section, we derive the following corollaries by setting &« = 0, f = 1 and taking the
limitasq —» 17.

Corollary 4.1. Let ¢(z) be given by the form (1.1), and assume that ¢(z) belongs to the class
XK (t), which is equivalent to X971 (0,7) or X971 (1, 7). Then

lp2] < 2,
2(77 + 1)
S———,
|(P3| S 742
and
o 26 +18) 212t + (3 + 2|ul) + 4lul - 1)
lps — po3l < + > ,
T+2 (+1)
where
£ = max 1 lu(z +2) — (v + 3)|
t ’ (t + 1)? '
_ . 1373 — 3712 — 197t + 2u(t + 2) — 5|
§2 = max| 1, 2(z + 1)2 '

Corollary 4.2. Let ¢(z) be given in the form (1.1), and assume that ¢ (z) belongs to the class
#5(1) = K371 (0,7) = K7 (1,7). Then
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4(3t2+1+1)
2 4+37+2
2+7t 4(3t?+2t+1)

lp2| <

)

l(p3|<r+2+ t+12 °
and

| 2|<(TZ+3T+2+2|u|(‘r+2))((1+1) 210,

$s — Hozl < (t2+31+2)(t+2) T+2

8t(t? + 371+ 2+ |ul(r + 1)?) 2
T+1D(E?+31+2) (t+1)?’
where
22+ 31+ 2)(t + 2)
{1 *= max11, -1,
(t+ D2(r2 431+ 2+ 2u(t + 2))
_ " 4T(T+2)+4|,u|(‘[—1)(1'+2)

¢ 3= max " (T +1)? 2+ 37+ 2

5. Conclusions

This research paper has delved into the realm of Schulich function theory, a vital aspect of
complex analysis that examines the interplay between graphical transformations and one-to-
one complex-valued functions. Building on the promising applications of fractional g-calculus,
we have focused on functions of a single variable and examined various subfamilies of regular,
schlicht, and BSF through generalized conditions and essential geometric properties, including
starlikeness, Bazilevi¢ functions, convexity, and close-to-convexity. Additionally, we have
derived bounded values for Fekete-Szego-type problems.
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  𝜑  ( z )


  ℧


  𝔻


  𝜑  (   z 0 ) = 0


    𝜑 ′  (   z 0 ) > 0


   ( 𝔾 𝔽 𝕋 )


  𝕊 ℂ 𝔻


   |   𝜑 2 |


  𝜑 ∈ 𝒮


   |   𝜑 2 | ⩽ 2


  𝜑


  𝜑  ( z )


   |   𝜑  n | ⩽ n


  n ∈ ℕ ∖  { 1 }


  𝔹 ℂ


  𝔹 ℂ


  n = 3


  n


  𝔹 ℂ


   [ 1 ]


    𝒮 ∗ , 𝒞


  𝒦


       𝒮 ∗    =  { 𝜑 ∈ 𝒮 : Re  (   z   𝜑 ′  ( z )  𝜑  ( z ) ) > 0 , z ∈ 𝔻 } ,   𝒞    =  { 𝜑 ∈ 𝒮 : Re  (      ( z   𝜑 ′  ( z ) ) ′    𝜑 ′  ( z ) ) > 0 , z ∈ 𝔻 } ,   𝒦    =  { 𝜑 ∈ 𝒮 : Re  (   z   𝜑 ′  ( z )  𝜓  ( z ) ) > 0 , 𝜓 ∈   𝒮 ∗  and  z ∈ 𝔻 } .


  𝒞 ⊂   𝒮 ∗ ⊂ 𝒦


     𝜓  ( z ) = z +   ∑  k = 2 ∞       𝜓  k   z  k ∈   𝒮 ∗ .                                                                                                                                                                                                                           ( 1 . 2 )


  [ 1 ]


          |   𝜓  k | ⩽ k ,   k ∈ ℕ ∖  { 1 } ,    |   𝜓 3 − 𝜎   𝜓 2 2 | ⩽ 2  max ⁡   { 1 ,  | 4 𝜎 − 3 | } ,   𝜎 ∈ ℂ . }                                                                                                                                                                   ( 1 . 3 )


  𝔾 𝔽 𝕋


  [ 2 ]


   [ 3 ]


   [ 4 ]


   [ 5 ]


   [ 6 ]


  0 ⩽ 𝛼 < 1


   ℋ  𝛼


  h


  Re  ( h  ( z ) ) > 𝛼


     h  ( z ) = 1 +   ∑  n = 1 ∞      ℏ  n   z  n .                                                                                                                                                                                                                                               ( 1 . 4 )


  𝛼 = 0


   ℋ 0


  ℋ


  h  ( z ) ∈ ℋ


   [ 7 ]


          |  ℏ  n | ⩽ 2 ,   n ∈ ℕ ,    |  ℏ 2 − 𝜎    ℏ 1 2 2 | ⩽ 2 max  { 1 ,  | 𝜎 − 1 | } ,   𝜎 ∈ ℂ . }                                                                                                                                                                         ( 1 . 5 )


  𝛼  ( 0 ⩽ 𝛼 < 1 )


    𝒮 ∗  ( 𝛼 )


  C  ( 𝛼 )


       𝒮 ∗  ( 𝛼 )    =  { 𝜑 ∈ 𝒮 : Re  (   z   𝜑 ′  ( z )  𝜑  ( z ) ) > 𝛼 , z ∈ 𝔻 } ,   𝒞  ( 𝛼 )    =  { 𝜑 ∈ 𝒮 : Re  ( 1 +   z   𝜑  ′ ′  ( z )    𝜑 ′  ( z ) ) > 𝛼 , z ∈ 𝔻 } .


  𝒮


  𝜏  ( 0 ⩽ 𝜏 ⩽ 𝜋 )


     ℬ  ( 𝜏 )    =  { 𝜑 ∈ 𝒮 : Re  (     z  1 − 𝜏   𝜑 ′  ( z )  ( 𝜑 ( z )  )  1 − 𝜏 ) > 0 , 𝜏 ⩾ 0 , z ∈ 𝔻 } ,   𝒦  ( 𝜏 )    =  { 𝜑 ∈ 𝒮 : Re  (   e  i 𝜏   z   𝜑 ′  ( z )  𝜓  ( z ) ) > 0 , 𝜓 ∈   𝒮 ∗ , 0 ⩽ 𝜏 ⩽ 𝜋 ,  and  z ∈ 𝔻 } .


  𝔹 ℂ


   ( 𝔹 𝕊 𝔽 )


  𝜑 ∈ 𝒜


  𝔹 𝕊 𝔽


  𝜑


  𝔻


  Σ


  Σ


  𝜑 ∈ Σ ,  |   𝜑 2 | ⩽ 1 . 51


   |   𝜑 2 |


  4 / 3


  Σ


  𝜑 ∈ Σ


  max  |   𝜑 2 | > 4 / 3


   [ 8 ]


   |   𝜑 2 | ⩽ 1 . 485


   [ 9 ]


  Σ


   [ 10 ]


  Σ


  Σ


   |   𝜑  n |


  n ⩾ 3


  𝔹 𝕊


  Σ


   [ 10 ]


  [ 11 ]


   [ 12 ]


  [ 13 ]


  𝔹 𝕊 𝔽


  𝔾 𝔽 𝕋


  [ 14 ]


  𝔹 𝕊 𝔽


  [ 15 ]


  𝕊 𝔽


  [ 16 ]


  𝔹 𝕊 𝔽


  [ 17 ]


  𝔹 𝕊 𝔽


  [ 18 ]


  M , N


  𝔹 𝕊 𝔽


  𝜏


  [ 19 ]


  𝔹 𝕊 𝔽


  q


  q


  𝒮


  Σ


  𝔾 𝔽 𝕋


  [ 20 ]


  q


  q


  𝔾 𝔽 𝕋


  q


  [ 21 ]


  q


  q


  [ 22 ]


  q


  q


  q


  [ 23 ]


  q


  [ 24 ]


  q


  𝜑 ∈ 𝒜


  0 < q < 1


  q


  𝜑


    𝒟  q 𝜑  ( z ) =  {      𝜑  ( q z ) − 𝜑 ( z )  ( q − 1 ) z ,           z ≠ 0 ,     𝜑 ′  ( 0 ) ,                           z = 0 .


       𝒟  q 𝜑 ( z ) = 1 +   ∑  n = 2 ∞     [ n  ]  q   𝜑  n   z  n − 1 ,                                                                                                                                                                                                           ( 1 . 6 )


  [ n  ]  q


  [ 25 ]


     [ n  ]  q =  {    1 + q + … +   q  n − 2 +   q  n − 1 ,     n ∈ ℕ ,     1 −   q  n  1 − q ,                                                                                         n ∈ ℂ .                                                                                                                                                 ( 1 . 7 )


  [ 0  ]  q = 0


     lim  q →  1 − ⁡  [ n  ]  q = n


    𝒟  q 𝜑  ( z )


  q


  𝛼


  q


  𝛼


       𝒮  q ∗  ( 𝛼 ) =  { 𝜑 ∈ 𝒮 : Re  (   z   𝒟  q 𝜑  ( z )  𝜑  ( z ) ) > 𝛼 , z ∈ 𝔻 } ,     𝒞  q  ( 𝛼 ) =  { 𝜑 ∈ 𝒮 : Re  (     𝒟  q  ( z   𝒟  q 𝜑  ( z ) )    𝒟  q 𝜑  ( z ) ) > 𝛼 , z ∈ 𝔻 } .


  q →  1 −


    𝒮  q ∗  ( 𝛼 ) →   𝒮 ∗  ( 𝛼 )


    𝒞  q  ( 𝛼 ) → 𝒞  ( 𝛼 )


  [ 26 ]


  ℝ 𝕊 𝔽


  𝔾 𝔽 𝕋


  𝔻


  𝜑 ∈ 𝒮


    𝜑 3 −   𝜑 2 2


    𝜑 3 − 𝜇   𝜑 2 2


  𝜇


  [ 27 ]


  q


  [ 28 ]


  q


  𝔹 𝕊 𝔽


  𝔻


  [ 29 ]


  q


  𝔹 ℂ


  𝔾 𝔽 𝕋


  𝔾 𝔽 𝕋


  𝔹 ℂ


  𝔾 𝔽 𝕋


  𝔹 𝕊 𝔽


  q


  𝜑  ( z )


    𝒦  q  ( 𝛼 , 𝜏 )  ( 0 ⩽ 𝛼 < 1 , 𝜏 ⩾ 1 , 0 < q < 1 ) ,


  𝜓  ( z ) ∈   𝒮 ∗


       𝒦  q  ( 𝛼 , 𝜏 ) =  { 𝜑 ∈ 𝒮 : Re  (   z   𝒟  q 𝜑 ( z ) ( 𝜑 ( z )  )  𝜏 − 1  ( 𝜓 ( z )  )  𝜏 ) > 𝛼 , z ∈ 𝔻 } .                                                                                                     ( 2 . 1 )


  𝜑  ( z ) = z + a   z 2


   | a | <   1 − 𝛼  1 + q


  𝜓  ( z ) = z


  𝜏 = 1


  Re  (   z   𝒟  q 𝜑 ( z ) ( 𝜑 ( z )  )  𝜏 − 1    z  𝜏 ) = Re  ( 1 + a  ( q + 1 ) z ) ⩾ 1 −  ( q + 1 )  | a |  | z |                                                                      


                                > 1 −  ( q + 1 )  | a | > 1 −  ( q + 1 )   1 − 𝛼  1 + q = 𝛼 .


                                > 1 −  ( q + 1 )  | a | > 1 −  ( q + 1 )   1 − 𝛼  1 + q = 𝛼 .


  𝔻


  𝜑  ( z )


  q


  𝔻


  𝜑  ( z )


  q


  𝜑  ( z )


  𝜑  ( z )


    𝒦  q  ( 𝛼 , 𝜏 )


   |   𝜑 2 | ⩽   2  ( 1 − 𝛼 + 𝜏 )  [ 2  ]  q + 𝜏 − 1 ,                                                                                                                                                                                                                                                                      


   |   𝜑 3 | ⩽   2  [  ( 1 − 𝛼 )  (    ( [ 2  ]  q + 𝜏 − 1 ) 2 + 2 𝜏  ( 𝜏  | 3 − 𝜏 − 2 [ 2  ]  q | + 2 [ 2  ]  q 𝜏 + ( 𝜏 − 1  ) 2 − 2 ) ) + 𝜏 𝛾    ( [ 2  ]  q + 𝜏 − 1 ) 2 ]     ( [ 2  ]  q + 𝜏 − 1 ) 2  ( [ 3  ]  q + 𝜏 − 1 ) ,


     𝛾 ≔    | 2   𝜏 2 ( 𝜏 − 3 ) + 4 𝜏 [ 2 ] q ( 𝜏 − 1 ) + 4 𝜏 − ( 2 𝜏 + 1 ) ( [ 2 ] q + 𝜏 − 1  ) 2 |     ( [ 2  ]  q + 𝜏 − 1 ) 2 .                                                                   ( 2 . 2 )


  h  ( z ) ∈ ℋ


       z   𝒟  q 𝜑  ( z )  ( 𝜑 ( z  )  𝜏 − 1 )  ( 𝜓 ( z )  )  𝜏 = 𝛼 +  ( 1 − 𝛼 ) h ( z ) ,                                                                                                                                                                               ( 2 . 3 )


  𝜑  ( z )


  𝜓  ( z )


       z   𝒟  q 𝜑  ( z )  ( 𝜑 ( z  )  𝜏 − 1 )  ( 𝜓 ( z )  )  𝜏 = 1 +  (   𝜑 2 𝜏 +    [ 2 ]  q   𝜑 2 −   𝜑 2 −   𝜓 2 𝜏 ) z                                                                                                                                 + (    1 2   𝜑 2 2   𝜏 2 + [ 2  ]  q   𝜑 2 2 𝜏 −  3 2   𝜑 2 2 𝜏 − [ 2  ]  q   𝜑 2 2 +   𝜑 2 2 −   𝜑 2   𝜓 2   𝜏 2 −   𝜑 2   𝜓 2 𝜏 [ 2  ]  q                                                                                             + 𝜏   𝜑 2   𝜓 2 + 𝜏   𝜑 3 +  [ 3  ]  q   𝜑 3 −   𝜑 3 +  1 2     𝜏 2 𝜓 2 2 +  1 2   𝜏 𝜓 2 2 − 𝜏   𝜓 3   )   z 2 + … ,


  𝛼 +  ( 1 − 𝛼 ) h  ( z ) = 1 +  ( 1 − 𝛼 )  ℏ 1 z +  ( 1 − 𝛼 )  ℏ 2   z 2 + ⋯ .                                                                                                                              


       𝜑 2 =    ( 1 − 𝛼 )  ℏ 1 + 𝜏   𝜓 2  [ 2  ]  q + 𝜏 − 1 .                                                                                                                                                                                                                                         ( 2 . 4 )


      |   𝜑 2 | ⩽    ( 1 − 𝛼 )  |  ℏ 1 | + 𝜏  |   𝜓 2 |  [ 2  ]  q + 𝜏 − 1 .                                                                                                                                                                                                                                                            


   |   𝜑 2 |


         1 2   𝜑 2 2   𝜏 2 + [ 2  ]  q   𝜑 2 2 𝜏 −  3 2   𝜑 2 2 𝜏 − [ 2  ]  q   𝜑 2 2 +   𝜑 2 2 −   𝜑 2   𝜓 2   𝜏 2 −   𝜑 2   𝜓 2 𝜏 [ 2  ]  q + 𝜏   𝜑 2   𝜓 2 + 𝜏   𝜑 3     + [ 3  ]  q   𝜑 3 −   𝜑 3 +  1 2   𝜓 2 2 +  1 2     𝜏 2 𝜓 2 2 +  1 2   𝜏 𝜓 2 2 − 𝜏   𝜓 3 =  ( 1 − 𝛼 )  h 2 . # ( 2 . 5 )


    𝜑 2


         ( [ 3  ]  q + 𝜏 − 1 )   𝜑 3 =  ( 1 − 𝛼 )  (  ℏ 2 −   2  ( 1 − 𝛼 ) 𝛿     ( [ 2  ]  q + 𝜏 − 1 ) 2    ℏ 1 2 2 ) + 𝜏  (   𝜓 3 −   2 𝜏 𝛿 + ( 1 − 𝜏 ) ( [ 2 ] q + 𝜏 − 1  ) 2  2 ( [ 2 ] q + 𝜏 − 1  ) 2   𝜓 2 2 )   +   𝜏  ( 1 − 𝛼 )  ( 𝜏 +  [ 2 ]   q 2 − 1 )  ( [ 2 ] q + 𝜏 − 1  ) 2  ℏ 1   𝜓 2 , # ( 2 . 6 )


     𝛿 ≔  1 2   𝜏 2 +  (  [ 2 ] q −  3 2 ) 𝜏 − [ 2 ] q + 1 .                                                                                                                                                                                         ( 2 . 7 )


  𝜏 ⩾ 1


  0 ⩽ 𝛼 < 1


         ( [ 3  ]  q + 𝜏 − 1 )  |   𝜑 3 | ⩽ 2 ( 1 − 𝛼 ) max  { 1 ,    | 2  ( 1 − 𝛼 ) 𝛿 −    ( [ 2  ]  q + 𝜏 − 1 ) 2 |     ( [ 2  ]  q + 𝜏 − 1 ) 2 }                                                                                                                                            + 2 𝜏 max  { 1 ,    | 4 𝜏 𝛿 −  ( 2 𝜏 + 1 )    ( [ 2  ]  q + 𝜏 − 1 ) 2 |     ( [ 2  ]  q + 𝜏 − 1 ) 2 } + 4 τ  ( 1 − α )  (   𝜏  | 3 − 𝜏 − 2    [ 2 ]  q | + 2  (    [ 2 ]  q − 1 )     (    [ 2 ]  q + 𝜏 − 1 ) 2 + 1 ) . # ( 2 . 8 )


  𝜏 ⩾ 1


      ( [ 3  ]  q + 𝜏 − 1 )  |   𝜑 3 | ⩽ 2  ( 1 − 𝛼 ) +    2 𝜏     ( [ 2  ]  q + 𝜏 − 1 ) 2  | 4 𝜏 𝛿 + 2  ( 1 − 𝜏 )    ( [ 2  ]  q + 𝜏 − 1 ) 2 − 3    ( [ 2  ]  q + 𝜏 − 1 ) 2 |      +   4 𝜏  ( 1 − 𝛼 )     ( [ 2  ]  q + 𝜏 − 1 ) 2  ( 𝜏  | 3 − 𝜏 − 2 [ 2  ]  q | +    ( [ 2  ]  q ) 2 + 2 [ 2  ]  q 𝜏 + ( 𝜏 − 1  ) 2 − 2 ) .


   |   𝜑 3 |


  𝜑  ( z )


    𝒦 Σ  q  ( 𝛼 , 𝜏 )  ( 0 ⩽ 𝛼 < 1 , 𝜏 ⩾ 1 , 0 < q < 1 ) ,                                                                                                                                                                                                


     𝜑 ∈ Σ , 𝜑 ∈   𝒦  q  ( 𝛼 , 𝜏 ) ,  and    𝜑  − 1 ∈   𝒦  q  ( 𝛼 , 𝜏 ) .                                                                                                                                                                     ( 2 . 9 )


  𝜑  ( z )


  𝔻


  𝜑  ( z ) ∈   𝒦 Σ  q  ( 𝛼 , 𝜏 )


   |   𝜑 2 | ⩽    4  ( 3   𝜏 2 + 2 𝜏 [ 2  ]  q − 3 𝜏 + 1 − 𝛼 )    𝜏 2 +  ( 2 [ 2  ]  q − 1 ) 𝜏 − 2 [ 2  ]  q + 2 [ 3  ]  q   ,                                                                                                                                                                        


   |   𝜑 3 | ⩽   2  ( 1 − 𝛼 ) + 7 𝜏   [ 3 ] q + 𝜏 − 1 +   4  ( 3   𝜏 2 + 2 𝜏  ( [ 2  ]  q − 1 ) + ( 1 − 𝛼  ) 2 )     ( [ 2  ]  q + 𝜏 − 1 ) 2 .                                                                                                                  


  h  ( z ) = 1 +   ∑  n = 1 ∞    ℏ  n   z  n


  s  ( w ) = 1 +   ∑  n = 1 ∞     s  n   w  n


  ℋ


       z   𝒟  q 𝜑 ( z ) ( 𝜑 ( z )  )  𝜏 − 1  ( 𝜓 ( z )  )  𝜏 = 𝛼 +  ( 1 − 𝛼 ) h  ( z ) ,                                                                                                                                                                           ( 2 . 10 )


       w   𝒟  q 𝜙 ( w ) ( 𝜙 ( w )  )  𝜏 − 1  ( Ψ ( w )  )  𝜏 = 𝛼 +  ( 1 − 𝛼 ) s ( w ) ,                                                                                                                                                                 ( 2 . 11 )


  𝜑  ( z )


  𝜓  ( z )


  𝜙  ( w )


  Ψ  ( w )


     𝜙  ( w ) ≔ w −   𝜑 2   w 2 +  ( 2   𝜑 2 2 −   𝜑 3 )   w 3 + ⋯ ,                                                                                                                                                           ( 2 . 12 )   Ψ ( w )   : = w −   𝜓 2   w 2 +  ( 2   𝜓 2 2 −   𝜓 3 )   w 3 + ⋯ .                                                                                                                                                         ( 2 . 13 )


  1 +  ( 1 − 𝛼 )  ℏ 1 z +  ( 1 − 𝛼 )  ℏ 2   z 2 + ⋯ ,                                                                                                                                                                                                            


  1 +  ( 1 − 𝛼 )   s 1 w +  ( 1 − 𝛼 )   s 2   w 2 + ⋯ .                                                                                                                                                                                                        


       z   𝒟  q 𝜑  ( z )  ( 𝜑 ( z  )  𝜏 − 1 )  ( 𝜓 ( z )  )  𝜏 = 1 +  (   𝜑 2 𝜏 +    [ 2 ]  q   𝜑 2 −   𝜑 2 −   𝜓 2 𝜏 ) z                                                                                                                                 + (    1 2   𝜑 2 2   𝜏 2 + [ 2  ]  q   𝜑 2 2 𝜏 −  3 2   𝜑 2 2 𝜏 − [ 2  ]  q   𝜑 2 2 +   𝜑 2 2 −   𝜑 2   𝜓 2   𝜏 2 −   𝜑 2   𝜓 2 𝜏 [ 2  ]  q                                                                                             + 𝜏   𝜑 2   𝜓 2 + 𝜏   𝜑 3 +  [ 3  ]  q   𝜑 3 −   𝜑 3 +  1 2     𝜏 2 𝜓 2 2 +  1 2   𝜏 𝜓 2 2 − 𝜏   𝜓 3   )   z 2 + … ,


       w   𝒟  q 𝜙 ( w ) ( 𝜙 ( w )  )  𝜏 − 1  ( Ψ ( w )  )  𝜏 = 1 +  (   − 𝜑 2 𝜏 −    [ 2 ]  q   𝜑 2 +   𝜑 2 +   𝜓 2 𝜏 ) w                                                                                                                               + (    1 2   𝜑 2 2   𝜏 2 + [ 2  ]  q   𝜑 2 2 𝜏 −  3 2   𝜑 2 2 𝜏 − [ 2  ]  q   𝜑 2 2 −   𝜑 2 2 −   𝜑 2   𝜓 2   𝜏 2 −   𝜑 2   𝜓 2 𝜏 [ 2  ]  q                                                           + 𝜏   𝜑 2   𝜓 2 + 𝜏   𝜑 3 + [ 3  ]  q   𝜑 3 −   𝜑 3 − 2    [ 3 ]  q   𝜑 2 2   +  1 2     𝜏 2 𝜓 2 2 +  1 2   𝜏 𝜓 2 2 + 𝜏   𝜓 3   )   w 2 + … .


  𝜏   𝜑 2 + [ 2  ]  q   𝜑 2 −   𝜑 2 − 𝜏   𝜓 2 = ( 1 − 𝛼 )  ℏ 1 ,                                                                                                                                                                       ( 2 . 14 )


      ( [ 3  ]  q + 𝜏 − 1 )   𝜑 3 = ( 1 − 𝛼 )  ℏ 2 −  1 2   𝜏 2   𝜑 2 2 − [ 2  ]  q 𝜏   𝜑 2 2 +  3 2 𝜏   𝜑 2 2 + [ 2  ]  q   𝜑 2 2 −   𝜑 2 2                                                                                                                                           +   𝜏 2   𝜑 2   𝜓 2 + [ 2  ]  q 𝜏   𝜑 2   𝜓 2 − 𝜏   𝜑 2   𝜓 2 −  1 2   𝜏 2   𝜓 2 2 −  1 2 𝜏   𝜓 2 2 + 𝜏   𝜓 3 ,           ( 2 . 15 )


      ( [ 3  ]  q + 𝜏 − 1 )   𝜑 3 = ( 1 − 𝛼 )  ℏ 2 −  1 2   𝜏 2   𝜑 2 2 − [ 2  ]  q 𝜏   𝜑 2 2 +  3 2 𝜏   𝜑 2 2 + [ 2  ]  q   𝜑 2 2 −   𝜑 2 2                                                                                                                                           +   𝜏 2   𝜑 2   𝜓 2 + [ 2  ]  q 𝜏   𝜑 2   𝜓 2 − 𝜏   𝜑 2   𝜓 2 −  1 2   𝜏 2   𝜓 2 2 −  1 2 𝜏   𝜓 2 2 + 𝜏   𝜓 3 ,           ( 2 . 15 )


  − 𝜏   𝜑 2 − [ 2  ]  q   𝜑 2 +   𝜑 2 + 𝜏   𝜓 2 = ( 1 − 𝛼 )   s 1 ,                                                                                                                                                                 ( 2 . 16 )


  − 𝜏   𝜑 2 − [ 2  ]  q   𝜑 2 +   𝜑 2 + 𝜏   𝜓 2 = ( 1 − 𝛼 )   s 1 ,                                                                                                                                                                 ( 2 . 16 )


        −  ( [ 3  ]  q + 𝜏 − 1 )   𝜑 3 =  ( 1 − 𝛼 )   s 2 −  1 2   𝜏 2   𝜑 2 2 +   𝜏 2   𝜑 2   𝜓 2 −  1 2   𝜏 2   𝜓 2 2 − [ 2  ]  q 𝜏   𝜑 2 2 −  1 2 𝜏   𝜑 2 2                                                                   +    [ 2 ]  q   𝜏 𝜑 2   𝜓 2 −   𝜏 𝜑 2   𝜓 2 +  3 2 𝜏   𝜑 2 2 − 𝜏   𝜓 3 +    [ 2 ]  q   𝜑 2 2 − 2    [ 3 ]  q   𝜑 2 2 +   𝜑 2 2 . # ( 2 . 17 )


      ℏ 1 = −   s 1 ,                                                                                                                                                                                                                                                                                         ( 2 . 18 )


     2  ( [ 2  ]  q + 𝜏 − 1 )  (  ( [ 2  ]  q + 𝜏 − 1 )   𝜑 2 2 − 2 𝜏 )   𝜑 2   𝜓 2 = ( 1 − 𝛼  ) 2  (  ℏ 1 2 +   s 1 2 ) − 2   𝜏 2   𝜓 2 2 .                   ( 2 . 19 )


       𝜑 2 2 =    ( 1 − 𝛼 )  (  ℏ 2 +   s 2 ) − 𝜏  ( 𝜏 − 1 )   𝜓 2 2 + 2 𝜏  ( [ 2  ]  q + 𝜏 − 1 )   𝜑 2   𝜓 2  ( 𝜏 − 1 )  ( 𝜏 + 2 [ 2  ]  q ) + 2 [ 3  ]  q .                                                                             ( 2 . 20 )


   |   𝜑 3 |


     2  ( [ 3  ]  q + 𝜏 − 1 )   𝜑 3 =  ( 1 − 𝛼 )  (  ℏ 2 −   s 2 ) + 2  ( [ 3  ]  q + 𝜏 − 1 )   𝜑 2 2 + 2 𝜏  (   𝜓 3 −   𝜓 2 2 ) .                           ( 2 . 21 )


       𝜑 3 =    ( 1 − 𝛼 )  (  ℏ 2 −   s 2 ) + 2 𝜏  (   𝜓 3 −   𝜓 2 2 )  [ 3  ]  q + 𝜏 − 1 +   ( 1 − 𝛼  ) 2  (  ℏ 1 2 +   s 1 2 ) + 2 𝜏  ( 2  ( [ 2  ]  q + 𝜏 − 1 )   𝜑 2   𝜓 2 − 𝜏   𝜓 2 2 )  2    ( [ 2  ]  q + 𝜏 − 1 ) 2 # . ( 2 . 22 )


  𝜑  ( z )


    𝒦  q  ( 𝛽 , 𝜏 )  ( 0 < 𝛽 ⩽ 1 , 𝜏 ⩾ 1 , 0 < q < 1 ) ,                                                                                                                                                                                                


  𝜓  ( z ) ∈   𝒮 ∗


       𝒦  q  ( 𝛽 , 𝜏 ) =  { 𝜑 ∈ 𝒮 :  |  arg ⁡   (   z   𝒟  q 𝜑 ( z ) ( 𝜑 ( z )  )  𝜏 − 1  ( 𝜓 ( z )  )  𝜏 ) | <   𝛽 𝜋 2 , z ∈ 𝔻 } .                                                                               ( 2 . 23 )


  𝜑  ( z ) ∈   𝒦  q  ( 𝛽 , 𝜏 )


   |   𝜑 2 | ⩽   2  ( 𝛽 + 𝜏 )  [ 2  ]  q + 𝜏 − 1 ,                                                                                                                                                                                                                                                                        


   |   𝜑 3 | ⩽   2  [ ( 𝛽 + 𝜏 𝛾 ) ( [ 2 ] q + 𝜏 − 1  ) 2 + 2 𝜏 𝛽  ( 𝜏  | 3 − 𝜏 − 2  [ 2 ] q | +    ( [ 2  ]  q + 𝜏 ) 2 − 2 𝜏 − 1 ) ]  ( [ 2 ] q + 𝜏 − 1  ) 2 ( [ 3 ] q + 𝜏 − 1 ) ,              


  𝛾


  h  ( z )


       z   𝒟  q 𝜑 ( z ) ( 𝜑 ( z )  )  𝜏 − 1  ( 𝜓 ( z )  )  𝜏 = 1 + 𝛽  ℏ 1 z +  (  1 2 𝛽  ( 𝛽 − 1 )  ℏ 1 2 + 𝛽  ℏ 2 )   z 2 + ⋯ .                                                                     ( 2 . 24 )


       𝜑 2 =   𝛽  ℏ 1 + 𝜏   𝜓 2  [ 2  ]  q + 𝜏 − 1 .                                                                                                                                                                                                                                                     ( 2 . 25 )


   |   𝜑 2 |


            1 2   𝜑 2 2   𝜏 2 + [ 2  ]  q   𝜑 2 2 𝜏 −  3 2   𝜑 2 2 𝜏 − [ 2  ]  q   𝜑 2 2    +   𝜑 2 2 −   𝜑 2   𝜓 2   𝜏 2 −   𝜑 2   𝜓 2 𝜏 [ 2  ]  q + 𝜏   𝜑 2   𝜓 2 + 𝜏   𝜑 3   +    [ 3 ]  q   𝜑 3 −   𝜑 3 +  1 2   𝜏 2   𝜓 2 2 +  1 2 𝜏   𝜓 2 2 − 𝜏   𝜓  3   = 𝛽  ℏ 2 +  1 2 𝛽  ( 𝛽 − 1 )  ℏ 1 2 . # ( 2 . 26 )


    𝜑 2


            ( [ 3  ]  q + 𝜏 − 1 )   𝜑 3 = 𝛽  (  ℏ 2 −     2 𝛿 𝛽 +  ( 1 − 𝛽 )    ( [ 2  ]  q + 𝜏 − 1 ) 2     ( [ 2  ]  q + 𝜏 − 1 ) 2    ℏ 1 2 2 )                                                                                   + 𝜏  (   𝜓  3   −  (   𝜏 𝛿     (    [ 2 ]  q + 𝜏 − 1 ) 2 −   𝜏 − 1 2 )   𝜓 2 2 ) +   𝜏 𝛽 (    [ 2 ]  q − 𝜏 − 1 )     [ 2 ]  q + 𝜏 − 1  ℏ 1   𝜓 2 . # ( 2 . 27 )


  𝛿


  𝜏 𝛽 ⩾ 0


         ( [ 3  ]  q + 𝜏 − 1 )  |   𝜑 3 | ⩽ 2 𝛽 max  { 1 ,   𝛽  |  ( 2 𝛿 −    ( [ 2  ]  q + 𝜏 − 1 ) 2 ) |     ( [ 2  ]  q + 𝜏 − 1 ) 2 }                                                                                                                                           + 2 𝜏 max  { 1 ,    | 4 𝜏 𝛿 −  ( 2 𝜏 + 1 )    ( [ 2  ]  q + 𝜏 − 1 ) 2 |     ( [ 2  ]  q + 𝜏 − 1 ) 2 } +   4 𝜏 𝛽     ( [ 2  ]  q + 𝜏 − 1 ) 2     ( 𝜏  | 3 − 𝜏 − 2    [ 2 ]  q 𝜏 +   𝜏 2 −  ( 2 𝜏 + 1 ) | . # ( 2 . 28 )


  𝜏 ⩾ 1


      ( [ 3  ]  q + 𝜏 − 1 )  |   𝜑 3 | ⩽   2  ( 𝛽 + 𝜏 )     ( [ 2  ]  q + 𝜏 − 1 ) 2   | 4 𝜏 𝛿 −  ( 2 𝜏 + 1 )    ( [ 2  ]  q + 𝜏 − 1 ) 2 |      +   4 𝜏 𝛽     ( [ 2  ]  q + 𝜏 − 1 ) 2  ( 𝜏  | 3 − 𝜏 − 2 [ 2  ]  q | +    ( [ 2  ]  q + 𝜏 ) 2 −  ( 2 𝜏 + 1 ) ) .


   |   𝜑 3 |


  𝜑  ( z )


    𝒦 Σ  q  ( 𝛽 , 𝜏 )  ( 0 < 𝛽 ⩽ 1 , 𝜏 ⩾ 1 , 0 < q < 1 ) ,                                                                                                                                                                                            


     𝜑 ∈ Σ , 𝜑 ∈   𝒦  q  ( 𝛽 , 𝜏 )  and    𝜑  − 1 ∈   𝒦  q  ( 𝛽 , 𝜏 ) .                                                                                                                                                                 ( 2 . 29 )


  𝜑


    𝒦 Σ  q  ( 𝛽 , 𝜏 )


   |   𝜑 2 | ⩽    4  (   𝛽 2 + 3   𝜏 2 + 𝜏  ( 2 [ 2  ]  q − 3 ) )    𝜏 2 + 𝜏  ( 2 [ 2  ]  q − ) − 2 [ 2  ]  q + 2 [ 3  ]  q ,                                                                                                                                                                                  


   |   𝜑 3 | ⩽   2   𝛽 2 + 7 𝜏   [ 3 ] q + 𝜏 − 1 +   4  (   𝛽 2 + 3   𝜏 2 + 2 𝜏  [ 2 ] q − 2 𝜏 )     ( [ 2  ]  q + 𝜏 − 1 ) 2 .                                                                                                                                                    


  h  ( z ) = 1 +   ∑  n = 1 ∞    ℏ  n   z  n


  s  ( w ) = 1 +   ∑  n = 1 ∞     s  n   w  n


  ℋ


       z   𝒟  q 𝜑 ( z ) ( 𝜑 ( z )  )  𝜏 − 1  ( 𝜓 ( z )  )  𝜏 =    [ h  ( z ) ]  𝛽 ,                                                                                                                                                                                                           ( 2 . 30 )


       w   𝒟  q 𝜙 ( w ) ( 𝜙 ( w )  )  𝜏 − 1  ( Ψ ( w )  )  𝜏 =    [ s  ( w ) ]  𝛽 ,                                                                                                                                                                                                     ( 2 . 31 )


  𝜙  ( w )


  Ψ  ( w )


     [ h  ( z ) ]  𝛽 = 1 + 𝛽  ℏ 1 z +  (   𝛽  ( 𝛽 − 1 ) 2  ℏ 1 2 + 𝛽  ℏ 2 )   z 2 + ⋯ ,                                                                                                                                            


     [ s  ( w ) ]  𝛽 = 1 + 𝛽   s 1 w +  (   𝛽  ( 𝛽 − 1 ) 2   s 1 2 + 𝛽   s 2 )   w 2 + ⋯ .                                                                                                                                          


  𝜏   𝜑 2 + [ 2  ]  q   𝜑 2 −   𝜑 2 − 𝜏   𝜓 2 = 𝛽  ℏ 1 ,                                                                                                                                                                                           ( 2 . 32 )


      ( [ 3  ]  q + 𝜏 − 1 )   𝜑 3 = 𝛽  ℏ 2 +  1 2 𝛽 ( 𝛽 − 1 )  ℏ 1 2 −  1 2   𝜏 2   𝜑 2 2 − [ 2  ]  q 𝜏   𝜑 2 2 +  3 2 𝜏   𝜑 2 2 + [ 2  ]  q   𝜑 2 2 −   𝜑 2 2                                                                                                             +   𝜏 2   𝜑 2   𝜓 2 + [ 2  ]  q 𝜏   𝜑 2   𝜓 2 − 𝜏   𝜑 2   𝜓 2 −  1 2   𝜏 2   𝜓 2 2 −  1 2 𝜏   𝜓 2 2 + 𝜏   𝜓 3 ,         ( 2 . 33 )


      ( [ 3  ]  q + 𝜏 − 1 )   𝜑 3 = 𝛽  ℏ 2 +  1 2 𝛽 ( 𝛽 − 1 )  ℏ 1 2 −  1 2   𝜏 2   𝜑 2 2 − [ 2  ]  q 𝜏   𝜑 2 2 +  3 2 𝜏   𝜑 2 2 + [ 2  ]  q   𝜑 2 2 −   𝜑 2 2                                                                                                             +   𝜏 2   𝜑 2   𝜓 2 + [ 2  ]  q 𝜏   𝜑 2   𝜓 2 − 𝜏   𝜑 2   𝜓 2 −  1 2   𝜏 2   𝜓 2 2 −  1 2 𝜏   𝜓 2 2 + 𝜏   𝜓 3 ,         ( 2 . 33 )


  − 𝜏   𝜑 2 − [ 2  ]  q   𝜑 2 +   𝜑 2 + 𝜏   𝜓 2 = 𝛽   s 1 ,                                                                                                                                                                                         ( 2 . 34 )


  − 𝜏   𝜑 2 − [ 2  ]  q   𝜑 2 +   𝜑 2 + 𝜏   𝜓 2 = 𝛽   s 1 ,                                                                                                                                                                                         ( 2 . 34 )


        −  ( [ 3  ]  q + 𝜏 − 1 )   𝜑 3 = 𝛽   s 2 +  1 2 𝛽 ( 𝛽 − 1 )   s 1 2 −  1 2   𝜏 2   𝜑 2 2 +   𝜏 2   𝜑 2   𝜓 2 −  1 2   𝜏 2   𝜓 2 2 − [ 2  ]  q 𝜏   𝜑 2 2 −  1 2 𝜏   𝜑 2 2   + [ 2  ]  q 𝜏   𝜑 2     𝜓 2 − 𝜏   𝜑 2     𝜓 2 +  3 2   𝜏     𝜓 2 2 −   𝜏     𝜓 3   + [ 2  ]  q   𝜑 2 2 − 2 [ 3  ]  q   𝜑 2 2 +   𝜑 2 2 . # ( 2 . 35 )


      ℏ 1 = −   s 1                                                                                                                                                                                                                                                                                         ( 2 . 36 )


         ( 2  (   𝜏 2 + [ 2  ]  q 2 + 1 + 2 𝜏 [ 2  ]  q − 2 𝜏 − 2 [ 2  ]  q )   𝜑 2 2 − 4   𝜏 2 − 4 𝜏  ( [ 2  ]  q − 1 ) )   𝜑 2   𝜓 2   =   𝛽 2  (  ℏ 1 2 +   s 1 2 ) − 2   𝜏 2   𝜓 2 2 . #  ( 2 . 37 )


       𝜑 2 2 =   𝛽  (  ℏ 2 +   s 2 ) +  1 2 𝛽  ( 𝛽 − 1 )  (  ℏ 1 2 +   s 1 2 ) −  (   𝜏 2 − 𝜏 )   𝜓 2 2 + 2 𝜏  ( [ 2  ]  q + 𝜏 − 1 )   𝜑 2   𝜓 2  ( 𝜏 − 1 )  ( 𝜏 + 2 [ 2  ]  q ) + 2 [ 3  ]  q . # ( 2 . 38 )


   |   𝜑 3 |


     2  ( [ 3  ]  q + 𝜏 − 1 )   𝜑 3 = 𝛽  (  ℏ 2 −   s 2 ) +  1 2 𝛽  ( 𝛽 − 1 )  (  ℏ 1 2 −   s 1 2 ) + 2  ( [ 3  ]  q + 𝜏 − 1 )   𝜑 2 2 + 2 𝜏  (   𝜓 3 −   𝜓 2 2 ) .  ( 2 . 39 )


          𝜑 3 =   𝛽  (  ℏ 2 −   s 2 ) +  1 2 𝛽  ( 𝛽 − 1 )  (  ℏ 1 2 −   s 1 2 )  2  ( [ 3  ]  q + 𝜏 − 1 ) +     𝛽 2  (  ℏ 1 2 +   s 1 2 ) − 2   𝜏 2   𝜓 2 2 + 4 𝜏  (  [ 2 ] q + 𝜏 − 1 )   𝜑 2   𝜓 2  2 ( [ 2 ] q + 𝜏 − 1  ) 2   +   𝜏  (   𝜓 3 −   𝜓 2 2 )  [ 3  ]  q + 𝜏 − 1 .                  ( 2 . 40 )


  𝜑  ( z ) ∈   𝒦  q  ( 𝛼 , 𝜏 )


  𝜇


      |   𝜑 3 − 𝜇   𝜑 2 2 | ⩽  2  [ 3  ]  q + 𝜏 − 1 [ ( 1 − 𝛼 ) 𝜂 + 𝜏 𝜖 +   2 𝜏  ( 1 − 𝛼 )     ( [ 2  ]  q + 𝜏 − 1 ) 2                                                                                     ×  ( 𝜏 | 3 − 𝜏 − 2 [ 2 ] q | + 2 [ 2 ] q 𝜏 + ( 𝜏 − 1  ) 2 + 2 | 𝜇 |  ( [ 3  ]  q + 𝜏 − 1 ) − 2 ) ,  


  𝜂 ≔ max  { 1 ,    | ( 1 − 𝛼 ) ( 𝜏 ( 𝜏 − 3 ) + 2 [ 2 ] q ( 𝜏 − 1 ) + 2 + 2 𝜇 ( [ 3 ] q + 𝜏 − 1 ) ) − ( [ 2 ] q + 𝜏 − 1  ) 2 |  ( [ 2 ] q + 𝜏 − 1  ) 2 } ,                


  𝜖 ≔ max  { 1 ,    |  ( 4 𝜇 − 3 )   𝜏 2 +  ( 4 𝜇  [ 3 ] q − 4 𝜇 + 4 − 2  [ 2 ] q ) 𝜏 −  [ 2 ]   q 2 + 2  [ 2 ] q − 1 |  ( [ 2 ] q + 𝜏 − 1  ) 2 } ,                                ( 3 . 1 )


  𝜖 ≔ max  { 1 ,    |  ( 4 𝜇 − 3 )   𝜏 2 +  ( 4 𝜇  [ 3 ] q − 4 𝜇 + 4 − 2  [ 2 ] q ) 𝜏 −  [ 2 ]   q 2 + 2  [ 2 ] q − 1 |  ( [ 2 ] q + 𝜏 − 1  ) 2 } ,                                ( 3 . 1 )


       𝜑 3 − 𝜇   𝜑 2 2 =  1  [ 3  ]  q + 𝜏 − 1  [  ( 1 − 𝛼 )  (  ℏ 2 −   2  ( 1 − 𝛼 )  ( 𝛿 + 𝜇  ( [ 3  ]  q + 𝜏 − 1 ) )     ( [ 2  ]  q + 𝜏 − 1 ) 2    ℏ 1 2 2 )                                                                             + 𝜏  (   𝜓 3 −   𝜏  ( 𝛿 + 𝜇  ( [ 3  ]  q + 𝜏 − 1 ) ) +  1 2  ( 1 − 𝜏 )    ( [ 2  ]  q + 𝜏 − 1 ) 2     ( [ 2  ]  q + 𝜏 − 1 ) 2   𝜓 2 2 )       +   𝜏  ( 1 − 𝛼 )     ( [ 2  ]  q + 𝜏 − 1 ) 2  ( 𝜏  ( 3 − 𝜏 − 2 [ 2  ]  q ) + 2  ( [ 2  ]  q − 1 ) − 2 𝜇  ( [ 3  ]  q + 𝜏 − 1 ) +    ( [ 2  ]  q + 𝜏 − 1 ) 2 )  ℏ 1   𝜓 2 ] . # ( 3 . 2 )


  𝜑  ( z )


    𝒦 Σ  q  ( 𝛼 , 𝜏 )


  𝜇 ∈ ℂ


      |   𝜑 3 − 𝜇   𝜑 2 2 | ⩽    ( 1 − 𝛼 )  (   𝜒 2 + 2  | 𝜇 |  ( [ 3  ]  q + 𝜏 − 1 ) )  (   𝜒 4 + 1 )   ( [ 3  ]  q + 𝜏 − 1 )   𝜒 2 +   2 𝜏   𝜒 3  [ 3  ]  q + 𝜏 − 1                                                                                                                                                                                       +   8 𝜏  (   𝜒 2 + | 𝜇 | ( [ 2 ] q + 𝜏 − 1  ) 2 )   (  [ 2 ] q + 𝜏 − 1 )   𝜒 2 +   4 ( 1 − 𝛼  ) 2    𝜒 1 ,


       𝜒 1 ≔ 2 ( [ 2 ] q + 𝜏 − 1  ) 2 ,                                                                                                                                                                                                                                                 ( 3 . 3 )     𝜒 2 ≔ ( 𝜏 − 1 )  ( 𝜏 + 2 [ 2  ]  q ) + 2 [ 3  ]  q ,                                                                                                                                                                                                           ( 3 . 4 )     𝜒 3 ≔ max  { 1 ,   4 𝜏  (  [ 3 ] q + 𝜏 − 1 )  ( [ 2 ] q + 𝜏 − 1  ) 2 +   4  | 𝜇 |  ( 𝜏 − 1 )  ( [ 3  ]  q + 𝜏 − 1 )  ( 𝜏 − 1 )  ( 𝜏 + 2 [ 2  ]  q ) + 2 [ 3  ]  q } ,                                                                                           ( 3 . 5 )     𝜒 4 ≔ max  { 1 ,  |   2   𝜒 2  ( 1 − 𝛼 )  (  [ 3 ] q + 𝜏 − 1 )  ( [ 2 ] q + 𝜏 − 1  ) 2  (   𝜒 2 + 2 𝜇  ( [ 3  ]  q + 𝜏 − 1 ) ) − 1 | } .                                                                                                              


    𝜑 3 − 𝜇   𝜑 2 2


       𝜑 3 − 𝜇   𝜑 2 2 =    ( 1 − 𝛼 )  (   𝜒 2 + 2 𝜇  ( [ 3  ]  q + 𝜏 − 1 ) )  2   𝜒 2  ( [ 3  ]  q + 𝜏 − 1 )  (  ℏ 2 +   4   𝜒 2  ( 1 − 𝛼 )  ( [ 3  ]  q + 𝜏 − 1 )    𝜒 1  (   𝜒 2 + 2 𝜇  ( [ 3  ]  q + 𝜏 − 1 ) )    ℏ 1 2 2 )                                                                                         +   𝜏  [ 3  ]  q + 𝜏 − 1  (   𝜓 3 +     𝜒 1   𝜒 2 +  ( 2 𝜏   𝜒 2 + 𝜇   𝜒 1  ( 𝜏 − 1 ) )  ( [ 3  ]  q + 𝜏 − 1 )    𝜒 1   𝜒 2   𝜓 2 2 ) +    ( 1 − 𝛼 )  (   𝜒 2 + 2 𝜇  ( [ 3  ]  q + 𝜏 − 1 ) )  2   𝜒 2  ( [ 3  ]  q + 𝜏 − 1 )   s 2                                                                                                           +   ( 2 𝜏  ( [ 2  ]  q + 𝜏 − 1 ) ) ( 2   𝜒 2 + 𝜇   𝜒 1 )    𝜒 1   𝜒 2   𝜑 1   𝜓 2 +      ( 1 − 𝛼 ) 2    𝜒 1   s 1 2 .               ( 3 . 6 )


  𝜑  ( z )


    𝒦  q  ( 𝛽 , 𝜏 )


  𝜇 ∈ ℂ


      |   𝜑 3 − 𝜇   𝜑 2 2 | ⩽  2   [ 3 ] q + 𝜏 − 1 [ 𝛽 𝜍 + 𝜏 𝜖   +   2 𝜏 𝛽  ( [ 2 ] q + 𝜏 − 1  ) 2                                                                                    ×  ( 𝜏 | 3 − 𝜏 − 2 [ 2 ] q | + 2 [ 2 ] q 𝜏 + ( 𝜏 − 1  ) 2 + 2 | 𝜇 |  ( [ 3  ]  q + 𝜏 − 1 ) − 2 ) ] ,


  𝜖


  𝜍 ≔ max  { 1 ,   𝛽  |  ( 𝜇 − 1 ) 𝜏 + 𝜇  ( [ 3  ]  q − 1 ) + 1 |     ( [ 2  ]  q + 𝜏 − 1 ) 2 } .                                                                                                                                                                        


       𝜑 3 − 𝜇   𝜑 2 2 =  1  [ 3  ]  q + 𝜏 − 1  [ 𝛽  (  ℏ 2 −  (   2 𝛽  ( 𝛿 + 𝜇  ( [ 3  ]  q + 𝜏 − 1 ) )     ( [ 2  ]  q + 𝜏 − 1 ) 2 − 𝛽 + 1 )    ℏ 1 2 2 )                                          + 𝜏  (   𝜓 3 −  (   𝜏 𝛿 + 𝜏 𝜇  ( [ 3  ]  q + 𝜏 − 1 )     ( [ 2  ]  q + 𝜏 − 1 ) 2 +  1 2  ( 1 − 𝜏 ) )   𝜓 2 2 )                                                         +   𝜏 𝛽     ( [ 2  ]  q + 𝜏 − 1 ) 2  (    [ 2 ]  q 2 + 2    [ 2 ]  q 𝜏 − 2 𝜇    [ 3 ]  q + 2 𝜇 −   𝜏 2 + 3 𝜏 − 2 )    ℏ 1 𝜓 2 ] . ( 3 . 7 )   


  𝜑  ( z ) ∈   𝒦 Σ  q  ( 𝛽 , 𝜏 )


  𝜇 ∈ ℂ


      |   𝜑 3 − 𝜇   𝜑 2 2 | ⩽   𝛽  (   𝜒 2 + 2  | 𝜇 |  (  [ 3 ] q + 𝜏 − 1 ) )  ( 𝜗 + 1 )   (  [ 3 ] q + 𝜏 − 1 )   𝜒 2 +   2 𝜏   𝜒 3   ( [ 3  ]  q + 𝜏 − 1 )         +   2 𝛽  ( 2 𝛽   𝜒 2 +  | 𝜇   𝜒 1  ( 𝛽 − 1 ) | )  (  [ 3 ] q + 𝜏 − 1 ) +  1 2  | 𝛽 − 1 |   𝜒 1   𝜒 2   (  [ 3 ] q + 𝜏 − 1 )   𝜒 1   𝜒 2 +   8 𝜏  ( [ 2  ]  q + 𝜏 − 1 )  ( 2   𝜒 2 +  | 𝜇 |   𝜒 1 )    𝜒 1   𝜒 2 ,


    𝜒 1 ,   𝜒 2


    𝜒 3


  𝜗 ≔ max  { 1 ,  |   4 𝛽   𝜒 2  (  [ 3 ] q + 𝜏 − 1 )    𝜒 1  (   𝜒 2 + 2 𝜇  (  [ 3 ] q + 𝜏 − 1 ) ) + 𝛽 − 2 | } .


       𝜑 3 − 𝜇   𝜑 2 2 =   𝛽  (   𝜒 2 + 2 𝜇  ( [ 3  ]  q + 𝜏 − 1 ) )  2   𝜒 2  ( [ 3  ]  q + 𝜏 − 1 )  (  ℏ 2 +   2  ( 𝜇   𝜒 1  ( 𝛽 − 1 ) + 2 𝛽   𝜒 2 )  ( [ 3  ]  q + 𝜏 − 1 ) +  ( 𝛽 − 1 )   𝜒 1   𝜒 2    𝜒 1  (   𝜒 2 + 2 𝜇  ( [ 3  ]  q + 𝜏 − 1 ) )    ℏ 1 2 2 )                                                                                         +   𝜏   ( [ 3  ]  q + 𝜏 − 1 )  (   𝜓 3 +    ( 2 𝜏   𝜒 2 + 𝜇   𝜒 1  ( 𝜏 − 1 ) )  ( [ 3  ]  q + 𝜏 − 1 ) +   𝜒 1   𝜒 2    𝜒 1   𝜒 2   𝜓 2 2 ) +   𝛽  (   𝜒 2 + 2 𝜇  ( [ 3  ]  q + 𝜏 − 1 ) )  2   𝜒 2  ( [ 3  ]  q + 𝜏 − 1 )   s 2                                                                       +   𝛽 (  ( 2 𝛽   𝜒 2 + 𝜇   𝜒 1  ( 𝛽 − 1 ) )  (    [ 3 ]  q + 𝜏 − 1 ) +  1 2  ( 𝛽 − 1 )   𝜒 1   𝜒 2 )  2   𝜒 1   𝜒 2  (    [ 3 ]  q + 𝜏 − 1 )   s 1 2 +    ( 2   𝜒 1 + 𝜇   𝜒 2 )    𝜒 1   𝜒 2   𝜑 2   𝜓 2 .  ( 3 . 8 )            


  𝛼 = 0 , 𝛽 = 1


  q →  1 −


  𝜑  ( z )


  𝜑  ( z )


  𝒦  ( 𝜏 )


    𝒦  q →  1 −  ( 0 , 𝜏 )


    𝒦  q →  1 −  ( 1 , 𝜏 )


      |   𝜑 2 | ⩽ 2 ,    |   𝜑 3 | ⩽   2  ( 7 𝜏 + 1 )  𝜏 + 2   ,                                                                                                                                                                                                                                                                                            


   |   𝜑 3 − 𝜇   𝜑 2 2 | ⩽   2  (   𝜉 1 + 𝜏   𝜉 2 )  𝜏 + 2 +   2 𝜏  ( 2   𝜏 2 + 𝜏  ( 3 + 2  | 𝜇 | ) + 4  | 𝜇 | − 1 )  ( 𝜏 + 1  ) 2 ,                                                                                                      


       𝜉 1 ≔ max  { 1 ,    | 𝜇  ( 𝜏 + 2 ) −  ( 𝜏 + 3 ) |  ( 𝜏 + 1  ) 2 } ,     𝜉 2 ≔ max  { 1 ,    | 3   𝜏 3 − 3   𝜏 2 − 19 𝜏 + 2 𝜇  ( 𝜏 + 2 ) − 5 |  2 ( 𝜏 + 1  ) 2 } .                                                                                                                                                      


  𝜑  ( z )


  𝜑  ( z )


    𝒦 Σ  ( 𝜏 ) ≡


    𝒦 Σ  q →  1 −  ( 0 , 𝜏 ) ≡   𝒦 Σ  q →  1 −  ( 1 , 𝜏 )


      |   𝜑 2 |    ⩽    4  ( 3   𝜏 2 + 𝜏 + 1 )    𝜏 2 + 3 𝜏 + 2 ,    |   𝜑 3 |    ⩽   2 + 7 𝜏  𝜏 + 2 +   4  ( 3   𝜏 2 + 2 𝜏 + 1 )  ( 𝜏 + 1  ) 2 ,                                                                                                                                                                                                                    


      |   𝜑 3 − 𝜇   𝜑 2 2 | ⩽    (   𝜏 2 + 3 𝜏 + 2 + 2  | 𝜇 |  ( 𝜏 + 2 ) )  (   𝜁 1 + 1 )   (   𝜏 2 + 3 𝜏 + 2 )  ( 𝜏 + 2 ) +   2 𝜏   𝜁 2  𝜏 + 2                                                                                                     +   8 𝜏  (   𝜏 2 + 3 𝜏 + 2 + | 𝜇 | ( 𝜏 + 1  ) 2 )   ( 𝜏 + 1 )  (   𝜏 2 + 3 𝜏 + 2 ) +  2  ( 𝜏 + 1  ) 2 ,


       𝜁 1 ≔ max  { 1 ,  |   2  (   𝜏 2 + 3 𝜏 + 2 )  ( 𝜏 + 2 )  ( 𝜏 + 1  ) 2  (   𝜏 2 + 3 𝜏 + 2 + 2 𝜇  ( 𝜏 + 2 ) ) − 1 | } ,     𝜁 2 ≔ max  { 1 ,   4 𝜏  ( 𝜏 + 2 )  ( 𝜏 + 1  ) 2 +   4  | 𝜇 |  ( 𝜏 − 1 )  ( 𝜏 + 2 )    𝜏 2 + 3 𝜏 + 2 } .                                                                                                                          


  q


  𝔹 𝕊 𝔽
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