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Abstract

Let R be a 7-ring and G be an Ry-module. A proper Rr-submodule S of G is said
to be semiprime Rp-submodule if for any ideal | of a 7-ring R and for any R;-
submodule A of G such that (IT)>’AcSor ITITA < S which implies that

ITA S . The purpose of this paper is to introduce interesting results of
semiprime Rpr-submodule of Rp-module which represents a generalization of
semiprime submodules.
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1. Introduction
'‘Let R and I” be additive abelian groups. We say that R is a I-ring if' there exists a mapping' of
7:RxI'xR — R'such that for every' r,s,geR and «,per’, 'the following conditions hold:"

(r+s)ag=rag+sag ' 'r(a+p)g=rag+rpg''ra(s+g)=ras+rag,

(ras)pg=ra(spfg)[l]. A left R-module is an additive abelian group G 'together with a mapping'
7:RxI'xG —G 'such that for all'e,e;,e,eG and y,y,7,el’, 1,I,,r,eR the following
conditions  hold: ry(e, +e,)=rye +rre, (n+n)re=rye+re 5,(n+7)e =Ly +nre :
ry,(r,7.e)=(r r,) 7.e - A right Rr —module 'is defined in an analogous manner and a non-empty
subset S of (G, +) is said to be' Rr-submodule of G 'if S is a subgroup of G' andRIT'S =S , where
RIS ={gyw :yel',geRweS} /‘that is for all ww,eSand for all
yel',geR ;w -w,eS and gyw €S . So, In this case we write S <G . Let K, L be R-
submodule of an Rp-module G', ‘'then the Rp-residual of K by L s
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[Kx LI={g eR |gxl eK Ve, €I, eL}[2]. A proper Rr-submodule S of G is called prime
Rr-submodule if for any ideal T of a 7-ring R and for any Ry-submodule H of G, T 'H <S , implies
HcSor T c[s: G][3]. Let G and G’ be arbitrary Ry-modules. A mapping 7:G —»G'is a
homomorphism of Rr-modules (or Rr-homomorphism) if for all u,v €G and forall t eR , y eT"we
have:-

i TUu+v)=ru)+7)

i. z(tyu)=tyr()
A Rr-homomorphism 7 is Rp-epimorphism if 7z is onto. We denote the set of all Rr-
homomorphism from G into G’ by Hom, (G,G'). In particular, if G =G'we denote Hom, (G,G)

byEnd (G)and if 7:G —G'is an Ry-homomorphism, then Ker z={u €G ; r(u)=0} and, so,

Imr:{w eG':;Ju G ;z'(u):W}[Z]. An Rr-module G and ¢ #F <G , then the generated Rr-
submodule of G, denoted by <F > s the smallest Rr-submodule of G containing F, i.e.,
<F >=M{S |S <G}.Fis called the generator of <F > and <F >is finitely generated if |F|<oo.
If F={z,,z,,...,z,}we write <z,,2,,...,2, > instead of <{z,,2,,...,2,}>. In particular, if
F ={z }then <z > is called the cyclic submodule of G, generated by z [2]. An Rr-submodule S of
an Rr-module G is called Rp-direct summand of G if there is Rp-submodule Q of G such that
S ®.Q =G, i.e, if there are Rr-homomorphism p:S —G and i :G —S such that i o p =1 [4].
A proper submodule S of R-module G is said to be prime submodule, if gueS for g eR and
u €G, implies that eitheru €S or g €[S :G] and S is called semiprime submodule of R-module G,
whenever g eR and U G with gueS, then gueS [5]. A proper Rr-submodule S of G is
called prime Rr-submodule if for any ideal | of a /-ring R and for any Rr-submodule K of G,
ITK cS implies K<Sor I c[S:; G] [3] In this paper, we provide the definition of

semiprime Rr-submodule of R-module and the relation with semiprime R-submodule of R-module,
which is a generalization to semiprime R-submodule. Thus, we find the relation of semiprime Rr-
submodule with multiplication R-module. As a result, we have come up with an equivalent Theorem
3.13. Let G be a multiplication R-module and let S be a proper Rr-submodule of G. Then the
following statements are equivalent:-

1. Sissemiprime Rr-submodule of G.

2. xI'x =S implies X €S such that forall X €G .
3. rad.(S)=S.
G _ -
4. A has no non-zero nilpotent.
5
2

. KI'K,cS implies K, K, S , forevery K, K, are proper Rr-submodules of G.

. Semiprime Rp-Submodules of Rr-Modules
In this section we illustrate the concept of semiprime Ry-submodule and we introduce some basic
properties.
Definition 2.1. Let S be a proper Rr-submodule of Rr-module G. Then S is called semiprime Rp-

submodule if for any ideal | of a 7-ring R and for any R-submodule A of G such that (IT)?’AcS or

ITITA S impliessl TACS .
Theorem 2.2. Let G be an Rr-module. An Rr-submodule S of G is semiprime Rp-submodule if and
only if, foreach u €G ,g €R suchthat <g >I'<g>I'<u>cS impliessgTu =S .

Proof: Let S be a semiprime Rp-submodule of G and let <g>I'<g>I'<u>cS, where
u G ,g R . Since S is semiprime Rp-submodule, then <g >I'<u>cS and hencegT'u =S .
Conversely, suppose thatl T'1 T"A < S , where | is an ideal of a 7-ring R and A is a Rr-submodule
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of G. Then for any element § €R and a< A, we have <g>I'<g>I'<a>cITITACS,
then gl'acS . Thus, ITA =S and S is a semiprime Ry-submodule of G.

Theorem 2.3 [3]. Let G be an Rr-module. An Ry-submodule S of G is said to be prime if and only if,
foreach U €G ,g €R suchthat <g >I'<u >cS impliesu €S or g €[S ', Gl

Lemma 2.4 [3]. Let G be an R-module. Let S be a prime Rp-submodule of G. Then [S 'R, Glisa

prime ideal of a 7-ring R.

Remarks and Examples 2.5

i. Every semiprime R-submodule is semiprime Rr-submodule but the converse is not true in
general, as in the following example:

Let Zgbea Z; —module, I =<2> and < 4 > be a proper Z_; —submodule of Z . Then

< 4> is semiprime Z 5. —submodule, since for any I is an ideal of a I*ring Zand Kisany Z ; -

submodule of Z g such that l<2>1<2>K cS, then | <2>K S . But <4> is not
semiprime  submodule since2eZ ,1eZ,, k=2 such that 2%.1=4 e<4> but

21=2¢<4>,

ii. Every prime Rr-submodule is semiprime Rr-submodule.
Proof. Let S be a prime Rr-submodule of G. We have to show that S is semiprime Rr-submodule.

LetI TITA S, where | is an ideal of a7-ring R and A is Rr-submodule of G. Since | is ideal of a
Iring R, then ITA=ATI . Since S is a prime Rr-submodule of G, then either A < S then
ITAcSor ITIC[S:;; G] thenl c[s & Gl since [S:; G] is prime by lemma (2.4).
Therefore, ITA cIT'G S and hence I TA S . Thus S is semiprime Rp-submodule of G. The
following example explains that the converse is not true in general:
Let 3Z be an Z,, —module, 6Z be a proper Z,, —submodule of 3Z . Let f:Zx2Zx3Z—3Z
and 6Z is semiprime Z,, —submodule of 3Z , for any ideal I in Z and any Z,, — submodules in
3Z, then (12Z)°Ac6Z . But 6Z is not prime of Z,, —submodule of 3Z, since
X=3,r=2,y=2,<3>2Z<2>c 6Z and 3.2.2=12€ 6Z but 3¢6Z and 2¢[6Z :, 3Z].

Recall that an ideal | in a 7-ring R is said to be semiprime ideal of a I-ring R if for any J is an ideal
inI-ring Rsuchthat JI'"J < [ implies J < 1 [6].
Proposition 2.6. Let G be an Rr-module and S be a semiprime Rr-submodule, then [S ‘=, G1 is

semiprime ideal of a 7-ring R.
Proof. Let J be an ideal in R such that JTJ c [S:;; G], thenJ['JI'G =S . Since S is semiprime

Rr-submodule, then JI'G S . Therefore, J <[S ey and [S L, G] are semiprime ideals of a 7~

ring R. To show that the converse is not true in general, the following example is shown:
Let G =Z ®Z bea Z_ -module and let S be an Rr-submodule generated by < (0,4) >, then

[S :x, G]1={0} is semiprime ideal of a 7*-ring Z , but S is not semiprime Rr-submodule of G. Let
<2 > bean ideal, /" be a abelian group define by < 3> and Shean Rr-submodule generated by
<(0,4)>, then <2><3><2>c[S:; G], then <2><3><2>=(0)c[S: G]. Then
<(0,9)><(u,0)>={(0,0}c[S:; G] forall ueG ,geR .Thus [S ;; G]={0} is semiprime
ideal of a /-ring Z, but S is not semiprime Rr-submodule of G. Let (0,1)eG, <3> eI'such that

<2><3><2><3>(0,1)=(0,36) €S and< 2 ><3>(0,1)=(0,6) S .

Theorem 2.7. Let S be a proper Rr-submodule of Rr-module G, then the following statements are
equivalents:

1. Sissemiprime Rr-submodule of G.
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2. The ideal [S ', K1 is semiprime in 7-ring R, for all K is a proper Rr-submodule of G such that
ScK.
3. Theideal [S :; <u >] is semiprime in 7™-ring R, for allu eGandu ¢S.

Proof. (1> 2)

Let K be a proper R-submodule of G. Let | be an ideal of /=ring R such that I Tl c[S :;; K], then
ITITK S . Since S is semiprime Rp-submodule of G, thenl TK —S and hence
I c[S 'R, K1].Thus, [S R K ]is semiprime ideal in 7-ring R.

(2—>73)
LetueG ,u &S, let Jbe an ideal of /-ring R such thatyrJ <[ : <u>] and let g eR

such that J =<g >, then<g >I'<g > c[S R, <U >]. We have to show that <g >c[S ;p <u >].

R

Since UG and U &S, then <u> is Rr-submodule of G, <u>cS +<u >, then
[S: <u>]c[S i, S+<u>] and S S +<u>. By hypothesis (2), [S ;; S+<u>] is semiprime
ideal of R, then J c[S :; S+<u>]and JI'<u>cS . Thus, J c[S: <u>] and [S :, <u >]is
semiprime ideal in 7-ring R.
(3—>1

Let | be an ideal in 7-ring R and u €G , then <u > is Ry-submodule of G. LetI Tl T'<u >cS, to
show that I "'<u >cS . Since [S :; <u >] is semiprime ideal in R, then | cl[S = <Uu >] and, hence,

| T<u >c< S . Thus S is semiprime Rr-submodule of G by Proposition (2.6).

Proposition 2.8. Let S be a proper Rr-submodule of Rr-module G, if S is prime Rr-submodule of G

and g :ﬂsi where each S, is prime Rr-submodule of G, then S is semiprime Rr-submodule of G.
ieA

Proof. Let K be a proper Rr-submodule of G and let I be an ideal of a 7-ring R such that

ITITK =S . We have to show that | 'K =S . Since S; is a prime Rr-submodule of G, then S; is

semiprime Rp-submodule of G by Remark ((2.5), ii). Then IT'K S, for all i € A which implies
that] 'K < ﬂsi =S . Thus, S is semiprime Rr-submodule of G.

ieA
Proposition 2.9. Let G be Rr-module and let S be a proper Ry-submodule of G. If S is semiprime Rp-
submodule of G and L is a proper Ry-submodule of G such that LS , then L (S is semiprime
Rr-submodule of G.
Proof. Letw €L ,g €R suchthat <g >I'<g >I'<w >cS(\L,then <g>T'<g>T<w >cS
and<g>I'<g>I'<w >cL. But w €L, hence gI'w L. As S is semiprime Rp-
submodule of G, then g T'w < S , hence gI'w < S (L which implies that L (1S is semiprime
Rr-submodule of G.
Proposition 2.10. Let G be Rr-module and S be a family semiprime Rr-submodule of G, for each

a €A then ﬂ S, is semiprime Rp-submodule of G.
aelA

Proof. Let | be an ideal of 7I-ring R and H be a proper Rp-submodule of G such that
ITITH <[)S, toshowthat ITH < (1|S,, . Then ITITH =S foralla <A, since S, is

aeA aeA

semiprime Ry-submodule of G, then ITH =S foralla € A Thus ITH < ﬂ S, forallaeA

aeA

. Hence ﬂ S, is semiprime Rp-submodule of G.

ael

Recall that T is an ideal of 7-ring R. The radical of T, denoted by rad.(T ), is defined to be the
intersection of all prime ideals containing T [3].
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Recall that G is an Rr-module and S is an Rr-submodule of G that is said to be primary if for any
Rr-submodule V of G and for any ideal | of a 7/-~ring R, 1TV <S and V «S implies

| crad [S R, G131

Proposition 2.11. Let G be Rr-module and S be a proper Rr-submodule of G. If S is primary Rp-
submodule of G, then [S R, G] is semiprime ideal of a 7-ring R if and only if S is semiprime Rp-
submodule of G.

Proof. Suppose that [S R G] is semiprime ideal of R. Let | be an ideal of /-ring R and K be a proper
Rr-submodule of G such thatl TITK < S . We have to show thatI 'K < S . Since [S R, G] is
semiprime ideal of R, then| 'l [S iz G]. Since ITITK S then ITIc[S: K]c[S:; G], and
as [S iz G] isanideal of a /-ring R, we obtain [S ', GITK S and | c[S: G]. Thus ITK =S

and S is semiprime Rr-submodule of G. The converse is true, by Proposition (2.6).
Proposition 2.12. - Let G ,G' be Rr-modules and let ¢ :G — G’ be an Rp-epimorphism, then :

1) If S is semiprime Rp-submodule of G andKer ¢ =S , then @(S) is semiprime Ry-submodule of
G’

2) If S’ is semiprime Rp-submodule of G’, then go‘l(S ") is semiprime Rr-submodule of G.

Proof.

1) Let heR ,u'eG’such that(hT)’u'ce(S), (hy)’u'e(S) for allyel’. Since ¢ is
epimorphism, then there exists U € G such that U'=¢@(U) .

(hy)?pU)ep(S), then p((hy)*u)e@(S). Since @ is R-homomorphism and there exists V €S
such thatp((hy)?u)=¢W ), then v —(hy)°u eKer ¢ =S and(hy)?u €S . Since S is semiprime
Rr-submodule of G, then h yu €S and @(h yu) e @(S). Thus, h yu’ e (S) and, hence,
@(S) is semiprime Ry-submodule of G'.

2) Let heR,ueGsuch that(hT)’uce™(S"), u=¢?@U’),u'eG'for all yel.
(hy)’uep™(S’), then p((hy)*u)eS and(hy)*p()eS’. Since S’ is semiprime Ry-submodule
of G',then h y @(U)e S and h yue @ *(S’). Hence, ¢ (S") is semiprime Rr-submodule of G.
Corollary 2.13. Let S be a proper Rr-submodule of Rr-module G and let H be any proper Rp-
submodule of G such that H — S, then S is semiprime Rp-submodule of G if and only if % is a

semiprime Rr-submodule of GA .

3. Semiprime Rp-Submodules of Multiplication Rr-Modules

Notice that G is multiplication R-module, if for any S be a proper R-submodule of G, there exists
an ideal I ofa7-ringRsuchthat S =1TG [3, 7] .
Proposition 3.1. Let G be multiplication Rr-module and S be a proper Rr-submodule of G, then S is
semiprime Ry-submodule of G if and only if [S :;; G] is semiprime ideal of I'-ring R.

Proof. The first side is clear.
Conversely, suppose that [S :; G] is semiprime ideal of R. Letg eR W €G ;w ¢S, then

<g> is an ideal in [7-ring R and <w > is Rr-submodule of G such that
<g>I'<g>I'<w > S , to show that <g >I"'<w >< S . Since G is multiplication Rr-
module, then S =[<w >, G]T'G where <W > is Rr-submodule of G generated by w and

[<w >, Glisanideal inR. <w >=[<w > GJTG and W =V, y,K, +V,7,k, +...4v 7k,
where k; e[<w >, G],yel and V; eG  forall i=1,2,3,...,n. gyk, e[<gmw > G] and
gyw €S . Then [<gmw >5 G]c[S i Gl and grk; €[S G].
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wW=gyk,yv,+9yk,yv,+...+49yK, »v,€S. Then gI'w <S and, hence, S is
semiprime Rr-submodule of G.

Theorem 3.2. Let G be a multiplication Rr-module and let S be a semiprime Rr-submodule of G such
that K, K, =S , where K, K, are Rr-submodules of G, then K, =S or K, cS .
Proof.
Let S be a semiprime Rp-submodule of G andK, (1K, =S . Then [K,NK, G]c[S iz Gland
[K, &, GINIK, =, Gl [S iz, G]. Since [S:; G] is semiprime ideal of a /~-ring R by Proposition
(2.6), then [K,:, G]c[S: G] or [K,ix G]<[S 1z G]. then [K,: GII'G c[S:;x G]I'G or
[K, 5 GITG<[S iz G]I'G. Since G is multiplication Rr-module and by Proposition (3.1),
hence K, =S or K, cS.

Recall that G is an Rr-module that is called irreducible or (simple), if GT'R %0 and it has only the

trivial Rp-submodules {0} and G itself [4].

Proposition 3.3. Let G be an Rr-module. If S is irreducible Rr-submodule of G, then S is semiprime
Rr-submodule of G if and only if S is a prime Rr-submodule of G.
Proof. The first side is clear. Conversely, suppose that S is not prime Rp-submodule of G. Let

heR ,hg[S:; Gl.ueG ,uegSand ael suchthat hau €S . Since h g[S :; G], there exists
vV €G such thath av ¢S . We claim that K, MK, =S . Let weK,NK,and K, =S+<u >,
K,=S+<hav >. Let s,,5, €S and t,t, eRsuch that w =s, +t,au =s, +t,ah av , then
W =s,—s,+t,au =t,ahav . By multiplying this equation by h,eR , we obtain
hys,—hyys,+hytiau =hyt,ahav wherey eI'. hjys, —hys,+hytau =hyt,ahav S .
Since S is semiprime Ry-submodule of G, then t,ahav €S and h,av €S such that t,ah =h, ,
also s, +t,ahav =w €S . Hence, K, (MK, =S , which is a contradiction, since S is irreducible.
Thus S is prime Rp-submodule of G.

Recall that an Rr-module G is called Ry-faithful if its Ry-annihilator 1, (G) =0[4].

Definition 3.4. Let G be an Rpr-module. If J is a maximal ideal of I-ring R, then we define
T, G)={ueG,ael'; (1—j)au =0} forsome jeJ.Clearly, T,.(G) is Rr-submodule of G.

Definition 3.5. Let G be an R-module and J is a maximal ideal of a 7-ring R. We say that G is J-
cyclicif thereexist j €J ,u €G and a T suchthat (1-j)I'G cRTu.

Theorem 3.6. Let R be a commutative 7-ring with identity. Then an Rr-module G is a multiplication
Rr-module if and only if, for every maximal ideal J of 7-ring R, either G =T,.(G) or G is J-cyclic.

Proof.
Suppose that G is a multiplication Rr-module. Let J be a maximal ideal of a 7-ring R. Suppose that
G=JIG,and let ueG. Then JTu =1 TG for some | is an ideal of a /-ring R and, hence,

RITu=ITG=ITJIG=JIITG =JTuandlau = jausuch that 1leR ,jel,ael.
Thus, 1-j)au =0 and u €T,.(G). It follows that G =T,.(G) . Now suppose that G #J I'G ,
there exist w eGand w ¢J I'G . There exists an ideal B of 7-ring R such thatRT'w =B TG .
Clearly, B & J and, hence, 1—t € B forsome t € J . Clearly, (1-t)I'G c RT'w and G is J-cyclic.
Conversely, suppose that, for each maximal ideal J of a 7-ring R, either G =T,.(G) or G is J-cyclic.

Let S be a Rr-submodule of G and K =anng (GA) Clearly, KI'GcS . Let yeS and

H= {h eR;hyy eKTG } Suppose that H # R, then there exists a maximal ideal Q of a 7-ring
R such thatH Q. If G :TQF(G), then (1-s)yy=0for some seQ, yI' and, hence,
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(1-s)e H < Q, which is a contradiction. Thus, by hypothesis, there exist s, €Q , z G such that
(1-s,))IG cRTz. It follows that (1-s,)I'S is a Rp-submodule of RIzand hence
(1-s,)TS =F Tz where F is an ideal such that F ={heR ; hyz e (1-s,)I'S} of a I*ring R.

(1-s,))TFITG =FI'(l-s)IG cFTIz cS and hence (1-s)IFcK. It follows that
@-s)y@A-s)yy e@-s)IFQ-s)I'S =(1-s,)[FI'z c K TG . But this gives a contradiction of
(1-s,)y(1-s)eH<Q. Thus, H=R and y e K TG . It follows that S =K I'G and G is

multiplication Rpr-module.
Theorem 3.7. Let R be a commutative 7-ring with identity and G be an Ry-faithful R-module. Then
G is a multiplication Rr-module if and only if
I. ﬂ (1,I'G)= (ﬂ | ,)T'G) for any non-empty collection of ideals 1,(4 € A) of a/-ringR.
AeA AeA

ii. For any Rr-submodule S of G and an ideal A of a 7-ring R, such that S — AI'G , there exists an
ideal Bwith Bc Aand S <« BTG .
Proof.
To prove (i), suppose that G is a multiplication Rr-module. Let |,(4 € A) be any non-empty
collection of ideals of a 7-ring R and letl = ﬂ I,. Clearly, 1TG c ﬂ (I, I'G). Let
AeA AeA

X eﬂ(IlFG) and let J={geR ;gyx elI'G}. Suppose thatJ =R, then there exists a

AeA
maximal ideal P of R such that J < P. Clearly, x ¢T,.(G) and hence G is P-cyclic by Theorem
3.6. There exist te P and m G such that(1-t)['G cRI'm. Then (1-t)Bxe(\(I,I'm) for

AeA

each S eI . There exists @, € |, such that(Ll-t) fx=a, fm. Choose € A for each A€ A,

a,fm=a, fm and, s, (a, —a,)pm=0. Now,
1-t)r@,-a)ré =(@,-a,)ra-t)ré c(a,—a,)FRI'm =0 implies
1-t)I'(a, —a,)=0.  Therefore, (1-t)Ta,=(A-t)Ta,el,,(1eA) and,  hence,
1-t)ra, el. Thus(1-t)I'A-t)I'x =1-t)Fa,Imel I'G. It follows that
A-t)I(L-t)e J < P, which is a contradiction and, hence, J=R andx el I'G. Thus
((,IG)cITG.

AeA

Now to prove that (ii), let S be a Rr-submodule of G and A be an ideal of a I-ring R such that
S c AT'G . There exists an ideal C of a 7-ring R such that S cC I'G . Let B= A\ C. Clearly,

Bc AandS =ATGNCTG =(ANC)I'G =BTI'G, by (i).

Conversely, suppose that (i) and (ii) hold. Let S be a Rp-submodule of G and let S ={I |l be an ideal
ofal-ringRand S <1 I'G}, let I,(A € A)be any non-empty collection of ideals in S. By (i) ,
ﬂ |, €S . By Zorn's Lemma, S has a minimal member A, thenS < AT'G . Suppose thatS # AT'G

AeA
, by (ii) there exists an ideal B with B < A andS < B I'G . In this case, B < S, contradicting the

choice of A, and, thus, S = A TG . It follows that G is a multiplication Rr-module.
Lemma 3.8. Let P be a prime ideal of a 7-ring R and G a Rr-faithful multiplication Rr-module. Let
heR ,aeland u eG, satisfying thathau e PI'G . Then heP orau e PTG .
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Proof

Suppose that h ¢ P and let J :{s eR ;syueP FG} . Suppose that J # R , then there exists a
maximal ideal Q of a 7-ring R such thatd Q. Clearly, u ¢T,.(G). By Theorem 3.6., G is Q-
cyclic, that is there exist meG ,qeQ such that(l-q)I'G cRI'm. In particular,
@-g9)au=ham and (1-q)ahBu=pam for some BeI',peP and seR, thus
(hys—p)ym=0;yel. Now, [1-g)[ann, (G)]I'G =0 implies(l—qg)"ann, (G)=0,
because G is Rr-faithful, and, hence,(1-q)ahfs=(1-q)apeP . But PcJ cQ so that
seP and(l-gq)au=sam ePTIG . Hence,(1-q)eJ <Q, which is a contradiction. Thus

J=Randau eP TG .

Corollary 3.9. The following statements are equivalent for a proper Rp-submodule S of a
multiplication Rr-module G :-
i.S is prime Rr-submodule of G.

ii.ann, ((%) is a prime ideal of a I-ring R.
iii.S =P I'G for some prime ideal P of a 7-ring R withann, (G) =P .
Proof. (1 — 2)
Let I and J be ideals of a /*ring R such that | IJ cann,_ (GA) . Then, GTITJ cS . SinceSisa

prime  Rr-submodule of G, GTIcS ordcam, Gf). Therefore, | cann, G4)or

J gannRr(GA).
(2-3)
Let S be Rr-submodule of G. Then S =1TG for some | is an ideal of a 7-ring R, therefore
| can, G4)cP.Then, S =1 TG c PTG < S . Consequently,S =P I'G .
3-1
Suppose that P is a prime ideal P of R such thatannRr (G) < P. Let K be a Rr-submodule of G such

that K &S and let | be an ideal of a 7-ring R, | zanng (GA) ButK I'l =S , where K is a R~

submodule of G. Since G is multiplication Rr-module, then G T'J < K where J is an ideal of a 7-ring
R. Then KTI=GTJII and, so, JTI gannRr(GA) by (i), and | (Za“”Rr(GA)'
J gannRr((%). Therefore K =GTJ S . This is a contradiction.

Theorem 3.10. Let G be a multiplication Rr-module and let S be a proper Ry-submodule of G, then
G —radr(S)zx/KFG , where A =ann,_ (GA) .

Proof. Let P denotes the collection of all prime ideals of a 7-ring R suchthat Ac P. If B= JAthen
B :ﬂP and, hence by Theorem 3.7, BT'G :ﬂpre .Let G=PTI'Gthen G -rad (S)cPTG.

ieA ieA
If G#PIGthen S=ATG cPTIG implies G —rad.(S) < P I'G by Corollary 3.9. It follows
thatG —rad.(S) BTG .

Conversely, suppose that K is a prime Rr-submodule of G containing S. By Corollary (3.9), there
exists a prime ideal Q of R such that A < Q and by Lemma (3.8) and hence B < Q, thusB I'G < K

It follows that B I'G =G —rad.(S) and, therefore, BI'G =G —rad.(S).
Theorem 3.11. Let G be a multiplication Rr-module and S be a proper Rr-submodule of G, then
rad, (S)={u G ; UT)" =S for some n >0}.
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Proof.

LetK ={u eG ; uI)"<S forsome n> O} , to show that K is Rr-submodule of G. Let x,y € K

and I, J be ideals, respectively, of x, y. Then, (xI')*=(IT)*and (yI')'=(JT)"suchthat (I ')’ =S

and (D) <sS for some s,r>0. Let k = max{s,r}, then
x-y)=(1T=-ID)*=(1 =I)I'G)*, thatis x—y e K. Also, for xe K andh € R , we have
(xI'r)) =Ssince (xI')° =S . Thus K is Rp-submodule of G. Suppose that u eK and B is
presentation of u. Then (U')" =B"T'G < S for some n >0 and, hence by Theorem (3.10), we have

G —rad (UI)") =VB'I'G =+BTG <G —rad, (S).
Thus G —rad ((UT)")=vB"TG =+BTG =G —rad_(S) Which this implies  that
K =G —rad,(S). Conversely, let ueG —rad.(S)=+1TG, where| =annRr(C%). Then

u =Z:hioziui for h, e\/l_,ozi elandu, eG. Thus, h el for some n, >0. Thus, for a

i=1
sufficiently large n, we have (UI)" <1 I'G =S and, hence, G —rad.(S)c K . Therefore,
G-rad.(S)=K.
Lemma 3.12. Let G be a multiplication Ry-module, S be a Ry-submodule of G, and ¢ :G —>GA isa

natural Rr-homomorphism. Then, every Rr-submodules S; and S, of G, S,I'S, S if and only if
SIS, -0.

Proof.

Let S,=1.I'G ,S,=I1,I'Gand S =JI'G for some ideals I3, and J of a I-ring R. Obviously,
GA is multiplication R-module. Then 8_11“8_2:6 if and only if (I1+J)1“(I2+J)l“G S =S,
which is  equivalent with (1,+J)['(1,+J)IG<=S. But S=JIG, therefore
(1, +3)(1,+3)I'G cSifandonly if S,I'S,=(1,I'l,)IG S .

Theorem 3.13. Let G be a multiplication Rr-module and S be a proper Ry-submodule of G. Then the

following statements are equivalent:
6. S issemiprime Ry-submodule of G.

7. x I'x =S implies X €S such that forall X €G .
8. rad.(S)=S.

9. GA has no non-zero nilpotent.

10.K,I'K,cS implies K, NK,cS , forevery K, K, are proper Rr-submodules of G.
Proof. (1> 2)
Let x 'x =S forsome X €G . Let | be anideal inR; 1T x =RTX. Since S is semiprime Rr-
submodule of G, then (IT)°G S and, hence, x e RT'x =1 I'x =S . Thus, X €S .
(2—3)
Itisclearthat S —rad . (S). Let m e rad (S )by Theorem (3.11), then.

2
i. Ifniseven, n=2k ; 0<k <n, then ((mF)k) =(mI)"cS . Let (MI)* =m,T" then m,[ =S

andso (mI)* =S , which is a contradiction.
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ii. If nis odd, n=2k+1;: 0<k<n , then ((mF)k+1)2:(mF)"+lg(mF)” =S . Let
(mF)k“:mOF then m,I" < S and, so, (mI)**<S , which is a contradiction. Then, n=1 and,
thus, rad.(S)=S .

(3—>4)

Let m+S EGA . Suppose that GA is nilpotent, then (m +s)"=s for some n>0. By Lemma
(312, m"<S, and by Theorem (3.11), merad . (S)=S, then m+S =S, which is a

contradiction. Thus, G has no non zero nilpotent.

S
(4—5)
Let K I'K, =S , for some K, K, are proper Rr-submodules of G. Let w € K, (K, , then w € K,
and  wek, and, so, WIwcKIK,cS. Then by Lemma (3.12),

(W +S )2=(W +S)IC(W +S)=S . Since GA has no non zero nilpotent, hence w +S =S . Thus,

W eS.
5-1

Let | TI I'G < S forsome I is an ideal in 7-ring R, then (1 TG )(1 I'G)=(1 I'G )2 S

by (5),then | I'G < S . Thus, S is semiprime Rp-submodule of G.

Definition 3.14. Let G be an Rr-module and S be a proper Rr-submodule of G that is called Rr-
injective envelope of S in G, denoted by

Esr(S)={h=gym ;g eR,meG suchthat gygymeS }

Proposition 3.15. Let G be an Rr-module and S be a proper Ry-submodule of G, then S is semiprime if
and only if E;.(S)=S .

Proof: Suppose that S is semiprime Rr-submodule of G, to show that E;.(S)=S .

Clearly, S c E;-(S).Leth=gymeE;(S),where g eR,m €G suchthatgygymeS . But
S is semiprime Rr-submodule of G, thenh =gymeS |, thusE  (S)=S .

Conversely letg eR,m eG such thatgygymeS, thengymeE ;(S)=S . Thus, S is
semiprime Rr-submodule of G [8-10].
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