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Abstract

A prey-predator model with Michael Mentence type of predator harvesting and
infectious disease in prey is studied. The existence, uniqueness and boundedness of
the solution of the model are investigated. The dynamical behavior of the system is
studied locally as well as globally. The persistence conditions of the system are
established. Local bifurcation near each of the equilibrium points is investigated.
Finally, numerical simulations are given to show our obtained analytical results.
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1. Introduction:

There has been growing interest in the study of diseases in prey-predator models, due to the
existence of many species in the environment which are in contact with each other continuously in
different ways. This is helping the transition of disease between the species rapidly. On the other hand,
the impact of harvesting on the community is very important from both ecological and economical
points of view. In fact, the presence of disease in the prey, predator, or both is natural in the ecological
environment.

Many researchers focused on the study of disease in the prey only [1-5], while others concentrated
on the study of disease in the predator only [6-9]. However, there are some studies about the diseases
in both prey and predator [10-13].

It is known that the harvesting of the species is required for the cohabitation of the species, and hence
it attracted a lot of attention from the researchers in their suggested ecological models. Various kinds
of harvesting have been suggested and studied including constant harvesting, density dependent
proportional harvesting, and nonlinear harvesting [14-18].

In this paper, a prey-predator system with Michael Mentence type predator harvesting and
infectious disease in prey is proposed and studied. In the next section we formulate the system
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mathematically. The existence, uniqueness, and boundedness of the solution are also discussed for the
proposed model. Section three deals with the stability analysis of the proposed model and its
persistence. Section four is concerned with the study of local bifurcation, while numerical simulation
is carried out in section five. Finally, section six includes the discussion and conclusions of our
obtained results.
2. Mathematical Model

In this section, the dynamics of a prey-predator model with Michaelis—Menten type of harvesting
from predator and infectious disease in prey is proposed and studied. The following hypotheses are
adopted to formulate the mathematical model.
(1) The prey population is divided into two classes: the susceptible individuals S(T') and the infected
individuals I(T). Here S(T) represents the density of the susceptible prey population at time , while
I(T) represents the density of the infected prey population at time T. Moreover, the density of the
predator population at time T is represented by Z(T).
(2) The prey population, in the absence of the predator, grows logistically with an intrinsic growth rate
of r > 0 and an environmental carrying capacity of k > 0. It is assumed that the infected prey does
not grow or reproduce, which is due to the fact that the disease makes the infected prey individuals
weak. However, this population still competes with the susceptible one for food and space.
(3) The susceptible prey population becomes infected by contact according to a saturated incidence
rate with an infection rate of £ > 0, and the inhibition rate of disease is denoted by @ > 0. However
the infected individuals cannot return to the susceptible state. Moreover, it is assumed that the disease
causes death with a disease death rate denoted by d; > 0.
(4)The predator population consumes the infected prey according to Holling type-Il functional

response with a maximum attack rate of % > 0 and a half-saturation constant of bi > 0. Moreover,
1 1

the constant e; € (0,1) is the conversion rate from infected prey to predator.

(5)Finally the predator population is assumed to be harvested with the Michael Mentence type of
harvesting function, where E > 0 represents hunting effort, ¢ > 0 is the catchability coefficient of the
predator, and ¢;,i = 1,2, are positive constants. Furthermore, in the absence of prey the predator
decays exponentially with a natural death rate of d, > 0.

Keeping the above hypothesis in view, the dynamics of prey — predator model can be describe in the
following set of differential equations :

as S+1 SI
85 _ g (1-S) - B
dar k 1+al

. _ BSI  a;1Z
ar ~ 1+al  1+by 1 dy 1 @)
E: elallz_ CEZ —dZZ
dT 14b, 1 (L E+6, Z
where S(0) = 0,1(0) = 0, and Z(0) = 0. The flow chart of the proposed system is shown in the
following block diagram.
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Figure 1- Block diagram for prey-predator model given by system (1).
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Clearly, system (1) included 13 parameters, which makes the analysis difficult. Therefore, in order
to simplify the system, the number of parameters is reduced to 8 by using the following dimensionless
variables and parameters:

s I a, z 1 dq
t=1T,s==,i=-,z= = Wy = — W = =2
’ k’ K’ kbyr' 1T ra’’2 qr’3 ’ 9
e aq dz _ CEal _ €1Ea1 ( )

Wa = e Ws = o We = W7 = 0 ihrz W8 T ko r
Therefore, system (1) reduces to the following dimensionless system:

ds _ N wil] _ .

E_S[l (s+10) w2+i] =5sf1(s,i,2)

di _ .[wgs _ _z . ,

i e Sl Rt et IR UAICA ) Q
dz _ wsi o wy ] .

dt - [W4+l W6 W8+Z] - Zf3 (S' L Z)

The interaction functions in the right hand side of system (3) are continuous and have continuous
partial derivatives on R3. Therefore, these functions are Lipschitizian functions and hence system (3)
has a unique solution. Further, in the following theorem, the uniformly boundedness of all the
solutions of the system (3) in R is established.

Theorem 1. All solutions of system (3) are uniformly bounded.
Proof. According to the first equation of system (3), we get
% <s[1-s]
By the usual comparison theorem, we have s(t) <
gets(t) < 1.
Now, define the function w(t) = s(t) + i(t) + z(t); then the time derivative of w(t) along the

solution of system (3) is determined by ‘Z—f < 25— u o, where u = min{1,w;, wg}, and this gives

So

Sore-t(iosy) ,So = s(0) and then for t — oo, we

that ‘fi—‘;’ +puo<2. Hence, due to the Granwall lemma [19], we obtain w(t) < wye #t +
%(1 — e #1), Thus, for t — oo, we have that 0 < w(t) < 5 .

Hence, all solutions of system (3) are uniformly bounded and therefore we have finished the proof.
3. The stability analysis and persistence

In this section, the existence of the equilibrium points, stability analysis and persistence of system
(3) are discussed. It is observed that system (3) has at most four equilibrium points, which can be
stated as follows:
The trivial equilibrium point x, = (0,0,0) always exists.
The axial equilibrium point (AEP) that is given by x; = (1,0, 0) always exists.

w3 (Wz +Z)

The predator free equilibrium point (PFEP) is given by x, = (5,i,0) , where § = " and i
1

represents a unigue positive root of the following second order polynomial equation:

D1i2+D2i+D3=0 (4)
where

Dl == _(Wl + W3) < 0,

D2 = W1 - 2W2W3 - W1W2 - W12

D3 = W1W2 - W3W22 .
Thus, by Descartes' rule of sign [20], equation (4) has a unique positive root given by:

-D,— /D 2-4D,D
i _ 2 22D 173 (5)
1

provided that the following condition holds:

W1 > WaWs3 (6)

The positive equilibrium point (PEP) of system (3) is denoted by x; = (s*,i*,z*) where
S* — (W2+i*)—(W2+i*)i*—W1i* (7a)
(wa+i%)
7% = (Wy W wg+ wy wy)—(Ws wg—we wg—w5)i" (7b)

((Ws—We)i*—WzL W7)
while i* is a unique positive root of the following fourth order polynomial equation:
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B,i*+B,i3+B;i?+B,i+Bs=0 (7c)
here

By = -0y, 0,,

B, = 01(w103 + 04) + wuwg 03 — w5,

B3 = 01(W105 — wiwy 0g — Wy W305) + Wawe (W107 + Wp0, + W30g + 09)

+2w,(Wgoy — wy) — wy0yg,
By = W07 011 + W (Waw, 0y + W) 4+ Wyw,Weor,
+2WoW, 013 + WoWaWe014,

Bs = wow, (Wywg 015 — W2070) ,
with 01 =W5 —Wg, 03 =Wy +W3,03=1—w, —w; —w,,

04 = Wg — 2WoW3 — W3Wy , 05 = Wy + Wy , Gg = W1 + Wy,

07 = W1 + Wy, 08 =1+ w,, 09 =wowz —1, 019 = WegWg + Wy,

011 =wWiwy t Wy wg, 012 = wu(wy — 1) +wy(wy — 1),

013 = W3WyWe — Wy, 14 = WoW3 — 2Wg , 015 = WoW3 — Wq .

Note that from the third equation of system (3), it is clear that the following condition is a

necessary condition for growth and hence existence of the predator

Ws > Wg (8)
This leads to B; < 0. Thus, by Descartes' rule of sign, equation (7c) has a unique positive root,
provided that one set of the following sets of conditions holds:

B,<0,B,<0,B;>0 (9a)
B, <0,B,>0,B5>0 (9b)
B,>0,B,>0,B5>0 (9¢)

Consequently, the positive equilibrium point x; = (s*,i* z*) exists uniquely in the Int.R3,
provided that, in addition to condition (8) with one of conditions (9a) or (9b) or (9c), the following
conditions hold.

Wy +wy +1M)i" < (wy +17%) (10a)
WaWwy; <i*< Wa(WeWg+Ww,)
Ws—=Weg (Ws—wg)wg—w,

or (10b)
wa(WeWg+wy) <i*< WaWy
(Ws—we)wg—wy W5—Wg

Now, the local stability analysis of the above feasible equilibrium points of system (3) is studied
using a linearization technique. Note that it is easy to verify that the Jacobian matrix of system (3) at
the trivial equilibrium point x, = (0,0,0) can be written in the form:

1 0 0
Je) =0 TV 0 (11)
0 0 —(we+ x—;)
The eigenvalues of J(x,) are given by 1p; =1>0, Agy = —w3 <0, Ag3 = — (W6 + X—;) <0.

Therefore, the trivial equilibrium point is a saddle point.
The Jacobian matrix at the (AEP), x; = (1,0, 0), can be written in the form:

[—1 _w(11 + X—:) 0 ]

](x1)=|0 W_Z_Ws

Wy
| 0 0 — (we + W_S)J
Hence, the eigenvalues of J(x;) are given by 1;;, = =1 <0, 1;, = %

2

(12)

and Al3 = — (W6 +

%) < 0. Clearly, the AEP is locally asymptotically stable, if the following condition holds:
8

wy < Wows (13)
Moreover, it is a saddle point if the condition (6) holds.
The Jacobian matrix at the (PFEP), x, = (5,,0), can be written in the form:
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s (5w 0
(wytD)”
x,) = |l __wiSi_ i 14
]( 2) (W2+i) (W2+f)2 (W4,+l:) ( )
| 0 0 (V:ZSJ:E) ~We T :_;
The characteristic equation of J(x,) can be determined as follows:
(A2 —T,A+ D) (%—wé—x—;—a)=o (15)
where
T — _5_ W1§L
2= T T )

D, = (-5 — wls'f +(s5+ WiW,5§ ( wﬁ_)
2= (=9 < (w2+f)2 (wy +f)2 (wa+i)
Obviously, T, < 0 and D, > 0. Therefore, the two eigenvalues A,; = % +% /TZZ —4D,, Ay, = % —

% /TZZ — 4D, that are obtained from the quadratic term in Eq. (15) have negative real parts. While, the

third eigenvalue that is given by 1,5 = % — W — % will be negative, provided that the following
4 8
condition holds:
wsl wy
war) Ve Ty (16)

Accordingly, the (PFEP) is locally asymptotically stable provided that condition (16) holds.
The Jacobian matrix at the positive equilibrium point x3 = (s*,i*,z*) can be written in the form

J(x3) = [aij]3x3 (17)
where

a1 =—-5"<0,a,, =— (s* + (Vvvvlzvjfs)z) <0,a,3=0

wqi* wqs*i* itz i*

a1 = —(W;_H*) >0, azz*: - (W21+i*)2 (wat)2 23 = = i
Then, the characteristic equation of J(x3) is

B+A22+4,1+4;=0 (18)
where

Ay = —(ag1 + azy + asz)

Ay = aq107; +a11a33 + Ap2033 — Q33032 — A12077

Az = a4102303; + 412021033 — Q11022033
while

A=Ay Ay — Az = —(aq1 + azz)[a11a22 — aq2a54]

—(azz + asz)laz,a3; — az3as;]
—aq11a33[as1 + 205, + azz] = My + M, + My

here

My = —(ay1 + azz)[a1102; — A12a21] > 0

M, = —(ay; + azz)[azzass — azzas,] >0

M3 = —ayya33lay; + 2a5; +az3] <0
Now, according to the Routh-Hawirtiz Criterion [21], the roots of the Jacobian matrix J(x3) have
negative real parts, provided that A; > 0, Az > 0 and A> 0. Direct computation shows that these
conditions hold provided that

" i* wo wq s* 0¥
z ((W4+i*)2 t et z*)Z) < wati) (19a)
wo wqs* _ z* wy Wi Wy Wy W
(wg+ z*)? [((w2+i*)2 (w4+i*)2) + wo+i* (1 + (w2+i*)2)] < (Wy+i*)3 (190)
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M; + M, + M3 >0 (19¢)
Therefore, the positive equilibrium point is locally asymptotically stable.

Now, the persistence of the system (3) is studied. Biologically, the system is persisting , if and only
if every species exists for all positive time. Moreover, from a mathematical point of view, the solution
of system (3) is said to be persistent, if the solution do not have omega limit set in the boundary planes
of positive cone. Accordingly, we will show at first that there is no possible omega limit set in the
boundary planes, except the equilibrium points.

Clearly, system (3) has only one possible subsystem lying in the non-negative quadrant of si —plane.
This subsystem can be written as:

s[1-G+D-72 =60
. 4R . (20)
l [W2+i—W3] = go(s,1)

We define the Dulac function as (s,i) = L It is obvious that B(s,i) > 0and C! function in the

si’

Int.R3 of the si —plane . Now, we have
, d(B g1) 9(Bgz) 1 w1
Als,D) = 0s + i (i (wy + i)2> <0

Then A(s,i) does not identically zero in the Int.R2% of the si —plane and does not change sign.
Thus, due to the Dulac-Bendixson criterion [22], there is no closed curve in the Int.R2% of the
si —plane. Hence, according to the Poincare-Bendixon theorem [22], the unique equilibrium point in
the Int. R% of the si —plane, that is given by x,, will be a globally asymptotically stable whenever it is
locally asymptotically stable.
Theorem 2. System (3) is uniformly persistent provided that condition (6) and the following
condition hold

W5i

Wyt i Wg
Proof. Consider the following function (s,i,z) = sP* iP2 zPs , where p;,Vj = 1,2,3 are positive
constants. Clearly, ¢(s,i,z) > 0forall (s,i,z) € Int.R3 and ¢(s,i,z) > 0 when s >0 or i—-

0or z-0.
Consequently we obtain

, QDI(S,l.,Z) [ , wil ]
Q b =< = 1_ + - -
(s,1,2) oGz M (s+1) Wyt 1

n [WIS VA ]

P2 wy + i o wy+ i

Ws i w5
+ —_ —_
Ps [W4+ i Ve w8+z]

Now, the proof follows if Q(E) > 0 for any boundary equilibrium point E, with suitable choice of
constants p; > 0,p, > 0, and p3 > 0.

Q(x1) =p, (‘;Vv_lz - Ws) + 3 (_W6 - &)

- Ws
Qx;) = ps3 (WSL — Wsg _&)

Wy+i wg

Clearly, Q(x;) > 0 under condition (6) with suitable choice of positive constants p, and ps ,
where p, is sufficiently large with respect to the constant p;. While Q(x,) > 0 under condition (21).
Hence, the proof is complete.

Now, the global stability of each equilibrium point of system (3) is studied using suitable Lyapunov
function, as given in the following theorems.
Theorem 3. Assume that the AEP is locally asymptotically stable, then it is a globally asymptotically
stable in the Int. R3 provided that the following condition holds.

ws > (1+525) 22)

Proof. Recognize the following function
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Li(s,i,2) = f

1
Clearly, the function L, is a positive definite so that L,(1,0,0) =0 and L,(s,i,z) > 0 for all
(s,i,z) € R} with (s,i,2) # (1,0,0).
Now, straightforward calculations give that

u—1 1
du +i+—z
Ws

dL, 2 . [ wq ] [w6 wy ]
it — —il—=1= — 7=
dt — (S 1) L 1 wo+i RE z Wsg + ws(wg+2)

Hence, under condition (22) we obtain that % will be negative definite. Then, L, is a Lyapunov
function. Therefore, AEP is a globally asymptotically stable.

Theorem 4. Assume that the PFEP is locally asymptotically stable, then it is a globally asymptotically
stable in the Int. R3 provided that the following conditions hold.

q12° < 4 411922 (23a)

ws i wy

Wyt i < We wg+z B (23b)
z <—s (23c)

(Wat D(wati) — (wat D)(wpti)

Proof. Consider the following function
s i _

u—=5 v—1i
Lz(s,i,z)=f du+f dv+ z
J u J v
s i
Clearly, the function L,(s,i,z) > 0 is a continuously differentiable real valued function for all
(s,i,2z) € R with (s,i,2) # (5,1,0) and L,(5,1,0) = 0 .
Now, straightforward calculations give that

dLZ — (- i . -2
dt = —q11(s — 5)2 —q12(s — 5)(1 - l) - QZz(l - l)
w We 1
—Z [W6 + 7 - > ]
Wg+z wyt
where g1 =1, g1, =1 - 1422 = e 4

- (W2+l)(W2+I) (W2+ l)(W2+Z) - (W4_+ l)(W4_+Z)'

Accordingly, using the given conditions (23a)—(23c), we obtain

dL _ NG w ws i

d—tZS—[,/q11(5—5)+,/q22(l—l)] —Z I:W6+W8:'Z_ﬁ:|

Then d—Ltz will be negative definite and L, is a Lyapunov function. Therefore the PFEP is a globally

asymptotically stable .
Theorem 5. Assume that the PEP, x5 = (s*,i%,z*) is locally asymptotically stable in the Int. R} ,
then it is a globally asymptotically stable provided that the following conditions hold :

q12° < 4 411922 , (24a)
g33(z—2z")? < [\/ q11(s —5%) + /g2 (i — i*)] (24b)

z* wq s*
< 2= (24c)

RyR;"  RiRy”
Proof. Consider the positive definite function

S l Z
u—s* v—1i* wy + i w—2z"
Li(s,i,z) = f du+f dv+( 4 ) dw
v Wy Ws w
S* i* Z*
Now, the derivative of this function with respect to time can be written as
dL3 * * . - % . . % *
ar —q11(5 = 5%)% = q12(s = s*) (i = i) — @2 (i = i")* + q33(z — 2*)?
_ _ Wi W, Wy _wystz” _ (W +i) wy
here g1 =1q, =1+ RRe R 122 T R R RoRy and g33 = Wa Ws RaRs"

with Ry = (w, + 0), Ry = (w, + i),
Ry =(wy+ i), Ry = (wy + i),
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R3 = (W8 + Z),R3* = (W8 + Z*).
Accordingly, using the given conditions (24a)— (24c) we obtain

s < [ (s =)+ Dali = ] + sz — 2°)?

Then E will be negative definite and L5 is a Lyapunov function. Therefore, the PEP is a globally

asymptotically stable.
4. Local Bifurcation
In this section, the local bifurcation near the possible equilibrium points of system (3) is
investigated using the Sotomayor’s theorem [19]. It is well known that the existence of non-hyperbolic
equilibrium point is a necessary but not a sufficient condition for bifurcation to occur. Therefore the
candidate bifurcation parameter is selected so that the equilibrium point will be non-hyperbolic at a
specific value of that parameter. Now rewrite system (3) in the form:
i =F(X) (25)
where X = (s,i,z)T and F = (sfy,if5, zf3)T with f;; i = 1,2,3 represent the interaction functions in
the right hand side of system (3). Then, according to Jacobian matrix of system (3), straightforward
computation shows that for any non-zero vector V = (v,,v,,v3)T, we have the following second and
third directional derivatives.
D?F(s,i,z)(V,V) =

_ _ wWiWw; WiW,Ss 2
2v,%2 -2 (1 + ot )2) VU, + 2 E vy o6
WiWoy _ wlwzs Wy Z 2 _ Wy a
iz iv2t2 ( (wat i)3 (wat i)3) Vo' T 2017 V2l
_y WyWs5Z 2 W7Wg 2
wer 372 T 27 4+ )szv3 + 2(w3+z)3 3
D3F(s,i,z)(V,V,V) =
WiWy _ WiWy § 3
Tzt v1vp° (Wt D% V2
| _ WiW, 1052 (wlwzs _ Waz )v 3 Wy 1,203 | (26b)
(ot 0)3 (Wat D* (wat D)4/ 72 (Wat )3
\ WyWs Z 3 _ WyWs v 2”] _ W7Wg 3 /
(wyt D)* 72 (wet )3 72 73 (wg+2)* 3

Theorem 6. System (3) undergoes a transcritical bifurcation at AEP when the parameter w, passes
through the value wi = wws.

Proof. According to the Jacobian matrix J(x;) that is given in Eg. (12), system (3) at AEP and
w; = wy has the following Jacobian matrix J(x,, wy) = J;.

-1 —(1+wy) 0

0 0 0
= wo
Wg

Clearly, J; has a zero eigenvalue given by A;," = 0 and, hence, AEP is a nonhyperbolic point.

Now, let Ut = (ugl],ugl],ugﬂ) be the eigenvector corresponding to the eigenvalue 1,,* = 0.

T
Thus, J,U1 =0 gives that Ut = (ﬂugﬂ,ugﬂ, 0) ,where f = —(1 + ws) < 0 and ul! represents

(1= (1] 10 1)) - :
any nonzero real number. Also, let i —(1/)1 PP ) represents the eigenvector corresponding

to the eigenvalue 1,," =0 of J;7.

T
Hence, ;7! = 0 gives that (= (0, 1p£1],0) , where I stands for any nonzero real number.
Now because

; : T
Sl S
ow, = R, Kowy) = ( w2+i’w2+i’0)
thus F,, (x;,w;) = (0,0,0)" , which gives (1/)[1])TFW1 (x,w;) = 0. So, according to Sotomayor’s
theorem for local bifurcation, system (3) has no saddle-node bifurcation at w; = wy. Furthermore

because we have
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0o -~ 0]

w2
DFE,, (x1,wi) = lo 1 OJ,
w2
0 0 O

we can show,

T
T . _ (0 ] Lmd mg)y 21w
(W) (DR, Ger, wUM) = (0"/’2 '0) <_w_2”2 "W, 2 0 _w_zll’z u, #0
Moreover, using Eq. (26a) with x;, w; and U gives

2 [11)? wy T
D2F (xxy, wp) (UM, Ul) = 2 (uz ) (—ﬁz ~B (L +ws)+ws, Bws——> ,0)
2
Hence, it is obtained that

2
(M) D2F Gy, w) (U, UM) = 2w, (B — 1) it (w5 = 0.
2
Thus, based on Sotomayor’s theorem, system (3) has a transcritical bifurcation at AEP as the
parameter w, passes through the bifurcation value wy, and that completes the proof.

Theorem 7. System (3) undergoes a transcritical bifurcation at PFEP when the parameter wg passes

through the value w; = % - % , provided that the following condition holds.
4 8
waws W
Wt )2 a, + e *0 (27)

where «, is given in the proof. Otherwise it undergoes a pitchfork bifurcation while saddle node
bifurcation cannot occur.

Proof. From the Jacobian matrix J(x,) that is given in Eq. (14), system (3) at PFEP and wg = w¢ has
the following Jacobian matrix J(x,, w}) = J,, which has zero eigenvalue, say 1,5* = 0.

S e K
(W2+i)

L=l wi S i F [b;)]
0 0 0

[2] 21 2]  [21)" : : , ;
Now, let U4l = (u1 JUp U3 ) represents the eigenvector corresponding to the eigenvalue 4,53" =

0.
T
Therefore, J,UZl =0 gives that U2l = (alugz],azugz],ugz]) where a; =

by3 b1y

b12 b23
b11b22_b12 b21

>0 ,

a, = — <0 and ugz] represents any nonzero real number. Also, let 2=

by1bz2—b1; bpg

[21 (21 [21\" : . : . r
( 1Y P ) represents the eigenvector corresponding to the eigenvalue 1,3" =0 of ], .

T (2] - 21— [21\" (2]
Hence J," ¥'“l = 0 gives that y!<'= (0,0,1,03 ) , Where ;™ stands for any nonzero real number.
Now since we have
oF
o= FW6 (X' W6) = (0,0, _Z)T

6W6
it follows that F,, (x,,wg) = (0,0,0)7 , which gives (1/)[2])TFW6(x2,wg‘) = 0. So, according to

Sotomayor’s theorem for local bifurcation, system (3) has no saddle-node bifurcation at wg = wy.
Furthermore because we have

0 0 O
DE, (x3,wg) =(0 0 0|,
0 0 -1

we can show that

T
(W) (DR, G wURT) = (0,0,957) (0,0, —uf) = gl = 0
Moreover, using Eq. (26a) with x,, wg and U2! gives
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D2F (x5, wg) (U, Ul2)) =

e (1 +&> iy + Y25 o

[21\2 Wi W, wiw, § 2 Wy
( T 3%~ ~z %2
(wy +10) (wy + 0) (wy + 1)
k W4W5__ _a, + ::72 )
(W4 + L) 8

Hence, it is obtained that

w
(w[z]) DZF(xZ WG)(U[Z] U[z]) =2 ( W4Ws @, +—> ?Ez] (ugﬂ)
(w i we?
4
Clearly, (w[z])TDZF(xz,wg)(U[Z],U[Z]) + 0, provided that condition (27) holds, and then by
Sotomayor’s theorem, system (3) has a transcritical bifurcation at PFEP as the parameter wg passes
through the bifurcation value wg . However, if the condition (27) is violating, then we get that

(W2 D2F (xy, we) (U2, U121) = 0, and hence further computation shows
(¢[2])TD3F(x2,wg)(U[21,U[21,U[21) -

WyaWw w 3
_6 (4—5_3 a22 +_73> 5E2] (ugz]) #: 0
(w4, + i) We

Therefore system (3) has a pitckfork bifurcation at PFEP as the parameter w, passes through the
bifurcation value wg, and hence the proof is complete. [
Theorem 8. System (3) undergoes a saddle- node bifurcation at PEP when the parameter w- passes

(wg+2")? ( a11 Az3 A3z
Z*

through the value w,* =
condition hold

B1 [—V12 - (1

), provided that condition (19a) with the following

a11 A22—0120421

wy wiw, s* 2
(wy+ L*)Z) Yivz + (wy+i%)3 £ ]
_ wiwys” Wy z* 2 Wy
+ 5 [(w e iye t ( (w2+i*)3 t ot i*)3) V2l Ty L*)Zyz] (28)
_ Waws z”* 2
+ [ war 312 T (w i l*)zyz t v +z*)3] #0
where a;; forall i,j = 1,2,3 are the elements of Jacobian matrix given by Eq. (17).
Proof. From the Jacobian matrix J(x3) that is given in Eq. (17), system (3) at PEP and w, = w," has
the following Jacobian matrix J(x3,w,*) = J3 = [aif*]3><3’ where a;;* = a;;; Vi,j = 1,23 with
as3” = az3(w,"). Straightforward computation shows that A; = 0 in the characteristic equation given

by Eqg. (18) and then x5 becomes a nonhyperbolic equilibrium point with zero eigenvalue given by
A =0.

Now, let U = (ug*],ug*],ug ]) be the eigenvector corresponding to the eigenvalue 1* = 0 of J5.

T
Thus J3UM =0 , which gives that Ul = (y ully, ug],ug]) where y; =

a12 A23 and
a11 A22—0A12 Q21
V2 = ——2341__ and 4"l represents any nonzero real numbers.

Q11 Az2—aqz Azq
Now, let that "= (1/)[*] 2*], g*])T represents the eigenvector corresponding to the eigenvalue
A* =0of J5 .

Hence J;"y!*] = 0, which gives that [ = (61 i s, pl, ¢3*])T, where §; = —21%32__ ang

A11 A22—A12 21
5, = ———1832__ while ll)?E*] represents any nonzero real number.
(@11 G227 012 A2
Now, since
o R wy) (00,-—= )T
= ) w = I, —
ow, "7 7 Wg + 2
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* T
thus F,, (xs,w;") = (0,0, - W:ﬂ*) , which gives that
* T * * *
W) By, G wr) = = 5= il % 0.

So, according to Sotomayor’s theorem for local bifurcation, the transcritical and pitchfork
bifurcation cannot occur, while the first condition of the saddle- node bifurcation is satisfied.
Moreover, from Eq. (26a) with x3, w,* and U*] we obtain that:

DZF(x3,W7*)(U[*], U[*]) =

wyiw wyw, s*
21 +#> g W2 S
/ " ( (w, + i*)? he (wy, + i*)3 Y2
1)\ 2 Wi W, ( wyiw, s* w, z* ) ) Wy |
2 (u —— iyt (- + -
( 3 ) (wy, + i%)? Y1v2 (wy + i*)3  (wy + i%)3 Y2 (wy + i*)? Y2
(_ WyWs z* 2, WyWs w;" wg )
(wy + i*)3 £ (wy + i*)? Y2 (wg + z*)3

Hence we get that
(lp[*])TDZF(x?)’Wf)(U[*],U[*]) =

* 1\ 2 wWiWw; WiWa s
29 [ [ - (g e

wiWw, wiw, s* w, z* 5 A
[ (e S DS TR
(wy, + i*)2 (wy + i*)3  (wy + i*)3 (wy + i)
WaWws z* ) WyWs w;* wg ]
-0 + %0
[ Wat 09372 " wat 192727 (wg + 2)3

Hence, system (3) has saddle-node bifurcation at x5 with parameter w, = w,* . Otherwise, when
condition (28) is not satisfied the system (3) has no any type of bifurcation.
5. Numerical Simulation
Numerical simulation results are equally important to those obtained from analysis. The objective
is to confirm the analytical findings and study the effects of varying the parameters values on the
dynamical behavior of the system (3). All the numerical simulation results for system (3) are
represented in some figures using MATLAB Now, for the following set of hypothetical parameters
set:
wy; =0.5w, =0.1,w; =0.1,w, = 0.5,ws =0.5,wg =0.1,w;, = 0.1,wg = 1. (29)
We obtained that the trajectories of system (3) with three different sets of positive initial conditions
approach asymptotically to the PEP, x; = (0.35,0.27,0.29), as shown in Figure-2.

@

(b)
1

s started at 0.75

in s started at 0.6
0.6 0.75,0.6,0.5) 0.8 s started at 0.5

0.6

initial point
stable point (0.6,0.4,0.2)
(0.35,0.27,0.29) 0.4

1 0.2}

o8l 0.9

o.s -

0.7

o6
~ o5

o

oaf e

0.2

0.6

\
0.4

0.2H7

o.1

%o 05 1 15 2 © C ) 5
Time

Time x 10"

Figure 2- The trajectories of system (3) using data given by Eq. (29) with different initial points
approach asymptotically to PEP, represented by x; = (0.35,0.27,0.29). (a) 3D Phase plot of system
(3). (b) Time series of the trajectories of s. (c) Time series of the trajectories of i. (d) Time series of
the trajectories of z.
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Clearly, Figure-2 shows that PEP is a globally asymptotically stable. Now, we investigate the effect of
varying the parameter w; on the dynamical behavior of system (3), with the rest of parameters fixed,
as in Eqg. (29), in the ranges of 0 < w; < 0.02, 0.02 <w; < 0.08, 0.08 <w; <0.9 and w; > 0.9
respectively. It is observed that the trajectory of system (3) approaches asymptotically to AEP, PFEP
in the interior of si —plane, PEP in the Int.R3 and again to PFEP in the interior of si —plane at the

typical values of wy, as shown in Figure-3.
@ ®)

initial

Populations
[}
(4]
—

o 0.5 1 1.5 2

Time % 10°
@
1 s
0.8 (

°
o

Populations

¢ o
IS
I

initial point
0.6 (0.75,0.6,0.5)

Populations

Time % 10°
Figure 3-The trajectories of system (3) using data given by Eq. (29) with typical values of w,. (a)
System (3) approaches to AEP for w; = 0.01. (b) Time series of the trajectory given in (a). (c) System
(3) approaches to PFEP in the interior of si —plane for w; = 0.02. (d) Time series of the trajectory
given in (c). (e) System (3) approaches to PEP for w; = 0.08. (f) Time series of the trajectory given
in (e).

The effect of varying w, on the dynamics of system (3) is studied. It is observed, for the data given
by Eq. (29), that with 0 <w, < 2.7, 2.7 <w, <5.1 and w, = 5.1, the trajectory of system (3)
approaches asymptotically to PEP in the Int.R3 , PFEP in the interior of si —plane, and AEP,
respectively, as illustrated in Figure-4 for the typical values of w,.
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Figure 4- The trajectories of system (3) using data given by Eq. (29) with typical values of w,. (a)
System (3) approaches to PEP for w, = 0.9. (b) Time series of the trajectory given in (a). (c) System
(3) approaches to PFEP in the interior of si —plane for w, = 2.7. (d) Time series of the trajectory
given in (c). (e) System (3) approaches to AEP for w, = 5.1. (f) Time series of the trajectory given in

(e).

According to Figures 3 and 4, the dynamics of system (3) is sensitive to varying in the value of w,
or w,. Now, the effect of varying the parameter w in the ranges 0 < w; < 0.34, 0.34 < w3 < 5 and
ws = 5, while keeping the rest of parameters as in Eq. (29). is studied. It is observed that the trajectory
of system (3) approaches asymptotically to PEPand PFEP in the interior of si —plane, and to AEP,
respectively, as illustrated in Figure-5 for some the typical values.
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Figure 5- The trajectories of system (3) using data given by Eq. (29) with typical values of ws. (a)
System (3) approaches to PEP for w; = 0.3. (b) Time series of the trajectory given in (a). (c) System
(3) approaches to PFEP in the interior of si —plane for w; = 0.34. (d) Time series of the trajectory
given in (c). (e) System (3) approaches to AEP for w; = 5. (f) Time series of the trajectory given in

(€).

On the other hand, the effect of varying w, on the dynamical behavior of system (3) is studied by
solving the system numerically using the set of parameters given in Eq. (29) with 0.04 < w, < 0.07,
0.07 <w, <0.72 and w, > 0.72, respectively. It is observed that the trajectory of system (3)
approaches asymptotically to a periodic dynamics in Int.R3, PEP and PFEP in the interior of
si —plane, as shown in Figure-6 for the typical values w, = 0.05, w, = 0.07 and w, = 0.72,

respectively.
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Figure 6- The trajectories of system (3) using data given by Eq. (29) with typical values of w,. (a)
Periodic dynamics in the Int.R3 for w, = 0.05. (b) Time series of the trajectory given in (a). (c)
System (3) approaches to PEP for w, = 0.07. (d) Time series of the trajectory given in (c). (e) System
(3) approaches to PFEP in the interior of si —plane for w, = 0.72. (f) Time series of the trajectory
givenin (e).

The effect of varying ws on the dynamical behavior of system (3) is investigated by solving the
system numerically using the data given in Eq. (29) with different values of ws. It is observed that for
0 < ws < 0.42, the trajectory of system (3) approaches asymptotically to PFEP in the interior of

—plane. However, for we > 0.42, the trajectory of system (3) approaches to the PEP, as explained

for the typical values given in Figure-7.
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Figure 7- The trajectories of system (3) using data given by Eq. (29) with typical values of ws. (a)
System (3) approaches to PFEP in the interior of si —plane for wg = 0.3. (b) Time series of the
trajectory given in (a). (c) System (3) approaches to PEP for wy = 0.42. (d) Time series of the
trajectory given in (c).

The effect of varying wg on the dynamical behavior of system (3) is studied numerically. It is
observed that for 0 < wg < 0.15 and wg = 0.15, with the rest of parameters are as given in Eq. (29),
the trajectory of system (3) approaches asymptotically to the PEP and PFEP in the interior of
si —plane, respectively, as shown in Figure-8 for some typical values of wy.
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Figure 8- The trajectories of system (3) using data given by Eq. (29) with typical values of wg. (a)
System (3) approaches to PEP for wg = 0.05. (b) Time series of the trajectory given in (). (c) System
(3) approaches to PFEP in the interior of si —plane for wg = 0.2. (d) Time series of the trajectory
given in (c).
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The effect of varying w, on the dynamical behavior of system (3) is also studied numerically. It is
observed that varying w- while keeping the rest of parameters as in Eq. (29) has similar effects on the
dynamical behavior of system (3) as those shown with varying wg. However, varying the parameter
wg in the ranges of 0 < wg < 0.7 and wg = 0.7, while keeping the rest of parameters as in Eq.(29),
has similar effects on the dynamical behavior of system (3) as those occurred when varying ws in the
ranges 0 < ws < 0.42 and ws > 0.42, respectivelly.

6. Discussion and Conclusions

In this paper, a prey-predator model with infectious disease in prey and harvesting of predator is
formulated mathematically and investigated analytically as well as numerically. The dynamical
behavior of the proposed model is investigated locally as well as globally using the concepts of
stability theory. The persistence and local bifurcation of the model, which are given by system (3), are
also investigated. Finally, to complete our understanding of the global dynamical behavior of system
(3), numerical simulation is used using hypothetical set of parameters values given by Eq. (29). In the
following, the obtained numerical simulation results using data given by Eq. (29) are summarized.
1. The trajectory of system (3) approaches asymptotically to PEP starting from different initial points
using the data Eq. (29), which indicates the existence of globally asymptotically stable PEP.
2. Decreasing the infection rate w, below a specific value causes a loss of persistence in system (3),
while the trajectory approaches asymptotically to PFEP in the interior of si —plane. Further decreasing
this parameter leads to extinction in the infected species and then the trajectory approaches to AEP.
However, increasing the infection rate above a specific value leads to extinction in predator species
again and the trajectory approaches asymptotically to PFEP in the interior of si —plane. Otherwise, the
system still persists at a PEP.
3. Increasing the inhibition rate of disease w, or disease death rate w5 above a specific value leads to
extinction in predator species due to the lack in their food. Further increasing at least one of these
parameters causes extinction in the infected prey specie, and the trajectory of system (3) approaches
asymptotically to AEP. Otherwise, the system still persists at a PEP.
4. Decreasing the half saturation constant w, below a specific value leads to a destabilized PEP, but
the system still persists in the form of periodic dynamics in the Int.R3. However, increasing this
parameter above a specific value leads to extinction in predator species, and the trajectory of system
(3) approaches asymptotically to PFEP in the interior of si —plane. Otherwise, the system still persists
at a PEP.
5. Decreasing the conversion rate wg of the infected prey to a predator or the hunting effort wg from
a predator below a specific value lead to extinction in predator species, and the trajectory of system (3)
approaches asymptotically to PFEP in the interior of si —plane. Otherwise, the system still persists at a
PEP.
6. Increasing the death rate wg of predator species or the catchability coefficient w- above a specific
value leads to extinction in predator species, and the trajectory of system (3) approaches
asymptotically to PFEP in the interior of si —plane. Otherwise, the system still persists at a PEP.
Keeping the above in view, system (3) is sensitive to varying in their parameters and the bifurcation
occurs at all the parameters of the system, especially the infection rate.
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