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Abstract

The aim of this work is to give the new types for diskcyclic criterion. We also
introduced the case if there is an equivalent relation between a diskcyclic operator
T @Tand T that satisfies the diskcyclic criterion. Moreover, we discussed the
condition that makes T, which satisfies the diskcyclic criterion, a diskcyclic
operator.
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Introduction
Let H be a separable infinite dimensional Hilbert space and let T € B(H) be a linear bounded
operator. T is said to be a diskcyclic if the orbit of (T, x) :={aT"x: a €C; 0<|a|]<1,n=0}is
dense in H [4]. A necessary condition for diskcyclic operators was found by Jamil in 2002 [4], and
called the diskcyclic criterion. In 2016, Bamerni [1] provided another version of the diskcyclic
criterion, which is simpler than the main diskcyclic criterion.

Jamil and Helal proved, in 2013, the equivalent between diskcyclic criterion and other theorems
(Three open set conditions for disk cyclic) [3]. Also, Bamerni [2] proved another equivalent statement
to diskcyclic criterion.

We will find and improve a new type of diskcyclic criterion and provide a characterization theorem for
T @ T to be diskcyclic operator.
This paper consists of two sections:

In section one we introduce theorems, some of which exist while the others will be achieved, that
offer the necessary conditions for an operator to be diskcyclic operator.
In section two we present equivalent statements between theorems in section one, with T @ T to be

diskcyclic operator. Also, we discuss the case when a diskcyclic operator satisfies the diskcyclic
criterion. We used the abbreviation B to express the unit ball.
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1- Diskcyclic Criterion

This section takes a new look at the diskcyclic criterion. But first we will refer to the first theorem

which gives the conditions for the diskcyclic criterion.

Theorem 1.1: (Diskcyclic Criterion) [4]

Suppose that T € B(H). If there exists a dense linear subspace X,Y in H and a right inverse operator S
to T ( not necessarily bounded), such that:

1) S(Y) cY and TS = 1I,,.

2) There exists an increasing sequence of positive integers {n,} in N, as k — oo such that
a) limy_||S™ y|| = 0forally €Y

b) limj o |[T™x]||||S™ y|| =0 forallx € X, y €Y.

then T is a diskcyclic operator.

The following theorem gives a second version to diskcyclic criterion.

Theorem 1.2: (Second Diskcyclic Criterion) [1].

Suppose that T € B(H). If there exists a dense linear subspace X,Y in H and a right inverse operator
Sto T ( not necessarily bounded), and there exists an increasing sequence of positive integers {n;} in
N, as k — oo such that :

1)  Ssuchthat:S(Y) cY and T"kS™ — [,,.
2) a) ||S™ y|| » Oforally €Y.

b) ||T™x||||S™ y|| = 0 forallx € X,y € Y.
then T is a diskcyclic operator.

In the next theorem, we show that an operator that satisfies {a,, T"kx } is dense in H, where T is
an operator that satisfies certain conditions.
Theorem 1.3: (Diskcyclic Criterion)(111)[1]

Suppose that T € B(H). If there exists a dense linear subspaces X,Y in H such that there exists an
increasing sequence of positive integers {n;}in N and {ank} c (0,1] for all ke N, a dense subset X
c H such that ||ankT”kx|| —> 0forallx € X,ask - o
1) adense subset Y < H and a sequence of mappings Sy, :Y — H such that

1
2 8 | Swy
b) T" S,y -y forally €Y
then {a,, T"kx } is dense in H for some x € H. In particular, x is a diskcyclic vector for T.
In order to give new a version for diskcyclic criterion, we need the following theorem which is a
fundamental in what follow.
Theorem 1.4: [4, theorem ( 4.2.4)]
Let T € B(H). The following statements are equivalent:
1) T isadiskcyclic operator.
2) For each non-empty open sets U, V, there are a € C; 0 <|a| <1 and n € N such that
T"(aU)NV + Q.
3) Foreach x,y € H, there are sequences {x}in H, {n;} in N, and {a,}inC; 0 < |a,| < 1 for all
k, such that x;, = x and T™kax;, — y.
4) For each x,y € H and each neighborhood W for zero in H, therearez € H,n € N,
anda € C; 0<|a| <1,suchthatx —zeWandT"az—y e W.
Theorem 1.5: (Diskcyclic Criterion)(I1V)
Suppose that T € B(H). If there exists an increasing sequence of positive integers {n,}in N and
{“nk} c (0,1] , for which there are a dense subsets Y, X in H and a sequence of mappings,
SnetY > H,as k — oo such that:
1) an, T x — 0 forallx € X

2) a)aiSnkyﬁO forally €Y
Ny
b)T" S, y >y forally €Y,

then T is diskcyclic operator.
Proof Let U,V be nonempty opensetsof H,andlet xe XnU, yetYnV.

-0 forally €Y
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By (2(a)) we get x + ainksnky - x € U, where, a,, T" (x + aiSnky> = n, T x + TS, vy —>

nk
y € V. Thus for k is large enough
an, T (U) NV # @. Then by theorem (1.4), T is a diskcyclic operator.
Theorem 1.6: (Outer Diskcyclic Criterion)
Suppose that T € B(H). There exists an increasing sequence of positive integers {n;} in N . If there
exists a dense linear subspace Y, while for every y €Y there is a dense linear subspace X, in H and
there exist mappings Sy, : Y — H,as k — oo such that:

1) TS, y—yforally eY.
2) a)ll T"kx||||Snky|| -0, forally e Yand x € X,
b) ||Sn,x|| = 0 forallx € X,,. then T is a diskcyclic operator.
Proof
Letg, h € H and W be a 0-neighborhood, and let ¢ > 0 such that eB c W.
Since Y is a dense set in H, we take y e Y such that ||h —y|| <€/, and ||y — TS, y|| <€/

And since X, is a dense set for every y €Y, letx € X, such that ||g — x|| < 6/2 :
By (2) there exists n; >0 such that ||S,, v|| <€/, and || T™x|l[|Sp,y| < 62/4.
We put @ = 2/¢[1S,y [l thus 0 < a < 1. Hence (1\a)||Sn,y || = €/5.

Let z=x+(1\a) Sy, Y.

Then, llg—zll = |lg —x — (\@) S,y | < llg —xll + Q\D||Sny || S €/ + €/ =€
By using the fact that T™kS,, y — y, we have
Ih— @ T™ez|| = ||h — a T™x — TS, y|| < [|h — TS, y|| + all T"x]|

= lh =yl + ||y = TS y[|\ONIS2y NIT x|l < €.
Theng —z€ Wandh —a T™z € W, so T is a diskcyclic operator by theorem (1.4).
Since the proof of the next result is similar to the proof of (1.6), hence it is omitted.
Theorem 1.7: (An Inner Diskcyclic Criterion)

Suppose that T € B(H). There exists an increasing sequence of positive integers {n; }in N. If there
exists a dense linear subspace Y in H and for every y €Y there is a dense linear subspace X, in H such
that:

1) there exists function S,, ., :
2) a)if y eYandx € X, then ||T™y|||T™S,,, x|| = 0

b) ||Sn,x|| = 0 forall x € X.
then T is a diskcyclic operator.

2- Some Equivalent Relations on Diskcyclic Operator.

Since every operator that satisfies diskcyclic criterion is diskcyclic operator but the reverse is
incorrect, as shown in the proposition (3.2.8) in [1], and if T @ T is diskcyclic operator (then T is
diskcyclic) but the reverse is incorrect as evident in proposition (4.3.17) in [1], then the aim of this
section is to find the equivalent between the statement that T @ T is diskcyclic operator and the
theorems in section one, as we showed in theorem (2.1). Since (4.3.15) in [1] proved the parts (a = b)
and (b = ¢) are trivials, then we omit its proof. Also, we discuss the case when a diskcyclic operator
satisfies the diskcyclic criterion.

Theorem 2.1

Let H be a separable, infinite, dimensional Hilbert space and let T € B(H).Then the followings  are
equivalent :

a) T @ T is adiskcyclic operator.

b) T satisfies the Diskcyclic Criterion (IV).

c) T satisfies the Diskcyclic Criterion (1).

d) T satisfies the Second Diskcyclic Criterion.

e) T satisfies the Outer Diskcyclic Criterion.

f) T satisfies the Inner Diskcyclic Criterion

Proof

X, — H,as k — oo such that T"kS.

yn X = x forall x e X,
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c) =>d): Let T satisfies the diskcyclic criterion (111) with respect to the sequence {n, } in N and
{ank} c (0,1] for all ke N, a sequence maps Sn,tY —H,as k — oo and dense subsets X , Y ¢ H such

that ||ar,, T™x|| > 0 forallx € X. If we assume S™ =S, .

So since {ay, } is a bounded sequence and ”aisnky
Nk

-0,

LSnky — 0, hence||[S™ y|| - 0 forall x € X. Also

Olnk

then a,,

lan, T

ai Y ‘ — 0, then |[T™x]||||S™ y|| > Oforallx € X, y €Y
g
d) = e): Let T satisfies the second diskcyclic criterion. If we assume that X = X, for all
y €Y,whereY is asubspaceisdensein H and $™ =S, , then it immediately follows that T
satisfies the Outer diskcyclic criterion
e) = f): Let T satisfies the Outer diskcyclic criterion. If we assume that Y = X,, for all
y €Y,whereY is adense subspacein H and S,, =S, ,,
f)=a): Let U;, V; € H be non empty open sets with (i = 1, 2). We have to show that there exist
a€C; 0<|a|l] <1andm N such that
aT™U)NV; #0,a€C; 0< |a] <1 for i = 1,2.
If we fix y; € Y N V; then there exists Xy, cH dense such that
Ili_r)glollT”kyi||||Sy,nkx|| =0,forally €Y fori=1,2.
By passing to the subsequence, if necessary, we suppose, without loss of generality, that
| T™y, || < ||T™ky,]| for all k € N. Thus
,}ijgo||T"ky1||||sy,nkx|| < gijgo||T"ky2||||sy,nkx|| =0 forallx € X,

Given that x; € X,,, N U; we select m e N (large enough) and € > 0 such that
yiteBcV, TMS,,x;+€eBy cU; and ||Tmyi||||Sy,mxj|| < e€? fori,j=1,2.
Since ||Sy,,x|| = 0, then we define a = ||S,, ,,x;||/€. This implies that ||aT™y;|| < e; i=1,2.
And, therefore, aT™(y; + 1/q Symx:) = aT™y; + T™S, mx; € Uy 0 aT™(V;), fori=1,2.

The following proposition characterizes that if T is a diskcyclic operator then T satisfies the
diskcyclic criterion under dense generalized kernel, i.e. Uy~ kerT™ is a dense set in H.
Proposition 2.2

Let H be a separable, infinite dimensional, Hilbert space and let T € B(H) with a dense generalized
kernel. Then T is a diskcyclic operator if and only if T satisfies the diskcyclic criterion.
Proof
By (1.5), the necessary condition was achieved.
Conversely, let T be a diskcyclic operator and y € H. Since 0 € H then by (1.4) there are {x}in H,
{n3inN,and {a, }inC; 0 <|ay,|<1forall k €N, such that x; — 0 and T"*a,, x; — y.
Let X :=Un=;kerT™ and Y := Dorb (T, x), then X and Y are dense sets in H. We define
Spe:Y —H, by S, (ATTy) = ap, T"(xx); reN
Then: a, T™x — 0 forall x € X.

LS UTTy) = —— 4 T () = 0.

An,, Qn,,

TS, (AT"y) = AT"r S, (T"y) = AT"r (o, T" (xx)) = AT" (ty, T (x)) = AT"y .

So, T satisfies the diskcyclic criterion.
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