AL-Shaiban and AL-Mothafar Iragi Journal of Science, 2020, Vol. 61, No. 6, pp: 1473-1478
DOI: 10.24996/ijs.2020.61.6.27

ISSN: 0067-2904

Quasi J-Regular Modules

Rafid M. AL — Shaiban Nuhad S. AL-Mothafar
Department of Mathematic, College of Science, University of Baghdad, Baghdad, Iraq

Received: 17/9/2019 Accepted: 31/10/2019

Abstract

Throughout this note, R is commutative ring with identity and M is a unitary R-
module. In this paper, we introduce the concept of quasi J-pure submodules as
a generalization of quasi—pure submodules and give some of its basic properties.
Using this concept, we define the class of quasi J-regular modules, where an R-
module M is called quasi J-regular module if every submodule of M is quasi J-pure.
Many results about this concept are proved.
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1. Introduction
M is viewed as a right module over an arbitrary ring with identity. A submodule N of an R-module
M is called pure in M if IN = N n IM for every ideal | of R [1]. An R-module M is a regular module
if every submodule of M is pure [2]. A submodule N of an R-module M is called a J-pure if N is pure
in J (M), i.e. for each ideal 1 of R, IJ (M) N = IN, where J (M) is the Jacobson radical of M. An R-
module M is said to be J-regular module if every submodule of M is J-pure submodule. Equivalently,
an R-module M is said to be J-regular module if for each m € J(M), r € R, there exists t € Rsuch
that rm=rtr [3]
First, recall that a submodule N of an R-module M is called a quasi — pure if, for each x € M and
x & N, there exists a pure submodule L of M such that NS L and x ¢ L, and an R-module M is
called quasi — regular module if every submodule of M is quasi — pure [4]. This paper is structured in
two sections. In section one we introduce a comprehensive study of J-pure submodules. Some results
are analogous to the properties of pure submodules. In section two, we study the concept of quasi J-
regular modules.
2. Quasi J-pure Submodules

In this section we introduce the concept of quasi J-pure submodule. We investigate the basic
properties of these types of submodules which are analogous to the properties of J-pure submodules.
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Definition (2.1):
Let M be an R-module. A submodule N of M is called a quasi J-pure submodule of M if for each
x € Mand x & N, there exists a J-pure submodule L of Msuchthat NS Land x & L.
Remarks and Examples (2.2)
(1) It is clear that every J-pure submodule is quasi J-pure. But the converse is not true in general.
For example, let M = Zg; @ Z,be a Z-module, and N = < (4,0)> = {(0,0), (4,0)}. It is
easily checked that N is quasi J-pure submodule of M, since for each x € M and x & N, there exists a
J-pure submodule L of M containing N and x & L. But N is not J-pure submodule of M, since (4,0) =
2(2,0)€2](Zg® Z,)N N, but (4,0) ¢ 2.N = {(0,0)}.
(2) Inany R-module M, the submodule <0> is always quasi J-pure.
(3) It is clear that every quasi —pure is quasi J-pure but the converse is not true. For example, the
submodule {0, 2} in the Z-module Z, is quasi J-pure. Since it is J-pure, but {0, 2} is not quasi — pure.
Since there exists no pure submodule that contains {0, 2}.
Recall that an R-module M iscalled J-pure simple if M and <0> are the only J-pure
submodules of M.
(4) Every J-pure simple R-module M does not contain quasi J-pure submodule except < 0 > and M.
For example, the Z-modules Q, Zp~. Q as Z-module is J-pure simple, hence Q does not have J-pure
submodule except <0> and Q. Since Q NIJ(Q) = Q NnIQ = 1Q, then Q is quasi J-pure since it is J-
pure.
(5) If N;and N, are quasi J-pure submodules of an R-module M, then N; n N, is quasi J-
pure submodule of M. To show this, let x € M and x € N; N N,, then either x € N, or x &€ N,. If
x & Ny, since N; is quasi J-pure in M, then there exists a J-pure submodule L of M such that N; € L
and x € L.Hence N; NN, < L. Similarly if x & N,.
(6) The sum of two quasi J-pure submodules may not be quasi J-pure. For example, consider the Z-
module M=Zg @ Z,.LetN =< (4,1)>and L = < (2,0)>. It is easy to see that N and L are quasi —
pure submodules in M. But N + L = {(0,0), (2,0), (4,0), (6,0), (4,1)} is not quasi J-pure submodule
in M.
The following propositions give some properties of quasi J-pure submodules.
Proposition (2.3)
Let M be an R-module and N be a J-pure submodule of M. If B is a quasi J-pure submodule of N,
then B is a quasi J-pure submodule of M.
Proof
Let x € M with x & B, then either x € N or x € N. Assume thatx € N, but B is a quasi J-pure
submodule in N, so there exists a J-pure submodule L in N such that B € L and x ¢ L. Thus we have L
is J-pure in N and N is J-pure in M, so by 3,remark 2.3, L is J-pure in M. Therefore, B is quasi J-
pure submodule of M. Now, if x € N, then there is nothing to prove, since N is a J-pure submodule in
M containing B and x & N.
Proposition (2.4)
Let R be a good ring, M be an R-module and N be a J-pure submodule of M. If B is a submodule of
M containing N, then N is a quasi J-pure submodule of B.
Proof
Since N is J-pure submodule of M and N € B, since R is a good ring. So, as previously shown [3,
proposition 2.4], N is a J-pure submodule of B, which implies that N is quasi J-pure submodule of B.
Recall that the A submodule N of an R- module M is called a small submodule of M (notation
N << M), if for any submodule A of M suchthat M = N + A,then A = M [5].
Proposition (2.5)
Let M be an R-module and N be a quasi J-pure submodule of M. If H is a small submodule of N,
then g is a quasi J-pure submodule of % .
Proof

Let x +H e% with x + H ¢ g Then x € N and x € M. But N is quasi J-pure in M. So there

exists a J-pure submodule L of M such that N € L and x ¢ L. This implies that g c %and x+H¢
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%. But L is J-pure submodule in M, hence by 3, proposition 2.5, % is J-pure submodule in %

N . . .M
Therefore, 5 1S @ quasi J-pure submodule in T

The following proposition gives a characterization of quasi J-pure submodules.
Proposition (2.6)

Let M be an R- module and N be asubmodule of M. Then N is a quasi J-pure submodule of M if
and only if there exists a collection of submodules {N,},ec,, Where a is an index set, such that for
each a € A, N, are J-pure submodules of Mand N =n, ¢, Ng.

Proof

Assume that N is a quasi J-pure submodule of M. If N is a J-pure submodule of M then there is
nothing to prove. If N is not J-pure submodule of M, Since N is quasi J-pure submodule of M, then
there exists a collection of J-pure submodules {N,},e, Such that N € n, ¢, No,where A is an index
set. To show that N, ¢, Ny € N, let x en, ¢, N, then x € N, for each a € a. Suppose that x & N.
Since N is quasi J-pure submodule of M, then x is not contained in any J-pure submodule that
contains N. So, x € N, which is a contradiction. Therefore, x € N and hence N, ¢, Ny € N. That is,
Ngea Ng = N.

Conversely, suppose that N = N, ¢, N, where N, is a J-pure submodule of M for each o € A and
N, containing N. Let x € M and x € N. Since N = Ny ¢, Ng, S0 there exists € a such that x ¢ Ng.
Thus N € Ng and x & Ng. That is, N is quasi J-pure submodule in M.

Proposition (2.7)

Let M; and M, be two R-modules. If A is quasi J-pure submodule of M; and B is quasi J-pure
submodule of M,, then A @ B is quasi J-pure submodule of M = M; @ M,.
Proof

Let (x;,x;) EM = M; @ M, with (x1,x,) € A @ B, then either x; € A or x, & B. Assume that
x, & A, since A is quasi J-pure in M, so there exists a J-pure submodule L; in M; such that L,
containing A and x; € L,. But L, is J-pure in M4, so by 3, proposition 2.6, L; @ M, is J-pure in M.
Also L; @ M, containing A @ B and (xq,x;) & L; @ M.

Similarly, if x, & B, then there exists a J-pure submodule in M containing A @ B and does not
contain (x4, x,). Therefore, A @ B is quasi J-pure submodule in M.

The converse of proposition (2.7) is true under certain conditions, as in the following:
Proposition (2.8)

Let M; and M, be R-modules, N be a submodule in M,, and K be a submodule in M, such that
anng(M;) + anng(M,) = R. If N@K is quasi J-pure submodule in M = M;®M,, then N is quasi J-
pure in M; and K is quasi J-pure submodule in M.

Proof

To show that N is quasi J-pure inM,, letx € M; and x ¢ N. Then (x,0) ¢ N®K. Since NGK is
quasi J-pure submodule in M, so there exists a J-pure submodule H in M such that N®@K € H and
(x,0) € H. Since anniz(M,) + anng(M,) =R, then by a part of the proof of a previous work [6,
Proposition (4.2), CH.1], any submodule of M = M,@®M, can be written as a direct sum of two
submodule of M; and M,. Thus H = A@®B for some submodules A and B of M; and M,, respectively.
It follows, by remark and example (2.2) in an earlier study [3], that A is J-pure submodule in
M; and B is J-pure submodule in M,. Since N K< A@ B, so N € Aand K € B. But (x,0) € H =
A @ B, then x € A. Therefore, N is J-pure submodule in M;.

Similarly, K is quasi J-pure submodule in M.
Remark (2.9)

The condition anng(M;) + anng(M,) = R is necessary in proposition (2.8). For example, the
module Zg @ Z, is a Z-module. Clearly, ann,(Zg) + ann,(Z,) = 2Z + Z. As we have seen in
remark and example (2.2), the submodule < (4,0) >=<4 >@ <0 > is quasi J-pure submodule
inZg @ Z,. But < 4 > is not quasi J-pure submodule in Zg. Because 2 € Zg , 2¢< 4 >, there exists
no J-pure submodule L of Zg containing N = < 4 > and 2¢ L.

Recall that an R-module M is called a multiplication module if for each submodule N of M there
exists an ideal I of R such thatN = IM [7].
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Proposition (2.10)

Let M be a faithful finitely J-generated multiplication R-module and let N be a submodule of M.
The following statements are equivalent:
(1) Nisaquasi J-pure submodule of M.
(2) [N:g M] is a quasi J-pure ideal of R.
Proof
()= (2) Letr e Rand r & [N:g M]. Then rM & N, so there exists x € M, such that rx & N. ButN
is a quasi J-pure submodule in M, then there exists a J-pure submodule K of M such that N < K and
rx € K. Since Mis faithful finitely generated J-multiplication, so it is clear that if K is J-pure
submodule in M, then [K:g M] is J-pure ideal of R. Also rx & K for each x € M, then r ¢ [K:g M].
Hence [K:g M] is J-pure ideal of R such that [N:g M] € [K:g M] and r ¢ [K:g M]. That is, [N:g M]
is quasi J-pure ideal of R.
3. Basic Results for Quasi J-regular modules

In this section, we introduce and study the class of quasi J-regular modules.
Definition (3.1)

An R-module M is called quasi J-regular module if every submodule of M is quasi J-pure.
Recall that an R-module M is called F-regular if each submodule of M is pure. Equivalently, an R-
module M is said to be F-regular R- module if for each m € M,r € R, there exists t € R such
that rm=rtrm.[8,9]
Remarks and Examples (3.2):
(1) It is clear that every J-regular R-module is quasi J-regular module. But

the converse is not true in general.

(2) If MisJ-pure simple R-module, then M is not quasi J-regular. For example, the Z-modules Q,
ZPOO.
(3) It is clear that every F-regular R-module is quasi J-regular, but the converse is not
true in general. For example, if M = Z, as Z-module. M is quasi J-regular since it is J-regular, but it
is not F —regular, by remarks and examples (3.3) in an earlier work [3].

Recall that an R-epimorphism ¢ : M— M" is called small epimorphism if Kerp <<M [5].
Proposition (3.3)

Let M be an R-module. Then M is quasi J-regular if and only if % is quasi J-regular for every small

submodule N of M.
Proof
Let N be a small submodule of M and K be any submodule of M containing N. Since M is quasi J-

regular then K is quasi J-pure in M. So, by proposition (2.5), g is quasi J-pure in % Therefore, % is
quasi J-regular.
The converse is clear by taking N = < 0 >.

Corollary (3.4)
Let Mand M’ be two R-modules and f: M—— M’ be a small epimorphism. If M is quasi J-

M. .
regular, then Kerf is quasi J-regular.
Proof

Since f: M—— M’ is an epimorphism and Kerf << M and M are quasi J-regular, then %rf is

quasi J-regular by proposition (3.3).

Recall that a non-zero R-module M is called a hollow if every proper submodule of M is a small
[10].
Corollary (3.5)

Let M be a hollow R-module and M’ be any R-module. If f: M—— M’ is an epimorphism, then

M is quasi J-reqular
Kerf q 9 !

Proof: It is clear.
Corollary (3.6)

Let M; and M, be R-modules such thatanng(M;) + anng(M,) = R. Then M = M; &M, is
quasi J-regular if and only if M; and M,, are quasi J-regular.
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Proof

Assume that M = M; @M, is quasi J-regular and let N; be a submodule of M, then we have to
show that N, is quasi J-pure in M,. Letx € M; and x € N,, then there exists N; € L, such that
x &L (x,0) € M=M;®M,, (x,0) € N =N;®N,. Since M is quasi J-regular, then N = N; BN, is
quasi J-pure. Then there exists a J-pure submodule L of M such that N € L and (x,0) ¢ L. Since
anng(M;) + anng(M,) =R, then L = L; @& L, where L; and L, aresubmodules
in M; and M,, respectively, by remarks and examples (2.2) in the above mentioned study [3]. N; €
L, and x € L,. Thus M, is quasi J-regular.

Similarly M, is quasi J-regular.

Conversely, assume that M; and M, are quasi J-regular and M = M;@M,. Let N be a submodule
of M = M;@®M,.Since anng(M;) + annzg(M,) = R, then N = N;®N, where N; is a submodule in
M; and N, is a submodule of M,. Since M; and M, are quasi J-regular, then N; and N, are quasi J-
pure, hence by proposition (2.8), N;®N, is quasi J-pure. Therefore, N = N;@N, is quasi J-pure.
Thus M is quasi J-regular.

Recall that a ring R is called a quasi —regular ring if every ideal in R is quasi —pure [4].

Definition (3.7)
Let R be aring, then R is called a quasi J-regular ring if every ideal in R is quasi J-pure.
Remarks and Examples (3.8)
(1) It is clear that every J-regular ring is quasi J-regular ring. But the converse is nottrue in
general. We have no example.
(2) Every regular ring is quasi J-regular, but the converse is not true in general. For example, Zq
is quasi J-regular ring but not regular.
(3) Let R be an integral domain. If R is quasi J-regular, then R is a field.
Proof

Since R is quasi J-regular, then every ideal | of R is quasi J-pure. So by proposition (2.6), there
exists a collection of J-pure ideals {I,}, e, Where a is some index set, such that | = Ny ¢, I4. Since R is
integral domain, so by a previous study [11, proposition 2.5], R is J-pure simple. Thus R has no J-pure
ideals, except < 0 >andR. Thatis, Ny ¢, [ =< 0 > o0r R, and hence | = < 0 > or | = R. Therefore,
R is a field.

Recall that a submodule N of an R- module M is called a maximal submodule of M, if whenever K
is a submodule of M with K 2 N,thenK = M [5].

(4) If R is quasi J -regular ring, then every prime ideal of R that contain in JI where JI intersection of
all maximal ideals.
Proof

Let P be a prime ideal in the ring R. Since R is quasi J-regular and P < J(R), then by a previous

study [11, proposition 2.5], % is quasi J-regular. But % is an integral domain, thus % is a field by

the above remark (3). Therefore, P is maximal.
(5) LetR be a quasiJ-regular ring. If JI =< 0 >, then R is regular.
Proof

Since R is quasi J-regular, then by remark (4), every prime ideal of R is maximal. But J | =< 0 >,
so by an earlier work [12], R is regular.

Recall that a proper ideal I of aring R is said to be a prime ideal if for each a,b € R suchthata.b €
I, then eithera € Ior b € I[5].
(6) Every quasiJ-regular ring is nearly regular, where a ring R is called nearly ring if R/J I is
regular ring [13].
Proof

Let R be a quasi J-regular ring. Then R/JI is quasi J-regular by the above mentioned study [11,
proposition 25]. So by the above remark (4), every prime ideal of
R/JI is maximal ideal, and since J(R/J(R)) = 0, therefore by an earlier work [13], R/JI is regular.
Thus R is nearly regular.
(7) The converse of Remark (6) is not true in general. For example, the Z-module Zg is nearly regular
but not quasi J-regular ring.
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Theorem (3.9)
Let M be a faithful finitely generated multiplication R-module. Then M is quasi J-regular module
if and only if R is quasi J-regular ring.
Proof
Let N be a submodule of M. Since M is a multiplication R-module, then N = I M for some ideal
in R. Since R is quasi J-regular, then | = N ¢, I, by Proposition (2.6), where 1, is a J-pure ideal of R
containing 1. Thus N = (Nge, [Q)M. Since M is faithful multiplication, then (Nge, [o)M =
Necen (aM)q [14].
Claim: I M is J-pure in M. Since | is J-pure in R, then
[IJIM) nN=1J(M) n KM for some ideal K of R
InKM since M is faithful multiplication.
(IKKM since R is quasi J-regular ring.
I (KM)
IJ(IM) n N =IN
Thus N = KM is J-pure in M and M is quasi J-regular.
Conversely, let | be an ideal of the ring R. We have to show that | is quasi J-pure. IM is a
submodule of M. Since M is quasi J-regular, then by proposition (2.6) IM = N, ¢, L, Where L is J-
pure submodules of M containing IM for each a € a. Put Ly = I,M. Thus IM = Ng¢, Ly =

Ny ex M, since M is faithful finitely generated, by the % cancellation property [12]. Then, I =Nge, [4-

Claim: I, isJ-pureinRand I € I,. Let K <€ J(R) be an ideal of R.
(I nK)M = I,M N KM Since M is faithful multiplication.
=Ly, N KM
(I NK)M = I,KM
Thus I, N K = [,K [8], which implies that I, is J-pure in R. Also, since /(M =1M C L, thusI <
I, SO R is quasi J-regular.
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