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Abstract

In this work, we introduce an intuitionistic fuzzy ideal on a KU-semigroup as a
generalization of the fuzzy ideal of a KU-semigroup. An intuitionistic fuzzy k-ideal
and some related properties are studied. Also, a number of characteristics of the
intuitionistic fuzzy k-ideals are discussed. Next, we introduce the concept of
intuitionistic fuzzy k-ideals under homomorphism along with the Cartesian products.

Keywords: KU-Semigroup, Intuitionistic Fuzzy K-Ideal, Intuitionistic Fuzzy S-
Ideal.

Sl dud KU1 doaal) dulucal) cillial)

il au Sl 2o A ¥ au)S Juand dabld
Ball (3l clsks ala «ugl) () sl DS (s

dadal)

ol JEall e 53l iy KU = jnll G aall leal) G adis , Jenl) 120 b
oy Ayl pailadl) Gang K —aandl olall G a5 38 L5l asds KU =l
= Bgaaal) Aplaall LG e SISy Lk uandl el GG Gl pany Adilie 5 Lads
LA Copally JSLEN Loyl s k

1. Introduction

A fuzzy set was introduced by Zadeh in 1956 [1]. Many papers studied this concept in different
branches of mathematics, such as vector space, group theory, topological space, ring theory and
module theory. An intuitionistic fuzzy set was exhibited by Atanassov [2] in 1986 as a generalization
of the fuzzy set. An. intuitionistic fuzzy. set ¢ over a non-empty set N is a set that is defined

by. & ={(x, 15(x), Bs(x)): x €N}, where u;:N—[01] is the degree of membership of each
element ¥ in X to &, while S;:N —[0,1] is the degree of non membership of each element y in

N to &, suchthat 0< p5()+ Bs(x) <1 ,VyeXN.

In another two joint articles [3, 4], Jun and Kim studied the intuitionistic fuzzy ideals of near rings
and those on BCK-algebras. Shum and Akram [5] studied the intuitionistic (T, S)-fuzzy ideals of near
rings. Many authors introduced intuitionistic fuzzy sets by different ways and applied them in many
structures [6, 7, 8]. In this paper, an intuitionistic fuzzy k-ideal in a KU-semigroup is studied and some
important properties of the intuitionistic fuzzy k-ideals are discussed. By applying a homomorphism,
we could prove some results about the intuitionistic fuzzy k-ideal.
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2. Basic concepts
Some basic concepts that are necessary for the main part of the paper are included in this section.
Definition 2.1 [9,10]. A KU-algebra (N,*,0)is a set N with a binary operation * and a constant 0,

and it satisfies the following conditions, for all y,y,7 €N

(kw) (r*y)=[(r=2))=(x*1)]=0,

(ku,) x*0=0,

(ku3) O*Z = la

(ku,) x*y=0 and y* y =0 implies y =y and

(kug) x*x=0.

A binary relation < on N is defined by y <y < y* y =0. It follows that (N,<)is a partially
ordered set. Then (X,*,0) satisfies the following statements

Forall y,y,7 e\,

(kuy) r*o)*(x*0)<(x*7y),

(ku,) 0<y,

(kuy) y<y,y <y implies y =y

(ku,) r*x<yx.

Theorem 2.2 [11] The following axioms are fulfilled in a KU-algebra (X,*,0) , forall y,y,7 € N,
(1) y<yimpliesy*7 < y*r,

@) xx(r*)=y*(x*7),

OI(AFILVIEYS
Example 2.3 [10] LetX ={0,a,b,c}be aset and * a binary operation defined by the following

= | 0|la| b|c
0| 0|a| b|c
a 0| 0 0| b
b|0|b| 0] a
c| 0| 0] 00

Then (X,*,0) is a KU-algebra.

Definition 2.4 [9] Let (N,%,0) be a KU-algebraand ¢ =1 <N, then | iscalled an ideal of N if
forany y,y e N

@) Oel,

2)if yxyel, yel implies y el .

Definition 2.5[11]. Let (X,*,0) be a KU-algebra and ¢ # | <, then | is named a KU-ideal if for
any y,7,7 €N, then

(1) Oeland

(L) Yy r,teR,if (y*(y*7))el and yel imply yxzel.

Definition 2.6[12] A KU-semigroup is a non empty set & with two binary operations *,o and
a constant 0 satisfying the following

() (N,*,0)is a KU-algebra,

(1) (N,0) is a semigroup,

() go(y*r)=(xor)*(xer)and (y*y)or=(yeor)*(yoz), foraly,y,reX .
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Example 2.7[12]: Let X ={0,1,2,3}be a set. Define * -operation and o -operation by the following
tables

* 0 1 2 3 - o 1 2 3
0 0 1 2 3 0 0 0 0 0
1 0 0 0 2 1 0 1 0

2 0 2 0 1 2 0 0 2 2
3 0 0 0 0 3 0 1 2 3

Then (N, *,0,0) is a KU-semigroup.

Definition 2.8[12] A nonempty subsetA of Nis called a sub KU-semigroup of, if
x*y,yoyeA forall y,yeA.

Definition 2.9[12] Let (X,%*,0,0) be a KU-semigroup and ¢ # A< N, then Ais said to be an S-
ideal of X, if

1) A nonempty subset A is an ideal of a KU-algebra (i, *,0),

2) Forall yeN,ace A,wehave yocacA and aoc y €A.

Definition 2.10[12] Let (,%*,0,0) be a KU-semigroup and A be non-empty subset of . Ais said
to be a k-ideal of ¥, if

i) A isan KU-ideal of a KU-algebra (N,*,0),

ii) Forall yeX ,acA, wehave ycaecA and acyeA.

Definition 2.11[12] Let & and N’ be two KU-semigroups. A mappingf :& — N’ is called a KU-
semigroup  homomorphism if f (y*y)=1f (p)*f (y)andf (yoy)=Ff (y)of (y) for
all y,7 e N.

We review some concepts of fuzzy logic.

Let X be the collection of objects, then a fuzzy set in ¥ is defined by £ : —[01],

where  u(y)is called the membership value of yin N and O0< u(y)<1.
Theset U (u,t) ={xy e N: u(y) >}, where 0 <t <1 is said to be a level set of z(y).
Definition 2.12[13] Let () be a fuzzy setiniX, then u(y) is called a fuzzy sub KU-semigroup of
N if it satisfies the following condition : for all y,y €N\ .

) u(xxy)zmindu(y) u(y)}

i) u(xey)zmindu(y), u(y)}.

Definition 2.13[13] A fuzzy set u(y) in N is called a fuzzy S-ideal of X if, forall y,y € X
(S) u(0) = u(x),

(S2) u(y) = mindu(x * 7). u(x)}

(Sa) u(xoy)=min{u(y), u(»)}
Definition 2.14[13] A fuzzy set u(y) in N is called a fuzzy k-ideal, if it satisfies the following

condition: forall y,y,7 e N

(k) p(0) = (),

(ko) p(x *7) = mindu(y * (y * 7)), (7))},

(ks) (g o) = mindu(y), p(y)}

Example 2.15[13] Let 8 ={0,a,b,c,d} be a set. Define *- operation and o- operation by the
following tables
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* | 0|la|b|c|d o | Ol al|b|ec d
0|0 |a|b|c|g o|O0O|O0O|O0O]|]O|O
a |0 b| c| a a|0O0]|]O0|0O0]O0]|O
blO0]a|0]c|g b[O]O0O[O0]O0]| Db
c|O0ja)|O d c|lo|O0]|]O0|Db]|e
0 0100 d| O a b c d
Then (N,*,0,0) is a KU-semigroup. Define a fuzzy set x:N —[0,1] by
1(0)=pu(a)=0.4, u)=u(c)=0.2, u(d)=0.1. Then it is easy to see that x(y),Vy €N isa
fuzzy k-ideal.

3- Study of Intuitionistic Fuzzy ldeals of a KU-semigroup
In this section, we study an intuitionistic fuzzy ideal and some related properties.

Definition 3.1. Let §, and o, be two intuitionistic fuzzy sets of any set N, we can define the
following operations:

(1) 6, c o, ifandonly if w5 () < w5, (x) and Bs (¥) 2 Bs, (x) Vx €N,
@) 0° ={(x. Bs(1) 1ts(1)): x €N},
(3) o NS, ={(x, mindus;, (x), w5, ()} max{ By, (), Bs, ()} x €N}

@) 6,U0, ={(x, max{s; (x), ps, )} mind Bs (1), Bs, ()} x €N}

Hasan and Kareem [13] defined the fuzzy KU-semigroup and, by extending this idea, we define the
intuitionistic fuzzy set (brevity IFS) in a KU-semigroup as follows

Definition 3.2 An (IFS) ¢ = (y, 15, B5) of N is called an IF- sub KU-semigroup of N if Vy,y eN

(D) a5 * ) 2 mindes (x), 5 () yand Bs(x * ) < max{B;(x). B> ()}
(i) g5 (o) 2 mindus; (7)), 145 ()} and Bs(x o y) < max{B;(x). B (1)}
Lemma 3.3 If 6 =(y, 1, B5)is an IF- sub KU-semigroup of N,

then f5(0) < B5(x) and 115(0) = 115(x) , Vx eN.
Proof. The prove is clear, by applying definition 3.2.
Example3.4. Let N ={0,a,b,c} be a set. Define =- operation and o - operation by the following tables

* 0 a b c - 0 a b c
0 0 a b c 0 0 0 0 0
a 0 0 0 C a 0 0 a
b Y a Y b 0 0 b b

0 0 0 c 0 a b c

Then (X,%,0,0)is a KU-semigroup. We can define an (IFS) o =(y, s, B5s) by the following
5 ={(0,10),(a,0.8,0.2),(b,0.6,0.4),(c,0.6,0.4)}. Then & =(x.u;B;) is an IF- sub KU-

semigroup of .
Definition 3.5 An (IFS) 6 = (x, 15, Bs) of X is called an (IF) S-ideal, if: Vy,y,7 €N

(ify) wy 0)= Hs (n). Bs 0) < Bs ()
(ify) 15 () = min{ues (x * y), s (x) yand Bs(y) <max{B;(x * 7)., Bs(x)}

(ifs) 15 (x o ) = min{uss (%), 115 ()} and S5 (x o y) < max{5;(x). B> ()}
Definition 3.6. An (IFS) & = (y, us, ;) of N is called an (IF) k- ideal, if: Vy,y,7 €N
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(IFy) ﬂ(s(o) 2 ﬂ(s(ﬂ()’ ,BJ(O) < 18(3(7()
(IF2) w5 (x * 7) =2 mindues (r * (7 * 7)), 15 () yand B (x *7) <max{B;(x * (r * 7)), 85 (1)}

(IFa) 5 (o 7) 2 mindus; (), 145 (7)} and B (x o ) < max{B;(x), Bs(7)}-
Example 3.7 Let X ={0,a,b,c,d} be a set. Define *-operation and o-operation by the
following tables

*10|lalb|le|d sl 0]a|blec|d
0|0 blcl|g olojoJo]o]o
a|0|0]|b|lc|gyg a0 ]0]O0O|O0]|O
bl O0ja|oO d blo[o]o]Oo]D
¢ |0 0 d clojlo]o|b]|ec
d|lojo]o 0 dfola|blec] g

Then (X,%,0,0)is a KU-semigroup. We can define an (IFS) o = (y, u;,55) by the following
5 ={(0,1,0),(a,0.7,0.1),(h,0.5,0.2),(c,0.4,0.3),(d,0.4,0.3)}. Then & =(y,x,,/3,) is an (IF) k-
ideal of N.
Lemma 3.8 Let o = (y, i, 5;) be an (IF) k- ideal of a KU-semigroupN and
x<y.thenp, (x)=p,(y) and B,(x) < B,(y) .forall z,y eN.
Proof. Let y <y , we get y*y=0. Now, since J=(y,u;,[;) is an (IF) k-ideal of a KU-
semigroup, then ()_{) = 150 ) = min{; (0% (y * 1)), 145 ()} = min{ue5 (0% 0), 11, (7)}

= min{u; (0), 15 ()} = 15 (1)}
Bs(x) = s (0* x) <max{S; (0= (y * x)). B5(r)} = max{5;(0*0), B; ()}
= max{s;(0), 85 ()} = B;(7) '
Theorem 3.9 Let (X,%,0,0) be a KU-semigroup. An (IFS) & = (y, us, B5) of N is an (IF) S-ideal if
and only if & = (y, 5, B5) isan (IF) k- ideal.
Proof. (=) Let & =(y,us.5;) be an (IF) S-ideal of X, then by definition 3.5, we get
ms (=) zmin{u; (v * (x * 7)), u5(1)kand B (x x7) <max{B;(y * (¥ *7)).B5(r)}. By
Theorem 2.2, we get ts(r ) >minf{us(y * (y *7)), 145 (7) }and
By(x 1) <max{B,(x * (r *0).B;(N}. Since 5= (z.u,,f,)is an (IF) S-ideal of KU-
semigroup N, then by definition 3.5, it follows thatd = (y, 1, 5;) is an (IF) k- ideal of X.
(<) Let o =(y,u;,05;) be an (IF) k- ideal of X. If we put y =0 in definition 3.6, we get
5 (7) Z minfu; (7 * 7), 5 () Jand S5 (z) < max{B;(y *7), Bs ()} Since & =(x,u5,p55) is an
(IF) k - ideal of KU-semigroup N, by definition 3.6, it follows that & = (y, 15, B5)is an (IF) S-ideal
of X.
Lemma 3.10 If & = (y, 15, B;) isan (IF) k -ideal of &, then the sets H ={y e N 11;(x) = 15(0)}
and
K={yeN:B;(x)=5(0)} are k- ideals of X.
Proof. Since0 e N, then x5(x) = 1£;(0) and B;(x) = B5(0). It follows that 0 Hand 0K . So

H and Kare non-empty sets. Let (y*(y*7))eH, y € H implies u;(y*(y*7))= u;(0)and
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t5(r) = p;0) . Since g5 (x * ) = min{ue; (x * (7 * 7)), 145 ()} = min{s;(0), 145(0) } = 145 (0) ,
then (y*7)eH .

Now, let yeNaeH, then  u;(y)=us;00),u5()=p;0). It follows that
s (yoa)>min{u;(x), 1s(a)}=min{u;(0), 15(0)} = 5;(0) , hence yoca e H , and by the same
way acyeH.So H={yeN:u;(y)=pu;(0)}is a k- ideal of X. Similarly, we can show that
K={yeX:L;(x)=ps(0)} is k- ideal of .

Definition 3.11 Leto =(y,u,;,5;) be an (IFS) of a KU-semigroupN . Then the set
V(us,a)={yreN:pu;(y)>a} is said to be an uppera-level of 5 and the set
W (B;,0) ={x eN: B;(x) <6} is said to be a lower 6 -level of S;.

Theorem 3.12 Let (X,*,0,0) be a KU-semigroup. An (IFS) & = (y, 5, B5) of N is an (IF) k -ideal
if and only if for any «@,0€[0]1], the non-empty upper «-level cut
V(us,a)={yeN:u;(y)=a} and the non-empty lower & -level cut
W (B;,0) ={xy eN: B;(x) < G}are k-ideals of X.

Proof. For anya,8 €[0,1] , sinceV (g, , ) # ¢, for any element y €V (u;, @), then us(y) 2 . It
follows that y =0, hence 0 eV (1, @) .

Let (y*(y*7))eps; and yepus, implies u;(y*(y*7))=caand u;(y)=a, and since
1, (7 #7) 2 minf, (7 * (7 % 2)),41,(1)} = minfer, a} =, then (7 #7) €V (i, @)

Now, let a,yeViua), then us(r)za,u;(@)za. It follows that
Us(yoa)>min{u;(x), 1s(@)}=min{a,a} =, hence yoaeV (us,a), and by the same way
aoyeV(us,a).So V(u;,a)={reN:u;(y)=atis ak- ideal of . By a similar method, we
can prove that W (f3;,0) ={y e N: B;(x) < 6} isak- ideal of .

Conversely, assume that V (u;, ) ={r e N: () =2 a} and W(S;,0) ={x e N: S;(x) < 6} are
k- ideals ofN. For anya,0€[01], suppose that y,y,7e€N, such that ;(0)< u;(x),

S50)> Bs(x), and let ¢, :%[/Jg(O) + 45 (x)]. 1t follows that a, < 15(x), 0< 15(0) <, <1,
then y eV (u;,¢,), and since V (u;, ) is a k- ideal of X, then 0 €V (u;, ) = 15(0) > «y, which
is a contradiction. Therefore, z5(0) > p;(y), for all y eN. Similarly, by taking
6, = %[,Ba 0)+ B,(x)], we can show that S, (0)< S, (y),forany y e N.

If 7,7,z €N suchthat 5(x *7) <mindu,; (x * (¥ * 7)), 14:(7)}-

Put aty = [y (2 )+ minu, (), 1, ()], implies

ay > p; (g *7) and o <min{us; (x * (r * 7)), 145 ()} s0

ay > ps (1 *7), & < pt;(x *(y*7))and o < p5(y) , hence

(rx7)eV(us, ), (r*x(r=7))eV(us,a,)and y eV (u;,,), which is a contradiction.
Therefore, ;(y*7)>min{u;(x * (¥ *7)),u5(»)} . Vy,y,7€N. Similarly, we can show that
Bs(xx) smax{ B (x *(y 7). B;(1)} 2.7, 7 eXN.

Now, we must prove that z4;( © y) = mind{u,; (x), 45 (r)}and B;(x o 7) <max{B;(x). B;(»)}.

Suppose that £;( © y) <min{u,; (x), 5 ()}and let o, = %[ﬂ(s (xoy)+mindus (1), 145 ()}
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= p5(x o y) <oy <min{u(x), 145 (7)}

= us(xeoy) <oy, oy <ps(x)and oy < pus(y)

= (yey)eV(u;, o), x €V(us,ap)and  yeV(us,0,), which is a  contradiction.
Hence 145 (x o ) = min{us; (1), 4, ()} V.7, 7 €N

Similarly, we can show that B;(y o ) < max{Bs(x).Bs(")}. x.v. 7 € N.

Therefore, an (IFS) o = (x, u;, B;) of N isan (IF) k -ideal of X.

4- On homomorphism of KU-semigroups
Definition 4.1 Let X and N’ be two KU-semigroups. A mapping f :N —>N' is called a KU-

semigroup homomorphism if for all y,y € X, we have

fr=r)=T)=t() and f(xoy)=1(x)o T().
Definition 4.2 Let a mapping f : X — K’ be a homomorphism of two KU-semigroups\and X'.

For any (IFS) &=(y,us Bs)of N, we can define a new (IFS) &' =(y,u),B;)on Nas
follows: 45 () = 1, (F (1)) . B (2) = B5(F (1)), where y e N

Theorem 4.3 LetX and N'be two KU-semigroups and f be a homomorphism and onto mapping
from N into N'. Then

W) If 5= (', s, Bs)is an (IF) k-ideal of N', then 5" = (y, 1!, /;) is an (IF) k -ideal of N .
@1 S" =y ul,p,) isan (IF) k -ideal of ', then & = (, 15, ;) is an (IF) k -ideal of .

Proof. (1) There exists y € N, for any y' € X' such that f () = ¥'. We have

#5 (0) = 11;(F(0)) = 145,(0) > p5,(2') = p5 (£ () = 15 (%) and

BLO0)=B,(F(0)=5,(0) < B,(2) = B,(f (1)) = B! (). Now, where 7,y X and 7' N,
then there exists 7 € Nsuch that f () =z’. Then

s e y) = ps (F Q= p)) = w5 (F Qo) * £ () 2 min{ug, [ F () = (2" £ ()] 125, (')}

=min{u, [ () * (f (2) * £ ()] 15 (F(2))F=min{ug; L1 * (7 * )], 15 (2)}-
And
Bs (xxy)=Bs(F(x =)= Bs(F(x) * F () <max{B;[f (x) = (=" * f ()] Bs(z)}

=max{B;[ f () = (f () * F ()] Bs(f(2))}=max{B, [x * (= )] B ()}

Also

s (xey)=ps;(F(xeor))=w;(F(x)o F())=min{ue; (f (). 2t (F (1))}
=min{u, (x). 115 (1)}

Bi(xer)=PLs(F(xop)=L:;(f(x) F () <max{B;(f(x)).LBs(f(»))}
=max{B; (x).B;(»)}-

Hence 8" =(y, 1), )) is an (IF) k -ideal of N

2 Since f : X — X’ is onto mapping, then V', 7' eN',3y,r, 7 e Ns.t.
f()=x.f(y)=yand f(r)=17".So

ws (' y) = ps(F () * £ () = ws (F (%)) = w5 (r * ) 2 minduy [y * (7 * 7)1, w5 (2)}
= min{ue; [T () * (F(z) * £ ()] 265 (F(2))}=min{ue; [ * (7" * ¥)], 15 (2) }-

And

B *y) = Bs(F ()= £ () = Bs(F(x* 7)) = B (x *y) <max{B; [x * (z * )], B; (r)}
=max{B;[f(x)*(f(z)* f(»)], B;(f (£))}=max{B;[x"* (" * )], B5(z)}.

Also
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Hs(' oy )= ps(F () o £ () = w5 (F (o p)) = w5 (o 1)) = mindess (1), 45 ()3

= min{ze; (F () 245 (7)) 3= min{ue; (1), 145 (¥ )}

Bs(x oy =Bs(F () e T ()= Bs(F(x o)) =55 (x o)) <max{B; (). 5; ()}
=max{S; (f (x)). Bs (T (»)}=max{B;(x). Bs(¥)}
Hence 0 = (y, 15, B5) is an (IF) k-ideal of .
Definition 4.4 Leto, = (x, 145, B5) and S, = (x, us,, B5,) be two intuitionistic fuzzy sets of a KU-
semigroup X .The Cartesian product 0, %0, 1 8¥xNX—>[0]1] is defined by
6, %8, =[x, 7) 15, * 15, Bs, x Bs, Isuch  that (5 x g5 )(x, v) = min{ues (1), 145, () }and
(Bs, % B, ), v) = max{ 5 (1), Bs, ()}
Theorem 4.5 Letd, =(x,us,p05) andd, =(x, us,,Bs) be two (IF) S-ideals of a KU-

semigroup N, then &, X0, is an (IF) S-ideal of XxX.
Proof . (i) Forany (y,7) € Nx¥X , we have

(145 > #5,)(0,0) = mindus; (0), 445, (0) 3 = mindue;, (1), 45, ()3 = (a5, x 145,)(x, ) and
(,351 x fs, )(0,0) = max{,851 (O)’ﬁa‘z 0)}= max{,Bél (x )’:B(s‘z (N}= (,3(51 x fs, Y. 7)
(i) Let (71, 22). (71, 7,) €RNxN, then

(tes, < 15, )Y, 72) = mMindes, (1), £45, (72D

= min{min{e; (v * 71), 65, () 3 mindees, (o * 7,), 445, (2) 33
= min{min{ﬂa‘l (x1 * 7)), Hs, (x> *72)% min{,u51 (1) Hs, (x2)3}
= min{(,u(jl koS /Ug;z)()(l * Y0 Xo *V2)s (/451 = zuo‘z)(Zl’ x2)3}

= min{(lusl = /Jsz)(;t’l * 711)(1)1(/“51 = /Ja*z)(lz * Yoy X2) 3
And
(/851 Xﬂaz)(Vlvyz) = max{ﬂa‘l (7/1)’/852 (2)}

= max{max{,B51 (r * 1), /851 (1)} max{,852 (%2 *72), ﬂ52 (x2)3}
< max{max{L; (x1 * 71). Bs, (x2 * 72) - max{ L (x1). Bs, (x2)}}
= max{(ﬁa‘l =< fs, Y * 70, X2 *72), (/851 < [, Y1 x2)3

= max{(ﬁ51 < /852 YOy * 710 21) (ﬁa‘l < /852 Yz * 72, X2)}

(iii) Let (xy, 25), (71, 7,) €8xN, then we have

(/J(S1 = ﬂa‘z)(ll © X2, ¥1°¥2) = min{ﬂa‘l (x1° Zz)uua‘z (rie72)}
= min{min{ss (1), pts, (x2) - mindues, (1), 245, (72) 33

= min{min{s; (x1), £ts5, (7)) - mindees (x2). 245, (72) 33

= min{(ﬂ§1 = /152)()(1771)1(/151 = /Uaz)()(z’yz)}-
And
(/851 X/B52)(Zl © X2:¥1°¥2) = max{ﬂ(sl (x1° )(2)’/852 (1°o72)3

= max{max{,Bél (x1). /851 (x2)}, max{ﬁaz (), /8(52 (2)3}
= max{max{,B5l (Z1)s /8(52 (7/1)}1 max{,B5l ()(2)1 /852 (7/2)}}

= max{(Ls < Ls,) X1, 71): (Bs, < Ls,)(x2,72) 3
Then &, x 0, is an (IF) S-ideal of XxX.
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Theorem 4.6 Leto, =(x,u;.85) andd, =(x, us,,Bs) be two (IF) S-ideals of a KU-

semigroup N, such that o, x &, is an (IF) S-ideal of N xX. Then

(i) Either 25 (0) = 115 (%) . B (0) < B5 (x) or 15, (0) = 145, (¥) . B5,(0) < B, () , forall 7,y e N.

(i) 1w 0)2p;(x), B 0)<Bs(x)for all yeX. Then either 15 (0) = 5 (1) ,

Bs,(0) < B (x)or w5 (0) = w5 (¥), B, (0) < B5, (7) -

(iil) s, (0) > 5, (), B, (0)< B, (x)for all  yeXN, then either 15 (0) = p; (1),

B (0)< B () or p15(0) 2 w5, () B5(0) < By, (%)

Proof. (i) Suppose that 1, (0) < 1, (7). 5 (1)< 5 (0) anduz; (0) <t (1), By (1) < 5, 0.

forsome y,y € NX. Then

(a5, > 45, ) (o v) = minduss (), s, () 3 = minds; (0), 445, (0)} = (145, % 45,)(0,0)

And (B x B, ), ) = max{ B (1), Bs, ()} < max{; (0), B;,(0)} = (B; x B;,)(0,0), for all

X,y €N. This is a contradiction. Therefore, either 5 (0) > 15 (), B5(0) < Bs (x)or

#5,(0) = 15, (7). 5, (0) < B, (7) . forall 7,y e .

(i) Suppose that s, (0) < 5 (), B, (0) = B (x) and w5 (0) < 5, (7), B5,(0) = S5, () for all

1,7 eN.

Then (e5 >< £¢5,)(0,0) = Min{e; (O), £25 (O)F = 445, (O)

and (z45 % 445 ) (2, ) = mind s (1), 145, () 3= min{; (0), 45, (0)} = 45, (0) = (145, % 45, )(0,0)

And (/651 =< [, )(0,0) = max{ﬁé‘l ), Ls, O)3= Ls, ()

and (8, ) (1 7) = M3, (1), B, (1)} < max{ B, (0), By, 00} = 35, (0) = (5 x 35 )(0,0)
This is a contradiction. Therefore, either  u; (0)> 1 (%), Bs,(0) < B (x)or

15,0) = 115, (7). 35, (0) < B5, () -

(ii) The proof is similar to (ii).

The partial converse of Theorem 4.5 is the following.

Theorem 4.7 In a KU-semigroupX . If 5, xJ, is an (IF) S-ideal of Nx X, then &, =(x, 15, 55)

or o, = (;(,,u(,z,ﬂgz) isan (IF) S-ideal of a KU-semigroup X .

Proof. By Theorem 4.6, without loss of generality, we assume
that 25 (0) > w5 (1), B5,(0) < B5, () for all yeN. It follows from Theorem 4.6 that

either,ual 0)> Hs, (0 ,B(sl 0) < 1851 (v) or Hs 0) 2 Hs, (x) ﬂal (0) < :Ba‘z (1) If

#5(0) 2 15, () B5 (0) < Bs () forall y eX.
Then
(ees, < £65,)(O0, ) = Mindee;, (O), pe5, ()= 445, (x)---- (D

(L5 < L5, )0, x) = max{L; (0). L, ()= Ls (x¥)----(2)

Since 0, x 3, isan (IF) S-ideal of Nx, then

(ﬂ5l x /Ua‘z)o/l’ V2) = min{(/ual x /ua‘z)(()(p X2)* (71, 72))1(/“51 x /uaz)()(y X2)}
= min{(/ual x tuaz)(ll * V1 X2 ¥V2) (/151 X Hs, Y1, x2)3

Put y, =y, =0, then we have

(25, % 145,)(0,7,) 2 min{(s5, % 145 )©, 1, * 7,), (14, x 45,)(0, x,) }and by using equation (1), we
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have GO2) = min{//lfsz Cxs *23), Als, (x>) 3 And
(/U,sl Xﬂo‘z)((ﬂﬁ’l’z) o (1, 72)) = min{(,uo‘l Xﬂsz)(Zsz)’(ﬂo‘l X/U52)(7/1'7/2)}

(/Ua‘l Xﬂo‘z)((ﬁ,"l V1 X2°72)) = min{(,ugl Xﬂ(sz)(?ﬁ’?(z)’(ﬂsl X/U(sz)o/l’?/z)}
Put y, =y, =0, then we have

(25, % 145,)(O, x5 © 7)) = mind(ze5, x 145 )0, ), (45, % #45,)(0,%,)}, and by using equation (1), we

have i, (X2°72)2 min{/lo‘2 (lz)uuo‘z (7)}-
Also, we have

(ﬂa‘l Xﬁa‘z)(Vliyz) = max{(ﬂal X/Ba‘z)(()(p X2)* (71172))1(ﬂ51 XIBé‘Z)(Zli X2)}

= max{(,B51 Xﬂaz)(ﬂfl RVERY £8a 72)v(ﬁ51 Xﬂaz)(llilz)}
Put y, =7, =0, then we have

(Bs, % B5,)©0, 7,) <max{(Bs, < B5,)0, 1, * 7,),(B5, % Bs, )0, x,)}and by using equation (2), we
have B (3 2) = Max{L{ L, (x> * 22D, Ls, (x=)F Ad
(ﬁal Xﬁa‘z)((/'\,‘ﬁ’;(z) o (1, 72)) = max{(ﬂal Xﬁa‘z)(llslz):(ﬂa‘l Xﬂa‘z)(yliyZ)}
(ﬂgl Xﬂsz)((ll Vs X2°72)) S max{(ﬂal xﬂsz)(lylz)’(ﬂal Xﬂgz)(ﬂ/l,?/z)}

Put y, =7, =0, then we have
(B, % Bs, )0, 25 2 7,)) < max{( B, x 55,)0, 1), (B, % B5,)(0, 7,) }and by using equation (2), we
have S (X2072) < max{ﬂ52 (Zz):ﬂ(sz ()}

Then, it follows that &, = (¥, s, B5,) s an (IF) S-ideal of a KU-semigroup X .
This completes the proof.
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