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Abstract

In this paper, we introduce and study the notions of fuzzy quotient module, fuzzy
(simple, semisimple) module and fuzzy maximal submodule.
Also, we give many basic properties about these notions.

Keywords: (Simple, Semisimple) Fuzzy Modules, Quotient Fuzzy Modules And
Maximal Fuzzy Submodule.
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Introduction

Recall that an R-module M is called simple if and only if it has no proper non trivial submodules
[1]. M is called semisimple if and only if it is a sum of simple submodules of M. While, a submodule
N of an R-module M is called maximal if and only if there is no proper submodule M that is different
from N containing N properly [1]. Also, a semi —T- maximal submodule introduced as follows [2]:
Asubmodule K of R-module M is called semi —T- maximal if T + K/K is a semisimple R-module M
(where T is a submodule of M).

Hamel [3] introduced the definition of fuzzy simple and fuzzy semisimple modules. Some
properties of these concepts which are useful in the next sections are given, while we add many
other results.

A fuzzy module X is called simple if X has no nontrivial fuzzy submodules .

In other words , X is simple if whenever A < X, either A=Xor A =0. Moreover, letA<X ,
A is a fuzzy simple submodule of X if A isafuzzy simple module .

Also, we define and introduce quotient fuzzy modules and fuzzy maximal submodules as a
generalization of maximal submodules and give some properties of these concepts.

This paper consists of three sections . In section 1, we recall many definitions and properties which are
needed in our work. In section 2, various basic properties about fuzzy simple ( semisimple) modules
are discussed. In section 3, we study the behavior of fuzzy maximal submodules .

1. Preliminaries

This section contains some definitions and properties of fuzzy sets , fuzzy modules , and quotient
fuzzy modules.
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Definition 1.1[4]
Let S be a non-empty set and | be the closed interval [0,1] of the real line (real numbers). A fuzzy
set Ain S (a fuzzy subset of S) is a function from S into I.
Definition 1.2 [4]
A fuzzy set A of a set S is called a fuzzy constant if A(x) = t,forallx € S,wheret€e [0,1].
Definition 1.3[5]
Letxt :S — [0,1] be a fuzzy setin S, where x € S, t € [0, 1] defined by:
([t ifx=y
Xt(Y)_{ 0 ifx#y
forall y € S. x, is called a fuzzy singleton or fuzzy point in S.
Definition 1.4[5]
Let A and B be two fuzzy sets in S, then:
1- A=B ifandonlyif A(x) = B(x), forallx €S .
2- A <Bifandonlyif A(x) < B(x),forallx €S..

If A < B and there exists x € Ssuch that A(x) <
B(x), then A is a proper fuzzy subset of Band writtenas A < B.
By part (2), we can deduce that x, < A ifand onlyif A(x) > t.
Definition 1.5 [5],[6]
Let M be an R-module. A fuzzy set X of M is called fuzzy module of an R-module M if :

1- X(x —y) = min{X(x),X, forallx,y € M €}
2-X(rx) = X(x)forallx € Mandr € R.
3-X(0) = 1

Definition 1.6 [6]
Let X and A be two fuzzy modules of R-module M. A is called a fuzzy submodule of X if A <X.
Definition 1.7 [6]

If A is a fuzzy module of an R-module M, then the submodule A of M is called the level
submodule of M where t € [0,1].
Proposition 1.8 [6]

Let A be a fuzzy set of an R-module M. Then the level subset A¢,t€ [0,1] isa submodule of
M if and only if A is a fuzzy submodule of X where X is a fuzzy module of an R-module M.
Now, we shall give some properties of fuzzy submodules, which are used in the next section.
Proposition 1.9[7]

Let A be a fuzzy module in M ,then we define A, = A, = {x € M,A(x) = 1} = A(0y) = 1.
Proposition 1.10 [8]

Let A be a fuzzy module of an R- module in M, then A, is a submodule of M .

We add the following results.
Proposition 1.11

Let X be a fuzzy module of an R-module M and A < X such that X(0) = 1,then A(0) = 1.
Proof: It is clear by the definition of fuzzy modules .
Remark 1.12
If Aand B are fuzzy modules of a fuzzy module X such that A < B,then A, < B,.
Proof:
Letx € A, , then A(x) = A(0).
But B(x) = A(x)
,Vx € M, hence B(x) = A(x) = A(0) = B(0) .Thusx € Bg) =B, .
Remark 1.13

The converse of the above Remark is not true in general as the following example shows :
Let X: Z—> [0,1] definedby: X(x) =1,VX€Z .

(1 ifx € 27,
Let A(x) = {0_9 otherwise
1 le € 4Z)
B = 1
x) 5 otherwise
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It is clear that A and B are fuzzy submodules of X and that A, = 2Z = B, = 47Z
Hence A, < B,.ButA # B,sinceA(3) = 0.9,B(3) = 1/2 = 0.5.
Remark
We assume that if A, = B, ,then A= B iscalled a Condition (*).
Lemma 1.14 [9]

Let A beafuzzy submodule of fuzzy module X, (A:X); < (AqX¢) ,Forallte(0,1].
Also , we can prove that by Lemma 2.3.3.[8].
It follows thatif, X =A® B, for A ,B<X ,then X, =(A®B),=A, ®B,..
Remark 1.15[9]

Itis not necessarily that (A:X); (A X,) forany fuzzy submodule A of a fuzzy module X.
Proposition 1.16[9]

If A is a prime fuzzy submodule of fuzzy X, then (A:X); = (A X, ) (forall t
€(0,1] where A; # X;.

Recall that a submodule N of R-module M is called an essential if N NH=0.
For nontrival submodule H of M.[10],[11], [12].
Rabi [9] introduced the following definition : Let X be a fuzzy module of an R-module M. A fuzzy
submodule A of X is called an essential if AN B = 0;,for nontrival fuzzy submodule B ofX .

Now we add the following definition.
Definition 1.17

Let X be a fuzzy module of an R — module M and let A be fuzzy submodule of X .
Define X/A:M /A,] - [0,1] by:

X/A(a+A,)
_ { ifa € A,
| sup{X(a+b) ifbe A, agA,

for all coset a + A, € M/A .

Proposition 1.18
If Xisafuzzy module of an Rmodule M and A is a fuzzy
submodule of X, then X/A is a fuzzy module of M /A,
Proof:
By definition 1.17, X is anonempty fuzzy subsetof M/A, .
Firstly, we must prove that X /Ais well defined.
Let a; +A,,a, + A, €X,/A, ,if a;+A,=a, +A, implies that a; —a, €
A*
Thereforea; —a, =b;, b; €A,, impliesthat a;, = a, +b;
€EA,b =b;+b' =X/A(a, +A,)
Hence X/A is well defined .
Now , we must prove that X/A is afuzzy module of M/A,
1) If a;a, ¢ A, ,theneithera; —a, €A, or a; —a, ¢ A, and either a;.a, €A or
a;.a; €A, .
Thus, if a; —a, € A,,thenX/A(a; —a, +A,) =1 > minX/A{ (a; + A,),X/A( a, +A,)}
If a;—a, €A, ,then
X/A (a; —a, + A,) =sup{X(m),m € a; —a, € A, = sup{X(m; — m,),
m; €Ea;+ A, my,€a, +A,}
> sup{min{X(m;),X(m,)}| m; €a; + A, m,,€a, +A,}
> min{sup {X(m;)| m; € a; + A,,sup{X(m;)| m, € a, + A,}[14]
= min{sup{X a; + ny)n; € A,}sup{X( a, +n,),n, €A, }}
= min{X (a; + A,),X/A(a, +A,)}
Hence, X|A(a; —a, + A,) =2 min{X /|A(a; + A.),X|A(a, +A,)}.
2— To prove that X/A (rx + A,) = X/A(x+A,),forr € R andx € M.
if rx €A, ,then X/A (rx+ A,) = 1, which implies that X/A (rx + A, = X/A (x+A,)).
If rxgA, thenxgA,. Hence, X/A (rx + A,) = sup{ X/A(rx+b):b € A,} and
X/A(x+ A,) =sup{X/A(supX/A(x+b):b€EA,}.
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But, sup{X(rx + b):b € A,} = sup{X(rx + rb)b € A,: }
sup{X[r(x+b):b € A,}
sup{X[(x+b):b € A,}
X|IA(x + A}
Thus, {{sup{ sup{X(rx + b):b € A, } > X|Ax + A,}
Thatis X/A(rx+A.} =X/A(x+A,)
3) Toprovethat (0+ A,) =1,[0+ A,]=A,,

v

1 ifa €A,
X/Aa+A) = sup{ X(a + b) ifbeA, ,a ¢ A,
_{ ifa €A,
| sup{X(a+Db) ifbeA, ,a ¢ A,

Ifa €A, weget
X/A(a+A,) =1,but0 €A, ,thenX /A(0+A,) = 1.
Thus X/A is called a quotient fuzzy module.
However, in a previous work [10 ] there exists a definition of quotient fuzzy module as follows,
which is an equivalent to Definition 3.1 where X(0) = 1.
Proposition 1.20[10]
Let X be a fuzzy module of an R- module M and A be a fuzzy submodule of X . Define
X/A: M/A, - [0,1] , such that
X/A(a+A,) =sup{X(a+b),aeM,beA, }.

Lemma 1.21
Let A be fuzzy submodule of fuzzy module X,then X,/ A, < (X/A).
Proof :
Let y' € X,|A,, hencey' =x+A, ,for xe X,, which implies that X(x) = 1.
Now )

X/AY') =X/Ax +A,) =sup{X(x+a),a€ A}
> sup{minX(x),A(a)}
= sup{min{1,1}} =1 =sup{1} =1
Hence X/A(y') = 1so,y’ € (X/A).. Hence X,/A.< (X/A).,
Proposition 1.22
Let X be a fuzzy module of an R- module M, such that X(x) = 1,Vx € M. Then,
X/A),=X,/A, ,foreachA<X
Proof:
X*A—* < (XX)*' by Lemma 1.21.
Now X, =Mand X /A: M/A, —-[0,1],soforeach a+A, EM+A,.
%(a +A,) =sup{B(a+b):ag A ,,b € A}

Since X(a + b) = min{ X(x),X(b)} = 1,hence X/A(a+ A,) = 1.
Proposition 1.23

Let A , B be fuzzy submodules of fuzzy module X . Then
X/A N B = Fuzzy submodules of ( X/A & X/B).
Proof:

Define f: X >X|A® X|B) by f(x; + A, x;+ B),foreachx; €
X.Then fis a homomorphism . ,
ker f = { {: x; : x,€ Xand f(x;) = 04}
= {x¢: x¢e Xand f(x¢ + A, x¢ + B) = (04,04)}
= {x 'xte Xandx,e ANB}= ANB.
Thus by First Fundamental . theorem
X/kerf = Imf = fuzzy submodules of (X|A ® X |B)
S.2  Fuzzy simple (semisimple) modules
Recall that an R-module M is called simple if and only if it has no proper non trivial submodules
and that M is called semisimple if and only if M is a sum of simple submodules of M [1].
Hamel [3] introduced the definition of fuzzy simple
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modules and fuzzy semisimple modules . Some properties of these concepts which are useful
in next the sections are given, while we add many other results .
Definition 2.1

A fuzzy module X is called simple if X has no nontrivial fuzzy submodules .

In other words , X is simple if whenever A < X ,either A =XorA =0,

Moreover, let A <X , A is afuzzy simple submodule of X if A is a fuzzy simply module .
Remarks 2.2 [3]

Let X be a fuzzy module , then the followings hold:
1) Every simple fuzzy module is F_ regular fuzzy module ,where F_ regular is every fuzzy
submodule of X is pure .
2) If Xisasimple fuzzy module, then X, is a simple module, V t(0,1].
3) If X, is asimple module,Vt € (0,1], then is not necessarily that X is a simple fuzzy module.
Proposition 2.3

Let X be a fuzzy module of an R-module M and A be a fuzzy submodule of X. If A'is simple ,
then A, is a simple submodule in X,
Proof :
Suppose that A, is notsimple, then there exists submodule N< A,,.
Define B:M — [0,1] defind by BGx) = { A XEN

0 otherwise

It is clear that B < A , but A is a simple fuzzy submodule , which is a contradiction . Thus A, isa

simple submodule.

Remark 2.4

The converse of proposition 2.3 is not true in general , as the following example shows:
Let M = Zg as Z — module . Define X: M — [0,1]such that

1 ifxe< 2>N

X(x) = 1

() > otherwise
It is clear that X is fuzzy module . Also, let

(1 ifx e< 2>
AR = {1/2 otherwise

where Ais afuzzy submodule ofXand

A, =<2 >< 2> is asimple submodule in Z4 .But A is not simple since there exists

fuzzy submodule B of A such that :
: 1 ifxe< 2 >
B:M 0,1] defined by: B = {
= [0,1] defined by: B(x) 0 otherwise

Thus, A is not a simple fuzzy submodule of X.
Definition 2.5 [3]
A fuzzy module X is called semisimple if X is the sum of simple
fuzzy submodules of X.
Next , we need the following lemma.
Lemma 2.6
Let X be a fuzzy module of an R- module M and let A be a fuzzy direct summand in X ,then
A, isadirect summand in X,.

Proof:
As A is a fuzzy direct summand of X ,then A@ B = X, for some B < X.
Then A,®B, = X, .Andso A,®B, = X, by Lemmal.l4. Therefore, A, is adirect

summand of X,.
Proposition 2.7
Let X be a fuzzy module of an R - module M. If Xis a fuzzy
semisimple module , then X, isa semisimple module.
Proof:
LetN < X,,andlet A: M - [0,1], defined by:

(1 ifx €N,
AlX) = {0 otherwise

Hence N = A,. AsA < X ,hence Ais a direct summand of X .
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Then A, isa direct summand of X,

So Nis a direct summand of X, . Thus, X, is semisimple.
Proposition 2.8

Let X be a fuzzy module of an R- module M , if X, is semisimple , then X is semisimple
when Condition () holds.
Proof:

LetA <X,then A, <X,.But X, issemisimple,
so A, ®K=X, ,forsomeK<X, .By putting:

1 ifx e K
B(x) =
() { 0 otherwise
then B, = K. Thus, A,® B, =X, ,

so A®B =X by Condition (*) and A is a direct summand of X.
Therefore, X isasemisimple fuzzy module .

Corollary 2.9
Any fuzzy submodule of semisimple fuzzy module is semisimple.
Proof:

Let X be a fuzzy semisimple module and let A <X. Then X, is semisimple module by
Proposition 2.8. But A, < X,, so A, is semisimple submodule .Thus Aisafuzzy semisimple
submodule of X by Prop 2.8.
Proposition 2.10
Let X be a fuzzy module of an R-module M ,where Condition (*) holds .Then the following
statements are equivalent :
1- X is semisimple
2 - X has no proper essential fuzzy submodule .
3- Every fuzzy submodule of X is a direct summand of X .
Proof : (1) = (2)
Since X is  semisimple , then X, is semisimple by prop 27, and
X, has no proper essential submodule [11].Now suppose that X has

a fuzzy proper essential submodule,say A.Then A, is essential submodule

in X, . But X, hasno propr essential submodule,so that A, =

X,. Then, by codition (*) ,A = X, whichisa contradiction.
-3

LetA <X then A, < X, ,butXis afuzzy semisimple module,
which implies that X, is a semisimple modul e,so that A®@ N = X,,, for some N < X,.

Let B: M — [0,1] defined by: B(x) = {}) Ot;ifvﬁslj

Then,B, =N andB <X . Hence A, @ B, =X, ,which implies that
(A ®B), =X,
,SOA @ B=X, forsome B<X. Then, A N B =0, and hence
Ais not essential inX.
-1 If every fuzzy submodule in X is a fuzzy direct summand,
then every submodule of X, isa direct summand, by Lemma 2.7.
Hence X, is semisimple and, so,X is semismple .
@) - 1)
If every fuzzy submodule in X isa fuzzy direct summand, then every
submodule of X, isa direct summand, by prop 2.6.
Hence X, is semisimple and, so,X is semisimple by prop 2.7.
Proposition 2.11
Let X be afuzzy module of an R —module M . Then the followings
are equivalent:
1. Every fuzzy submodule of X isasum of fuzzy simple submodules.
2. Xisadirectsum of fuzzy simple submodules of X.
3. Every fuzzy submodule of X is a direct summand of X.
Proof: It is easy .
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Proposition 2.12
The following are equivalent:
1. Every fuzzy submodle of semisimple fuzzy module is semisimple.
2. Every epimorphic image of semisimple fuzzy module is semisimple .
3. Every sum of semisimple fuzzy modules is semisimple .
Proof: It is easy.
S. 3 Fuzzy maximal submodules

In this section, we introduce the concept of a fuzzy maximal submodule as a generalization of
ordinary concept maximal submodules. Some characterizations of fuzzy maximal submodules are
introduced.
Definition 3.1

Let A be a fuzzy submodule of fuzzy module X, A is called fuzzy maximal if X /A isa simple
fuzzy module
Proposition 3.2

Let A be fuzzy submodule of fuzzy module X, A isa fuzzy maximal submodule if and only if
whenever A< B < X ,then A=B.
Proof:
Assume that A < B < X,then B/A < X/A . But Ais maximal,soX/A issimple. Hence,
B/A =0,.Thatis A = B.
To prove that A is fuzzy maximal , we must show that X/A is simple. Suppose there exists B/
A <X/A.ThenA <B<X.
Hence, by assumption, A = B.Thatis, B/ A = 0.
Therefore, X/A issimple.
Proposition 3.3

Let X be fuzzy module of an R- module M, and let A be a fuzzy submodule of X. If A is a fuzzy
maximal submodule of X, then A, is maximal submodule of X, .
Proof:

If Alisa fuzzy maximal submodule of X, then X/A issimple and
hence (X /A), issimple by Prop 1.3 . But X,/A, <X/A), byLemma 1.21.
That is X./A, = (X /A),. Hence X, /A, issimple and, so, A, isa maximal submodule of X,.
Proposition 3.4

Let X be fuzzy module of an R- module M , and let A be a fuzzy submodule X . If A, isa
maximal submodule of X,,then A is a fuzzy maximal submodule of X, provided that Condition (*)
holds.
Proof:

Let A, be amaximal submodule in X, . To prove that A is a fuzzy maximal submodule in X,
if A < B < X,where B is a fuzzy submodule of X ,then
A, <B, < X,.Sothat A, = B, and, so, by condition(*) , A = B.
Proposition 3.5

Let A be fuzzy submodule of fuzzy module X . If A'is fuzzy maximal , then A+ < x; > =

X, for all x; ¢ A, provided that Condition (*) holds.
Proof:

If a;, ¢ A,thusA(a) < 1. Therefore, a ¢ A,. But A is a fuzzy maximal submodule of X.
Hence A, is maximal submodule of X, by prop.2.3. Then A, +<a > =X, [11].
On the other hand ,

1 ifxe<a>

<a>® _{ 0 otherwise.

Hence (< a; >), =<a>.

Hence (A+< a; >), = X,.. Thus (A+< a; =) =X

Since a; ¢ A,then (A+<a; >)=A and Aisa fuzzy maximal submodule of X ,
so (A+<a; > ) =X
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Corollary 3.6

Let X be a fuzzy module of an R —module , and let X(x) =1,vx€M . Let A be a fuzzy
submoule of X ,. If Kis a maximal submodule in X, , then there exists a fuzzy submodule A in X
suchthat A, =K .

Proof:
Let K be amaximal submodule in X, .Let A:M — [0,1], defined by:
AR = { 1 ifx € K
0 otherwise

Itis clearthat A isa fuzzy submodule of X and A, = K . To prove that A is a maximal fuzzy
submodule in X,
letB <X,andA<B<X. Then A, < B, < X, , which implies thatK < B, < M.
Hence = B, , since Kiisa maximal in X, .Thus, A, = B, and, so, A = B.
Thus A is a fuzzy maximal submodule of X .
Proposition 3.7
If A and B are fuzzy maximal submodules of fuzzy module X, then A + B = X.
Proof:
Since A+ B> A and A isa fuzzy maximal submodule and since
A+B> A and A is a fuzzy maximal submodule of X, thenA + B = X.
Proposition 3.8

Let f: X - Ybefuzy epimorphism and ker f is a fuzzy maximal submodule in X,
thenY is simple.
Proof:

Since f is epimorphism and X/ker f = Y, by the first fundamental theorem, thus Y is simple.
Proposition 3.9

If A is fuzzy maximal submodule of fuzzy X, then Aisa prime fuzzy submodule of X .
Proof :

Let r, be a fuzzy singleton of R andxs; be a  fuzzy singleton of X such that rxs € A,
and assume that xg ¢ A.
Then <xs+A >

= A A.But A is a fuzzy maximal submodule

So X /Ais simple.

On the other hand , < xg + A > < XIA ,so that <xs+ A >= X /A
Sincery .< x5+ A =2=r1.X/A,

hence < rxs +A == rt.XX , which implies that X+ A/A = 0x 5, Then X+A=
A ,sorX < A. Therefore, r; € (A:X).
Remark 3.10

The converse of proposition 3.8 is not true in general . The following example shows that:
Example
1 ifx=1

LetX:Z — [0,1]defined byX(x) = 1,Vx € Z 0,(x) = { 0 s

0, is a prime fuzzy submodlue of X, but is not a fuzzy maximal submodule since there exists
a fuzzy submodule A of X, such that :

(1 ifx € 2Z
Alx) = { 0 otherwise
Remark 3.11

The intersection of two fuzzy maximal submodules is not necessarily fuzzy maximal, as shown
in the following example.

Example:
Let M = Z as Z — module, and define X : M - [0,1] by : X(x) = 1,,Vx € M.
(1 ifxe<2>
Let A(x) = EO othefrwise ;
_ ifx e<3>
B() = { 0 otherwise
A and B are fuzzy submodules of X and A and B are maximal of X since A, =<2>

and B, =<3>
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which are maximal ofZ = X,
However, A, N B, =(ANB),= <6>which isnotmaximal submoduleof X,
Thus AnB:{ 1 _1fxe<6>
0 otherwise

A N B isnot maximal fuzzy submodule of X.
Proposition 3.12

If X is a finitely generated fuzzy module of an R- module M ,
then every proper fuzzy submodule of X is contained in a maximal fuzzy submodule of X.
Proof :

If X is a finitely generated fuzzy module , then X, is finitely generated as explained in a previous
work [13]. So, X, is a finitely generated module . Hence every proper submodule is
contained in a maximal submodule of X, [14].

Let A be a fuzzy submodule of X . Then, A, <X,

Hence A, <N < X,, where Nisamaximalin X,.
Define B <X, suchthat B:M - [0,1] by:
1 ifx €N
BGO = { 0 otherwise
Then B, =N and,so, A, < B, < X..
But by condition (*), A< B <X. Since B, = Nisamaximal
Submodule  and Condition (*) holds , then B is a fuzzy maximal submodule of X .Thus A is
contained in a fuzzy maximal submodule of X.
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