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Abstract:

The aim of this article is to study the solution of Elliptic Euler-Poisson-Darboux
equation, by using the symmetry of Lie Algebra of orders two and three, as a
contribution in partial differential equations and their solutions.

Keywords: symmetry, Ellipic Euler-poisson-Darboux, Lie Algebra

Sl O gualga sligl Alalaa Jad JElail) Bya

05> &)
Ahadl calax ‘A:l‘).dd.\:\mﬂ daalal ‘(ULJ\ < ‘QL\.‘AI:DJ\ ‘y.»é

il
Elliptic Euler—Poisson—Darboux equation  dlalae Jda 4wy s Gl 138 (e Caagl)
Aall bl cValeall a8 dealieS EAG A0l A0yl el 3 DL diyla aladiuly

1.Introduction

The Euler-Poisson-Darboux equation is very important in physics and mathematics. It is one of the
most extensively studied singular linear hyperbolic equations. The general formula of Euler- Poisson-
Darboux Equation ([1, 2, 3] is:
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ZTZ+%Z—I:=$ ?2127;u=(r,z;a),rER” ,2>0 ,—o0 << 0 Q)
where a is a real parameter. The classical Euler-Poisson-Darboux equation is defined as [4]
9%u |, adu _ «n 0%u
Y iy T Limigg? )
For equation (1), if n=1, then this equation can be defined as
%u  adu _ _ 9%u ©)
arz  ror d0z2
%u  adu _ 0%u (4)

ar2  ror d0z2
where a is a real parameter. Equation (3) is an Elliptic Euler-Poisson-Darboux equation. It is also
referred to as a generalized axisymmetric Laplace equation [5, 6]. For a=1, it is the axismmetric
Laplace equation, which was studied in [7]. Equation (4) is a hyperbolic Elliptic Euler-Poisson-
Darboux equation. The Euler-Poisson-Darboux equations was considered for the first time by Euler
[8] and later by Poissn [9], Riemann [10], and Darboux [11]. In the recent time, it was studied by a
number of authors [1, 4, 12] because of its importance in mathematics and mathematical physics.
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In this article. we use the method of Lie group theory. Symmetry group methods are amongst powerful
universal tools for the study of differential equations. There has been a rapid progress on these
methods over the last few decades. Methods and algorithms were introduced for classifying
subalgebras of Lie algebra. New results on the structure and classification of abstract finite and infinite
dimensional Lie algebra were published [13]. Also, methods for solving group classification problems
for differential equations greatly facilitated to systematically obtain exact analytical solutions [13, 14,
15]. During the solution, we used some methods of solving partial differential equations and ordinary
differential equations [16, 17, 18].
Symmetry of Elliptic Euler-Poisson-Darboux Equation

Similarity is an extremely powerful method of solving the linear and nonlinear differential
equations [13, 14]. For solving the Elliptic Euler-Poisson-Darboux equation (3), we need to introduce
the following Lie algebra approach as a transformation method.
We apply Lie group method to solve (3), as follows

2 2
(Gt e, =0 Q
Its 2" extension, X2, is defined by ’
X1 = X 4y g % + 157 aiz (6)
The generator X is defined by
X =&0r+ &0z +nou (7)
where 17, 0P, n(2, 7 are
ﬂﬁl) =y + [y — &y — Spu, — fluul(z) — $oulrly (8)
Ugl) =n,+ [nu - S;Zz]uz - flzur—EZuuz @ — ‘fluuruz (9)
m(”i) = Npr + 20y — & ltty — Sorptt, + [y, — 2800 10 — 2850 Uyt
70 — 2§1ru](u)2 — 280U, U, — &y, (ur)3 — &Sou (U )’ u, —3&,u,U, (10)

- §2uuzurr - 2é:Zuururz '
2
ng) =MNzz + [anu - fZZZ]uZ - ‘flzzur + [nu - ZfZZ]uZZ - Zflzurz
- ‘fluuruzz - 2é:luuzurz J

[ = 285, 1(U,)7 = 28,,UrU, = &y (U,)* = &y, (U;)* = 3E,U,U, (1)
The invariance condition for equation (3) is
M = UrSa 0y 1| =0 (12)
By substituting Eqgs. (8-11) and write equation (3) as

9%u _  adu 9%u

a2 ror 0z

into (12), we get

Nrr + [znru - ’frr]ur - Eeruz + [nu - Zflr]urr - Zerurz'l'

[nuu - 2glru ](ur)2 - 2§2xluru22 - é‘,luu (ur)3 - §2uu (ur )zuz _3‘§iuururr - §2uuzurr - 2§2uururz v

:r_zur'fl + % (nr + [nu - Elr]ur - EZruz - fluul(z) - fzuruz) + Nzz + [anu - ‘SZZZ]uz - flzzur +

[nu - 2€2Z]uZZ - 2flzurz [nuu - 252211]”;'Zflzuzurr—quulé - fluuurlé - 3quuzuzz

_‘é:luuruzz _Zé:luuzurzlzo (13)
From this equation, we obtain a polynomial equation in w,, u,, U, U2, u2, Uz Uyy,

From the coefficient of u,u,.., u,u,, we have got

$1u = $2u =0. (14)
From the coefficient of u,,., we have got
$or = —§12 . (15)
From the coefficient of u,, , we have got
$1r = &2z (16)
From the coefficient of u, we have got
—$orr — %er + (2N — €222) =0 (17)
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From the coefficient of u,., we have got

_%El - gflr + 21y — &1r) =0 (18)
From the free Coefficient we have got
a
N + ;nr +1,=0. (19)

We have noticed that, due to the complexity of finding Lie group of transformation from Eq. (13)
through Eqgs. (14-19), so we derive eq(3) repect to r to obtain the equation of the form:

o’%u  aodu  ad*u o3u

9% r2ar Traz T agze, = 0 (20)
The third extension of generator is:
) ) )
XB] =X+ 77 —+ nrr P + nrrr oy ngr Fzzr (21)
Now, we find the extended infinitesimal coeff|C|ent from the formula:
3 _
775132 i = = Dyn*™ Y — (D& uiyi, iy (22)
d ) F) .
Where D; = 6_n+ui£+ "'+ui1i2mimm , 1=12,..n (23)

Then, from (21-23), we found the extended infinitesimal coefficient.

771[‘?”]7* = Nrrr + [377rru - Elrrr]ur + [nuur - Zflruu]u?’ +3[77ur—flrr]urr - 3€2rurz - Eerruz +

[nuuu - 3€1ruu]u$ - 3€2uuruzu72" - 3€1ururuzz - 3€2uruzurr - 4‘€Zruuzrur + 3[77uu -
2€1ru]ururr - fluuuuff _€2uuuu1§uz - 6€1uuu12”urr - [ZEZu + €2uu]u£urz - 352ruururz -
EZuurrurz - 362uuuruzurr - [3511( + qu]ugr - [nu - 3flr]urrr - 4“>;1uururrr - quuzurrr -
352ruzrr - quururrz (24)

775]7* =Nrzz t [nzzu - fZer]ur + [anur - flrzz]uz +[277uz—€1zz - ZEZrzu]urz - EZzzurr +

[nur 2Elrz]uzz ZEZZuuuzu?” - 3fluuzuzz - 3€2uruzurr + [nuuz - Zflrzu]ug - Elzuzzzuz -
Eluuuuz flzuuz Upy — [nruu—zfluzu - quuu]uguzr - 352ruururz - [Znuuz - 2522ru - flzzu -
EZzuu]uruz Zflruzzz + [nu - Elz+‘>;22 + EZr]uzzr - [352u_251u]uzuzzr - quruzurz -
3€1uuuruzuzz - [nuu—EZuu - 2fluz - €2ur]uzzur - [nur - flrz]uzz - 2€2uuuruzurz -

2 2
EZuuuzurr - 351uuuzuzr - 351uuzzurz - 3‘>;1uruzzuz (25)
X131 adu  ad’u, du ) =
(6r3 r2ar  ror:  9z29,/|8%u_adu_ad?u_ 8%u =0 (26)
ar3 rZor ror? 09720y
The invariance condition for equation (20) is
2a . 0u a %u
(nrrr + E ar rz N+ 77]rr 567”2 + 77221’) 3u_adu_ad?u_ 3%u =0 (27)

or3 r2or ror? 0z20,
By the substitution of (8-11 and 24-25) into (27), we get
Nyrr + [377rru - Elrrr]ur + [Tluur - Zflruu]ug +3[nur—flrr]urr - 3€2rurz - errruz +
[nuuu - B'Slruu]ug - 3’>€Zuuruzu7% - 3flururuzz - 352uruzurr - 4€2ruuzrur + 3[nuu -
z’flru]ururr - Eluuuuﬁ - quuuuguz - 6fluuu7%urr - [23;211 + quu]u%urz - 3€2ruururz -
EZuurrurz - 3EZuuuruzurr [35111 + qu]ugr + [nu - 351r]urrr - 4‘fluururrr - quuzurrr -
BEZruzrr - ’SZuururrz'l' 0; ZI: fl 2 (nr + [nu - Elr] - fZTuzfluulz - fzuruz) + % (nrr +

[anu - Err]ur - Eeruz [nu Zflr]urr - Zfzrurz §2u z rr 2§2u r rz”

[nuu - 2§lru ](U) 2§2xl rYz2 gluu (ur)3 _é:Zuu (ur) u, 3§|u r rr) :;grlzl 'fl + (nTZZ +

[nzzu - EZzzr]ur [anur - Elrzz]uz + [Znuz—flzz - [Znuz—flzz 2€2rzu]urz - S;Zzzurr +

[nur zflrz]uzz ZSZZuuuzuz‘ - 3§1uuzuzz - 3€2uruzurr + [nuuz - Zflrzu]ug - 5lzuzzzuz -

fluuuuz flzuuz Uy — [nruu—z‘fluzu - S;Zuuu]uguzr - 352ru - [znuuz - ZfZZru - flzzu -

522uu]uruz Zflruzzz [nu - Elz+§22 + EZr]uzzr - [352u_251u]uzuzzr - quruzurz -

3€1uuuruzuzz - [nuu—SZuu - Zfluz - EZur]uzzur - [nur - flrz]uzz - 2€2uuuruzurz -

§2uuu§urr - BEluuuguzr - 3€1uuzzurz - 3§1uruzzuz)- (28)
From this equation, we obtain a polynomial equation in

3 4,3
ur' u’Z’ uT‘r_‘ZJ_ uTJ u’Z' u’ZTuZZZI uZZT' _uTTI uZZZuZT' uTuZ'
The coefficient of u,,u,,, Uy, U,-1S
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$1u=%2=0
The coefficient of u,.,, is

Nu-$1r + &2, — 285, =0

The coefficient of u,,, is
$1r. =0
The coefficient of u,,., is
$or =0
The coefficient of u,, is
Nur =0
The coefficient of u3, u3 is
Nuwu = 0
The coefficient of u,, is
2Ny — 122 =0
The coefficient of u,,,. is
sz - Elz =0— 622 = Elz
The free coefficient is
Nyrr — :_2777" +%nrr + Nzzr =0
From 12, 13, 14, 27, and 29, we have
$272 = $12 = $1u = Sou=S2r=61r =0
This yields that £;,=&,= constants
Let El = and EZZCZ
of the coefficient of u,,. is
Ny, =0
From (33 and 35), we get
Nuz = Nur =0
Then by solving this equation, we have
n(r,z) =F(r,z)r +c3
or
n(r,z) =G(r,z)z+ c,
Since 42= 43, then we get
F(r,z) = % or G(r,z) = i and c3=c,=C
Hencen(r,z) =1+c
Using lagrange method, we have
or _0z_ou
&1 &2 n
ﬂ _ 0z _

ou

cq1 [ 1+c
This yields two independent solutions, as follows:

ar 0z 1 1
—=———1r——z=S
C1 C2 C1 C2

0z _ Ou

1 1
ot Tt TG T®)

=29, 4 A +o)f(S)

C2

To find f(S), we substitute (49) in (3), as follows:
U= —(1+Of(S)
Uy = = (1 + 0)f"(S)
Uzz = = (1+0)f"(S)

Substituting (50-52) in (3) yields the ordinary differential equation
ZA+Of A+ Of(S) + 5 (A +f'(S) =0
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(30)

(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)

(43)

(44)

(45)
(46)

(47)
(48)
(49)

(50)
(51)
(52)
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2
fr@S*2eaf () +5f"(8) =0 (53)
We have got
_ ac% S

f(S) = A+ Be i) (54)

By substituting (54) in (49), we get

2
__acy S

u=L9,4 (1+¢)(A + Be "(ci+e3)) (55)
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