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Abstract

Since 1980s, the study of the extending module in the module theory has been a
major area of research interest in the ring theory and it has been studied recently by
several authors, among them N.V. Dung, D.V. Huyn, P.F. Smith and R. Wisbauer.
Because the act theory signifies a generalization of the module theory, the author
studied in 2017 the class of extending acts which are referred to as a generalization
of quasi-injective acts. The importance of the extending acts motivated us to study a
dual of this concept, named the coextending act. An S-act Ms is referred to as
coextending act if every coclosed subact of Ms is a retract of M where a subact Ag

of Mg is said to be coclosed in Mg if whenever the Rees factor AS/BS is small in the

Rees factor MS/Bsthen As=Bgs for each subact Bs of As. Various properties of this

class of acts have been examined. Characterization of this concept is intended to
show the behavior of a coextending property. In addition, based on the results
obtained by us, the conditions under which subacts inherit a coextending property
were demonstrated. Ultimately, a part of this paper focused on studying the
relationships between these acts and other related acts.

Keywords: Coextending acts, Extending acts, Essential subacts, Coessential
subacts, Closed subacts, Coclosed subacts AMS Subject Classification: 20M30,
20M99, 08B30.
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1. Introduction

It is well-known that the extending modules have been extensively studied in a monograph by
Dung et al. [1], as well as in an earlier book by Mohammed and Miiller [2]. As for the act theory
which is referred to as a generalization of the module theory, and for the importance of this subject,
the extending act was studied by the author who then submitted generalizations for it [3, 4].

Note that we will use terminologies and notations from previous works [5,6,7,8,9]. In addition, for
more information about generalization of injective acts, we refer the reader to other references
[7,10,11,12,13].

Throughout this paper, S is a commutative monoid with zero element and every S-act is unitary

right S-act with zero element ® which is denoted by Ms. Besides, the symbol AS/BS is referred to as

Rees factor. It is familiar that an S-act can be found by some other terminologies, as follows: S-
systems, S-sets, S-operands, S-polygons, transition systems, and S-automata [14]. An S-act Ns is
referred to as a retract of S-act Ms if and only if there exists a subact Hs of Mg and S-epimorphism
f:Ms—Hs such that Ns=Hs and f(h)= h for every heHs [14,P.84]. An S-homomorphism f which maps
an S-act As into S-act Bs is said to be split if there exists S-homomorphism g which maps Bs into Ag
such that fg=15[3]. A subact As of Bs is called large (or essential) in Bs if and only if any
homomorphism f:Bs—Hs , where Hs is any S-act with restriction to As is one to one, then f is itself
one to one [4]. In this case, we say that Bs is essential extension of As . In a previous article [4],
Berthiaume showed that every S-act has a maximal essential extension which is injective and it is
unique up to S-isomorphism over Ms. A non-zero subact Bs of As is intersection large if for all non-
zero subact Cs of As, CsNBs# 0, and will be denoted by Bs is N-large in Ag [15]. In another study
[16], Feller and Gantos proved that every large subact of As is N-large, but the converse is not true in
general. An equivalence relation p on a right S-act Ns is a congruence relation if apb implies that
as pbs for all a,pbeNs and seS [17].The congruence vy is called singular on Ns and it is defined by
aynb if and only if ax = bx for all x in some N-large right ideal of S [18] . A subact Bs of S-act As is
called closed if it has no proper N-large extension in A, that is the only solution of Bs &M Cs & Ag
is Bs=Cs .A subact Bs of a right S-act As is called small (or superfluous) in Ag if for every subact Cs
of As , BsUCs=As implies Cs=As[8]. as Also, an S-act Mg is called extending, if every subact of Mg is
N-large in a retract [6]. Equivalently, Ms is extending if and only if every closed subact of Ms is a
retract [6].

In this paper, we introduce a new concept, namely the coextending act, as a dual of the class of
extending acts, where Ms is referred to as coextending, if every coclosed subact of Ms is a retract of

Ms, where a subact Ns of Ms is said to be coclosed in Mg if whenever NS/HS is small in MS/Hsthen

Ns=Hs for each subact Hg of Ns.

This article consists of three sections. Some essential properties and examples of coextending acts
are given in section two. Like extending acts, the direct sum of coextending act may not be
coextending. We show this fact by an example in section two also. For this reason, we give certain
conditions under which the direct sum of coextending acts is coextending act, in theorem (3.5) and
theorem (3.6)). In section three, some relationships between coextending acts and other related acts,
such as lifting and semisimple acts are investigated. Conclusions and discussions are presented in
section four.

2. Dual of Extending Acts

In this section, we introduce and study a dual of the class of extending acts which is coextending

acts, but before that we need the following concepts:
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Definition (2.1):[14]. Let Ms be S-acts and Ns any subact of Ms that defines the Rees congruence py
on M, by setting apNa/ if a,a’ €ENg or a = a’. The resulting factor act is referred to as Rees factor of

Ms by subact Ns and it is denoted by MS/NS .

Definition (2.2):[14]. Let f:Ms—Ns be S-homomorphism. Then the kernel equivalence kerf is defined
by a(kerf) a/ if and only if f(a)=Ff(a’) for a,a’ €Ms is an act congruence which is referred to as kernel
congruence of f.

Definition (2.3):[14] Let Ms be an S-act and meMs. Then the homomorphism from Ss into Ms(or sM)
is defined by A, (s) = ms(or sm) for every s€S. The kernel congruence keri,, on Ss is referred to as
annihilator congruence of meMs.

Definition(2.4): A subact Ns of Ms is said to be coclosed in Mg if whenever NS/HS is small in

I\/IS/HSthen Hs=Ns for each subact Hs of Ns.

Definition (2.5): An S-act Mg is referred to as coextending act if every coclosed subact of Ms is a
retract of Ms.

Definition(2.6): A subact Bs of an S-act Mg is called coessential subact of Ag in Mg if AS/BS is small

. Mg

in /Bs'

Remarks and Examples (2.7)

1. Unlike for modules, not every kernel-congruence can be described by a subact, but any subact Ns

of Ms gives rise to a kernel congruence kern , where n: Ms— MS/Nsis the canonical epimorphism. It
is well-known that MS/NS has a zero, which is the class consisting of Ns. Notice that if MS/NS is the

Rees factor act of Ms by the subact Ns, then the class[n]

, . Mg
py Of @n element n€Ns is a zero in /NS and

the class [m], of m € MS/NS is the one-element classes {m}. Thus, the Rees factor act MS/Nscould

p
- MS — MS *
be considered as /NS ( /NS U{0s}).

2. It is well-known that every hollow act is coextending act, where an S-act Ms is called hollow if
every proper subact of Ms is small [19].
Proof: Let Mg be a hollow act and let Ns be a coclosed subact of Ms, then Ng is small

in Ms, and so for each subact Ks of Ns, NS/KS is small in MS/KS. But Ns is a coclosed

subact of Ms, which implies that Ks=Ns , and then Ns=(®g), which is a retract of Ms.
3. It is obvious that the converse of 2 is generally not true. This means that the coextending act is
not a hollow act. For example, Z as Z-act is coextending act, but not hollow act.
4. Every semisimple act is coextending-act, but the converse is not true in general; for examples: Z
as Z act is coextending act but not semisimple.
5. Every local act (i.e., an act that has only maximal subact), is a coextending act.
6. Every uniserial act is a coextending act, where an act is referred to as uniserial act if its sub-acts
are linearly ordered by inclusion [18]. Also, a monoid S is called uniserial monoid if it is uniserial as
an S-act.
7. ltisclearthat Ms = Z, @ Z, is a coextending act.
8. Isomorphic to coextending act is coextending act.
9. Recall that an S-act As is called co-uniform if all proper subacts of As are coessential [19]. In
other words, we reformulate it as follows: an S-act Ms is referred to as couniform, if every proper

subact Kg of Mg is either (®) or there exists a proper subact K/ of K such that KS/K/ is small in

MS/

K/

Proof: Let Kg be subact of Ms. If Ks=0, then K is coclosed retract of Ms and the proof is complete. If
Ks #0, and as Mg is couniform act, so there exists a proper subact K’ of Ks where KS/K/ is small in

MS/K/.Thereby Ks is not coclosed in Ms and O is the only proper coclosed subact of Ms, and then Ms

66



Abdul Kareem Iragi Journal of Science, 2020, Special Issue, pp: 64-71

is coextending act.

It is obvious that every couniform act is coextending act, but the converse is generally not true; for
example the Z-act Zg is coextending act but not couniform (since a semisimple act is coextending act
but not couniform act).

Besides, every Artinian couniform act is a hollow act, hence it is a coextending act.

The following proposition gives some important properties of the coextending acts.

Proposition (2.8): A retract subact of coextending act is a coextending act.

Proof: Let Mg be S-act, and let Ng be a retract subact of Mg, Let Ks be a coclosed subact of Ns. Since
Ns is a retract subact of Ms, so Ns is a coclosed subact of Ms. It implies that Ks is a coclosed subact of
Ms, hence Ks is a retract of Mg , that is Ms =Ks@Ls for some subact Ls of Ms. Ns = MsNs= (Ks @©
Ls)NNs= Ks @®(LsNNs). Thus Ks is a retract subact of Ns, i.e Ns is a coextending act.

Corollary (2.9): If Ms is a coextending act and Ns is a coclosed subact of Mg, then MS/NS is a

coextending act.
Proof: Since Ms is a coextending act and Ns is a coclosed subact of Ms, then Ns is a retract of Ms, so

Ms= Ns@PWs for some subact W5 of Ms. Hence MS/NS =WSs. But Ws is a retract of Ms, so by
proposition (2.7), Ws is a coextending act. For this reason and by remarks and examples (2.7) and (8),
MS/NSis coextending act.

Definition (2.10): An S-act Ms is referred to as hereditary if every subact of Ms is projective.
Especially, a monoid S is called hereditary if all subacts of projective acts over S are again projective.
If this is required only for finitely generated subacts, it is referred to as semihereditary.

The following theorem gives the hereditary property for the coextending act. Before that, we need the
following concepts: recall that an S-act Ms is called multiplication if for each subact Ns of Ms there
exists an ideal | of S, such that N=MI [20]. Recall that an S-act Mg is called faithful if J=(@), this
means that the annihilator of Mg is the zero ideal where the ideal J o) =] = {S € S | Mg = (0)} of Siis
referred to as annihilator of Mg in S [21]. It is obvious that the field of rational number Q as Z-act is
faithful, but Z, as Z-act is not faithful.

Theorem (2.11): Let Ms be a finitely generated faithful multiplication S-act. Then S is a coextending
monoid if and only if Mg is a coextending act.

Proof: =) Let Ns be a coclosed subact of Ms. Since Ms is a multiplication S-act, then N=MI for
some ideal | of S. It is easy to see that | is a coclosed in S. Hence, | is a retract of S, and so S=I1@J for
some ideal J of S. It follows that Ms=MI@®MJ=N@MJ. This means that Ns is a retract subact of Ms.
<) Let | be a coclosed ideal of S. By putting N=MI, then Ns is a coclosed subact of Ms. But Ms is a
coextending act, so Ns is a retract subact of Msg; that is, there exists a subact Ws of Ms such that
Ns@BWs= M. But Ws=MJ for some ideal J of R. Now MI@MJ=M implies that M(1UJ)=MS. Since
Ms is a finitely generated faithful multiplication act, then IUJ=S, which means that | is a retract of S.
Lemma (2.12): Let f:M;—M, be an epimorphism from an S-act M; to a projective S-act M,. If My is
coextending act, then M is coextending.

Proof: Let f be epimorphism, and since M, is projective, so every epimorphism is split. This means
that there exists an S-homomorphism g from M, into M; such that fg = 1y, and since every act is
epimorphic image to free act, so M, is free. This implies that M is isomorphic to a retract of M, and
by proposition (2.8), every retract of M, is coextending act. Thereby, by remarks and examples (2.7)
and (8), M, is coextending act.

The following proposition gives a necessary and sufficient condition on a free act to be a coextending
act

Proposition (2.13): Let S is a monoid, and then every free S-act is a coextending act if and only if
every free projective S-act is a coextending act.

Proof: =) Let Ms be a projective S-act. Ms is an epimorphic image of a free S-act say F. This means
that there exists epimorphism h:F—Ms. By the hypothesis, F is a coextending act, and since Mg is
projective and h is epimorphism, so by lemma (2.12), Mg is a coextending act.

<) Itis obvious.

Corollary (2.14): Let S be a monoid, and then every finitely generated free S- act is a coextending act
if and only if every finitely generated projective S-act is a coextending act.
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In the following, we study when the direct sum of the coextending act is coextending. In fact, this is
not true in general. Now, we study some cases in which the direct sum of coextending act is a
coextending act. Before that we need the following lemmas.

Lemma (2.15): Let Ms=M;@M, where M; and M, be two S-acts, and let A=A;PA,, where A; €M,
and A, € M,. If A is a coclosed subact of Mg, then A; is a coclosed subact of M; and A, is a coclosed
subact of M.

Proof: Assume that the Rees factor A1/Blis small in the Rees factor Ml/Bl and the Rees factor

AZ/Bzis small in the Rees factor MZ/BZ, where B;SA; and B,EA,. Therefore, Rees factor % is
1 2
small in the Rees factor %. Because of that, A is coclosed subact of Mg, then we obtain that
1 2

A;=B; and A,=B, .Hence, Ajand A, are coclosed subacts in M; and My, respectively.

Lemma (2.16): Let Ms=M;@M,, where M; and M, are S-acts. If annsM;UannsM,=S, then any subact
of Mg can be written in the form N=N;@®N,, where N; is a subact of M; and N, is a subact of M.
Proof: Let N be any subact of Ms. We claim that N=N;@N,, for some subacts N; of M; and N, of M.
In fact, if neN, then n=(x,y), for some xeN;SM; and yeN,SM,. So, XxeM; and yeM,. Furthermore,
there exist elements (a;,a,) €anng(M;) and (by,b,) €anns(M,), such that (a;,b;) or (a,b,)=(1,1). Let
N;=anns(M,)x and N,=anns(M,)y, then N; is subact of M; and N, is subact of M,. Now,
X=(X1,X2)=(1,1)(X1,X2)=(a1,01) (X1,X2)=(a1X1,b1X2)=h1X,EM;and
y=(y1,Y2)=(1,1)(YrY2)=(a1,b1)(Y1,y2)=(ary1,b1yz)=ary:€M,. Then  n=(x,y)=(bixz,a1y1)€  NiBN,
therefore NSN;@N,. For the other direction, let h=(cx,dy) for some c=(cs,c,)€annsM, and
d=(d;,dy)€eannsM;. Thus, h=((cy,C)X,(d1,d2)y)=(c,d)(x,y)=(c,d)neN. For this reason, we have
N;@DN,EN. Therefore, the proof is complete.

Lemma(2.17): Let Ms=M;@®M,, where M; and M, be S-acts and let annsM;UannsM,=S. Then Ns is
a coclosed subact of Mg if and only if there exist coclosed subacts N; of M; and N, of M, such that
Ngz Nl@Nz.

Proof:=) Since Ns is subact of Mg and Ms=M:@®M,, annsM;UannsM,=S, so by lemma(2.16), there
exists subacts N; and N, of M; and M, respectively, such that Ns=N;@®N,, and by lemma(2.15) both
of N; and N, are coclosed subacts in M; and M, respectively.

<) In order to prove that Ns is a coclosed subact of Mg, assume that N/B is small in M/B where B is a

subact of Mg. Since annsM;UannsM,=S, so Bs=B;PB, for some subacts B; and B, of M; and M,
respectively. Thus:

N _ N1®N; H : . M;®OM, Nl N2 . . M1
/g = 5o, Which is small in T2 Then, we have /BléB /B2 is small in /Bl D

MZ/Bzwhich implies that Nl/Blis small in I\/[1/]31 and Nz/Bzis small in Mz/Bz. Since N; and N, are

coclosed subact of M; and M,, respectively, thus N;=B, and N,=B,, and hence Ns= B;@B,=Bs.

In the following theorems, we put certain conditions under which the direct sum of two coextending
acts is coextending act.

Theorem (2.18): Let Ms=M;@M, where M; and M, be S-acts. If annsM;UannsM,=S, then Ms is a
coextending act if and only if both of M; and M, are coextending acts.

Proof: =) It follows from proposition (2.8).

<)Let Ns be a coclosed subact of Ms. By lemma(2.17), for some coclosed subacts N; and N, of M;
and M, respectively, we have N=N;@N,. But M; and M, are coextending acts, so N; is retract of M,
and N, is a retract of M, that is N;@W;=M; and N.&W,=M,, for some subacts W; of M; and W, of
M,. Hence:

N@(Wl@WZ)z(Nl@Nz)@(Wl@WZ)z(Nl@Wl)@(NzeaWz) :MleaMZ:MS- Therefore N is a retract
of Ms, and hence Ms is a coextending act.

Theorem(2.19): Let Ms=@®{L,; M; , where each of M; is an S-act for each i = 1, ..., n. If every subact
of Mg is a fully invariant, then Ms is a coextending act if and only if each M; is a coextending act for
eachi=1, .., n.

Proof:=) It follows from proposition (2.8).

<) Let Ns be a coclosed sub act of Ms. By assumption, Ns is a fully invariant subact of Ms, so
Ng =@iL; (NNM;). On the other hand, Ns is coclosed of Mg, so by lemma (2.15), for each i=1,...,n,
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NNM; is a coclosed subact of M;. Since M; is a coextending act for each i=1, ...,n, hence NNM;is a
retract of M; for each i=1,...,n, then (NNM;) @Bi=M; for some subact B; of M, Therefore,
L Mj=L, {(NNM;) @ B;=BiL; {(NNM;)} & {BiL, B;}. For this reason, we have Mg = Ng @
Bg, where B =@i{L, B;. This means that Ms is coextending act.
3. THE RELATIONSHIPS OF COEXTENDING ACTS WITH OTHER RELATED
CONCEPTS
In this section, we give some relationships between coextending acts and some other acts, such as
the lifting and semisimple acts, but before that, we need the following concept:

Definition(3.1): An S-act Ms is referred to as lifting, if for every subact Ns of Mg contains a retract Hs
Ng, . . Mg
of Ms such that /HSIS small in /Hs'

From the above definition, we have the following:
Proposition (3.2): If Mg is a lifting S-act, then Ms is a coextending act.
Proof: Let Ns be a coclosed subact of Ms. Since Ms is a lifting act, so Ns contains a retract Ws of Ms

such that NS/Wsis small in MS/WS by definition (3.2). But Ns is a coclosed subact of Mg, then Ws=Ns.

That is Mg is a coextending act.
The converse of proposition(3.2) is generally not true; for example, Z as Z-act is a coextending act, but
it is not lifting. However, as we get in the following theorem, the condition to be the converse is true,
but first we need the following concept:
Definition (3.3): an S-act Mg is referred to as amply supplemented act, if every supplement subact of
Mg is a retract of Ms. Equivalently, if for any two subact As and Bs of Mg with AsUBs=Ms, then Bs
contains a supplement of Ag in Mg (where a subact As is a supplement of Bs if and only if AsUBs=Ms
and AsNBs is small in As. Equivalently, a subact As of Mg is called supplement of Bs in Mg if
AsUBs=Mgs and As is a minimal element in the set of subacts Ls of Mg with BsULs=Ms)
Theorem (3.4): Let Ms be an S-act, then Mg is a lifting act if and only if Ms is a coextending act and
amply supplemented.

In the following result we give a condition to obtain the coincide among the concepts of the
coextending act, lifting act and semisimple act:
Proposition (3.5): Let Ms be an S-act. If every subact of Mg is a coclosed, then the following
statements are equivalent:
1. Mgisa lifting act.
2. Mg is a coextending act.
3. Mg is a semisimple act.
Proof: (1)=(2): It follows from proposition (3.2).
(2) = (3) It is obvious.
(3)= (1) ltisclear.
The next proposition gives another condition so that the converse of proposition (3.2) is true:

Definition (3.6): A subact Bs of an S-act Mg is called coclosure of As in Mg, if AS/BS is small in

MS/BS and Bgs is coclosed subact of Ms .

Proposition (3.7): If an S-act Ms is a coextending act, such that every subact Ns of Mg has a
coclosure, then My is a lifting act.
Proof: Let Ns be a subact of Ms. By assumption, Ng has coclosure subact. For this reason, there exists

a coclosed subact Bg of Mg such that NS/BS is small in IVIS/BS . But Ms is a coextending act,

therefore Bs is a retract of Ms. Thereby Mg will be a lifting act by definition(3.1).

4. Conclusions and Discussions

From the previous theorems, examples, remarks, and propositions, we can present some major points,
as follows:

1. Proposition (2.8) and corollary (2.9) answered the earlier submitted question; what are the
conditions on subacts to inherit the property of coextending? Accordingly, they gave the following
two results:

a. When subacts are retracted.
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b. If a subact Ns is coclosed, then the quotient subtact MS/NS is coextending.

2. Theorem(2.11) demonstrated the hereditary property for the coextending act, where it was stated
that a monoid S is coextending if and only if Ms is coextending under the following conditions on S-
act Ms:

a. Finitely generated.

b. Faithful.

c¢. Multiplication.

3. Lemma (2.12) explained that the epimorphic image of a coextending act is coextending when the
epimorphic act is projective.

4. Based on lemma (2.12), proposition (2.13) gave another result on the epimorphic image; that is,
every free S-act is coextending if and only if every free projective is coextending.

5. Lemma (2.15) revealed that subacts are coclosed if they have a decomposition form, as follows: if
As=A;DPA, is coclosed subact of Ms=M;PBM,, then A; is coclosed subact of M; and A, is coclosed
subact of M.

6. Lemma(2.17) gave another condition on any subact to be coclosed when annsM,;UannsM,=S, as
follows: A subact As of Ms= M;@M; is coclosed if and only if there exists A; and A, are coclosed
subacts of M; and M,, respectively, such that As=A;DA..

7.  We gave certain conditions in theorem (2.18) to the direct sum of coextending acts to be
coextending depending on lemma (2.17).

8. Theorem (2.19) explained an important result; that is, a finite direct sum of a coextending act is
coextending under the condition that all the subacts are fully invariant.

9. Proposition (3.2) showed the relation between the lifting act and coextending, as in the following:
every lifting act is coextending.

10. Theorem (3.4) gave a condition to the converse of proposition (3.2) to be true, as follows: an S-
act Mg is lifting if and only if Mg is amply supplemented and coextending.

11. It was given a condition in proposition (3.5) to coincide the following concepts: lifting acts,
coextending acts, and semisimple acts. This condition was that every subact of S-act Mg must be
coclosed.

12. In proposition (3.7), we obtained the equivalence between the lifting act and the coextending.
Thereby, this proposition suggested another condition to the converse of proposition (3.2) to be true.
This condition stated that every subact of S-act has a coclosure.
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