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Abstract:

In this paper, the definition of fuzzy anti-inner product in a linear space is
introduced. Some results of fuzzy anti-inner product spaces are given, such as the
relation between fuzzy inner product space and fuzzy anti-inner product. The notion
of minimizing vector is introduced in fuzzy anti-inner product settings.
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I. Introduction
Kohli and Kumar, in 1993 [1], introduced the definition of the fuzzy inner product space and

fuzzy co-inner product space. In 1997, Alsina et al [2] introduced the ideal of probabilistic inner
product space. After that, in 2010, Hasankhain et al. [3] introduced some properties of fuzzy Hilbert
spaces and norm of operators. In 2013, the fuzzy real inner product space and its properties were
proved by Mukherjee and Bag [4]. Finally, a note on fuzzy Hilbert spaces was introduced by Daraby
etal. in 2016 [5].
11. Preliminaries

This section consists of some definitions and results that will be needed later in this paper.
Definition (2.1) [6]
Assume that V is a linear space over the field C of complex numbers. A mapping M*:V?xC - |
satisfies the following conditions for all x,y,zinV and ¢t,sinC:
(FIPL) M*(x + y,z, |t| + |s]) = min{M*(x, z, |t]), M*(y, z, |s|)}

(FIP2) M*(x, y, |ts]) = min{ M*(x, x, |t|*), M* (3, y,|s|*)}

(FIP3) M*(x,y,t) = M*(y,x,t)
(FIP4) M*(ax,y,t) = M* (x,y,é) O+a€ecC
(FIP5) forallt € C\R*,M*(x,x,t) =0
(FIP6) Vt > 0,M*(x,x,t) =1 ifandonlyif x =0
(FIP7) M*(x, x,.): R = I isa monotonic non-decreasing function of R and lim;_,., M*(x, x,t) = 1,
where M™ is called a fuzzy inner product function on ¥ and (V, M* ) is called a fuzzy inner product
space.
Definition (2.2) [7]

Let V be a linear space over a field F. A fuzzy set V:V x R — I such that the following holds for
all u,vinVandcinF :
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(W1)forall t € Rwitht <0, N(u,t) =1;
(W2)forall te R witht >0, N(u,t)=0 ifandonlyifu =0;

(W3)forallt € R Witht>0,]\f(cu,t)=]\f(u,|—ctl if 0#c €F ;

(WV4)forall s,teR , N(u+v,s+t) < max{N(us), N(v,t)} ;
(V5) V' (u, t) is a decreasing function of t € R and Lim;_,o, N (u,t) =0,
where V' is said to be a fuzzy anti-norm on V and (V, V) is called a fuzzy anti-normed linear
space.
Later on, the following condition of fuzzy norm IV will be required:
(Wv6) forall te Rwitht >0, N(u,t) <1 impliessu=0.
Definition (2.3) [7]
Le V be a fuzzy anti-norm on V satisfying (V'6). Define
lullz = inf{t >0:Nu,t) < a,a € (0,1]}.
Theorem (2.4) [7]
Let (V, V) be a fuzzy anti-normed linear space. Then {||ul|,: @ € (0,1]} is a decreasing family of
normson V.
I11. Fuzzy anti-inner product space
The definition of fuzzy anti-inner product space on a complex linear space is introduced and some of
its results are investigated.
Definition (3.1) [8]
Assume that V is a linear space over the filed C of complex numbers. Define
M°: V2% x C - I to be a mapping such that the following holds for all x,y inV and ¢, s in C:
Fa-IP1) M°(x +y,z, |t] + |s|) < max{M°(x, z, |t|), M°(y, z, |s|)} (
Fa-1P2) M°(x,y,|ts|) < max { M°(x, x, [t]*), M°(y, ,1sI)} (
Fa-IP3) M°(x,y,t) < M°(y,x,t) (
Fa-IP4) M°(ax,y,t) < M° (x,y,ﬁ) 0% a€eC(
Fa-IP5) M°(x,x,t) =1 VteC\ R*(
Fa-IP6) vVt >0, M°(x,x,t) =0 ifand onlyifx =0 (
(Fa-IP7) M°(x,x,.): R = I is a monotonic non-increasing function of R
and lim;_,,, M°(x,x,t) =0.
Where M° is called a fuzzy anti-inner product function on ¥ and (V, M°) is called a fuzzy anti-inner
product space.
Example (3.2)
Assume that (V, <, >) is an inner product space over C. A function M°:V2xC — I is defined by

1 if t< |<x,y>|
M° (x,y,t) =<0 if t> |<x,y>|
1 VteC\R
Then M° is a fuzzy anti- inner product space on V.

Proof:
(Fa-1P1) Consider the following cases:
Case (i) ifone of |t| < |<x,z>| ,|s| < |<y,z>| holds, then
max{ M°(x, z, |t]), M°(y, z, |s|)} = 1 and obviously
Me(x+y,z|t] + |s]) =0 < max{ M°(x, z, |t]), M°(y, z, |s])}
Case (ii) let |t] > |<x,z>| and |s| > |<y,z >|
= tl+ Is|> I<x+y,z>|

W Me(x+y,z |t + |s]) = 0 < max{ M°(x, z, |t]), M°(y, z, |s])}
(Fa-IP2) We observe that |s|? > |< x,x >|and |t|? > |<y,y >|
= [s|20t)? > < x,x > <y, y > = ||x]|* . [Iy|I?

Is[.1el>1lxll -yl =

|st|>]x][.llyll =
so (Fa-1P2) follows.
Next (Fa-1P3) (Fa-IP5) and (Fa-1P7) hold obviously.
(Fa-1P4) If t € (C \ R*), then the result is obvious.
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Fort € R*,0 # a € C, then the property follows from the fact that
< ax,y >| = |all<x,y >|
(Fa-IP) If x =0 =2<x,x>=0=2Vt>0,|<x,x>|>t
= M°(x,x,t) =0
Conversely, if vt >0, M°(x,x,t) =0=>Vt>0,|[<x,x>|>t
=><xx>=0>=>x=0.

This completes the proof.
Proposition (3.3) [8]
Let (V, M°) be a fuzzy anti-inner product space. Then for x,y,zinV and s,tin C
() M,y +zItl+ |s]) = M°(x, y, [tD V M°(x, z,|s])

(ii) Fora € Canda # 0, M°(ax,y,t) =M°(x,ay,t)
(iii) vt eRandt >0, M°(Q,Q, t) < M°(x,y,t)
Note (3.4) [8]
Assume that M° satisfies the condition:
(Fa-IP8) Vit > 0,M°(x,x, t3) <1=x=0
Let (V,M°) be afuzzy anti-inner product space, satisfying (Fa-IP8).Then v a« € (0,1),
x|z = A {t>0: M°(x,x, t?) <1—a} isacrispnormon V, called the

« —anti norm on V generated from M°.

In the sequel we shall consider the following condition:
(Fa-IP9) V x,yin V and p,q inR,
M(x+y,x+y,2q)VM°(x —y,x —y,2p*) < M°(x,x,p>) V M°(y,,q%)
Theorem (3.5) [8]
Let M° be a fuzzy anti-inner product on the V' defined function v, as follows:
N(x,t) = M°(x,x,t?) YVt€ERand t >0
=1 VteERand t <0
Then V' is a fuzzy anti-normon V.
From now on, if (Fa-1P8) and (Fa-IP9) hold for each a € (0,1), then
x|z = A{t>0:M°(x,x, t?) <1—a}is an ordinary anti-norm on V satisfying parallelogram
law.
So, by using polarization identity, one can get an ordinary inner product, called the a-anti-inner
product, as follows:
<x,y>,=Xo+iYy
where X5 = (llx+yllZ - llx = yll2)

and Yy = ;(llx+ iyl - llx — iyll:?), wherea € (0,1).

Definition (3.6)

V is said to be anti-level complete (AL-complete). If (VV, M°) is a fuzzy anti-inner product space
satisfying (Fa-IP8) for any € (0,1) , then every Cauchy sequence converges in ¥V w.r.t the a-anti-
norm ||x||; generated by the fuzzy anti-norm N which is induced by fuzzy anti-inner product M°.
Theorem (3.7) (Minimizing vector)

Let (VV, M®) be a fuzzy anti-inner product space satisfying (Fa-IP8) and (Fa-1P9), let M (# @) be
the convex subset of ¥V which is anti-level complete, and let x € V. Then for each « € (0,1), 3
v, in M such that

(;2* =infy ey { m§,“)*} ,where
mj(,a)* =A{teE R*"Nx—yt)<1l—a}
M°. IV is the fuzzy anti-norm induced by fuzzy anti-inner
Proof:

We note that if (V, M°) is a fuzzy anti-inner product space, then for each « € (0,1), (V,|l.]l3) is a
crisp anti- normed linear space satisfying the parallelogram law. Again

m

my = llx =yl
Hence the result follows from the corresponding crisp minimization vector theoremin (V, ||. [|%).
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Theorem (3.8)
M¢ is a fuzzy anti-inner product space on V if and only if 1 — M° is a fuzzy inner product space

onVl.
Proof: Forx,y,zin V andt,sinC
(Fa-1P1) max{ M°(x, z, |t]) ,M°(y, z, |s|)}
=1—max { M°(x,2z|t]),M°(y,z |s|)}

=min{ M"(x,z [t]) ,M*(y,z|s])}
< M*(x+y,z|t| + |s])

>1—- M (x+yzl|t|+|s]) =M(x+y,z]|t] + |s])

(Fa-1P2) max { M°(x, x, |s|?) , M°(y, y, [t|*)}
=1—max {Mo(x,x, |S|2) !Mo(y;y; |t|2)}
= min {M*(x,x,|s|*), M*(y,y, [t]*)}
< M*(y,z|st])
> 1—-M"(y, z]|st]) = M°(y,z,|st|)
(Fa-1P3) M°(x,y,t) =1— M*(x,y,t)
=1- M*(y,x,f) = M°(y, x,f)
(Fa-1P4) M°(ax,y,t) =1— M*(ax,y,t) for0O+a€ecC

t t

1 (o, Ial) we (., |a|>
(Fa-IP5) M°(x,x,t) =1—M*(x,x,t) =1—-0=1 VteC\R*
(Fa-1P6) M°(x,x,t) =1—M*"(x,x,t) & x=0
=1-1 x=0

=0 © x=0

(Fa-IP7) We have M*(x,x,.):R > I is a monotonic non-decreasing function and
limg_,o M*(x,x,t) =1

then M°(x, x,.): R — I is a monotonic non-increasing function and

lim M°(x,x,t) =1 —1limM*(x,x,t) = 1—-1 =0

t—oo t—o0
Hence (V, M°) is a fuzzy anti-inner product space.
Theorem (3.9)
Let (V, V) be a fuzzy anti-normed linear space. Suppose that for x,y,zin V and t,s,rinC,
max{V (x, |st]), N (v, |st])} < max{V(x,|s|>), N (y, [t|*)}
Define M°:V2xC -1 as M°(x,y,s +t) =1
ifx=1vy and s+t € C\R* and elsewhere as
Me(x,y,s +t) = N(x,|s]) A My, lt])

Then M?° is a fuzzy anti-inner product on V.
Proof: Forx,y,zin V andt,sinC,
(Fa-IP1) M°(x +y,z,|s| + |t]) = M°(x +y,z|s| + |t| + 0)

= Nx+yls|+1t]) A N(z0)

= N +yls|+1t)

< max{ N (x, |s]), M (y, |t])}

= max{ M°(x,z,|s|),M°(y,z|t]}
Fa-1P2) M°(x,y, |st]) = N (x,|st]) A N (y, |st])(
max { NV (x, |st]), N (y, [st])}
max { N (x, [s|), V' (y, [t]*)}
max { M°(x, x, |s|?), M°(y,, |t|*)}

(Fa-IP3) M°(x,y,t) = N (x,|¢]) = v (x,t])
=M(x,y,t) =N (y, m)

A -

= M°(y,x,t)
(Fa-1P4) For a # 0

|t |t
M°(ax,y,t) = N(ax, |t]) = N(x,— =M°|x,y,—
Y ja] ar
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(Fa-1P5) By definition vt € C\R*, M°(x,y,t) =1
(Fa-IP6) M°(x,x,t) =0 vt >0
S N(x|th=0 vt >0
ox=0
Hence (V, M°) is a fuzzy anti-inner product space.
Theorem (3.10)
Let (V,M°) be a fuzzy anti-inner product space satisfying (Fa-1P8) and (Fa-1P9) and <,>, be a-
anti-inner product V a € (0,1).
Define a function
Me:V2xC -1 as M°(x,y,s+t)=1
if x =yand t € C\R* and elsewhere as
M°(x,y,t) =N { a € (0,1):|<,>,| = |t]}
Then M° is a fuzzy anti-inner product on V if |<, >, | is a decreasing function of R.
Proof: For x,y,z,in V andt,s,inC,
(Fa-1P1) To prove that M°(x + y,z,|s| + |t]) < max { M°(x, z, |s|), M°(y, z, |t])}
Let p =M°(x,z|s|) and q = M°(y,z |t]).
Without loss of generality, assumethat p < q andlet0 <r<p < q
Then30 < a <r suchthat |[<x,z>,|> |s|and
30<pB <r suchthat |[<y,z>g|> |t|
Let 0< y=aVpB<r.Thus
|< x,z>, | > 1< x,2>,| > |s]
and
< yz>,|>|< y.z2>5|> It
[ Since |<, >, | is a decreasing function ]
va|<x+yz>ﬂ=f<mz>r+<yj>”
< |< x,z:>y|—k|< )a2'>y|
> |s| + [t]
Therefore M°(x +y,z,|s|+ |t]) < y <7, sincer > 0, thus
M°(x +y,z|s| + |t]) < max{ M°(x,z, |s|),M°(y, z, |t])}
(Fa-1P2) To prove that
M°(x,y, |st]) < max { M°(x, y,|s]*), M°(x,y, |t|*)}
Let p = M°(x,y,|s|?) and q = M°(x,y,|t|?).
Without loss of generality, assumethat p < g andlet0 <r<p < q
Then3 0 < a <rsuchthat|<x,y >, |> |s|?and
30 < B <rsuchthat |<x,y>p|> [t|?
Let 0<y=aVp<r.Thus
|< x,y>, | > 1< 2,y >, 1> [s|?
and
|< x,y>, | >|< xy>p|> [t]?
[ Since |<, >, | is decreasing function ]
Therefor  |< x,y >},|2 > [sl2t)? = |< xy >, | > [st]
therefore M°(x,y,|st]) < y <, sincer > 0 is arbitrary, thus
M°(x,y, |st]) < max{ M°(x,y,|s]%), M°(x, y, [t]*)}
(Fa-IP3)Fort € C, M°(x,y,t) = M°(x,y,t) =1
ifx =yand vt € C\R*
Now lett € C and x # y, then
Me(x,y,t) =N { a € (0,1):|<x,y>,|= It]}
=A{a€e01)l<x,y >, = |[t|}
= M°(x,y,t)
(Fa-IP4) For c € C,
Mo(cx,y,t) =N { a € (0,1): |<cx,y >, | = |t}
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=A{ae):]c]|<x,y > |2 [t|}

t
=A{aeOl):]c]|<x,y >|=2 %}

t
= M° (x,y,m)
(Fa-1P5) By definition M°(x,x,t) =1 Vt€ C\R"
(Fa-IP6) V't > 0, M°(x,x,t) =0
S AN{ae0l)|<x,x>,|=|t]}=0

e <x,x>,=0
< x=0

(Fa-IP7) vVt >0, M°(x,x,t) =N { a € (0,1): |[<x,x >, | = |t}

=A { € (0,1):lxll> = [t}
=A{ a€01):]xlley = vt}

Now t; < t, = t; < V't

={aeO:llxlle> Jt:} © { @€ OD:llxlle = |2}
>A{aeOD:lxlle = Jt: } < A{ ae (OD:Ixlle = /12 }

= M°(x,x,t) < M°(x,x,t5)
Therefore M°(x,x,.): Rt — I is decreasing and lim;_,., M° (x,x,t) = 0.
Thus M° is a fuzzy anti-inner product on V.
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