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Abstract

In this work, we find the terms of the complex of characteristic zero in the
case of the skew-shape (8,6, 3)/(u,1), where u = 1 and 2. We also study this
complex as a diagram by using the mapping Cone and other concepts.
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1. Introduction

Let R be commutative ring with identity, F is a free R-module, and D;F is the divided power
algebra of degree i.

The complex of characteristic zero in the case of the partitions (2,2,2), (3,3,3) and (4,4,3) was
illustrated by other authors [1,2,3],, while others [4] presented the diagram of the complex of
characteristic zero in the case of the partition (8,7,3). Other articles [5,6] found the resolution of
Weyl module for characteristic zero in the case of the partition (8,7,3) by using the mapping Cone
[7].

In this work, we used the same idea where we consider the complex of skew-shape
(8,6,3)/(u,1) where u = 1 and 2 as well as the diagram of the complex of characteristic zero in
skew-shape (8,6,3)/(u,1) where u = 1 and 2, using the mapping Cone after we illustrate the terms

of that complex. The map ai(]f ) means the divided power of the place polarization d;; where j

must be less than i, with its Capelli identities [8]. So we need the identities below
0% 005 = Foso  (—1)°0% @ 004 0 09 (L)
05 000 = Tpso 0005, 0059 (12
2. Complex of characteristic zero for the skew-shape (8,6,3)/(1,1)

2.1 The terms
To find the terms of our case (p,q.r,tty), we used the following [7]:
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0
o, {@H1tl+2)[(q=t1 = DI =tz =1)) , (DI +t2+ DI —t; = 1))
- + el + DI — [t] = 2)) —> @ — @
P+t +Dllg +tz + DI — [t] - 2)) ((p+t:+Dl(g +t; — DI

)
— (@ 1@I())
where |t| = t; + t,.
In our case, i.e. (7,5,3;0,1), the complex of characteristic zero has the following terms:

D,oF ® D,F ® D,F
0 - DyoF @ DsF @ DyF — @
DgF ® D,F ® DyF
D,F ® D,F ® D,F
> @ - D,F ® DsF ® D3 F
DgF @ D,F @ D5F

2.2 The diagram
Consider the following diagram:

i Iz
D,,F® D.F ® D,F —— D,,F @ D,F® D, F—— D,F ® D,F @ D,F

A

Ry : ha B ha

D,F ® D.F ® D,F—— D,F ® D.F ® D, F——D.F ® D,F ® D,F
Where

f1(): D;oF @ DsF @ DyF — D;oF @ D,F ® D,F , such that
fi(v) = 03,(v) ;v € D1oF @ DsF & DoF
h1(v): D1oF @ DsF @ DoF — DgF ® D;F ® DyF , such that hy(v) = 852 (v) ;v € DioF ®
DsF ® DyF
9, ): D;F ® D,F @ D; - D,F ® DsF @ DsF , such that
92(v) = 32 (v); v € D;F ® D,F ® D,F
h,(v): D1oF @ D,F @ D;F - D,F @ D,F ® D, F, such that
h,(v) = 052 (v); v € D1oF ® D4F @ D, F
hs(v): DgF @ D,F ® DsF — D,F @ DsF @ D3F, such that
h3(v) = 0,;(v); v € DgF Q D,F @ D3F
And we define g; (v): DgF @ D;F @ DoF — D;F @ D;F @ DiF by g1(v) =5 035 © 951 —
031 ;v € DgF @ D;F ® DyF
Proposition (2.1): The diagram A is commutative.
Proof: We must prove that (h, ° f;)(v) = (g1 ° hy)(v)

(hy © f)(¥) = 057 © 33, (1) = 0xz ° 057 — 052 0 034, and
(91 °h) () = (5 033 0031 — 631> ° 62(? =03z © az(i) - az(i) ° d3q

Implies that (hy o f1))(v) = (gL h)(v). =
Now we define

f2(v):D1oF @ DyF @ D1F » DgF @ DyF & D3F by
L@, 1 @)
fo(v) = 3 0,1 © 033 +§ 02100330031 + 03
Proposition (2.2): The diagram B is commutative.
1@, @ 1 @)
(hs o £)(0) = 031 (5 057 0 03 +5 810 03005, +07)

=000 4+ 02 005,05, + 0y 00
Where
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(92 o hp)(w) = 053 0 057
By Capelli identity (1.2), we get
(g2 )W) = 8 0 03 + 057 0 03,0031 + 01 0 057
21 32 21 31
Implies that (hz ° £,)(v) = (g2 ° ha) ().

Now consider the following diagram:

N Iz
Dl{]F ®‘ DSF ®‘ D{]F — Dl{]F ®‘ D4F ®‘ DlF—:’ DEF @‘ D,_i,F ®‘ D3F

MM =z

hy G ha

g1

Gz
DsF & D, F & DoF D,F® D,F® D;F—— > D,F ® D<F ® D3F

Define z(v): DgF Q D;F @ DyF = DgF @ D, F @ D3F by

z(v) = 6353) where v € DgF @ D;F Q DyF
Proposition (2.3): The diagram M is commutative.

L@, 1 @
(o o )W) = (5 05 0 08 + 5 021 0035 0031 +057) 05, (v)
= 0200 18,005 002 +02 00,
(z o hy)() = 05 0 9P (v)

And from (1.2)

=0 002 40,005, 002 +02 00,
Which implies that (£, o f;)(v) = (z o hy)(v), which means that the diagram M is commutative

Proposition (2.4): The diagram G is commutative.
Proof: From (1.1), we get

(hs © 2)(V) = By © 053 (v) = 853 © 0y — 053 0 B3,
But (g, °9.)(w) = ag) ° (% 033 00,1 — a31) = 053) °© 0y — 63(? ° 031
Which implies that (hs o z)(v) = (g, ° g1)(v), which means that the diagram G is commutative
Eventually, we define the maps o, o, and a3 where:
03: D1oF @ DsF ® Do F
DioF @ D,F Q D1 F
— @
DeF @ D;F @ DyF

03(x) = (f1(x), h1(x)); V x € D1oF @ DsF @ DoF

D1oF @ D,F Q D1 F DgF @ D,F Q D3 F
0y: @ — @
DgF Q D;F Q DyF D,;F @ D;F Q D F

02((x1,x2)) = (fz (x1) — 2(x3), 91 (x2) — hz(x1)) ;
Vx €D oF ® D,F Q D1F DgF @ D,F Q DyF
DgF Q@ DyF Q@ D3F
0q: @ - D7T ®D5? ® D3T
D,F Q@ D, F Q D1 F
01((x1,x3)) = (h3
+ 92 (xz))
Vx €DgF QD,FQD3;F D,FQD,FQ D, F
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Proposition (2.5):

o, D10F ® D4F @ DiF | DgF @ D4F ® D3F

0 = D;oF @ DsF @ DoF — @ — @
DgF @ D,F ® DoF  D,F @ D,F @ D,F
5 D,F @ DsF @ D3 F

is complex.
Proof: From the definition of place polarization, we have d,, and d5, are injectives [9], and we
get o3 is injective.

Now
(02 003)(x) = 02(f1(x)’h1(x))
=03 (532(95)' 521(2)(95))
= (£0520) = 2 (0212) .91 (0P 0)) — hx(05,0)))
So

f2 (832(95)) —Z (62(? (x))
1 1
= (505 0 05 +2 0210033205, +052) 0 03(x) — 053 0 0, P (x)
= (021 0 057 + 014035 P 03y + 053 0 031 — 053 0 05, @) (x)
=( ()621(2) 0053 + 051 0053 0031 + 053 003y — 57 0053 — D50 0055 0 03y —
955 © 931)(x) = 0

g1 (az(i) (x)) —h, (632(x))
= G 032 © 031 — 831) ° 621(2)()5) - az(i) ° 03,(x)
= (032005 — 031005, — 35 0 03)(x)
By using (1.2) again
= (62(?1’) °ds; + 621(2) ©d3; — 031 ° 621(2) - az(i) ° d37)(x)
=0
So, (03 0 g3)(x) = 0.
And
(010 f{z)(xpxz) = U%(fz (1) — z(x3), g1 (x2) — hy(x1)) L
2 2 2
= 01(5 62(1) ° a?Ez) + 5 021 © 033003, + 6351))(951) - ag)(xz)' (g 033 © 031 — 031)(x2) —
A ED))
1 1
=0y © (§ az(i) ° ag) + 3 0210030031 + aygi))(xﬂ - 63(,3)(952)) + 632(2) °

(G 2 91— 851 () — 05 x2)
= (az(i) ° E)g) + 62(? © 0330031 + 0z ° 63) —o a§§) ° 62(?1’)) (x1) +
(05 0 951 — 02 0 031 = 931 293 (x)
= (az(i) ° 83(3) + az(i) ©03 0031 +0;1° 531(2) - az(i) ° 63(3) - az(i) 003 ©031 — 0210

05) (x1)
+ (621 o 63(3) + 63(5) o 631 - ag) o 631 - 621 o a:g)) (xZ) = 0 |

3. Complex of characteristic zero for the skew-shape (8,6,3)/(2,1)
3.1 The terms
The authors in a previous work [7] gave the terms in the general case (p,q,r,t. ), as follows
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(p+t,+ 1) (g —t; — DI())
0—(p+tl+D) -t =T —t; - 1) - @ —

(@ (@ +1t+ DI(r —t; = 1))
(@ [(@DI(r)

Where |t| = t; + t,.
In our case, i.e (6,5,3;1,1), the complex of characteristic zero has the terms as follow:

DgF ® D3F ® D3F
0 > D;oF @ DsF @ D,F > @ - DsF @ DsF @ D3 F
D4F ® D,F ® D,F

3.2 Complex of characteristic zero as a diagram
Consider the following diagram

T
D,oF&® D3F ® D,;F—— > DgF ® D3F&® D3F
™~
.Ir"i:l kz

DgF O DF oDy F

DgF G0 DsF G0 D3 F

Where
ki(v): D1oF @ D3F @ D;F = DgF @ D,F @ D F, such that
ki(w) =P (w) ;v e D F® D;F Q@ DiF

k,(v): DgF ® D3F ® D3F — DgF ® DF ® DsF, such that
k(v) = 0 (v) ;v € DgF @ D3F ® DsF

uz(v):DGF ® D7F ® D1 4 D6F ® D5F ® D3F
u,(v) = 02 (v) ;v € DgF ® D;F @ DF

Now we define 1, (v): DyoF ® DsF ® D,F > DgF @ DsF @ DsF by
1 o 2,1 @
u(v) = 3 0,7 ° 055" + 3 021 © 033 © 031 + 03]

Proposition (3.1): The diagram N is commutative.
Proof:(u, o ky)(v) = 82 0 0S¥ (v)
By using (1.1)
= 057 0 03 + 0,7 0 035 0 031 + 057 0 057
We have
1 1
kyou(v) = 62(?0 ( 6 62(?0 ° a:g) + 3 021 © 03300031 + a31(2))
= 08 003 + 0 005, 005, + 057 0 0
which implies that k, o u;, (v) = u, o k4 (v), which means that the diagram N is commutative. m

Eventually, we define the maps ¢, and ¢, as follows:

2(x1) = (—u1(x1); k1(x1)) ;V x1 € DioF ® D3F Q D F

01((x1,x3)) = (kz (1) + uz(xz)) ;Vx1 € DgF ® D3F @ D3F,x; € DgF @ D;F Q D F
Proposition (3.2):
o, DsF ® DsF ® D3F
0 > D;oF @ D3F @ DF — @ — D¢F @ DsF @ D5 F
D¢F ® D,F @ D,F

is complex.
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Proof: As previously shown [9], place polarizations d,, 93, ,and d3, as injectives, which implies
that ¢, is injective

1 1
P1o02(x1) = @4 <— (g 62(? ° 33(3) + § 0210033 0031 + 631(2)) (x1),az(i) (x1 ))

= (62(?_)(351) + 63(3)(36'1)) o (% az(i) o a:g) + % 621 o 632 o 631 + 631(2)) (xl), az(i)(xl ))
=057 (% 05 00 + % 021 00330031 + 631(2)) (x1) + 055 © 057 (xy)

== az(i) ° ag) - az(i) ©d3z; 003 — 62(? ° 63(? + az(i) ° 63(§)+62(? °d3zy 003 + 62(? ° 63(? =0
n
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