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Abstract

Let R be a commutative ring with identity and let Mbe a unitary R-module. We
shall say that a proper submodule N of M is nearly S-primary (for short NS-
primary), if wheneverf € S = End(M), x € M, with f(x) € N implies that either
x € N+ J(M) or there exists a positive integer n, such that f*(M) € N + J(M),
where J(M) is the Jacobson radical of M. In this paper we give some new results of
NS-primary submodule. Moreover some characterizations of these classes of
submodules are obtained.
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1. Introduction

Throughout this paper all rings will be commutative with identity and all modules are unital. A
proper submodule N of an R-module M is called primary if for any r € R and x € M such that rx € N
implies that either x € Nor r™ € [N:M] = {s € R; sM € N}, for some n € Z*,[5]. The termof S-
primary submodule was introduced, in [7] as follows: A proper submodule, N of an R-module M is
called S-primary,if for f € S=End(M)and m € M with f(m) € N,implies that eitherm € N
orf™(M) € N for some n € Z*. The notion of nearly primary submodule (for short N-primary
submodule) was given in [6], we say a proper submodule N of an R-module MN-primary submodule,
if whenever r € R, m € M, such that rm € N, then either m € N + J(M) orr® € [N + J(M)],for
some R € Z*. This paper contains a new class of submodules, which is called NS-primary
submodules. This type of submodules defined as follows: if N is a proper submodule of an R-module
M, we say that N isNS-primary submodule if wheneverf € S = End(M), x € Msuch that f(x) € N,
implies that either x € N + J(M)orf™(M) € N + J(M)for some n € Z*. Various properties of NS-
primary submodules are introduced, as well as we prove a new characterization for this type of
submodules.
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2. NS-primary submodules

Recall that a proper submodule N of an R-module M, is said to be S-primary submodule, if whenever
(m) € N, for some f € End(M)and m € M, then either m € N or f®(M) € N forsomen € Z*,[ 7].
We introduce the following definition.

Definition(2.1)

A proper submodule N of an R-module M is called nearly S-primary submodule (for short NS-
primary submodule), if whenever f(m) € N, for some f € S = End(M)and m € M, implies that
either m € N + J(M)or f™*(M) € N + J(M), for some n € Z*.

Remarks and examples (2.2)
1) Every S-primary submodule N of an R-module M is NS-primary submodule of M.
Proof:

Suppose that, f(m) € N wheref € End(M)andm € M. But N isS-primary submodule of M, then
either m e Nor f™(M) € N, for somen € Z*, from this we get that either m € N+ J(M) or
f*(M) € N + J(M), this complete the proof.

The converse of the previous remark is not true in general for example, let N = (i +Z) be a

submodule of Z,~ as Z-module, where p is a prime number and iis a non-negative integer, ](Zpoo) =
Zp. Then N is NS-primary but it is not S-primary.

2) Every NS-primary submodule of an R-module M is N-primary.

Proof:

Let N be an NS-primary submodule of M, suppose that rm € Nforr € R, m € M. Assume
that m ¢ N + J(M). Definef:M — M,by f(x) = rx, x € M. Now, rm = f(m) € N, but N is NS-
primary submodule of M and m & N + J(M), therefore there exists a positive integer n withf™(M) <
N + J(M), and hence r™*M < N + J(M), this implies that a submodule N is N-primary.

The following example shows the converse of the previous remark, is not true in general.

Let M = Z, + Z as Z-module, where p is a prime number and let N = {0}®pZ. J(M) = 0 one can
show that N is a primary submodule , and hence by [6] N is N-primary. Now, define f: M — Mby
f@,m) = (0,m) for all(i,m) € Z, + Z. Clearly f € End(M), f(1,p) = (0,p) € {0}®pZ. But
(1,p) € N+J(M) and for all positive integer n, f™(Z, +Z) = {0}®Z & {0}®pZ. Therefore
{0}®pZ is not NS-primary submodule of M.

3) The intersection of any two NS-primary submodules of an R-module M, is not necessary NS-
primary submodule of M. For example, let M be the module Z¢ as Z-module, where J(Zg) = 0. Let
N; = (2) and N, = (3) be submodules of Z¢, we see that both N; and N, are NS-primary submodules
of Z¢ as Z-module, but N; NN, = {0} is not NS-primary since it is not N-primary submodule.

Let us prove the following proposition.

Proposition (2.3)

Let K be an NS-primary submodule of a module M, and let N be a submodule of M with J(N) =
J(M), if N is M-injective then either N € K or K n Nis NS-primary submodule of N.

Proof:

Suppose that N € K, then KN N is a proper submodule of N. Let f(x) e KNN where f €
End(N)andx € N. Suppose that x & (KNN)+J(N) = (K+J(N))NN. Thus x & K+ J(N), we
have to show that f™(N) € (KN N) + J(N) for some n € Z*.

Now, Consider the following diagram

0—>N—i>M
flv h
N

Where i is the inclusion map.

Since N is M-injective, then there exists h: M — Nsuch that h o i = f. Clearly that h € End(M).
But f(x) =heoi(x)=h(x) € K. Since K is NS-primary submodule of M and x ¢ K+ J(M),
therefore there exists a positive integer nsuch that h™*(M) € K+ J(M).Alsof*(N) = (ho i)"(N) =
h™(N) € Nand f™*(N) = h™(N) € h™(M) € K+ J(N) n N. Therefore f™*(N) € (KN N) + J(N) and
hence K N N is NS-primary submodule of N.
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Now, we give the following characterization.
Proposition (2.4)
Let M be a nonzero R-module, then {0y} is N-primary submodule of M, if and only,if Ann(N) €

V[J(M): M], for all nonzero submodule N of M.
Proof:
Suppose that N is a nonzero submodule of an R-module M and {0y} is N-primary submodule of
M.
Let r € Ann(N), since N # 0, so there exists x € N with x # 0. Now rx = 0, But {0y} is N-primary

submodule of M, then r™ € [ J(M): M], where n € Z*, hencer € \/[J(M): M].
Conversely, let rx = 0, for some r € R and x € M. Suppose that x & {0y} + J(M), then x # 0.

(x) is a nonzero submodule of an R-module M and hence by assumption Ann({x)) < /[ J(M): M].

But r € Ann({x)), thus r € \/[ J(M): M], this implies that, there exists a positive integer s such that
rs € [J(M): M]. Therefore {0y} is N-primary submodule of M.

Recall that an R-module M is said to be multiplication if for each submodule N of M, there exists an
ideal | of R such that N = IM, [4].

The following proposition gives a characterization forNS-primary submodule.

Proposition (2.5)

If M is a nonzero multiplication R-module, then {0y }is N-primary submodule of M, if and only, if
it is NS-primary submodule.
Proof:

Let f(m) = 0, where f € End(M), and m € M. Assume that m & {0y} + J(M), then m # 0. We
have to show that there exists a positive integer n such that f™(M) < J(M), since m # 0, then
0 # (m) = IM, for some ideal | of R. Now, if f(M) = 0, then we are done,thus suppose that f(M) #
0, hence there exists a nonzero ideal K of R such that f(M) = KM. Now, 0 = f((m)) = If(M) =
I(K(M)) = K(IM), which implies that K < Ann(IM). But by proposition(2.4), Ann(IM) <

VI[J(M):M], hence K € /[ J(M): M], this implies that f™(M) < J(M) for some positive integer n.
Therefore {0y} is NS-primary submodule of M. The converse side from (remark (2) in (2.2) ).
Definition (2.6)

Let M be a nonzero R-module. If {0y} is NS-primary submodule of M, then M is called NS-
primary module.
Proposition (2.7)

Let M be a multiplication module, then N is N-primary submodule, if and only, if it is N-primary
submoduleof M.
Proof:

Since M is a multiplication module, then %is also a multiplication module by [1, Corollary (3.22)].

From proposition (2.5) N is N-primary submodule of M, if and only, if it is NS-primary submodule of
M.
Definition (2.8) [2]

Let M and M' be R-modules, the module M is called M-projective, if for every

homomorphism f: M* - % ; Kis asubmodule of M can be lifted to a homomorphismg: M* — M.
We are ready to prove the following proposition.
Proposition (2.9)

Let f:M — M" be an R-module epimorphism. If N isNS-primary submodule of M withkerf < N,
then f(N) is NS-primary submoduleof M*, where M" is M-projective module.
Proof:

First, we must prove f(N) is a proper submodule of a module M". Suppose that f(N) = M’, then
f(N) = f(M). Therefore M = N, which is a contradiction. Now, let h(m") € f(N), where h €
End(M") ,m" € M". Suppose that, m" € f(N) + J(M"). We have provethat A" (M") € f(N) +J(M"); n
iS a positive integer. f is an epimorphism and m" € M" therefore there exists m € M withf (m) = m'.
Consider the following diagram:
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M
kv lh
M —f> M —-o

Since M" is M-projective, then there exists, a homomorphism k,such that f c k = h. But h(m’) €
f(N), this implies that (f o k)(m") € f(N), and hence(f ° k)(f(m)) € f(N).But kerf < N, thus
(ko f)(m) € N.Since N is NS-primary submodule of M and m & N + J(M), then there exists, a
positive integer n such that (k o f)™*(M) € N + J(M). Therefore f((k o f)"(M)) € f(N) +J(M"). By
a simple calculation and since f o k = h, we conclude that A (M") € f(N) + J(M"). This means that
f(N) is NS-primary submodule of M".

Corollary (2.10): If N is NS-primary submodule of M and K ,is a submodule of M with K € N,
thengis NS-primary submodule of % Whenever% is an M-projective module.
Definition (2.11)[3]

A submodule N of an R-module M, is said to be fully invariant iff (N) < N, for each f € End(M).
We need the following two proposition to get a characterization of NS-primary submodules.
Proposition (2.12)

Let N be a proper fully invariant submodule of an R-module M. Suppose that [N: f(K)] € [N +
J(M): f*(M)] for all submodule K of M with N + J(M) & K, for all f € End(M) and for a positive
integer n, then N is NS-primary submoduleof M.

Proof:

Let h(m) € Nwhere h € End(M), and m € M, suppose that m & N + J(M), we must show that
h™(M) € N + J(M) where n is a positive integer.Now,N < N + (m), hence by assumption[N: A(N +
(m))] € [N+ J(M): h"(M)]. But 1€ [N:h(N+ (m))], thereforel € [N +J(M):h"*(M)], which
implies that (M) < N + J(M). Therefore N is NS-primary submodule of M.

Proposition (2.13):

Let N be NS-primary submodule of an R-module Mthen, [N: f(K)] € \/[N + J(M): f(M),
for all submodule K of M with N + J(M) & K,for all f € End(M) and n, is a positive integer.
Proof:

The submoduleN + J(M) of an R-module M contained in K properly, thus there exists x € K and
x € N+ J(M). Assume that r € [N: f(K)] this implies that rf(x) € N. Now, define h: M — M, by
h(m) = rf(m), for all m € M. Clearly h € End(M), also h(x) = rf(x) € N. But N is NS-primary
submodule of M and x € N + J(M), thus there exists a positive integer n such that h”(M) € N +
J(M), this implies that ™" f™(M) € N + J(M), hence r € \/[N + J(M): f*(M).Therefore[N: f(K)] <
VIN +J(M): f(M), for some n € Z*.

Combining (2.12) with (2.13) we have at once the following Theorem.
Theorem (2.14)

If N is a proper fully invariant submodule of an R-module M, then N is NS-primary submodule of
M, if and only, if [N: f(K)] c \/[N + J(M): f7r(M) for all ,submodule K of M with N + J(M) ¢ K,
forall f € End(M) and n € Z*.
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