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Abstract

Numerical simulations were carried out to evaluate the effects of different
aberrations modes on the performance of optical system, when observing and
imaging the solar surface. Karhunen-Loeve aberrations modes were simulated as a
wave front error in the aperture function of the optical system. To identify and
apply the appropriate rectification that removes or reduces various types of
aberration, their attribute must be firstly determined and quantitatively described.
Wave aberration function is well suitable for this purpose because it fully
characterizes the progressive effect of the optical system on the wave front passing
through the aperture. The Karhunen-Loeve polynomials for circular aperture were
used to describe wave front deviations and to predict the initial state of adaptive
optics corrections. The results showed that increasing the aberration modes causes
an increase in the blurring of the observed image. Also, we conclude that the optical
phase error is increased significantly when aperture’s radii are increased.
Keyword: Karhunen-Loeve, Zernike Polynomials, Wave Front Aberration, Solar
Adaptive Optics, and PSF.
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Introduction
Adaptive optics (AO) allow ground based telescopes to achieve their theoretical diffraction-limited
resolution by compensating for the blurring effects of the Earth’s atmosphere. Over the past two
decades, the high angular resolution provided by AO coupled with the largest telescopes and modern
science instruments became an important tool for studying and understanding our universe [1].

Using Karhunen-Loeve polynomials for generating atmospheric turbulence was introduced. This
method takes into account the temporal and spatial effects of simulating atmospheric turbulence on the
observed images [2]. In addition, the use of Karhunen-Loeve polynomials was introduced rather than
using Zernike polynomials, as they are a statistically independent set of orthonormal polynomials [3].
The analysis is based on the decomposition of the distorted wavefront over the aperture in an
orthonormal series with randomly independent coefficients [4].

Model Approach
In the case of a modal representation, the estimate represents a coefficient of an aperture function. The
wave front is represented by a set of functions; each function is valid over the whole aperture. They
have to be linearly independent; the phase can then be given by [5]:

K

B(x,y) = Z A Zy (%, y)
k=1
where a,, are the coefficients and Z,, are the functions. Karhunen-Loeve polynomials will be discussed
to approximate the wavefront.

Karhunen-Loeve Polynomials

Karhunen-Loeve (KL) polynomials are each a sum of Zernike polynomials. However, they have
statistically independent coefficients [6]. This is important due to the nature of atmospheric
turbulence, as described by the Kolmogorov model following Kolmogorov statistics [7]. KL
polynomials are given as [8]:

N
Ky(p,0) = ) by e (1)
=1

where by, ; is the constructing matrix of KL polynomials (Table-1) and N is the number of Zernike
orders in which the KL order j is represented.

Table 1- b, ; Matrix for Constructing KL Polynomials [9]

by, =1 by 15 = —0.277
by, = 0.999 by 31 = 0.043
by, = —0.032 by 45 = —0.003

b1 = 0.002 bg.1o =0.033
by 53 = 0.999 bg 1o = 0.955
bsg = —0.032 b3z = —0.297
b1, = 0.002 bg 49 = 0.050
b5 = 0.984 bs,, = 0.033
by1p = —0.179 by, = 0.955
by,s = 0.019 b6 = —0.297
bs ¢ = 0.984 bo,26 = 0.050
bs13 = —0.179 bo4e = —0.004
bs 24 = 0.019 bios = 0.033
be.s = 0.984 biog = 0.955
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b6,11 = _0.179 b10,17 = _0.297
b6,22 = 0020 b10'30 = 0050
b7'9 = 0.960 b10,47 = —0.004

To make a realization of a wave front after being distorted by the Earth's atmosphere, Fried derived
Zernike-Kolmogorov residual errors. Thus, a wave front can be represented as [10]:
M

wavefront(p,0) = Z ai Ki(p,6) ... (2)
i=1

The wavefront is now represented as a sum of KL polynomials with the Zernike-Kolmogorov residual
error weights in thea;'s. Thea;'s in Equation (2), which was calculated from the Zernike-
Kolmogorov residual errors and Aj, were measured through many experimental procedures by Fried
[3, 10], calculated by Noll, and given in Table-2 in terms of D/ry. Thus, a realization of atmospheric
turbulence can be simulated for different severities of turbulence and different apertures [4 and 9].
Compensation of the atmospheric seeing can be achieved using the technology of Adaptive Optics, a
technique which is being pursued by every major ground-based observatory. The technigues of AO are
those by which telescope optics are adjusted on a rapid time scale to compensate for distortions in the
wavefront entering a telescope. It is also possible to apply postdetection corrections to images and
achieve high angular resolution on bright sources with ground-based telescopes [11].

Table 2-Zernike-Kolmogorov residual errors [9, 4]

Zernike Mode Zernike-Kolmogorov residual error

Tip A, = 1.0299(D /1,)%/3
Tilt A; = 0.5820(D/ry)°/3
Focus A, = 0.1340(D/ry)°/3
Astigmatism X Ag = 0.0111(D/ry)>/3
Astigmatism Y Ag = 0.0880(D /153
Coma X A, = 0.0648(D /1,)%/3
Coma Y Ag = 0.0587(D/1,)%/3
Trefoil X Ay = 0.0525(D /19)>/3
Trefoil Y Ao = 0.0463(D/1,)%/3
Spherical Ay; = 0.0401(D /1,)5/3
Secondary Astigmatism X Ay, = 0.0377(D /1)5/3
Secondary Astigmatism Y Ay = 0.0352(D /1,)%/3
Higher orders (J>13) A; = 0.2944(D /14)%/3

KL functions are built on the basis of Zernike polynomial expansion. This approach allows to reduce
KL equations combined into the system of linear algebraic equations which are expressed for matrix
elements analytically in terms of hypergeomatric function [12].

Table 3- Karhunen-Loeve Polynomials up to 4™ order [2]

order Aberration mode
K1 7,
K2 by 223 + by7Z7 + by 16216
K3 bs3Z3 + b3 gZg + b3 17217
K4 bysZs + by12Z15 + by 33253
K5 bseZ¢ + bs13Z13 + b5 24274
K6 beaZs + be11Z11 + be 22222
K7 by9Z9 + by 18Z1g + b731Z31 + by 48Z4g
K8 bg10Z10 + bg 19219 + bg 32237 + bg 49249
K9 bg2Z5 + bg7Z7 + bg 16216 + Do 29229 + bgs6Z4c
K10 b103Z3 + b1ggZs + b10,17Z17 + b10,30Z30 + b1047247
K11 bi114Z14 + b1125Z35 + b11,40Z40 + b11,64Z64
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K12 bi315Z15 + b1326Z26 + b1241Z41 + D1265265

K13 bi35Zs + b1z 12213 + b1323Z23 + b13.38Z38 + b13,62262

K14 bia6Z¢ + b1413Z13 + 1424224 + D1439Z39 + b1463Z63

K15 bisaZy + bis511211 + bys522222 + bis37Z37 + bis 56256 + D1579Z79

Results and Discussion

The first 15 KL polynomials are written and shown graphically in Figure-1 using MATLAB
R2012b.

The effects of turbulence from the point of view of the time-averaged Point Spread Function (PSF)
of the atmosphere are considered. The PSF was simulated by taking the fast Fourier transform of the

Piston

Tilt
Focus A.snaman.sm X Asnamansm ¥
Coma ¥ Trefo:EX Trefo:f ¥
Spherical ~ Secondary Astigmatism X Secondary Astigmatism ¥ Tetra foil X Tezrafmf ¥

.. ‘@ \ 4'5 . e

Figure 1- Graphical Representation of Karhunen-Loeve Polynomials up to 4"
order.
pupil function that is associated with the optical phase error in terms of KL polynomials. Figures- (2-

4) illustrate the estimated time average of the PSF for different types of aberrations KL modes (10
modes).
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Figure 2-The PSF for aberrated circular aperture with KL modes K1- K3 (The first
column is the image shape, the second column is the cross section in terms of visual
angled, and the third column is the cross section in terms of visual angle6,)
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Figure 3-The PSF for aberrated circular aperture with KL modes K4 — K7 (The first column
is the image shape, the second column is the cross section in terms of visual angleé, and the

third column is the cross section in terms of visual angle6,))
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Figure 4- The PSF for aberrated circular aperture with KL modes K8 — K10 (The first
column is the image shape, the second column is the cross section in terms of visual angleé,,

and the third column is the cross section in terms of visual angle,,)

As we know, the ideal shape of the PSF generally assumes perfect axial and rotational symmetry.
Figures- (2-4) show the change rate of PSF shape as well as its wings and difference from the ideal
state. However, it is quite close to the effect of each mode of the optical aberrations. In other words,
PSF image shape is close to the shape of the aberration effect for each aberration mode (like defocus,
astigmatism, coma, spherical aberration, and so on).
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Figure 5-Convolution images with KL aberration modes.
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Figure-5 shows the images of the solar surface in the presence of KL polynomials aberration modes
(image convolution with polynomials). The convolved images show how the resolution of the
observed image can be degraded under this condition.

Now, the comparative analysis of various quality metrics will be presented. In order to provide
substantive results, evaluation with subjective measures requires careful selection of the test subject to
correlate with human perception of image quality. Normalized Root Mean Square Error (NRMSE),
Strehl Ratio (SR), Normalized Cross-Correlation (NCC) and Normalized Absolute Error (NAE) are
the most commonly used criteria for image visual quality assessment. To investigate a relationship
between the fidelity criteria and KL aberration modes (piston, tip, tilt, focus, astigmatism X,
astigmatism y, coma x, coma y, trefoil x and trefoil y), Figures- (6, 7, 8, and 9) are used.
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Figure 8-NCC vs. KL modes for two aperture radii
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Figure 9-NAE vs. KL modes for two aperture’s radii

In the above figures (6, 8, and 9) the fidelity criteria were proportional to the radius of the telescope’s
aperture, which means that with the increase of the telescope’s aperture, the effect of the atmospheric
turbulence will be increased. As we know, the SR metric parameter represents a measurement of the
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optical quality. Figure-7 shows the decrease of SR with the increase of the aberration modes for both
types of aperture radii, as expected. The difference between SR values for the piston mode KL1 for

Iragi Journal of Science, 2021, Vol. 62, No. 7, pp: 2463-2473

two aperture radii shows the high sensitivity for increasing the diameter of the telescope.

To study the relationship between a single aberration mode (focus K4) and aperture’s radii for each

objective fidelity criteria, Figures- (10, 11, 12, and 13) are employed.
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Figure 10- NRMSE for focus (K4) aberration mode vs. aperture radii
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Conclusions

The simulations showed that the average PSF values for aberration circular aperture with KL
modes from K1 to K10 (in Figures- 2, 3 and 4) and their effects on the original image (sun spot) were
demonstrated in the convolved images in Figure-5. Clearly, increasing the aberration mode will cause
an increase in the blurring of the observed image (sun spot). From Figures- (6, 7, 8, and 9) for both
tow aperture’s radii, it can be concluded that the optical phase error in terms of KL polynomials was
increased with the increase of the aberration modes order.

Figures- (10, 11, 12, and 13) showed a relationship between the focus (K4) aberration modes as a
function of aperture’s radii. Evidently, it can be concluded that the optical phase error (focus) was
increased significantly when aperture’s radii were increased. When this increase is larger than 128
pixel radius, the behavior of the phase error is almost stable. Finally, the sum of all KL aberration
modes can be used as an initial state of the adaptive optics process. The suggested future work to
develop our simulation is to use multi-conjugate AO system for more reliable results.
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