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Abstract
In this paper a T'-ring M is presented. We will study the concept of orthogonal
generalized symmetric higher bi-derivations on T'-ring. We prove that if M is a 2-
torsion free semiprime  T'-ring , D,, and G,, are orthogonal generalized symmetric
higher bi-derivations associated with symmetric higher bi-derivations d,, and g,
respectively for all n eN. Then the following relations are hold for all x,y, zeM, ael’
and neN:
(1) Dn(X' y)aGn(y' Z) = Gn(X' Y)aDn(YJ Z) :(0) hence Dn (X! Y)a Gn(y1 Z)+
Gn(x,y)aDy(y,z) = 0.
(i) d, and G, are orthogonal and d,(x,y)aGy,(y,z)=G,(x,y)ad,(y,z)=(0) .
(iil) g, and Dyare orthogonal and g, (x,y)a D, (v, 2)=D, (%, y)ag, (y,z)=(0) .
(iv) d,, and g, are orthogonal symmetric higher bi-derivations .
v)d,G, = G,d, =0and g,D, =D,g, =0.
(vi) G,D, = D,G, = 0.

Keywords: Symmetric Bi-derivations TI'-ring, higher bi-derivations T'-ring,
generalized higher bi-derivations I'-ring ,orthogonal generalized symmetric higher
bi-derivations I'-ring .
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(1) Dl’l(X’ Y)O‘Gn (YI Z) = Gn(Xl Y)O‘Dn (y: Z) :(O) hence Dn (X, Y)a Gn(Y; Z)+

Gn (%, y)aDy(y,2) = 0.
(i) d, and G, are orthogonal and d,(x,y)aG,(y,z)=G,(x,y)ad,(y,z)=(0) .
(iil) g, and Dyare orthogonal and g, (x,y)a D, (v, z)=D, (%, y)ag,(y,z)=(0) .
(iv) d,, and g, are orthogonal symmetric higher bi-derivations .
v)d,G, = G,d, =0and g,D, =D,g, =0.
(i) G,D, = DG, =0 .

1. Introducation
Let M and T be two additive abelian groups, M is called a I ring if the following conditions are
satisfied for any x, y, zeM and «, Bel:
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(i) xay eM

(i) xa(y + z) = xay + xaz
x(a+ B)y = xay + xBy
(x +y)az = xaz + yaz

(iit) (xay)Bz = xa(ypz)

The notion of a T'-ring was first introduced by Nobusawa 1964 [1] and generalized by Barnes 1966
[2] as above definition .It is well known that every ring is I'-ring . M is called prime if xI'MI'y=0
implies that x=0 or y=0 and its said to be semiprime if xI'MI'x=0 implies that x=0 for all x,y € M ,[3]
, also M is said to be n-torsion free if nx=0 ,xeM implies that x=0 where n is positive integer.

In [4] Jing defined a derivation on I'-ring as follows :"An additive mapping d:M—M is said to be
derivation on M if d(xay)=d(x) ay +xa d(y) for all x,y e M and a eI™ .

Sapanci and Nakajima in [5] are defined a Jordan derivation on I'-ring as follows: "An additive
mapping d:-M—M is said to be Jordan derivation on I'-ring if d(xax) = d(x) ox +xa d(x) for all x e M
and a €I . Tt is clear that every derivation of a I'-ring M is Jordan derivation of M".

Ceven and Ozturk in [6] are defined a generalized derivation on I'-ring as follows :" An additive
mapping D:M—M is said to be generalized derivation on M if there exists a derivation d:M—M such
that D(xay)= D(x) ay+ xa d(y) for all x,y € M and o €I" ",also defined a Jordan generalized derivation
on I'-ring as follows:"An additive mapping D:M—M is said to be Jordan generalized derivation if
there exists a Jordan derivation d:M—M such that D(xox) = D(x) ax + xa d(x) for all xe M and o €I’
It is clear that every generalized derivation on I'-ring M is Jordan generalized derivation of M *.

Ashraf and Jamal in [7] are introduced the definition of orthogonal derivation on T'-ring as
follows :" Let d and g be two derivations on M are said to be orthogonal if d(x) I'MI" g(y) =(0)= g(y)
I'MTI" d(x) for all x,y eM ", also Ashraf and Jamal are defined the orthogonal generalized derivation
onT-ring as follows :" Let D and G be two generalized derivations on M is said to be orthogonal if
D(x) I'MI" G(y)=(0)=G(y) TMI" D(x) for all x,y eM ".

In [8] Ozturk et al. are defined a symmetric bi-derivation on I'-ring M as follows: "A mapping
d:MxM—M is said to be symmetric if d(x,y)=d(y,x) for all x,y eM . "A mapping f:M—M defined by
f(x)=d(x,x), where d:MxM—M is a symmetric mapping, is called the trace of d and the trace f of d
satisfies the relation f(x+y)=f(x)+f(y)+2d(x,y) for all X,y eM . A symmetric bi-additive mapping on
MxM into M is said to be symmetric bi-derivation on M if d(xay,z)=d(x,z) ay +xa d(y,z) for all x,y,z
€ M, a el and d is said to be Jordan bi-derivation on M if d(xox,y)= d(x,y) ax + xa d(x,y) for all X,y €
M ,a ¢ " ", and authers in [8] introduced the notion of generalized bi- derivation and Jordan
generalized bi- derivation on I'-ring as follows: "A symmetric bi-additive mapping D:MxM—M is
said to be generalized bi-derivation if there exists d : M X M - M bi-derivation such that
D(xay,z)=D(x,z) ay + xa d(y,z) for all x,y,ze€ M, ae I', and D is said to be Jordan generalized bi-
derivation if there exists a Jordan bi-derivation d:MxM—M such that D(xox,y)=D(x,y) ox + xa d(x,y)
forall x,y e M ,oeT™.

Marir and Salih in [9] are introduced the concept of higher bi- derivation on I'-ring M as follows
: " Let D=(d;) ;ey be a family of bi-additive mapping on on M X M into M is said to be higher bi-
derivation if d,(xay,zaw)=Y; j=n d;(x, 2)ad;(y,w) forallx,y,zweM, ael' ", and D=(d;) ;ey be a
family of bi-additive mapping on MxM into M is said to be Jordan bi-derivation if dn
(xox,yoy)= Y4 j=n d;(x,y)ad;(x,y) for all Xy e M, o € I' , and authers in[9] are defined the
generalized higher bi-derivation on I'-ring M as follows: " Let D=(D;) ;ey be a family of bi-additive
mapping on M X M into M is said to be generalized higher bi-derivation if there exists a higher bi-
derivationd,, : M X M — M such that D, (xay,zow)=Y.;1 j=n D;(x, z)ad;(y,w) for all x,y,zw e M ,a
el', and D=(D;) jeybe a family of bi-additive mapping on M X M into M is said to be Jordan
generalized higher bi-derivation if there exists d,, : M X M — M a Jordan higher bi-derivation such
that D, (xax,yay) = X4 j=n Di(x,y)ad;(x,y) forallx,yeM , ael "
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In this paper we will extend of this results to present the concept of orthogonal generalized
symmetric higher bi —derivations on semiprime I'-ring, and we proved same of lemmas and theorems
about arthogonality .

2. Orthogonal Generalized Symmetric Higher bi-Derivations on Semiprime I'- Rings

In this section we will the definition of orthogonal generalized symmetric higher bi-derivations on
aT'-ring M and we introduced an example and some Lemmas used in our work.
Now, we start with the following definition

Definition (2. 1):
Let D=(D;) jeyand G=(G;) ;en are two generalized symmetric higher bi-derivations on I'-ring M
,then D,,and Gare said to be orthogonal if for every x,y,ze M ,ne N :
Dy(x,y) IMI Gy (y,2) =(0)= Gn(y.z) TMI Dy (X,y) .
Where
Dy(x.y) TMT G (y,2)=%1%4 D; (x, y)amBGi(y, z) = 0
For all m eM and o, €I .

The following example clarify orthogonal generalized higher bi-derivations on I'-ring M.

Example (2. 2):

Let d,and g, are two symmetrlc hlgher bi-derivations on TI'-ring M Put M =MxM and
[ =TrxT, we define d, and g, on M into itself such that d, ((x y)) = (dy(x),0) and
g, ((x v)) =(0,g,(y)) for all (xy)e M and neN . More over if (Dn,d ) and (Gp,g,) are
generallzed symmetric higher bi- derlvatlons on M, we defined D,, “and G, on M into itself such that
D, ((x y)) = (D,(x),0) and G, ((X y)) (0 G (y)) for all (x, y)eM and neN .Then (Dn ,dy )
and (G, , gn ) are generalized symmetric higher bi-derivations such that D, andGn are orthogonal .

Lemma (2. 3): [11]

Let M be a 2-torsion free semiprime I'-ring and a,b the elements of M. If for all a,B €I, then the
following conditions are equivalent:

0] aaMpBb =0

(i) baMBa = 0

(ili))  aoMPBbtbaMpa=0

(iv) aaMpBb+baMpa=0

If one of these conditions is fulfilled, then aocb = baa = 0.

Lemma (2. 4): [10]
Let M be a 2-torsion free semiprime I'-ring and a, b the elements of M such that
aaMpb + baMpa = 0 for all a, el ,then aacMBb = baMBa = 0.

Lemma (2. 5):
Let M be asemiprime T'-ring .Suppose that D,,and G,, are bi-additive mappings satisfies D,,(X,y)
I'MI'G,(x,y)=(0) for all x,yeM ,neN . Then D, (X,y)IMI'G,(y,z)=(0) for all x,y,z eM and neN .

Proof:

Suppose that D, (X, y) ITMI" G, (X,y)=(0)

Dn(x,y) TMT Gp(x,Y) =XiL; Di(x, y)amBG;(x,y) = 0 (1)
for all a,Bel’

Replace x by x+z in (1) for all zeM we get
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Yic1 Dix +z,y)ampBGi(x+z,y) =0
it1[Di(x,y) + Dji(z,y)]amB[Gi(x,y) + Gi(z,y)] = 0
Yit1 Di(x, y)amBG;i(x,y) + Di(x, y)ampG;i(z,y) + Di(z y)amBG;(x,y) + Di(z,y)amBG;(z,y) = 0

By equation (1) we get

i=1 Di(x,y)amBG;(z,y) + D;(z, y)ampGi(x,y) = 0

2iz1 Di(x y)amBGi(z y) = — Xiz1 Di(z y)amBG;(x,y) )
Multiplication (2) by yt8 }:iL; D;(x,y)amfG;(z,y) for all teM andy, 8el' we get
Yit1 Di(x y)amBG;(z,y) yt6 XL Di(x, y)amBG;(z,y) = 0

Since M is semiprime we get

Yit1 Di(x y)amBGi(z,y) = 0 3)
Replace G;(z, y)by G;(y, z)in (3) we get

Yit1 Di(x y)amBG;(y,z) = 0

Hence D, (x,y)[MI'G,(y,z) = (0)

Lemma (2. 6):

Let M be a 2-torsion free semiprime I'-ring such that aaypz = aByaz , two generalized symmetric
higher  bi-derivations D, and G,, associated with two symmetric higher bi-derivations
d, and g, respectively for all neN. Then D,, and G, are orthogonal if and only if D,(x,y)aG,(y,z) +
Go(x,y)aD,(y,z) = 0 for all x,y,zeM , neN and a, Berl .

Proof:
Suppose that D, (x,y)aG,(y,z) + G,(x,y)aD,(y,z) = 0
Y1 Dix y)aGi(y, z) + Gi(x, y)aDi(y,z) = 0 1)

Replace x by xpw in (1) for all weM we get

{1=1 Di(XBWI Y)O(Gi (Y; Z) + Gi (XBW; y)Dl (YI Z) =0

i=1 Di(x%, Y)Bdi(w,y)aG;(y, z) + Gi(x,y)Bgi(w,y)aD;i(y,z) = 0 (2)
Replace d;(w,y) by g;(w,y) in (2) we get
Yiz1 Di(x y)Bgi(w, y)aGi(y,z) + Gi(x,y)Bgi(w,y)aD;(y,z) = 0

By Lemma (2-4) we get

Yit1 Dix y)Bgi(w, y)aGi(y, z) = XiL Gi(x y)Bgi(w,y)aD;(y,z) = 0 3)
Replace g;(w,y) by min (3) for all meM we get

Dy (%,y) TMI Gy (y, 2) = Gy (x,y) TMT Dy (y,2) = (0)

Thus Dand G, are orthogonal

Conversely , suppose that D,, and G,, are orthogonal

Dy (x,y) IMT Gy (y, 2)=(0)= Gy (x,y) TMT Dy (y, 2)

Yiz1 Di(x y)amBGi(y,z) = 0 = ¥i.; Gi(x, y)ampBD;(y, z)
2iz1 Di(x y)amBG;(y, z) + Gi(x,y)amBD;(y,z) = 0

By Lemma (2-3) we get

Yi=1 Di(x,y)aG;(y,2) =Xt Gi(x, y)aDi(y,z) = 0
Yit1 Di(x,y)aG;(y,z) + Gi(x,y)aD;(y,z) = 0
Hence Dn(X: Y)aGn(y' Z) + Gn(X: y)aDn(YJ Z) = 0

Lemma (2. 7):

Let M be a 2-torsion free semiprime I'-ring such that aaypz = afyaz, two generalized symmetric
higher bi-derivations D,, and G,, associated with two symmetric higher bi-derivations d, and g,
respectively for neN.Then D,and G, are orthogonal if and only if D,(x,y)aG,(y,z) =0 or
Gp(x,y)aD,(y,z) = 0 for all x,y,zeM, neN and «, Bel .
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Proof:
Suppose that D, (x,y)aG,(y,z) =0
Dn (X, Y)aGn (Y' Z) = in:1 Di(X' Y) aGi(y' Z) =0 (1)

Replace x by xBw in (1) for all weM we get
Zin:l Di (XBW, Y)aGi(y' Z) =0
Tiz1 Dix y)Bdi(w,y)aGi(y,z) = 0 @)

Replace d;(w,y) by m for all meM we get
Yi=1 Di(x,y)BmaG;(y,z) = 0

Hence we get the require result.
Similarly way if G, (x,y)aD,(y,z) = 0 we get D, and Gare orthogonal .

Conversely, suppose that D, and G,are orthogonal

Dy, (%, y)TMIGy, (v, 2) = (0)
it1 D (%, y)ampBG;(y,z) = 0

By Lemma (2-3) we get

Zit1 Di(x, y)aGi(y,z) = 0

Hence D, (x,y)aG,(y,z) = 0

And by Gy (x,y)TMI'Gy (y, z) = (0)

Yic1 Gi(x, y)ampD;(y,z) = 0

By Lemma (2-3) we get

2is1 Gi(x y)aDi(y,z) = 0

Thus Gn(X, Y) O(Dn(y' Z) =0

Lemma (2. 8):

Let M be a 2-torsion free semiprime I'-ring aayBz = aPyaz , two generalized symmetric higher
bi-derivations D, and G,  associated  with two  symmetric  higher  bi-derivations
d, and g, respectively for n eN .Then D, and G,, are orthogonal iff D, (x,y)ag,(y,z) =0 or
d,(x,y)aG,(y,z) = 0forall x,y, zeM, a, BeT and neN .

Proof:
Suppose that D,,(x, v)ag,(y,z) =0
Dn(x,y)agn(y,z) = X1 Di(x, y)agi(y,z) = 0 1)

Replace z by wfz in (1) for all weM we get
Yi=1Di(x, y)agi(y,wphz) = 0
Z?:lDi(x!y)agi(yJW)ﬁgi(sz) =0 (2)

Replace g;(y, z) by G;(y, z)in (2) we get
Z?=1Di(x'}’)agi(y' W)BGl(y'Z) =0

By Lemma (2-3) we get

Xic1 D, y)aGi(y,z) =0

Dn(x,y)aGn(y,z) =0

By Lemma (2-7) we get D,, and G,, are orthogonal .

Similarly we if d,,(x, y)aG,(y,z) = 0 we get D,, and G,, are orthogonal .

Conversely , suppose that D,, and G,, are orthogonal.
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By Lemma (2-7) we get
Dy (x,y)aGn(y,z) =0
Yiz1Di (6 y)aGi(y,z) =0 @)

Replace z by wgz in (3) for all weM we get
Yi=1Di(x, y)aG;(y,wpz) = 0
Yi=1Di (6, y)aGi(y,w)Bg:(y,2) =0

By Lemma (2-3) we get
Yica D, y)agi(y,z) =0
Hence D,, (x,y)a gn,(y,z) =0

And replace x by wBx in (3) we get
Yiz1 Dy (WBx, y)aG;(y,z) = 0
Z?:lDi(W'Y).Bdi(x'y)aGi(y;Z) =0 (4)

Multiplication (4) by d;(x, y)aG;(y, z)5 for all 5eT" we get

Yi=1di(x,y)aGi(y,2)6 Di(w, y)Bd;(x,y)aG;(y,z) = 0
Since M is semiprime we get

Yiz1di(x, y)aG;(y,z) = 0
Hence d,,(x,y)aG,(y,z) =0

Lemma (2. 9):
Let M be a 2-torsion free semiprime I'-ring aayfz = afyoaz , two generalized symmetric higher
bi-derivations D, and G, associated with two symmetric higher bi-

derivations d,, and g, respectively for all n eN . Then D,, and G, are orthogonal if and only if
D, (x,v)aG,(y,z)=d,(x,y)aG,(y,z)=0 forall x,y,zeM,ael andneN.

Proof:
Suppose that D,, and G,, are orthogonal
By Lemma (2-7) we get
Dy (x,y)a Gy (y, z)=0 1)

And by Lemma (2-8) we get

dn(x,y)aGy(y,z) = 0 )
From (1) and (2) we get D,,(x, y)aG,(y,z) = d,,(x,y)aG,(y,z) =0

Conversely , suppose that D,,(x,y)aG,(y,z) =0
By Theorem (2-7) we get
Hence D,, and G,, are orthogonal
Now, if d,(x,v)aG,(y,z) =0
By Theorem (2-8) we get
D,, and G,, are orthogonal.

3. Main Results
In this section, we present and study some basic Theorems of orthogonal generalized symmetric
higher bi-derivations on I'-ring M.

Theorem (3. 1):

Let M is a 2-torsion free semiprime I'-ring aayfz = afyaz , D, and G, are orthogonal
generalized symmetric  higher bi-derivations associated with  symmetric  higher  bi-
derivations d,, and g,, respectively for all n eN. Then the following relations are hold for all x, y, z
€M ,a, Bel” and neN.

() Dy (%, y)aG,(y,2) = Gp(x,y)aD,(v,2) = 0 henceD, (x,y)a G,(v,2) + G,(x,y)aDy(y,z) = 0.
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(i) d, and G,, are orthogonal and d,(x,y)aG,(y, z)=G, (%, y)ad,(y,z)=(0) .

(iii) g, and D,, are orthogonal and g,(xy)«x D,(yv,z) = Dp(xy)ag,(yv,z) =(0)
(iv) d, and g, are orthogonal symmetric higher bi-derivations .

(v)d,G, = G,d, = 0and g,D, =D,g, =0.

(vi) G,D, = DG, = 0 .

Proof : (i)

Suppose that D,, and G,, are orthogonal
By Lemma (2-7) we get
Dy (x,y)aGr(y,z) = 0 and G, (x,y)aD,(y,z) = 0
Dn(x,y)aGy(y, z) = Gy (x,y)aDy(y,z) =0
Hence D,,(x, v)aG, (y, z) + G,(x,y)aD,,(y,z) =0

Proof: (ii)

Suppose that  D,, and G,, are orthogonal
By Lemma (2-8) we get
dn(x,y)aGn(y,2) = 0 1)
Yi=1di(x,y)aGi(y,z) =0 (2)
Replace x by xfw in (2) w eM ,B el we get
Z?:l dl( XBW, }’)aGi()’: Z) =0

Z?:l di(xr Y)ﬁdz (W, y)aGi (y, Z) =0 (3)
Replace d;(w,y) by min (3) m eM we get
Yi=1di(x,y)pmaG;(y,z) = 0 (4)
And from (i) G,(x,y)aD,(y,z) =0

i=1 Di(x,y)aG;(y,z) = 0 (5)

Replace z by wBz in (5) we get

Xis1 Gi(x,y)aD;(y,wpz) = 0

X1 Gi(x, y)aD;(y,w)pd;(y,z) = 0

By Lemma (2-3) we get

Yt Gi(x,y)ad;(y,z) =0

Gn(x' y)a dn(y: Z) =0 (6)
And by Y G;(x,y)ad;(y,z) = 0,replace z by wBz we get

Yic1Gi(x, y)ad;(y,wpz) =0

Yi=1 Gi(x, y)ad;(y,w)Bd;(y,z) = 0 ()
Replace ad;(y,w)B by Bd;(w,y)a in (7) we get

Yi=1 GG, y)Bdi(w,y)ad;(y,z) = 0 (8)
Replace d;(w, y) by min (8) we get

Yiz1 Gi(x, y)pmad;(y,z) = 0 9)

From (4) and (9) we get D,, and G,, are orthogonal
From (1)and (6) we get
G (X, y)ad, (y,2) = dy(x,y)aG,(y,2) =0

Proof: (iii)
Similarly way used in the proof of (ii)
Proof: (iv)
From (i) D,,(x,y)aG,(y,z) =0
Yi=1Di(x,y)aGi(y,z2) =0 (1)

Replacing x by wBx and z by wyz in(1) for all y € T we get
Yi=1 Di(Wpx, y)aG;(y, wyz) = 0

S Di(w, Y)Bd;(x, ) aG;(y, w)ygi(y,2) = 0 )
Replace G;(y,w) by min (2) for all m M we get
Yi=1 Di(w, y)Bd;(x,y)amy g;(y,z) = 0 ©)

Multiplication (3) by d;(x, y)amyg;(y,z)é for all 5eT’ we get
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Y1 di(x,y)amyg;(y, z)6D;(w, y)Bd;(x,y)amyg;(y,z) = 0

Since M is semiprime we get
Yis di(x, y)amygi(y,z) = 0
dn(x,y)TML gy (y, 2) = (0)

Hence d,, and g, are orthogonal symmetric higher bi-derivations.

Proof: (v)
Since by (ii) d,,(x, y)aG,,(y,z) = 0
G, (d,(x,y)aG,(y,z),m) = 0 for all meM
Zln=1 Gi(di(x' y)aGi ()" Z)' m) =0
Replace x by xBw in (1) for all w eM , B €I” we get
?21 Gi(di(XBW ) y)aGi(y' Z); m) =0
Y1 Gi(di(x,y)Bd;(w,y)aG;(y,z),m) = 0
Zln=1 Gi(di(x' }’): m)ﬁgl(dl(wv y)! m)agi (Gz(y, Z), m) =0
Replace gi(Gi(y' Z)' m) by Gi(di (x; 3’): m) in (2) we get
L1Gi(di(x,y),m)Bg;(d;(w,y), m)aG;(d;(x,y),m) =0
Since M is semiprime we get
?:1 Gi(di(xl }’)' m) =0
Thus G,,d,, = 0
And by (ii) G, (x, y)ad,(y,z) =0
dn(Gn(x: y)adn(yr Z), m)=0
Yi=1di(Gi(x,y)ad;(y,z),m) = 0
Replace xby xéw in (4) for all 5T we get
?=1 di(Gi(X(SW, J/)a’di(}’: Z)'m) =0
Zln=1 di(Gi(xJ y)sgl(WJ }’)adi(}" Z)'m) =0
Yiz1di(Gi(x,y),m)éd;(g;(w,y), m)ad;(d;(y,z),m) = 0
Replace d;(d;(y,z),m) by d;(G;(x,y),m) in (5) we get
Z?:l di (Gl (x, }’): m)é‘dl (gl (W' }’)' m)adi (Gl (x' }’)' m) =0
Since M is semiprime we get
Z?=1 di (Gi(xr J/); m) =0
Thus d,,G, =0
From (3) and (6) we get
G,d, =d,G, =0
Similarly way to prove that D,,g,, = gnDn = 0.

Proof: (vi)
Since D,, and G,, are orthogonal

Dy (x,y)TMTG,(y, z) = (0)
Gn(Dy(x,y)TMT G, (y,z),r) = (0) forall reM
Yi=1 Gi(Di(x,y)amBGi(y,2),r) =0

?:1 Gi(Di(x' y)' r)agi(m' r)ﬁgl'(Gi (y' Z)' T) =0
Replace g;(G;(y, z),r) by G;(D;(x,y),r) we get

?=1 Gi(Di(x' J’); T)agi(m, r)ﬁGi(Di(x' }’)' T') =0
Since M is semiprime we get

?:1 Gi(Di(x,y),1) =0
Thus G,D,, =0 ....(2)
And by G, (x,y)TMI'D,,(y,z) = (0)
Dn(Gn(x'Y)FMFDn(y'Z)'T) = (O)

?=1Di(Gi(x'Y)am,BDi(sz)lr) =0

?=1 Di(Gi (x, Y); r)adl-(m, r).Bdi (Dz(% Z), T) =0
Replace d;(D;(y,z),7) by Di(G;(x,y),7) in (3) we get
Z?:l Di (Gl (x, Y); r)adi (m, r).BDi (Gl (x, }’)» T) =0
Since M is semiprime we get
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~iDi(Gi(x,y),r) =0
Thus D,,G, =0

From (2) and (4) we get
G,D, = D,,G, =0

Theorem (3.2):

(4)

Let M be 2-torsion freesemiprime I'-ring aayfz = aByaz, D, and G, are generalized symmetric
higher bi-derivations associated with symmetric higher bi-derivations d,, and g, respectively for all

neN. Then the following relations are equivalent for all x,yeM and a, Ber™:

(i)D,, and G,, are orthogonal
(i0) Dy (%, ) @Gin (y, 2) + G (%, ¥)aD (7, 2) = 0
(i) dn (x, y)aGn(y, 2) + gn(x,y)aDn(y,2) = 0

Proof: (i) & (ii)
Suppose that D,, and G,, are orthogonal
By Theorem (3-1) (i) we get
Dp(x,y)aG,(y,z) = G,(x,y)aDy(y,z) = 0
Hence D,,(x,y)aG,(y,z) + G, (x,y)aD,,(y,z) = 0
Conversly, Let D, (x,y)aG,(y, z) + G,(x,y)aD,(y,z) =0
By Lemma (2-6) we get
HenceD,, and G,, are orthogonal
(i) < (iii)
Suppose that D,, and G,, are orthogonal
By Lemma (2-8) we get
dn(x,y)aGn(y,2) =0
And by Theorem (3-1) (i) we get
Gn(x,y)aDy (y,2) = 0
Yi=1Gi(x,y)aDi(y,z) = 0
Replace x by tfx in (2) for t eM we get
Z?:l Gi(tﬁx' J’)aDi(J" Z) =0
Zis1 Gi(t,Y)Bgi(x, y)aDi(y,z) = 0
Multiplication (3) by g;(x,y)aD;(y,z)d for all § eI we get
Yi219:00y)aDi(y, 2)6Gi(t, y)Bg:(x, y)aDy(y,z) = 0

Since M semiprime we get

Yi=19i(x,y)aD;i(y,z) =0

gn(x,y)aDy(y,z) =0

From (1) and (4) we get

dn (X, ¥)aGn (¥, 2) + gn(x,y)aDp(y,2) = 0

Conversely , Let d,(x,y)aG,(y,z) + g,(x,y)aD,(y,z) =0
Yin1di(o,y)aG(y,2) + gi(x,y)aD(y,z) = 0

Replace x by xyt in (5) for all y eI we get

Yim1 di(xyt, y)aGi(y, z) + gi(xyt,y)aD;(y,z) = 0

21 di(x, Y)ydi(t,y)aG; (v, 2) + g;(x,¥)yg:(t, y)aD;(y,z) = 0
Replacing d;(x,y) by D;(x,y)and g;(x,y) by G;(x,y)in (6) we get
i1 DiCx, y)ydi(t, ¥)aGi(y, 2) + Gi(x, y)ygi(t, y)aDi(y,z) = 0
Replaced;(t,y) by g;(t,y) in (7) we get

Zi=1 DiC )y 9i(t, y)aGi(y, z) + Gi(x,¥)y gi(t, y)aDi(y,z) = 0
By Lemma (2-4) we get

Yi=1 Di(x, y)y 9:(t, ¥)aGi(y, 2)=Xi=, Gi(x, ¥)y gi(t, y)aD;(y,z)=0
Hence D,, and G,, are orthogonal
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Theorem (3. 3):

Let M be 2-torsion free semiprime T-ring aayBz = aByaz , D, and G, are generalized
symmetric higher bi-derivations associated with symmetric higher bi-derivations d, and g,
respectively for all ne N. Then D, and G, are orthogonal iff D, (x,y)aG,(y,z) =0 for all
x,y,zeM ,a, Bel and d,,G,, = d,,g,=0.

Proof:
Suppose that D,, and Gy, are orthogonal
By Theorem (2-7) we get
Dy (x,y)aGy(y,2z) =0 (1)
And by Theorem (3-1) (i) we get
Gn(x,y)ad,(y,2) =0
dn( Gn(xIY)adn(y'Z)'m) =0
Yiz1di( Gp(x,y)ad(y,z),m) =0 2)
Replace x by xft in (2) for all teM we get
Z?:l di(Gi(xﬂt' Y)adi(y' Z); m) =0
1£1di(Gi(x,y)Bgi(t, y)ad;(y,z),m) =0
Yie1di(Gi(x,y),m)Bd;(g;(t,y),m)ad;(d;(y,z),m) = 0 3)
Replace d;(d;(y, z), m) by d;(G;(x,y),m) in (3) we get
Yie1di(Gi(x,y),m)Bd;(g;(t,¥), m)ad;(G;(x,y),m) = 0
Since M is semiprime we get
£1d;(Gi(x,y),m) =0
d,G, =0 4)
Also by Theorem (3-1) (iv) we get
In(x,y)TMId,(y,z) = (0)
dn(gn(x,y)TMI'd, (y,z),r) = (0) for all reM
Z?:l di(gi(xl }’)amﬁdl(% Z)I T) =0
Z?=1 di (gl (x, }’): T)adi (m, r)ﬁdi (dl (y' Z)' T) = 0 (5)
Replace d;(y, z) by g;(x,y) in (5) we get
Yridi(gi(x,y),r)ad;(m,r)Bd;(g;(x,y),7r) =0
Since M is semiprime we get
Yie1di(gi(x,y), 1) =0
dpngn =0 (6)
From (1) and (4), (6) we get
D, (x,yv)aG,(y,z) = 0and d,,G,, = dpgn, =0
Conversely , suppose that D, (x,y)aG,(y,z) =0 @)
And d, G, =0
(dnGy)(xay,z) = 0
Yi,di(Gi(xay,z),m) = 0 forallm eM
?=1 di(Gi(x' Z)agi(y' Z)' m) =0
it1d;(Gi(x,z),m)ad;(g;(y,z),m) =0 (8)
Replacing (G;(x,z),m) by (x,y) and d;(g;(y,z),m) by G;(y,z) in (8) we get
Yitidi(x,y)aG;(y,z) =0
dn(x'y)aGn(y'Z) =0 (9)
From (7) and (9) we get
Dn(XJY)aGn(YJ Z) = dn(x: Y)aGn(y;Z) =0
By Lemma (2-9) we get D,, and G,, are orthogonal

Theorem (3. 4):

Let M be a 2-torsion free semiprime I'-ring such that aaypz = afiyaz and D,, be a generalized
symmetric higher bi-derivations associated with symmetric higher bi-derivations d,, for all neN.
If D,(x,y)aD,(y,z) =0forallx,y,zeM, a,Bel''neNthenD,, =d, =0.
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Proof:
Suppose that D,, (x, y)aD, (y,z) =0
Yi=1Di(x,y)aDi(y,z) =0 1)

Replace z by tBz in (1) forall t eM , B eI’ we get

Yie1 Di(x, y)aD;(y, tpz) = 0

Z?=1Di(x'}’)aDi()’: t)lgdi(yJZ) =0

By Lemma (2-3) we get

Yi=1Di(x,y)ad;(y,z) = 0 (2)
Multiplication (2) by di(y,z)é forall § eI’ we get

Yie1di(y,2)6 Di(x,y)ad;(y,z) = 0

Since M is semiprime we get

2?21 di(yl Z) =0

d, =0 (3)
And multiplication (1) by 6 D;(x, y) we get

Yi=1Di(x,y)aD;(y,2)6D;(x,y) = 0

Since M is semiprime we get

Z?=1Di(ny) =0

D,=0 (4)
From (3) and (4) we get
D,=d,=0

Theorem (3.5):

Let M be a 2-torsion free semiprime I'-ring. Let U be an ideal of M and V= Ann. (U) .If
(D, , dy)is generalized symmetric higher bi-derivations for all neN such that D,,(M) , d,,(M) CU then
Dy(V)=d, (V) =0.

Proof:
If X,yeV , ael then (xy) a U=0
By hypothesis we have
d,M)cU=d,U)cU
Hence 0 = D,, (xaz,y)
0 = Xity D; (xaz,y)
0=2Xi-1D; (x,y)ad; (z,y) @
Multiplication (1) by gD; (x, y) for all Bel'" we get
0 =i D; (x,y)adi(z,y) BD; (x,y)
Since M is semiprime we get
0= Z?:l Di (x:J/)E unv
Dy (x,y) =0
Similarly, since (x y)a U =0 for all x,yeV , ael’
0=d,(xaz,y)
0 = Xi, di(xaz,y)
0=2%,di(x,y)ad;i(z,y) 2)
Multiplication (2) by gd;(x, y) we get
0= ?=1 di(x'.V)adi(y' Z)ﬂdi(x'y)
Since M is semiprime we get
0=Y",di(x,y) eUNnV
dp(x,y) =0

Theorem (3.6):

Let M Dbe 2-torsion free semiprime TI-ring xayfz = xByaz for all x,y,zeM and o, Bel ,
D, and G, are generalized symmetric higher bi-derivations associated with symmetric higher bi-
derivations d,, and g,, respectively for all ne N .Then D,and g, as well as G,andd, are
orthogonal iff D, =d, =0or G, = g,=0.
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Proof:
Suppose that D,, and g,, as well as G, and d,, are orthogonal

By Theorem (3-1) (iii) we get

Dy (x,y)agn(y,2) =0

Tie1Dite,y)agi(y,z2) =0 @)
Multiplication (1) by gD;(x, y) for all B €I’ we get

Yiz1 DiCe, y)agi(y, 2)BDi(x,y) = 0

Since M is semiprime we get

Z?=1Di(x'}’) =0
D,=0 (2)
And by Theorem (3-1) (ii) we get
dn(er)aGn(ylZ) =0
Yie1di(x,y)aGi(y,z) =0 3)

Multiplication (3) by fd;(x,y) we get
Yit1di(,y)aGi(y,z) fdi(x,y) = 0
Since M is semiprime we get

Zln=1 di(x:J/) =0

d,=0 4
Now, by Theorem (3-1) (iii) we get

gn(x, y)aDy(y,z) = 0

Yit19i(x, y)aDi(y,z) = 0 (5)

Multiplication (5) by Bg;(x, y) we get
Z?:lgi(x'y)aDi(yl Z)ﬁgi(x;Y) =0
Since M is semiprime we get

Z?=lgi(ny) =0

gn =20 (6)
And by Theorem (3-1) (ii) we get

Gn(x,y)ad,(y,z) =0

Yic1 Gi(x,y)ad;(y,z) =0 (7

Multiplication (7) by BG;(x, y) we get
Z?:l Gi(x'.V)adi(y'Z) ﬁGi(x'y) =0
Since M is semiprime we get
SEy Gixy) =0
Gy =0 (8)
From (2) , (4) and (6) ,(8) we get
D,=d,=00rG,=g,=0
Conversly, supposethat D, =d,, =0o0r G, =g, =0
D,(xaz,y) =0
n(Dn(xaz,y),m) = 0
r, g:(Dy(xaz,y),m) =0
Z?:lgi(Di(x; J/)adi(z;}’):m) =0

Yi=19i(Di(x, ), m)ag;(d;(z,y),m) = 0 (9)
RepIaCing gi(Di(x' .V): m) by (x' y) and (di(Z' }’)' m) by (y' Z) in
(9) we get

Yi=1Di(x,y)agi(y,z) =0
Dn(xv }’)agn(y' z) =0

By Theorem (3-1) (iii)

Hnce D,, and g,, are orthogonal
Similarly , if G,, = g,, = 0 we get
Hence G, and d,, are orthogonal

Theorem (3.7):
Let M be a 2-torsion free semiprime I'-ring, D,and G,are generalized symmetric higher bi-

derivations for all neN.Suppose that D,I'G,=G,I'D,, , then D,, — G,and D,, + G,, are orthogonal .
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Proof:
Suppose that D,I'G,=G,I'D,, , then for x,y eM :
= [(Dn + Gn)F(Dn - Gn) + (Dn - Gn)F(Dn + Gn)](X, Y)
= Dy + GT' (D, — Gn)](X' y) + [(Dn - GI'(Dy + Gn)](X, y)
= Yit1[ (D + Ga(D; — GI(x,y) + iL4[(D; — G)a(D; + G;)] (x,y) for all ael
= Yit1(DjaD; — DjaG; + GjaD; — GiaG) (x,y) + XiL,(D;jaD; + D;aG; — GjaD; — GiaGy) (x,y) =
in=1 Di (X, Y)aDi(Xi Y) - Di(XJ Y)aGi(X' Y) + Gi (X, Y)aDi(X' Y) - Gi(X' Y)O(Gi (X' Y) +
ic1 Di(x,y)aDi(x,y) + D;i(x,y)aG;i(xy) — Gi(x,y)aD;(x,y) — Gi(x,y)aG;i(x,y)
Therefore i, [ (D; + G)a(D; — G)](x,y) + XiL1[(D; — G)a(D; + G)] = 0
By Lemma (2-4) we get
ic1[ (D + G a(D; — G1(x, y)=0=XiL;[(D; — G a(D; + G)I(x, y)
Thus D, — G,and D, + G,are orthogonal
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