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Abstract

In this paper, we prove that; Let M be a 2-torsion free semiprime I' — ring which
satisfies the condition xayfz = xByaz for all x,y,z € M and o, BE I'. Consider
that T:M — M as an additive mapping such that 2T (xax) = T(x)ax + xaT (x)
holds for all x € M and o € I', then T is a left and right centralizer.

Keywords: T' — ring , Prime I' — ring, Semiprime I' — ring, left centralizer, right
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1. Introduction

An extensive generalized concept of classical rings was presented by the gamma ring theory.
Bernes [1], Luh [2] and Kyuno [3] studied the structure of gamma rings and obtained various
generalizations of corresponding parts in the ring theory.

Let M and I' be additive abelian groups, if there exists a mapping (x,a,y) — xay of M X I' X
M — M which satisfies the conditions:

i. xay € M.
ii. x+y)az=xaz+yaz, x(a + )y = xay +xBy and xa(y + z) = xay + xaz.
iii. (xay)Bz = xa(ypz) forallx,y,z € Mand a,3 €T.

Then, M is called a T — ring[1]. AT —ring M is called prime if al’'MI'b = 0 implies a = 0 or
b = 0 where a,b € M. Also, M is called semiprime if al’'MI'a = 0 implies a = 0 where a € M [5].
Moreover, M is called 2-torsion free if 2x = 0 implies x = 0.

An additive map T: M — M is called a left (right) centralizer if T(xay) = T(x)ay (T(xay) =
xaT(y)) holds for all x,y € M and a € I'. A centralizer is an additive mapping which is both a left
and right centralizer [5].

Let M be al' —ring , then [x,y], = xay — yax is known as commutator of x and y with respect
to o, where, x,y € M and o € I'. In addition, the basic commutator identities are shown below [5]:

i [xay, z]g = [x,z]p ay + x[a, Bl,y + xa[y, z]p.
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i [x,yaz]g = [x,y]p az + yla, Bl z + ya[x, z] .

Now, we consider the following assumption,
xayBz=xByaz forallx,y,z€Mand o3 €T
(A)

According to this assumption, the above two identities are reduced to:
I [xay, z]lg = [x,2]p ay + xaly, z]p.
i [x,yaz]g = [x,y]p az + yalx, z] .

Hoque and Paul [5] proved that every Jordan centralizer of 2-torsion free semiprime I' — ring is
centralizer. Many researchers have proved results on 2-torsion free semiprime I' — ring centralizer.
In addition, many researchers worked on centralizer of prime and semiprime ring [6, 7].

Throughout this paper, we use condition (A) and assume that T: M — M is an additive mapping
which satisfy the following condition:
2T (xax) = T(x)ax + xaT(x) forallx e Mand a €T ...(B)

2. Results
First, we need to prove some lemmas as in the following.
Lemma2.1: Let Mbe al —ring that has an identity element, T: M — M is a left (right) centralizer
if and only if there exists a € Mand « € I' such that T(x) = aax (T(x) = xaa ) forallx € M.
Proof: <) by assumption we have, T(x) = aax forsomea € M and a € ' and all x € M.
T(xBy) = aaxBy = T(x)By is a left centralizer forall x,y € Mand o,B €T.
By a similar way, we can obtain that if T is satisfying that T(x) = xaa then we get T and is a right
centralizer.
=) If T(xay) = T(x)ay forallx,y € M and a € I', then T(1ax) = T(1)ax.
If we take T(1) = a then we obtain, T(x) = T(lax) = aax foralla,x € Mand a € I'.
By a similar way, we can prove whether T is a right centralizer T(x) = T(lax) = xaT(1) = xaa.
Lemma2.2: - Let M be 2-torsion free semiprime I' — ring satisfying condition (A) and T:M — M
satisfying condition (B), then 8T(xayBx) = T(x) a(xBy + 3yBx) + (yBx + 3xLy) aT(x) +
2xaT(y)px — xaxBT(y) — T(y)Bxax where, x,y € Mand o, € T.
Proof: By replacing x in equation (B) by x + y we get,
2T((x +y)a(x+y)) =T(x +y)a(x +y) + (x + y)aT (x + y)
2T (xax) + 2T (xay) + 2T (yax) + 2T (yay) = T(x)ax + T(x)ay + T(y)ax + T(y)ay +
xaT(x) + xaT(y) + yaT (x) + yaT(y). Then, forall x,y € M and « € I" we obtain,
2T (xay + yax) = T(x)ay + xaT(y) + T(y)ax + yaT(x) (1)
Now, replacing y in equation (1) by 2(xBy + yBx) and then using equation (1) implies,
4T (xa(xBy + yBx) + (xBy + ypx)ax)
= 2T(x)a(xBy + yBx) + 2xaT (xBy + yBx) + 2T (xBy + yfx)ax
+ 2(xBy + yBx)aT (x)
=2T(x)a(xBy + yBx) + xaT (x)By + xaxBT(y) + xaT (y)Bx + xayBT(x) + T(x)Byax
+ xBT(y)ax + T(y)fxax + yfT(x)ax + 2(xBy + yBx)aT (x).
By simplifying the above equation, we obtain,
AT (xa(xBy + yBx) + (xBy + yBx) ax) = T(x)a(2xBy + 3yBx) + BxBy + 2yBx) aT(x) +
xaT(x)By + yBT (x)ax + 2xaT (y)Bx + xaxBT(y) + T(y)LSxax .. (2)
On the other hand, by using equation (1) and equation (B) we get,
AT (xa(xBy + yBx) + (xBy + yfx)ax) = 4T (xaxfy) + 4T (xayfx) + 4T (xByax) + 4T (yfxax)
= AT (xaxfy) + 4T (yBxax) + 8T (xayBx)
= 2T (2xaxfy + 2yfxax) + 8T (xayPx)
= 2T (xax)By + 2xaxBT(y) + 2T (y)Bxax + 2yBT (xax) + 8T (xayfx).
Hence, forall x,y € M and o, € I" we have,
AT (xa(xBy + yBx) + (xBy + yBx)ax) = T(x)axBy + yBxaT (x) + xaT (x)By + yBT (x)ax +
2xaxPT(y) + 2T (y)Bxax + + 8T (xayBx) ..(3)
By comparing equation (2) with equation (3) we get,
8T (xayBx) = T(x)a(xBy + 3yBx) + (yBx + 3xBy)aT(x) + 2xaT(y)Bx — xaxBT(y)
—T(y)Bxax forallx,y € Mand o, €T - (4)
Lemma2.3: - Let M be 2-torsion free semiprime I' — ring satisfying condition (A) and T:M — M
satisfying condition (B), then for all x,y € M and «a, 3 € I" we have,
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T(x)a(xayBx — 2yBxax — 2xaxfy) + (xayBx — 2xaxfy — 2yBxax)aT (x) + xBT (x)a(xLy +
yBx) + (xBy + yBx)aT (x)Bx + xBxaT (x)By + yBT (x)axfx =0 ...(5
Proof: By using equation (1) with replacing y by 8xayBx and then using equation (4) we get,
16T (xaxayfx + xayfxax) = 8T (x)axayfx + 8xaT (xayfx) + 8T (xayBx)ax + 8xaypBxaT (x)
= 8T (x)axayfx + xaT (x)a(xBy + 3yBx) + (xayBx + 3xaxfy)aT (x)
+ 2xaxaT (y)Bx — xaxaxfT(y) — xaT(y)Bxax + T (x)a(xByax + yBxax)
+ (yBx + 3xPy)aT (x)ax + 2xaT (y)Bxax — xaxBT(y)ax — T(y)Baxax
+ 8xayfxT(x) = 0.
Therefore, forall x,y € M and o, 3 € I' we can get,
16T (xaxayfx + xayfxax) = T(x)a(9xayBx + 3yBxax) + (Ixayfx + 3xaxBy)aT (x) +
xaT (x)a(xBy + 3yBx) + (yBx + 3xBy)aT (x)ax + xaxaT (y)Lx + xaT (y)Bxax —
T(y)Bxaxax — xaxaxBT(y) ..(6)
We can obtain the other hand by using equation (4) and then, after collecting some terms, using
equation (1), as follows:
16T (xaxayfx + xfyaxax) = 16(xa(xay)fx) + 16T (xa(yax)Bx)
= 2T(x)a(xBxay + 3xayfx) + 2(xayBx + 3xBxay)aT (x) + 4xaT (xay)x — 2xaxBT (xay)
— 2T (xay)Bxax + 2T (x)a(xayBx + 3yfxax) + 2(yBxax + 3xayBx)aT (x)
+ 4xaT (yax)Bx — 2xaxfT(yax) — 2T (yax)Bxax.
=T(x)a(2xaxfy + 6yBxax + 8xaypBx) + (8Bxayfx + 2yBxax + 6xaxBy)aT (x)
+ 4xaT (xBy + yBx)ax — 2xaxaT (xBy + yBx) — 2T (xBy + yBx)axax.
T(x)a(2xaxfy + 6yLxax + 8xayfx) + (8xayfx + 2yBxax + 6xaxBy)aT (x) +
2xaT (x)Byax + 2xaxBT(y)ax + 2xaT (y)Bxax + 2xayBT (x)ax — xaxaT (x)By —
xaxaxPT(y) — xaxBT(y)ax — xaxByaT (x) — xaT(y)Bxax — T(y)Bxaxax — yBT (x)axax.
Hence, forall x,y € M and «a, 3 € I" we have,
16T (xaxayfx + xPyaxax)
=T(x)a(2xaxfy + S5yfxax + 8xayfx) + (2yBxax + Sxaxfy + 8xayfx)aT (x)
+ 2xaT (x)Byax + 2xayfT (x)ax + xaxfT(y)ax + xaT (y)Bxax — xaxaT (x)Ly
— yBT (x)axax — xaxaxfT(y)
—T(y)Bxaxax .. (7N
By comparing equation (6) with equation (7), we obtain equation (5) which is the result.
Lemma2.4: - Let M be 2-torsion free Semiprime I' — ring satisfying condition (A) and T:M — M
satisfying condition (B), then [T(x),xax], = 0,forallx € Mand a € T.
Proof: By putting yax instead of y in equation (5) we obtain,
T(x)a(xayaxBx — 2yaxfxax — 2xaxByax) + (xayaxfx — 2xaxfyax — 2yaxfxax)aT (x)
+ xBT (x)a(xPyax + yaxfix) + (xByax + yaxBx)aT (x)Bx + xBxaT (x)Byax
+ yaxBT (x)axfx =0 ..(8)
Right multiplication of equation (5) by x gives for all x,y € M and «,3 € I" the equation,
T(x)a(xayaxfx — 2yaxfxax — 2xaxfyax) + (xayfx — 2xaxfBy — 2yfxax)aT (x)ax
+ xBT(X)a(xByax + yaxfix) + (xfy — 2yBxax)aT (x)Bxax + xBxaT (x)Byax
+ ypT (x)axPxax =0 .. (9)
Now, by subtracting equation (9) from equation (8) we get,
(xayaxfx — 2xaxfyax — 2yaxfxax)aT (x) + (xByax + yaxfx)aT (x)fx + yaxST (x)axfx
— (xayfx — 2xaxBy — 2yBxax)aT (x)ax — (xBy + yBx)aT (x)Lxax
— (BT (x)axfxax =0 forallx,y € Mand o, €1T.
XayBxa[x,T(x)], + 2xaxBya|T(x),x], + 2yBxaxa[T (x), x], + xByalx, T (x)],Bx +
yBxalx,T(x)] Bx + yB[x,T(x)]Bxax =0 forallx,y € Mand o, €T.
Let « = B and by collecting the first and the fourth terms together we get, for all x,y € M and a €
I, the following equation:
xayal[xax,T(x)], + 2xaxaya[T(x), x], + 2yaxaxa([T (x),x], + yaxa[x, T (x)] ax +
yalx, T(x)]axax =0 ..(10)
Substituting T (x)ay for y in the equation (10) implies,
xaT(x)aya[xax, T(x)], + 2xaxaT (x)aya[T (x),x], + 2T (x)ayaxaxa|T (x), x], +
T(x)ayaxalx, T(x)]qax + T(x)ayalx, T(x)] axax =0 (11
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Left multiplication of equation (10) by T'(x) leads to,
T(x)axaya[xax,T(x)], + 2T (x)axaxaya[T(x), x], + 2T (x)ayaxaxa[T(x), x], +
T(xX)ayaxalx,T(x)] ax + T(x)ayalx, T(x)] axax =0 ..(12)
By subtracting equation (12) from equation (11) we obtain,
xaT(x)aya[xax, T(x)], + 2xaxaT (x)aya|[T (x), x], — T(xX)axaya[xax, T (x)], —

2T (x)axaxayal T(x),x], =0 forallx,y e Manda €T.

Now, forall x,y € M and a € I we have,

[T(x),x]qayalT (x), xax], — 2[T (x), xax]aya[T(x),x], =0 ..(13)
By putting ya[T (x), x],az instead of y in equation (13) we get forall x,y,z€ Manda € T,
[T(x), x]qayal[T (x), x| azalT (x), xax], —2[T (x), xax] aya|[T (x), x]aza[T(x),x], = 0 ...(14)
Left multiplication of equation (13) by [T (x), x],ay implies,

[T(x), x]qayal[T (x),x] azalT (x), xax], + [T(x), x| aya[—2T (x), xax]aza[T (x), x],
=0 . (15)
By subtracting equation (15) from equation (14) for all x,y,z € M and a € I" we have,
([T (), x]gayal—2T (x), xax]q + [2T (x), xax]gayal[T (x), x]q)
aza[T(x),x], =0 ...(16)

Let, in equation (16), z be za[—2T (x), xax],ay, then we obtain forall x,y,z€ Mand a € I,
([T(x)lx]aaya[_ZT(x)' xax]a +

[2T (x), xax]gaya[T (x), x],) aza[—2T (x), xax] aya[T(x),x], =0 .. (17)
Right multiplication of equation (16) by ya[—2T(x), xax], gives,

([T(x)lx]aaya[_ZT(x)' xax]a +

[2T (x), xax] aya[T (x), x],) azalT (x), x]aya[—2T(x), xax], = 0 ..(18)
By subtracting equation (17) from equation (18) we obtain,

([T (x), x]qaya[—2T (x), xax]q +

[2T (x), xax]gaya[T (x), x]) aza([T(x), x] aya[—2T (x), xax], +
[2T (x), xax] aya[T (x),x],) =0 forallx,y,ze Manda €T.

[T(x), x]qaya[2T (x), xax], = [2T (x), xax]aya[T(x), x], ..(19)
Combining equation (13) with equation (19) leads to,

[T(x), x]qaya([T(x), xax], — 2[T(x), xax],) forallx,y e Manda € T.

This  implies that [T(x),x],aya[T(x),xax], =0 forall x,yeM and a€rl
..(20)

By left multiplying equation (20) by x we obtain,

xa[T(x), x] aya[T(x),xax], =0 forallx,y e Manda € I ...(21)
By replacing xay for y in equation (21) we get,

[T(x), x]qaxaya[T (x),xax], =0 forallx,y e Manda € T ..(22)

We combine equation (22) with equation (23) and the result is,
([T (%), x]gax + xa[T (x), x] ) )aya[T (x), xax], = 0 forallx,y e Manda € T.
[T(x), xax]aya[T (x),xax], =0 forallx,ye Manda € T ... (23)
By semiprimness, we have, [T(x),xax], =0 forallx e Manda € I’ ...(24)
Lemma 2.5: - Let M be 2-torsion free Semiprime I'-ring satisfying condition (4) and T:M — M
satisfying condition (B), then, [T(x), x],axax =0, xaxa[T(x),x], =0 and xa[T(x),x],ax =0
forallx e Manda €T.
Proof: For Lemma 2.4, we have equation (24). By the substitution of x + y for x in equation (24)
we obtain,
[T(x +y), (x +y)alx + )]
= [T(x),xax + yay + xay + yax], + [T(y), xax + yay + xay + yax],
Hence, forallx,ye Manda €T,
[T(x), yayle + [T(y), xax]q + [T (x), xay + yax]q + [T(y), xay + yax], = 0.
Putting, in the above equation, —x for x implies forall x,y e Mand a € T,
[-T (), yayla + [T(y), xax]g + [-T(x), —xay — yax]q + [T(¥), —xay — yax], =0
By comparing the above two equations we have,
[T(x),xay + yax], + [T(y),xax], =0forallx,ye Manda € I’ .....(25)
By putting 2(xay + yax) in equation (25) for y then according to equations (2) and (16) we
obtain,
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2[T(x), xa(xay + yax) + (xay + yax)], + [2T (xay + yax), xax], =0
2[T(x), xaxay + 2xayax + yaxax], + [T(x)ay + xaT(y) + T(y)ax + yaT (x),xax], =0
2[T(x), xaxay], + 2[T(x), yaxax], + 4[T (x), xayax], + [T (x)ya, xax], + [xaT(y), xax],
+ [T(y)ax, xax], + [yaT (x),xax], =0
2xaxa[T(x),y], + 2[T(x), y]gaxax + 4[T(x), xayax], + T(x)aly, xax], + xa[T (y), xax], +
[T(y), xax] ax + [y, xax],aT(x) =0 ... (26)
Thus, for all x,y € M and a € I we have,
2xaxa[T(x),y], + 2[T(x), ylgaxax + 4[T (x), xayax], + T(x)aly, xax], + [y, xax],aT (x)
+ xa[T(y), xax], + [T(y), xax]ax =0
For y = x, equation (27) reduces to,
xaxa[T(x),x]q + [T(x), x]qaxax + 2[T(x), xaxax], = 0
xaxa[T(x),x]q + [T(x), x]gaxax + 2[T (x), x] jaxax + 2xa[T (x), xax], = 0
Which gives, xaxa[T(x),x], + 3[T(x),x]qaxax=0 for all xeM and a€el ..(27)
From equation (25) we get, [T (x), x],ax + xa[T(x),x], =0forallx e Manda € T.
By right multiplication of the above relation by x we get,

[T(x), x]qaxax + xa|[T (x),x],ax =0forallx e Manda € T ..(28)
Now, by left multiplication of the above relation by x we have,
xa[T(x), x] ax + xaxa[T(x),x], =0forallx e Manda € T ..(29)
Comparing equation (28) with equation (29) gives,
[T(x), x]qaxax = xaxa[T(x),x], forallx e Mand @ € T ..(30)
From equation (27) and equation (30) we obtain, 4xaxa[T(x),x], = 0forallx e Manda €T,
implies, xaxa[T(x),x], =0forallx e Manda € T ..(31)
[T(x),x]qaxax =0forallx e Mand @ € I’ ..(32)
In addition, from equation (31) we have, xa[T(x), x]q,ax =0 forallx e Manda € I ..(33)

Lemma 2.6: Let M be 2-torsion free semiprime I'-ring satisfying condition (A)

and let T: M — M satisfying condition (B), then

[T(x),x]qax = 0and xa[T(x),x], =0forallx e Mand a € T.

Proof: From equation (25) we get, [T(y), xax], = —[T(x), xay + yax],.

Left multiplication of the above equation by x gives, xa[T (y), xax], = —xa[T (x), xay + yax],.

Similarly, right multiplication by x gives, xa[T (y), xax], = —xa[T (x), xay + yax],.

[T(y), xax],ax = —[T(x), xay + yax] ax forall x,y e Manda € T.

Putting the above two equations in equation (26) gives,

0 = 2xaxa[T(x),yl, + 2[T(x), ylpaxax + 4[T(x), xayax], + T(x)aly, xax], + [y, xax]aT (x)
—xa[T(x), xay + yax], — [T(x), xay + yax],ax
= 2xaxalT(x),y], + 2[T(x), vl axax + 4[T (x), x| ,ayax + 4xa[T(x), y]ax
+ 4xaya[T(x), x], + T(x)aly, xax], + [y, xax],aT (x) — xa[T (x), x] ,ay
—xaxa[T(x),ylq — xaya[T (x), x]o — xa[T (x), ylgax — xa[T (x), y]ax
—[T(x), x] ayax — ya|T (x), x]ax — [T (x), y] axax.

Therefore, forall x,y e Manda € I,

xaxa[T(x),y]q + [T(x), ylqaxax + 3[T(x), x],ayax + 2xa[T (x), yl,ax + 3xaya[T (x), x], +

T(xX)aly,xax], + [y, xax],aT (x) — xa[T (x), x]oay — ya[T(x), x],ax =0 ...(34)

By the substitution of yax for y in equation (34) we get,

xaxa[T(x), yax], + [T(x), yax] axax + 3[T(x), x],ayaxax + 2xa[T (x), yax]ax +

3xayaxalT(x),x], + T(x)alyax, xax], + [yax, xax],aT (x) — xa[T(x), x] ,ayax —

yaxa[T(x),x]ax =0

xaxa[T(x),y]ax + xaxaya|T (x),x], + [T(x), vl axaxax + ya[T (x), x] axax +

3[T(x), x]gayaxax + 2xa[T (x), ylqaxax + 2xaya[T(x), x]ax + 3xayaxa[T (x),x], +

T(x)aly, xax]ax + [y, xax]axaT (x) — xa[T (x), x]gayax — yaxa[T(x),x]qax =0

This reduces equation (32) and equation (33) to,

xaxalT(x),y] ax + xaxaya[T(x),x], + [T(x), ylgaxaxax + 3xayaxa[T(x), x], +

2xa[T (x), ylgaxax + 2xaya([T (x), x| ax + T(x)aly, xax]ax + [y, xax] axaT (x) —

xa[T(x),x]ayax =0 forallx,ye Manda € I’ ...(35)

Right multiplication of equation (34) by x gives, forallx,y € Manda € I'
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xaxa[T(x),y]lqax + [T(x), y]qaxaxax + 3[T(x), x] ,ayaxax + 3xaya[T(x), x] ax +
2xa[T(x), ylqaxax + T (x)aly, xax]ax + [y, xax],aT (x)ax — xa[T (x), x]qayax =0 ...(36)
Subtracting equation (36) from equation (35) implies,
xaxaya[T(x),x], + 3xayaxa[T(x), x], — 3xay[T(x), x]qax + 2xaya[T (x), x]  ax
+ [y, xax]axaT (x) — [y, xax]aT (x)ax
= xaxaya[T(x),x], + 3xay|[[x, T(x),x],]q + 2xay[T(x), x] ax
+ [y, xax]qalx, T(x)]g = 0
which reduces equation (31) to,
2xaxaya[T(x),x], + 3xayaxa[T(x), x], — xaya|T (x),x], = 0forallx,y e Manda € T
By replacing —[T(x), x],ax by xa[T (x), x], in the above equation, and by 2-torsion free I'-ring, we
get,
xaxaya|[T(x),x]q + 2xayaxa[T(x),x], =0forallx,ye Manda € I ..(37)
Recall equation (5) and Lemma 2.5, so, for all x,y € M and a« € I we have,
xaya[xax,T(x)], + 2xaxaya[T(x), x], + 2yaxaxa[T (x), x], + yaxa[x, T(x)] ax +
yalx, T(x)]axax =0
Using equation (24) leads to, xaxaya([T(x),x], = 0 forallx,y e Manda € I.

Which gives, together with equation (37), xayaxa[T(x),x], =0 ... (38)
Left multiplication of equation (38) by T'(x) gives,
T(x)axayaxa[T(x),x], =0forallx,ye Manda € I’ ...(39)
Replacing, in equation (38), T(x)ay by y we obtain,
xaT(x)ayaxalT(x),x], =0forallx,ye Manda € I’ ...(40)
Subtracting (40) from (39) implies, [T (x), x], ayaxa[T (x),x], =0 forallx,y e Manda € I'.
Thus, xa[T(x),x], =0forallx,ye Manda €I’ ..(41)
In addition, [T(x),x],ax =0forallx,y e Manda € I' ..(42)

Theorem 2.7: Let M be a 2-torsion free semiprime I'-ring satisfying condition (A) and T:M — M
satisfying condition (B), then T is a left and right centralizer.

Proof: We take equation(25), then, forall x,y € M and a« € I" we get,

[T(x), x]qay + xa[T(x), y]la + [T(x), y]laax + ya[T (x),x]q + xa[T (¥), x]q + [T(¥), x]gax = 0.
From equation (37) with the above equation we obtain,

xa[T(x),y], + ya[T(x),x]g + xa[T(y),x], =0forallx,ye Mand a € I

Left multiplication of the above equation by [T (x), x],, and by equation (38), implies,
[T(x),x]qaya[T(x),x], =0forallx,y e Manda € T.

From the semiprime we have, [T(x),x]l,=0 for all xeM and a€rl
..(43)

Combining equation (41) with equation (1) gives T(xax) = T(x)ax forallx e Mand @ € T

Also, T(xax) = xaT(x) forallx e Mand ¢ € I".

This implies that T is a left and right Jordon centralizer, and by a previous work [8; Theorem 3.1 ],
the result is that T is both a left and right centralizer.
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