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Abstract

Soft closure spaces are a new structure that was introduced very recently. These
new spaces are based on the notion of soft closure operators. This work aims to
provide applications of soft closure operators. We introduce the concept of soft
continuous mappings and soft closed (resp. open) mappings, support them with
examples, and investigate some of their properties.
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1.Introduction
The concept of soft sets was first introduced by Molodtsov [1] in 1999 as a general mathematical
tool for dealing with uncertain objects. Soft set theory has been applied in many directions, e.g.,
stability and regularization [1], game theory and operations research [1], soft analysis [1], group
theory [2], general topology [3], etc. Moreover, in the structure of closure spaces, Gowri and
Jegadeesan [4] and Krishnaveni and Sekar [5] introduced and studied Cech soft closure spaces. In the
classical soft set theory, because of the fuzzy existence of the parameters, a condition can be
complicated in the real world. In this respect, classical Cech soft closure spaces were expanded to
Cech soft closure spaces [6, 7, 8]. Recently, Ekram and Majeed introduced the notion of soft closure
spaces [9] as an expansion to this concept in the ordinary case of the set theory that was introduced by
Cech [10].
Continuity is an important notion in general topology, soft topology, and closure spaces as well as
all branches of mathematics and quantum physics. Kharal and Ahmad [11] presented the concept of a

mapping on the classes of soft sets that is a central notion for the advancement of every new field of
mathematical science. An idea of soft mapping was presented and some of its properties were studied
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in [12]. Boonpok [13] defined and studied the concept of continuity in closure spaces. Our work in the
present paper is dedicated to presenting the concept of soft continuity in soft closure spaces. In Section
3, we introduce the concept of soft continuous and study some of their properties. Also, the notion of
soft closed (resp. open) mappings is introduced. In Section 4, several properties and characterizations
related to soft projection mappings, closed (resp. open) soft sets, and soft continuous (resp. soft
closed) mappings in the product of soft closure spaces are discussed.
2.Preliminaries

In this section, we introduce the basic definitions and results of soft set theory and soft closure
spaces that will be needed in the sequel.
Definition 2.1[1]. A soft set Fr = (F, R) over the universe set M is defined by a mapping F:R —
P(M). Then, Fj can be represented by the set Fp = {(r,F(r)):r € Rand F(r) € P(M)}. We
denote the family of all soft sets over M by §§ (M, R).
Definition 2.2 [14]. A null soft set, denoted by &y, is a soft set Fz over M such that for all r € R,
F(R) = @ (empty set).
Definition 2.3 [14]. An absolute soft set, denoted by M, is a soft set F5 over M such that for all
re€R,F(r)=M.
Definition 2.4 [15]. Let F; and Gy be two soft sets over M. Then, Fy is called a soft subset of G,
denoted by Fi E Gg, if F(r) € G(r) for all r € R. Fr equals Gg, denoted by Fyr = Gy, if Fg E Gy
and Gy E Fg.
Definition 2.5 [14]. The union of two soft sets Fr and Gy over M is the soft set H; defined as b
H(r)=F (@)U G(r) forall r € R. This is denoted by Fy U Gg. Also, the soft intersection of F, and
Gp is the soft set # given by H (r) = F(r) n G(r) for all r € R and denoted by Fi N Gg.
Definition 2.6 [3]. Let Fx and G be two soft sets over M, the difference Hy of Fr and Gy is denoted
by Fr — Gg, and defined as H (r) = F(r) — G(r) forall r € R.
Definition 2.7 [3]. The relative complement of a soft set F is denoted by Fg, where F¢: R — P(M)
defined as F¢(r) = M — F(r), forall r € R. Clearly, F§ = M — Fx.
Definition 2.8 [16]. The soft set F € SS(M, R) is called soft point in M, denoted by x,., if for the
element r € R, we have F(r) = {x}and F(r') = @ forevery r' € R — {r}.
Definition 2.9 [16]. The soft point x, is said to be in the soft set Gg, denoted by x, € Gg, if for the
element r € R, we have {x} € G(r).
Definition 2.10 [11]. Let §§(M,R) and §§(NV, X) be families of soft sets, where ¥: M — N and
£: R — X are mappings. The mapping ¥ ,: SS(M,R) — SS(IV, K) is defined as:

1- If Fr € §§(M, R), then the image of Fx under ¥, written as ,(Fg) = (ng(TR),E(R)), isa

soft set in $§(IV, K) such that:
3 -1
Vo (FR) (k) = {lp(UrEE_l(R)nR F(r)), ifret (k)NR=+0;
0, otherwise.

2- If Gy €SS(IV,K), then the pre-image of Gy under w, written as ¥, *(Gy) =
(1,0[1((;;(), E_I(JC)), is a soft set in SS(M, R) such that

-1 . )
e (GO = {‘l’ (6(een). if ey €56

o, otherwise.
Definition 2.11 [17]. Let Fr € S§(M,R) and Gy € SS(IV,K). The Cartesian product Fr X Gy IS
defined by (F X G)gx3 Where
(F X G)pxsc(r, k) = F(r) x G(k), forall (r,k) e R X K.
From this definition, the soft set Fr X G4 is a soft set over M x N and its universe parameter is
RX XK.
The pairs of projections pyr: M XN — M, qp: R XK — Rand ppr M XN — N, qs:RX K —
K determine, respectively, the morphisms (py¢, gg) from M x N to M and (py, %) from M X NV
to V', where
(P, qr) (Fr X Gxc) = pae (F X G) g (rxscy @nd
D q3c) (Fr X Gx) = D (F X G) gg(rxc) [18]-

2677



Ekram and Majeed Iragi Journal of Science, 2021, Vol. 62, No. 8, pp: 2676-2684

Definition 2.12 [9]. An operator ii: SS(M,R) — SS(M, R) is called a soft closure operator (soft- co,
for short) on M, if for all F, Ggr € SS(M, R) the following axioms are satisfied:
(C1) &g = 1i(Pg);
(C2) Fr E u(Fr);
(C3) Fr C Gr = i(Fy) T ii(Gg).
The triple (M, i, R) is called a soft closure space (soft-cs, for short). A soft subset F5 over M is said
to be a closed soft set, if Fr = 1i(Fg). A soft subset Gp over M is called an open soft set if it is a
relative complement M’ — Fy and is a closed soft set.
Definition 2.13 [9]. Let (M, @, R) be a soft-cs and let Y < M. Let fiy: S§(Y,R) — §S(Y, R) defined
by iy (Fr) = U N 1i(Fg). Then, tiy is called the relative soft closure operator on Y induced by @. The
triple (Y, @iy, R) is called a soft closure subspace (soft-c.subsp, for short) of (M, @, R).
Theorem 2.14 [9]. Let {(Myg, Tiq, Re): a € 7} be a family of soft-cs’s. If Gy, g,, is an open soft set in
the product soft-cs ([Tges My, ®, [1aes Re), then(par,, ar,)(Gp,e,r,) 1S an open soft set in
(M, tig, Ry) forall a € 7.
3.Soft continuous mappings

In this section, we introduce the concept of soft continuous (resp. soft closed) mappings between
soft closure spaces, with some examples to explain these notions. Also, some properties related to
these concepts are given.
Definition 3.1. Let (M,#%,R) and (IV,7,KX) be softcs’s. A soft mapping
Yp: (M, T, R) —» (WV,7,K) is said to be soft continuous, if Y, (Ti(Fg)) E T (Y,(Fr)) for every soft
set Fr € SS(M, R).
In the next paragraphs, two examples are introduced to explain Definition 3.1.
Example 3.2. Let M = {a,b,c},R = {ry, 1,13} and = {x,y,z}, K = {ky, k,}. Let i:SS(M,R) —
SS(M,R) and 7: SS(WV, K) — SS(IV, K) be soft-co’s defined as follows:

dp if Fr E O,
u(Fr) = {(7&,{(1})' (Tz'{b})} if Fr & {(7"1,{‘1}; (Tz;{b})},
M otherwise.
By ifGx E Py,
U(Gyxc) = {(ky, L DACAERH NS (CREFDACRES D)
N otherwise.

Clearly, (M, 1, R) and (IV, 7, K) are soft-cs’s. Then, the soft mapping y,: (M, @4, R) = (I, 7,K)
defined by Y (a) = x,¥(b) =y, Y(c) =zand £(ry) =k, , £(ry) = £(r3) = k, is a soft continuous
mapping.

Example 3.3. Let M ={a,b,c},R ={r,r,} and ={x,y,z}, K = {ky, k,}. Let i:SS(M,R) —
SS(M,R) and 7: SS(NV, K) — SS(IV, K) be soft-co’s defined as follows:

&y if Fp = Op,
w(Fp) = {(7'1,{17})} if Fp= {(Tl,{b})}'
M otherwise.
By if Gy = Py,

mwzwhmm}#@=«nmn
(e, DY if Gae = (U, YD},

N otherwise.
Clearly, (M, 1, R) and (IV, ¥, K) are soft-cs’s. Then, the soft mapping y,: (M, @, R) - (N, 7, K)

defined by ¥(a) =x,¥(b) =2z Y(c) =y and () =k, , £(r,) =k, is not soft continuous
mapping. Since there exists a soft set Fz = {(r,, {c})} € §§ (M, R), such that
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Yo (U(Fr)) = N & {(ky, (YD} = 5(Y (Fr)).

Proposition 3.4. Let (M,%,R) and (IV,7,K) be soft-cs’s. If Y,: (M, %, R) = (NV,7,K) is soft
continuous mapping, then @ (¥, 1 (Gy)) E ;1 (#(Gx)) for every soft set Gy € SS(WV, K).

Proof. Let Gy € SS(V,K). Then, ;(Gy) € SS(M,R). From the hypothesis, we obtain
Yo7 (Gy)) E F(,(W; 1 (Gx))) E ¥(Gy). Consequently, by taking the inverse image we get,
7t W@z (Gx))) E P  (H(Ga))- Hence, @7 (Gx)) E 7 (B(Gx)). [

Proposition 3.5. If y,: (M, 1, R) —» (W, 7, K) is a soft continuous mapping, then ¥, *(Gy) is a
closed soft set of (M, i, R) for every closed soft set Gy of (W, ¥, K).

Proof: Let Gy be a closed soft set of (W, 7, K). From 1y, is a soft continuous mapping and by

Proposition 3.4, we have (w;l((;gc)) C ;' (5(Gx)). Since Gy is a closed soft set,
7 (7 (Gx)) € Y7 (Gx) and from (C2) of Definition 2.12, we obtain  (7(Gx)) = ¥7* (Gx).
Therefore, ¥, 1 (Gy) is a closed soft set of (M, i, R).
Corollary 3.6. If 1,: (M, 1, R) - (N, 7, K) is a soft continuous mapping, then 1, *(Gy) is an open
soft set of (M, i, R) for every open soft set Gy-of (I, T, K).
Remark 3.7. The converse of Proposition 3.5 and Corollary 3.6 may not be true.
Example 3.8. Let M ={a,b,c},R ={r;,rn} and ={x,y,z}, K = {ky,k,}. Let i:SS(M,R) —
SS(M,R)and 7: SS(WV, K) — SS(N K) be soft-co’s defined as follows:

f Dp if Fg = Dp,

iW(Fp) = {{(rl {eh)} if Fr= {(7"1 {C}}
{(refa b))} if Fo={(r{a})},

k otherwise.

([ P if Gye = Py,
ﬁ(GJC) — 4 {(k1; {y})} lf G?( = {(kl'{y})},

{(k2, {x, yD} if Gy = {(k2, {xD)},

l N otherwise.
Clearly, (M, i, R) and (V, 7, %) are soft-cs’s. Let yY,: (M, %, R) » (V,7,K) be a soft mapping
defined by yY(a) = x,¥(b) =z, Y(c) =y and £(ry) =k, , €(ry) = k,. Then, it is clear that, for
any closed soft set Gy of (IV, 7, K), ;1 (Gy) is a closed soft set in (M, @, R). However, there exists a
soft set Fr ={(r,{a})} € SS(M,R) such that ¥,(%(Fr)) = {(ky {x,z})} Z {(ko, {x, ¥y} =
7(o(Fr)). Hence, ¥, is not soft continuous.
Proposition 3.9. Let (M, 4, R), (W, 7,%), and (Z,w, Q) be soft-cs’s. If Y,: (M, 1, R) = (W, 7,X)
and @ : (W, 7, K) — (Z,w, Q) are soft continuous mappings, then ¢ 0,: (M, 1, R) - (Z,W,Q) is a
soft continuous mapping.
Proof: Let Fr € SS(M, R). By the definition of composition ¢ 01, (%i(Fr)) = ¢, (@(Fr)) and
since 1, is soft continuous, then it follows that ¢, (1, ((EL(Fr)) E @, (F(Ye(Fr)). As @, is soft

continuous, we get @ (F(Y,(Fr)) E W(p, (¥, (Fr)). Consequently, ¢ o01,(i(Fr)) C
W(%OW(TR))-

Hence, ¢, 01, is a soft continuous mapping. [

Proposition 3.10. Let (M, @, R) and (W, ¥, X) be soft-cs’s and let (Y, @iy, R) be a closed soft-c.subsp
of (M, 1, R). If Y,: (M, 1, R) = (W, 7,K) is soft continuous mapping, then the restriction mapping
Yely: (Y, Ty, R) = (IV, 7, K) is soft continuous mapping.

Proof: We must prove that, for all Fz € SS(Y,1iy,R), Ysly(liy(Fr)) E F(Ysly(Fr)). Now,

Vely (ﬁy(TR)) =Y,ly ('g rn ﬁ(TR)) (by definition of #iy)
= Yely(2(Fr)) (by (C2)Fr £ Y = u(Fp) £ 4(F) =)
= Y, (U(Fr)) (by @i(Fr) ET)
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= T(Y,(Gr)) (by vy, is soft continuous).
Hence, ¥,|y is a soft continuous mapping. [
Definition 3.11. Let (M, @, R) and (IV, 7, K) be soft-cs’s. A soft mapping ,: (M, 1, R) = (W, ¥, K)
is said to be soft closed (resp. open), if Y,(Fg) is closed (resp. open) soft set of (I, ¥, K') whenever
Fr is closed (resp. open) soft set of (M, i, R).
Example 3.12 Let M ={a,b,c},R = {ry,rp} and NV = {x,y,z}, K = {k, k,}. Let i:SS(M,R) —
SS(M,R) and 7: SS(WV, K) — SS(IV, K) be soft-co’s defined as follows:

(T)R if Fp = EISR'
a(TR) = {(rl,{b! C})' (Tz, {b, C})} lf ‘TR = {(rl,{bl C})! (T'z, {b, C})}v
M otherwise.
Dy if Gy = Py,
U(Gx) = {(ky, (¥, 2D, (ko {9, 2D} if Gy E{(ka, {y, 2}), (koo v, 2D},
N otherwise.

Clearly, (M, 1, R) and (IV, ¥, K) are soft-cs’s. Then, the soft mapping y,: (M, @, R) - (N, 7, K)
defined by ¥(a) = Y(b) = Y(c) =xand (r;) =k, , €(ry) =k, is a soft open mapping. But it is
not soft closed mapping since there exists a closed soft set Fg = {(ry {b, c}), (ro,{b,c})}, but
Yo (Fr) = {(kq,{x}), (k2,{x})} is not closed soft set in (W, ¥, K).

Proposition 3.13. Let (M, i, R) and (V, ¥, K) be soft-cs’s. Let 1, be a soft mapping from (M, i, R)
onto (W, ¥, K). Then 1y, is soft closed if and only if, for each soft set Fy € SS(IV, K) and each open
soft set Gg of (M, i, R) containing 1, *(Fy), there is an open soft set Hy of (IV, ¥, %) such that
Fy E Hye and ;1 (Hy) E Gg.

Proof: Let i, be a soft closed mapping, Fy € SS(IV,K), and let G, be an open soft set of (M, @i, R)
such that ;1 (Fyx) E Gg. Then, Y,(M — Gg) is a closed soft set of (V,7,XK). Let Hy = N —

V(M — Gg). Then, Hy is an open soft set of (V, %K) and y;'(Hy) = ¢! (ﬁ—llie(f/[—
GR)) =M —y;? (gbf(JV[ - GR)) C M — (M — Gg) = Gg. Thus, Hy is an open soft set of
(W, &, %) containing Fy such that 1, *(Fx) E Gg.

Conversely, let Fr be a closed soft set of (M,,R). Then, ¥;* (1\7 —W(TR)) E M — Fr and
M — Fg is an open soft of (M, i, R). From the hypothesis, there is an open soft set Hy of (I, ¥, K)
such that V' — y,(Fg) E Hye and ;1 (Hy) E M — Fg. Therefore, Fr E M — ;1 (Hy). Therefore,
N — Hye EY,(Fr) E Ypo(M — ¢, (Hy)) E N — Hy, which yields ,(Fg) = N — Hy. Therefore,
Y, (Fr) is a closed soft set of (I, ¥, K). Hence, ¥, is a soft closed mapping. N

Proposition 3.14. Let (M, i, R), (W,7,K) and (Z,w,Q) be soft-cs’s and let y,: (M, 1, R) —
(W, 7, %) and @ : (W, 7, K) — (Z,w, Q) be soft mappings. Then

i- ify, and ¢, are soft closed, then so is ¢, 01),.

ii- if g 01, is soft closed and v, is soft continuous and surjection, then ¢, is a soft closed mapping.
iii- if g 01, is soft closed and ¢, is soft continuos and injection, then 1, is a soft closed mapping.
Proof

i- Let Fy be a closed soft set of (M, i, R). By vy, is soft closed mapping, we get y,(Fr) closed soft
set in (V, 7, K). Since ¢, is closed soft, then ¢, (1,(Fr)) is closed soft set in (Z,w,Q). Hence,
@40, is soft closed mapping.

ii- Let Gy be a soft closed set of (I, #,X). Since v, is a soft continuous, then 1, (Gy) is soft

closed in (M, , R). Since ¢ 01, is soft closed, then ¢ 01, (1/1;1(67()) = @, (W, (w;l(ch))) is a

soft closed set in (Z,w,Q). But 1, is surjection, then ¢ 01, (1/){71(076)) =g, (1/;( (1/;{71(636))) =
®4(Gy). Consequently, ¢, (Gy) is a soft closed set in (Z, w, Q). Hence, ¢, is soft closed mapping.
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iii- Let Fr be closed in (M, 1, R) to prove that 1,(Fg) closed in (W, &, X). Since ¢ 01, is soft
closed, then ((pq)Olpg)(TR) is closed in (Z,w,Q) and since ¢, is soft continuous, then
051 ((94010)(Fr)) is closed of (W, ,%). This implies that ¢ (¢, (1, (Fr)) is a closed soft set of
(W, 7, %). Since ¢, is one to one, then 1, (Fg) is closed soft in (IV', 7, K).
4. Soft continuous mappings between product soft closure spaces

In this section, we study some properties of soft continuous mappings in the product soft closure
space. First, we show that the soft projection map is soft closed and continuous.
Theorem 4.1. Let {(M,, i, R,):a € 7} be a family of soft-cs’s and let v € 7. Then, the soft
projection mapping (pa,, qgr, ): TaesMa, ®U [TaesRe) — (M, 11y, R,) is a soft closed and soft
continuous mapping.
Proof. First, we prove that for all v € 7, the soft projection mapping (va,qu) is soft closed. Let

Fllues R, D€ a closed soft set of ([[geg Mg, ®, [TaesRe)- Then, Maes M, — Fllues Ry 1S @N 0pen soft
set of ([Tues Mg, @, [1aesRy). From Theorem 2.15, we have (par,, qr,) Tlaes My — Fjyesr,) 1S N
open soft set of (M, &y, Ry). BUt, (pac, dr,) (Tlaes Ma = Filperre) = Mo = (P2, 4r,) (Fllpes ra):
which is an open soft set in (M, 1, R,). Hence, (va,qu)(THaegRa) is a closed soft set in
(M, ti,, R,,). Thus, the soft projection map (va, ‘IRV) is a soft closed mapping.

Now, we shall show that (pa,. qg,) is soft continuous mapping for all v €7. Let Gy, z, E
[aes M, to prove that (pa,, qr, ) (®U(Gr,, v, )) E (P, dr,) (G[yes r,)- From the definition of
®1i, we have

(P, G-, ) (®U(Cr1 s ry) = (g, qu)(l_[ lig ((PMa' Are) (Gllpey Ra))

a€eld
= ﬁv((PM,,» qu)(GHaej Ra)-
Therefore, (par,, qr, ) is soft continuous mapping.
Theorem 4.2. Let {(Myg, i, Ry): a € 7} be a family of soft-cs’s and let v € 7. Then, F_is a closed

set of (M, i1, R,,) if and only if Fp X [Ta=v M, is a closed soft set in ([[pes Mg, @i, [TaesRe)-
Proof. Let v € 7 and let F, be a soft closoézlgset of (M, @y, Ry). Then, from Theorem 4.1, (py,, 4, )
is soft continuous and, by Proposition 3.5, we have (pac,,qr,)” (Fa,) i @ soft closed set of
(TMaesMa, %, [1aesRa). But, (pac,, qu)_l(.‘FRv) = Fp, X ]'[(gé?]v[a. This implies that Fp X
[Tazv M, is a soft closed set of ([]zes My, U, [TaesRa)-

a€d
Conversely, Fg X [Ja=v M, is a soft closed set of ([]pesMe, @, [[aesRe)- From Theorem 4.1, this
a€d

implies that, for all v € 7, the soft projection (va, qu) is soft closed mapping. This implies that
(Pr,r dr, )(Fr, X [azv M, ) = Fp, is a soft closed set of (M, iy, Ry,). [
a€d

Theorem 4.3. Let {(M,, @iy, Re): a € T} be a family of soft-cs’s and let v € J. Then, G is an open
soft set of (M, @i, R,,) if and only if Gg X [[a=v M, is an open soft set of ([[zeMe, ®U, [TaesRa)-
a€d

Proof: Let v € 7 and let G be an open soft set of (M, @i, R,,). From Theorem 4.1, (va, CIRV) is soft

continuous mapping, then (pa,, qu)_l(GRv) is an open soft set of ([Jpes My, ®il, [TqesRy)- BUL,

(va,qu)_l(GRv) = Gg, X [la#zv M, therefore, Gg X [lazvM, is an open soft set of
a€J a€ld

(H(ZEJMQI ®ﬂ’ HanRa).
Conversely, let Gg X [la#v M, be an open soft set of ([[qesMy, U [[aesRa)- Then, [lazv M, —
a€ed i

(Gg, X [lazv M) is a closed soft set of ([[pesMeq, ®U [TaesRe)- BUL, [azv My — (Gg, X
a€J a€d
[azv My) = (M, — Gg,) X [la=v M, is a closed soft set of ([Tpes Mg, @, [ToesRe). By Theorem
a€ld a€ld
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4.2, (M, — Gg,) X [la#v M, is a closed soft set of ([]ges My, 1, [1aesRa)- Consequently, Gy is an
a€J
open soft set of (M, @i, R,). [

Theorem 4.4. Let (W, ®,K) be a soft-cs, {(M,, T, Ry): @ €T} be a family of soft-cs’s, and
Yo (W, 0,K) = ([laesMe, i, [1aesRe) be soft mapping. Then, ¥, is a soft closed mapping if and
only if (pac,, qr, )0, is a soft closed mapping for each « € 7.

Proof. Let ¥, be a soft closed mapping. From Theorem 4.1, (pMa,qRa) is soft closed mapping and by
Proposition 3.14 part (1), we get that (pMa, qRa)Ol/)# is a soft closed mapping for each a € J.
Conversely, let (pMa, qRa)Ol/Jg be a soft closed mapping for each a € J. Suppose that y, is not a soft
closed mapping. Then, there exists a closed soft set F; of (I, @, K) such that 1, (F;) is not a closed
soft set of ([TaesMy QU [laecsRa), 16, ®U(Ye(Fx)) # Yo(Fg), Which implies that
QU (Fsc)) & Po(Fye). It follows that [T e, e (P, dr, ) We(Fsc))) & e(Fsc). This implies
that there exists v € 7 such that @,((par,, qr,)) We(Fx)) & (Pac, dr, ) We(Fxc)). Since Fy is a
closed soft set of (NV,&,X) and (pMa, qRa)Oll)e is a soft closed map for each a €7, then
(o, ar, ) oY) ( Fyc) is a closed soft set of (M, @iy, R,,). This implies that (pac,, qr, ) W, (Fx)) is a

closed soft set of (M, ii,, R,). Consequently, i, ((va, ‘IRV)) (We(F30)) = (P, ar,) (W (Fy)) and
this is a contradiction.

Theorem 4.5. Let {(My, iy, Ry): @ € 3} and {(NV,, @4, K, ): @ € T} be families of soft-cs’s. For each
a €], let W) a: My, Tig, Ry) — (N, D, Kg) be a surjection and let
1/){’: (HaejMa' 1, HaejRa) - (HaejNa' , @, Hae]jca)’ defined by lpf((xara)aeﬂ) =
((wf)a(xara))aeg. Then, Y, is soft closed if and only if (y,), is soft closed mapping for each a € J.
Proof. Let 1y, is soft closed mapping. Let v € 7 and let Fp be a closed soft set of (M, 1i,, R,,). Then,

by Theorem 4.2, Fr X [[a=vM, is a closed soft set of ([Jpes My, ®U, [1aesRa)- Since P, is a soft
a€ed
closed mapping, then ,(Fg, X [la=vM,) is a closed soft set of ([[qesNg,, ®®, [[aes¥Ke)- But
a€J
Yo (Fr, X [TazvMy) = W)y (Fr,) X [lazvNg, hence Y, (Fg ) X [[azvNy is a closed soft set of
a€J a€d a€J

([TeesNay» ®W, [1aesKe)- By Theorem 4.2, 1,(Fg,) is a closed soft set of (I, @, K,). Hence,
(Y,),, is soft closed mapping for each a € J.

Conversely, let (¥,), be a soft closed mapping for each @ € 7. Now, we shall prove that ¥, is a soft
closed mapping. Suppose that i, is not a soft closed mapping. Then, there exists a closed soft set
Fllucsre OF (IaesMea, @, [laesRe) such that ¥,(Fp,.,r,) IS not closed soft set of
(Iae1 N ®®, [1ae1HK ). This implies that ®5(lpg(?naej}qa)) Z Yo(F1,e,r,)- From the definition
of ®@, we get that [Tyes@e (P, a5,) Wo(Frines R D)) E Wo(F,esr, ) Which implies that there
exists v €J such that @,(pn,, 9x,) We(Frer,) E @, 93,) We(Fri e, r,).  Therefore,
@, (W) v(Pre, r,) Fllacrra)) E W)w (P, r,) (Fllnes e )-

Theorem 4.6. Let (W, ®,X) be a soft-cs, {(My, 1, Ry):a €I} be a family of soft-cs’s, and
Yo (V,0,K) = ([laesMy, O, [1aesR) is a soft mapping. Then, ¥, is soft continuous if and only
if (par,. g, )0, is soft continuous for each a € J.

Proof. Let ¥, be soft continuous. From Theorem 4.1, (pMa,qRa) is soft continuous for each a € 7
and by Proposition 3.9, (pr,, qr,, )0, is soft continuous for each a € J.

Conversely, let (pMa,qRa)m/)g be soft continuous for each a € 3. We must prove that i, is soft
continuous. Suppose that Y, is not soft continuous. Then, there exists a soft set Hy € S§(WV, K) such
that 1, (@ (Hy)) & ®u(Y,(Hx)), which implies that 1, (@ (Hy))  [aes (ta ((Pacy qr,) We(Ha)).
Then, there exists v € 7 such that (pac,, qr,) W (@(Hy)) € iy ((Pac, dr,) @ (Hx)). Since, for all
a €], (Prc, qr,)0We is soft continuous, then
((Pac,» Gr,) oY) (@(Hy))) E Ty ((Par, qr,)0%e) (Hy))- Then, (P, ar,) W (@(Hy)) E
i, (P, qr, ) (We(Hy) ), which is a contraction. Consequently, 1, is soft continuous mapping.
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Theorem 4.7 Let {(M, iy, R,): @ € 7} and {(NVy, @y, K,): a € T} be families of soft-cs’s. For each
a€d, let  (WYp)a: My T Ry) — (N, @y, K,) be a soft mapping and et
Yo: ([TaesMa, ®U [laesRa) — ([laesNay, ®F, [TaesKa), defined by lpf((xara)aeﬂ) =
((lpt’)a(xara))aefl- Then, ¥, is soft continuous if and only if (y,), is soft continuous for each a € 7.

Proof. Let 1, be a soft continuous, let v € 7, and let Hy = M. Then,
W)o ((Hr,)) = (Pac,y 4, ) (oo (o (Hr,)) X Tazy (Pe)a(Ba(FT)
= (Pagy i, ) Cbe(( (Hr, ) ) X Tazy (e (M)
= (Poa, ar,) W 2(®TU(Hp, X [Tazv M)
C (P, dr, ) (@@ (W, (Hg, X HQMD,)) (1, is soft continuous)
= (P2, 9r,) (®B((We)y(Hr,)) X H‘éé'}’(lp#)a(ﬁa))

= (Pagy 4, )@, (e (Hr,)) X Tazv@ (Pe)a (L)

= 517((1!){’)17(1'1&,)-
Thus, (,), (ﬁv(HR,,)) C @, ((Y¢)v(Hg, ). Consequently, (,), is soft continuous for all v € 7.
Conversely, let (1,), be soft continuous for each a € 7 and let Hyy _, g, E [Taes M- Then,

e (®(H1,eyr,)) = We(aestla(Dac, Gre) (Hiloes r,)
= [aes (Vo) a(laerlia (P, qr,) (H[4esR,))
= [aes (Vo) a (e ((Prr, dr,) (H4esR,))
E [aes@a (W) a (P, dr,) (H4esR,))
= [aes@a (P, qr,) (W (Hppey r,)))
= ®&(W¢(H1 ey R,)
Therefore, vy, is soft continuous.
Conclusions
Soft closure spaces are a very new concept and an important topic for investigators because it is
more general as compared to the concept of soft topological spaces. The notions of soft continuous
and soft closed (resp. open) mappings were introduced in this paper, and some related properties and
theorems were developed. To explain our notions, we put forward some examples.
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