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Abstract 
     The calculations of the shell model, based on the large basis, were carried out for 

studying the nuclear 
29-34

Mg structure. Binding energy, single neutron separation 

energy, neutron shell gap, two neutron separation energy, and reduced transition 

probability, are explained with the consideration of the contributions of the high-

energy configurations beyond the model space of sd-shell. The wave functions for 

these nuclei are used from the model of the shell with the use of the USDA 2-body 

effective interaction. The OBDM elements are computed with the use of 

NuShellX@MSU shell model code that utilizes the formalism of proton-neutron.  

 

Keywords: Shell model, binding energy, single neutron separation energy, neutron 

shell gap, two neutron separation energy. 

 

 34Mg-29لبعض خرائص نوى نظائر نموذج القذرة أحدابات 
 

غيث نعمة فليح،*لبنى عبد الجبار محمود  
 قسم الفيدياء ، كلية العلهم ، جامعة بغجاد ،بغجاد ، العخاق

 الخلاصة
ظائخ التخكيب الظهوي لظ ةسجرالالتهزيعات طجى واسع من خح لأنطهذج القشخة مع الأتم استخجام حسابات      

طاقة  ,، فجهة غلاف الظيهتخون اقة الخبط ،طاقة الفصل للظيهتخون كل من ط يخستفحيث تم 34Mg-29الطغظيسيهم
 تهزيعات ضطن مجى الطاقةال مساهطات بالاعتطاد على واحتطالية الانتقال الكهخبائي الطختدلة فصل الظيهتخونين

م التفاعل خجاتباسنطهذج القشخة أبالاعتطاد على  ت.الجوال الطهجية لهحه الظهى حسبsd–القشخة  العالي لفضاء
 NuShellX@MSU باستخجام بخنامج OBDMوتم حساب  ،( لهحه الظهى  USDA-2الطؤثخ لجسيطتين )
 نيهتخون . –على صيغة بخوتهن 

1- Introduction 

     There are 22 discovered Mg isotopes. The atomic number of those isotopes is 12 and the neutron 

number is in the range between 7 and 28. There are 3 stable isotopes, which are 
24 

Mg, 
25 

Mg, and 
26 

Mg, as well as 19 other radio-isotopes. 
28 

Mg can be considered as the longest-lived radio-isotope that 

has a 20.915h half-life. The radioisotope which is shortest-lived is the rare 
40 

Mg that has an over 

170ns half-life [1]. The isotopes which are lighter usually decay to the Na isotopes, whereas the heavy 

ones decay to the Al isotopes. The isotopic chain of Mg is particularly interesting, due to the unique 

nuclear structure of those isotopes. That importance is a result of the significance of the nuclei lying 

far from the ß-stability, as they were proven adequately adapted for descriptions of the nuclear systems 

which are near the stability valley. Such characteristic made them sufficient testing candidates for the 

model of the nuclear shell [2]. Those isotopes are the extended chain on both stability valley sides, 

beyond the shell of N =9, representing neutron deficient side, till the N =17 shell at the rich side of the 
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neutron, representing the boundaries of the “inversion islands” [3], which are regions in which the 

normal shell model theory of the filling of a single-particle level changes due to the overlap in the 

model spaces [2]. 

Shell model is a description of the fillings of the shells or the orbits with the specific angular 

momentum nucleons and spins with augmenting energy in nuclear potential. The shells are filled in 

such a way which has consistency with the Principle of the Pauli Exclusion, which indicates the fact 

that every one of the nucleons includes a separate wave function and quantum numbers set. Each one 

of the nucleons is viewed as a separate particle that orbits in central potential, despite the presence of 

strong interactions amongst the nucleons [4]. This central potential is responsible for the regulation of 

the motions of every one of the nucleons, designed for the approximation of the majority of separate 

interactions of the nucleons [5]  

     The ground state density values of the proton-rich unstable 
9
C, 

12
N & 

23
Al exotic nuclei was 

researched through the binary cluster model (BCM) and the two-frequency shell model (TFSM) [6]. In 

the latter, the wave functions of the single particle harmonic oscillator was utilized with 2 different 

parameters of the oscillator size ßc & ßv, where the first is for core (i.e. inner) orbits and the second is 

for valence (i.e. halo) orbits.  

     The nuclear structure of the 
17

O nucleus was investigated using shell model with self-consistent 

Hartree-Fock calculations [7]. In particular, elastic and inelastic electron scattering form factors, 

energy levels, and transition probabilities were calculated for positive and negative low-lying states. 

Two different shell model spaces were used for this purpose. The first one is the psdpn model space 

for positive parity states and the second one is p1/2sd model space for negative parity states. For all 

selected excited states, Skyrme interactions were adopted to generate a one-body potential in Hartrre-

Fock theory for calculating the single-particle matrix elements. 

The nuclear density distributions, size, radi,i and elastic electron scattering form factors for proton-rich 
8
B, 

17
F,

17
Ne, 

23
Al, and 

27
P nuclei were calculated using the radial wave functions of Woods-Saxon 

potential [8]. The parameters of such potential for nuclei under study were generated so as to 

reproduce the experimentally available size radii and binding energies of the last nucleons on the 

Fermi surface.  

     NuShell-X is a collection of the computer codes that were written by B. Rae [9], which have been 

utilized for obtaining the accurate values of the energy as well as the Eigen-vectors and the 

spectroscopic overlap for the low-lying state cases in the shell model Hamilton matrix computations 

with quite large basis dimension values. It utilizes the J-coupled basis of the proton-neutron and the 

dimensions of the J-scheme matrix, with an order of about a hundred million that may be taken into 

consideration. NuShell-X@MSU is a collection of the wrapper codes that were written by A. Brown 

[01], who used the data files for the model spaces and Hamiltonian for the generation of the input for 

the NuShell-X. 

2- Theory  

The reduced element of matrix of electron scattering operators for the n-particle model space wave 

function of the multi-polarity λ is represented as a summation of products over the elements of the 

OBDM (i.e. the one-body density matrix) which reduced the elements of the matrix of single-particles, 

and is represented as [10] : 

 

   ‖ ̂ ‖             ‖ ̂
 ‖           ∑      (       )     ‖ ̂

 ‖    
                     (1) 

k represents single-particle states (n l j), i & f represent, respectively, the initial and the final states of 

the model space, (n ωi Ji) & (n ωf  Jf). ω represents the variety of the basis states with an identical J 

value. OBDM in the formalism of proton-neutron is represented in the following equation [10], 

     (             )    
      ‖*     

 ⨂ ̃    +
 
‖      

√    
                                                    

tz= 1/2 for the neutron and tz = -1/2 for the proton. For central potentials, Skyrme potential is used, for 

which the Za2-body interaction is employed. One could generate from it a one-body potential in the 

theory of the Hartree-Fock, as utilized in codes. It has been expected to be providing the field of the 

average resulting from all of the nucleons-composing nuclei, and approximating realistic forces of the 
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nucleon-nucleon (as well as nucleon-nucleon-nucleon). Skyrme potential VSkyrme can be expressed in 

the following form [12], 

 

         ⃗   ⃗      (     ̂ )    
  
 

(     ̂ ) * ⃗⃗́
          ⃗⃗

 +    (     ̂ ) ⃗⃗́    ⃗⃗
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       ⃗   ⃗                       (4) 

 ̂   
 

  
( ⃗⃗⃗   ⃗⃗⃗ )     ⃗⃗

    
 

  
( ⃗⃗⃐   ⃗⃗⃐ )                              (5) 

       Those are operators of the relative momentum, operating on the wave function to the right and 

left.  ̂  represents the operator of the spin-exchange which is represented as: 

 

 ̂   
 

 
(   ̂⃗   ̂⃗ )                                    (6) 

     The terms with the momentum-dependence were provided for taking under consideration the 

impact of finite-range forces and are significant for the characteristics of the surface [13]. In these 

computations, two Skyrme parametrization types, SLy-4 [14] and Sk-Xcsb [15], were carried out. 

Those parameterizations provided a sufficient binding energy reproduction, in addition to RMS radii. 

In the SLy-4, the correlations of the pairing were included with the use of a density dependent force of 

0-range. SkXcsb comprises the CSB (i.e. charge symmetry breaking) in the s-wave part of Skyrme 

interactions in combination with normal exchange (CE) and CD (i.e. the Coulomb direct) terms. CD 

potential is resulted from the folding of computed distribution of the charge, ρch(r), with a 2-body 

Coulomb interaction, which  is represented by the equation below [16], 

     
  

 
∫ ∫

         
  

|    |

 

 
          

 
                                               (7) 

     The Coulomb interaction exchanging part is a result of Slater approximations, and it is the 

1
st
density matrix expansion term in local approximation of the density, which is represented by the 

following equation: 

      
 

 
  (

 

 
)
   

∫      
 

                                                                                                                   
 

 
(8) 

 

     Longitudinal (i.e. Coulomb) scattering of the electrons form the factors for the inelastic scattering 

between the initial (i) and the final (f) states or, for the elastic scatterings (i = f), are represented by the 

F(Cλ,q,f,i). The transverse magnetic and electric form factors are represented, respectively, as 

F(Mλ,q,f,i) & F(Eλ,q,f,i), where λ stands for multi-polarity [17]. The last 2 form factor types may be 

classified to components based upon the currents of convection λc (because of the nucleons orbital 

motion) and the currents of the magnetization λm (as a result of nucleons inherent magnetic moments) 

[18], as follows: 

                                     (9) 

                                     (10) 

Therefore, the total longitudinal form factor may be written as: 

|         |
   ∑ |           |     (11) 

and the total transverse form factor may be written in the following form: 

|         |
   ∑ {|           |   |            | }    (12) 

The form factors of the electron scattering, which involve the momentum transfer q and the angular 

momentum λ, between the initial and the final states of the nuclear SM of the spin Ji,f , are represented 

as [18] 
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|           |     |∑⟨     ‖ ̂
         ‖

  

     ⟩|
  

     
       

                                                                      

 

     where NP= 4π/Z
2
(2Ji + 1) and X chooses the longitudinal (C or L) and the transverse (T) form 

factors. Some highest importance information of the nuclear physics are included in those two form 

factors. 

Ffs(q) represents the finite size (fs) form factor of the nucleon and Fcm(q) represents the correction for 

lack in the translation invariance in SM (i.e. correction of the center-of-mass). 

Total form factor represents the summation of transverse and longitudinal terms: 

|    |   |         |
  *

 

 
     (

 

 
)+ |         |

 (14) 

θ stands for the angle of the scattering of the electrons. The probability of the decreased transition can 

be expressed as [10,18] 

       
  

  
[
       

  
]

 

|       |                

where         . 

B(M1) is in   
 , B(E2) is in        units, B(M2) is in   

     units, and B(E1) is in        units, 

where    represents nuclear magnet on    
  

    
               

2.1. Nuclear Binding Energy 

     NuShell-X is utilized for obtaining the accurate energy values [9], Eigen-vectors, and spectroscopic 

overlaps of the low-lying states in Hamilton matrix computations’ shell model with quite large 

dimensions of the basis. It utilizes the basis of the J-coupled proton-neutron and the dimensions of the 

J-scheme matrix of up to an order of a hundred million that may be taken into consideration. 

            

                                                                                                                                                
The 2

nd 
quantized    form can be represented as [18]: 
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These operators can be recoupled to 
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p represents wave function of the single-particle           . As a result,     can be expressed in the 

form of the particle-hole [19], 

   

 ∑      ́  ́ 

  ́  ́ 

,[  
 
 ̃ ́]

 
⨂ [  

  ̃ ́]
 -

   

                                                                                                        

where 

     ́  ́ 

  ∑√                

  

       ́     {
    
 ́  ́  

}                                                                              

The NuShell-X basis states are given in the following form 

|     |[       ⨂       ]                                                                                                                         
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For Lanczos multiplications of    : 
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with a similar expression of     , and  
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where    represents the labels           

  

 {

       

       

   

}                                                                                                                                                      

 

and RDM are matrices of the reduced density (for the protons and neutrons):  

    (         ́  )

 〈         ‖[  
  ̃ ́]

 ‖         〉                                                                                         
Successive Lanczos multiplication operations result in the vectors 

 

|   ⟩  ∑ ∑  (             )  |[(     )⨂       ]  ⟩                      

        

     

Let           operateson |    ⟩ to give, 

 

   |    ⟩     |    ⟩

 ∑ ∑  ́ 

            

                  |[         ⨂         ] ⟩                                 

 

with 

 ́(                 )  
∑    ∑      ́  ́   ́  ́  

∑ ∑    (         ́  )   (         ́  )   (                 )            
    [19] 

2-2 Energy of the Separation 

The minimal amount of the energy which is required for pulling a nucleon apart from the nucleus 

provides the energy of the separation. It is how much the remaining of the nucleus mass energy is less 

than the mass energy of the nucleus, with 1 less nucleon and free nucleon [21]. The emphasis of this 

study has been made on the Separation Energies of the Neutrons. It is known, by the definition of the 

single neutron’s energy of separation [20], that 

               
                                                                                                                                                

In a similar manner, the separation energy of 2 neutrons is represented by: 

                  
                                                                                                                                                 

Equations      &       which are provided above represent the energy of separation according to the 

binding energy values of 2 successive atomic nuclei. With the use of these equations, the single 

neutron was calculated, in addition to the separation energies of the double neutrons for a variety of 

the Ni-28 transition isotopes [22]. 
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2-3 Paring gap  

     The main characteristic of the pairing relations is the presence of the gap of energy in the spectrum 

of the excitation, which manifests itself in 2 separate types of the energetic observables: 1
st
, a gap 

exists in quasi-particle spectra of the excitation of the even–even nuclei that does not occur in odd–

mass number spectra or the odd–odd nuclei, and 2
nd

, a shift happens between the interpolating ground–

state binding energy curves of the even–even in comparison with the odd–mass nuclei that is referred 

to as odd–even staggering of the mass. Typically, the 2
nd 

phenomenon was utilized for defining 

experimental pairing gaps, with the assumption that [23] 

                                    
                                                                      

                                     
In the odd–odd nuclei, there was, in addition, the residual interaction between the unpaired neutron 

and proton; however, this case will not be taken into consideration in this discussion [24].  

3- Results and Discussion 

      The relationship between the number of nucleons and the binding energy is presented in Figure-1 

and Table-1, where the number of nucleons on the x-axis as well as the binding energy on the y axis 

are measured by MeV. The red circles represent the theoretical results and the black circles represent 

the experimental data [25]. We note that the experimental data [25] are closer to the theoretical 

calculations. From  Figure-1 and Table-1 we observe the increase in the binding energy with 

increasing the mass number. 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

Figure 1- The relation between the number of nucleons for 
29-34

Mg isotopes and the binding energy. 

 

Table 1-The values of binding energy in MeVfor 
29-34

Mg isotopes 

Nuclei Binding energy (MeV) Experiment[25] 
Binding energy (MeV) Theory 

(equ.19) 
29

Mg 235.303 235.161 
30

Mg 241.666 240.698 
31

Mg 244.044 244.786 
32

Mg 249.854 249.697 
33

Mg 252.076 252.259 
34

Mg 256.232 257.486 
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     The relation between one neutron separation energy and the number of nucleons is shown in 

Figure-2 and Table-2 for 
29-34

Mg isotopes. The theoretical results (red circles) approached the 

experimental data (black circles). It is clear from Figure-2 that the one neutron separation energy for 

the even nuclei is higher than that of the odd nuclei. This is related to the effect of duplication on the 

binding energy, where the binding energy for the neutron is larger than that for the nuclei with odd 

number. From Figure-2 and Table-2, we notice that the separation energy of the neutron is higher in 

isotopes with even mass number than those with odd ones. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2- The relation between one neutron separation energy and the number of nucleons. 

 

Table 2-The values of one neutron energy of separation in the MeVfor 
29-34

Mg isotopes 

Nuclei 
One neutron separation energy (MeV), 

Experimental [25] 

One neutron separation energy  

(MeV), Theoretical 
29

Mg 3.672 4.485 
30

Mg 6.363 5.537 
31

Mg 2.378 4.088 
32

Mg 5.81 4.911 
33

Mg 2.222 2.562 
34

Mg 4.156 5.227 

 

     The relation between the energy of the two neutrons separation and the number of nucleons is 

represented in Figure-3 and Table-3 for 
29-34

Mg isotopes. This figure shows the theoretical results and 

experimental data. It can be observed that the two neutrons separation energy is decreased when the 

number of nucleons is increased; as the nucleons move away from the center of the nuclei, this means 

that the binding energy of nucleon is decreased when the number of nucleons is increased. 
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Figure 3- The relation between the two neutrons separation energy and the number of nucleons. 

 

Table 3-Two neutron separation energy (equ.29) 

Nuclei 
Two neutron separation energy (MeV) 

Experiment [25] 

Two neutron separation energy 

(MeV) Theory 
29

Mg 12.176 11.767 
30

Mg 10.035 10.022 
31

Mg 8.741 9.625 
32

Mg 8.188 8.999 
33

Mg 8.032 7.473 
34

Mg 6.378 7.789 

 

Figure-4 and Table-4 show the relation between the neutron shell gap and the number of nucleons for 
29-34

Mg. The magnitude of the neutron shell gap for the odd nuclei was observed to be higher than that 

for the even nuclei. This is due to the fact that the binding energy for the even nuclei is higher than 

that of the odd nuclei. Finally, it is observed that the experimental data [25] are closer to the 

theoretical calculations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4- The relation between neutron shell gap and the number of nucleons for 
29-34

Mg isotopes. 
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Table 4-The values of shell gap in MeV for 
29-34

Mg isotopes 

Nuclei 
Neutron shell gap (MeV) 

Experiment[25] 
Neutron shell gap (MeV) Theory 

29
Mg 3.435 2.142 

30
Mg 1.847 1.023 

31
Mg 0.709 2.152 

32
Mg 1.81 1.21 

33
Mg 3.195 3.855 

34
Mg 2.825 3.499 

 

Figure-5 and Table-5 show the relation between the reduced transition probabilities and the number of 

nucleons, where the number of nucleons is expressed on the x-axis and the reduced transition 

probabilities on the y-axis. Red circles represent theoretical values and black circles represent 

experimental values [26]. Figure-5-a illustrates the systematic behavior of the electromagnetic 

transition probabilities B(E2) in the Mg isotopes chain. From the comparison between theoretical 

results and experimental data, we observes large differences. The comparison with the excitation 

energies is shown in Figure-5-b. In this figure, we observed good agreement between theoretical and 

experimental results for excitation energy. 

 
Figure 5-a) The relation between the reduced transition probabilities and the number of nucleon. (b) 

The relation between the excitation energy and the number of nucleon. 

 

Table (5 a)-The values of reduced transition probabilities  

Nuclei Reduced transition probabilities  

Theory 

Reduced transition probabilities  

Experiment[26] 
29

Mg 0.1019 -- 
30

Mg 0.3048 0.0295 
31

Mg 0.1184 -- 
32

Mg 0.2188 0.039 
34

Mg 0.3325 -- 

 

Table 5-b): The values of excitation energy  

Nuclei Excitation energy theory Excitation energy experiment 
29

Mg 0.088 0.055 
30

Mg 1.563 1.483 
31

Mg 0.176 0.05 
32

Mg 1.689 1.058 
34

Mg 1.053 0.66 
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Conclusions 

     Several conclusions could be drawn from the present work; for instance, moving toward neutron-

rich nuclei has many effects on the behavior of the isotopes, and the even isotopes give results in a 

better approach to the process than to the individual. The extrapolation of the binding energies 

revealed that the nuclei approaching the neutron-rich dripline have relatively higher binding energies 

than 
29

Mg. the results also revealed that the one neutron separation energy is decreased when the 

number of neutron increases and that the neutron separation energy for the even nuclei is higher than 

that of the odd nuclei  for 
29-34

Mg isotopes, which occure due to nucleons pairing. Whereas, the two 

neutrons separation energy is decreased when the number of nucleons is increased for 
29-34

Mg isotopes, 

which gives an indication of unstable nuclei. Additionally, the magnitude of neutron shell gap for the 

odd nuclei has relatively higher values  than that for the even nuclei, due to the fact that the binding 

energy for the even nuclei is higher than that for the odd nuclei for 
29-34

Mg isotopes. 
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